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Abstract --This paper deals with a random van der Pol oscillator. It is assumed that the oscillator is 
subjected to two different kinds of perturbation. The first kind of perturbation is represented by the 
standard Wiener process and the second kind by a homogeneous process with independent 
increments, finite second order moments, mean zero and no continuous sample functions. In order to 
measure quantitatively the stochastic stability of the oscillator, two functionals are defined over its 
phase plane sample paths. It is shown that each of these functionals is a solution to a corresponding 
partial integro-differential equation. A numerical procedure for the solution of these equations, is 
suggested, and its efficiency and applicability are demonstrated with examples. 

1. INTRODUCTION 

In the investigation of self-excited, mutually coupled oscillator systems with external 
excitation, one is often led to the forced van der Pol equation. For details see references [ 1,2]. 

Let a random van der Pol oscillator be given by 

$jl) - b(1 +fJ$T*(t)) (1 -UJ,2) 
d&) drl(r) 
dt + e&f +o,zr(r))y(r) = Kdt (1) 

where u, b, CJ~, g2, LUG and K are given positive numbers and {(z,(t), z2(t)), t 3 0) is a vector of 
independent Gaussian white noises with Ez,(t) = 0, I 3 0, i = i, 2, and E[zi(r)zi(s): = s(t --s), 
f,s > 0, i = 1,2. {q(t),r 3 0) is a homogeneous process with independent increments, finite 
second order moments, zero mean and no continuous sample functions. More details on 
i/~(t), t > 0) are given in the next section. 

By introducing the state variables s, 2 J‘ and x2 g ds,,:dt, the system given by equations 
(1 ) is represented equivalently by 

dx, = x2 dt t > 0 

dxz = [-o~.x,+h(l-ax:)x2]dt-(r)~~lx1dW~+baz(l-trx:)x,dn~+Kdll, I t > 0 
(2) 

where (( W,(I), W’(r)), t 3 01 is a vector of independent Wiener processes with 

E[W(t)-W(s)] =O, r,s>O, i= I,2 (3) 

E[(W(f)- Wi(s))2] = [t-.ss(, t,s 3 0, i = 1,2 (4) 

For several reasons (see [3-51) it follows that equations (2) do not properly represent the 
system given by equations (1). Using a similar procedure to that described in references [4,5], 
it can be shown that the system given by equations (1) is more adequately represented by the 
following set of stochastic differential equations 

dx, = x,dt 

dx, = F(x,,x,)dt-w&,x, dW, +bo,(l-clx:)x2dWz+Kdg 
t>o (5) 

where 

F(x,,x,) g -w;x, +b(l --LIx:)X2+h%:(l -ax~)2xJ2 (6) 

Equations (5) determine a stochastic process {Q(t) 6 (Q2, (t),C&(t)), t 2 O), with right 
continuous sample paths. 
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The effects of noise on the operation of non-linear oscillators, including van der Pol type 
oscillators, have been investigated intensively, see for example references [6--l l], and the 
references cited there. 

A special problem of interest in the study of oscillators subjected to random disturbances is 
that of determining the probability of the time taken for the random response process to pass 
out of a prescribed safe domain for the first time starting from a given initial value. This is 

called the first-passage time problem. It has attracted a great deal of attention in recent years 
because of its application to the reliability of vibrational systems subjected to stochastic 
influences. For example see [8] or [ 121 and the references cited there. 

In this paper, an entirely different approach in the study of the noise’s effect on the 
oscillator operation, is taken. The novelty of this study is due to two factors. First, a random 
perturbation, K dq, with no continuous sample functions, is added to the noise’s sources. 
Second, the discussion is concentrated on the behaviour of [Q(t), f >, 0; only over a bounded 
domain in the (x,, x,)-plane. 

Denote by S the following open domain in R2 

s s+ {(x1,x2):(x1I+(x2/ < 1) (7) 

and let SC denote its complement. Also, let ~(xt, x2) denote the first time at which Q(r) enters 
the set SC, when the initial conditions are Q(0) = (x,, x~)ES. 

In order to study quantatively the stochastic stability of the random process (Q(t), I 2 01, 

the following functionals are computed here 

1s 

1(X,.X1) 
I/(x,, x2) 4 E dslQ(0) = (x,,.G) 

I 
, (xl,x,W (8) 

0 

is I(Xi.X~) 

U(x,,x,) A E (n:(s)+nt(.s))dsjn(O) = (x1,x,) 
1 

, (x,,.x,)cS (9) 
0 

The values of V constitute a weak stability property of the oscillator’s operation, since they 
indicate the expected value of the time (n(t), t > 0), is included in S. In the same manner the 
values of U can also serve as a measure for the oscillator’s operation. In general, stochastic 
stability analysis provides us with bounds or limit theorems on I/ and U while the method 
proposed in the paper, which enables us to obtain the values of I/ and I/, provides us with 
tools for performing a more quantitative analysis. 

Let k(x,,xz), (xl,x2)eS, be a given function. In the next section, a partial integro- 
differential equation is derived. A solution to this equation, whenever it exists, is shown there 

to be equal to 

is 

1(X, 9x1) 
E k(~Z,(s),n,(s))dslR(O) = (x,,xz) , (x,,x,W 

0 1 
In section 3 a numerical procedure, for the solution of the partial integro-differential 

equation, is suggested. In section 4, the efficiency and applicability of the computational 
method, is demonstrated by the computation of the values of I/ and U over S, for various 
values of the parameters CI, b, k and 0:. Also, the computations are carried for two different 
classes of jump distributions of the process [q(t), t 3 0). 

2. DERlVATlON OF THE PARTIAL INTEGRO-DIFFERENTIAL EQUATION 

Let &4 denote the o-algebra of Bore1 sets of R2. It is assumed here that 

11(t) = #Q(f,dn, du,), t > 0 (10) 

where, for any Ad 

C(t, A) = v(t,A)- m(A), t 2 0 (11) 

and v(t, A) is a Poisson measure in R2 with 

Ev(t, A) = h(A), t 2 0 (12) 
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For more details on {v(t, A), t 3 0, A@} see references [ 13,141. The process {q(t), f 3 01 as 

given by equations (lo)-( 12), is a homogeneous process with independent increments, finite 
second order moments, mean zero and no continuous sample paths [ 131. 

It is assumed here that 

jn(dcr, du,) = n&dUr) (13) 

where n,(A), .&&I,,, is a probability measure on gO.* Also, it is assumed that 

111, A ju,rc,,(du,) = 0 (14) 

Let y(.x,, x,), (x1, x,)sR2, be bounded and twicecontinuously differentiable on S. From the 
previous assumptions and from the generalized Ito formula [ 131, it can be shown that 

E[y(n,(t),sz,(t))ln(o) = (x13x2)1 = dx,>xz)+E ' (Ly)(~~(s),R,(.~))d.slR(O) 

= (x,,.xz) 

where 
I 

ii‘ 0 

> (x,,x,W (15) 

(Lg)(xr,x2)= x,dy(x,,x,)/~x,+F(x,,x,)~g(x,,x2)/~x2+(1/2)G(x,,x,) 

xa29(x,,x2,1ax:-y(x,,x2)+Sg(xI,x2+Ku,)710(d~,) (16) 

and 

G(x,, x2) = o;a;x: + b20:( 1 - UX;)~X: (17) 

Denote 

~(xr , x2) 4 inf (t:R(t)cS’ and n(O) = (x,, x2)&S} (18) 

and 
r-I 2 minjT,z(x,,x,)) (19) 

and assume that y is a smooth solution to the following partial integro-differential equation 

Gl)(x,,x,)= -k(x,,x,),(x,,x,kS 

dx,,x,) = O,(xl,x&SC I 

(20) 

where k(x,, x2), (x,, x2)&S, is a given real continuous function. 
Then, it follows from equations (15))(20) that 

E[s(n,(zT),~2(~T))ln(o)= (x1,x2)l=dxl>x2) 

-E 
[I 

‘= k(n,(.~),SZ,(s))dslR(O) = (x1,x2) 
0 1 2 (X,,X*)ES (21) 

By following the same arguments as in [ 13, pp. 304-3061 it follows that 

lim E[g(~,(z~),R,(s,))ln(O) = (x-r, x2)] 
T-z 

= E[g(~,(~(.~,,x,)),R,(z(-~,,x,)))lR(()) = CX,>X2)] = 0 (22) 

Hence 

U 

[(XI .X1) 
~(x13-~2) = E li(n,(~),Rz(s))d.~l~(O) = &,x2) 

1 

,(x,,x,)eS (23) 
0 

A straightforward conclusion of this section is given in the following theorem. 

Theorem 1 

Let V and Cl be solutions to the following equations correspondingly 

(LV(x,, x2) = -1, (x,9x&S 

~/x*,x,) = 0, (x1, x2w I 

and 

(24) 

(25) 

* .Mo is the u-algebra of Bore1 sets of R 
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then 

IFI .X2) 

I/(x,, x2) = E d.+W) = oirl,x,) 1 , (x,,x2)cs (fo 
0 

and 
1(x, 22) 

I/(x,, x,) = E (n:(.~)+~Zt(S))dsln(O) = (x,,x,) 1 , (x,,x2)cS (9’) 
0 

3.THENUMERICALMETHOD 

In order to solve (24))(25) the region S is first represented by a grid of points (.)c, j, xXi) where 

.x1 j = - 1 + (j - 1 )h 

.Yli = - 1 +(i- 1)h 

1 

(26) 

I’rjl+(.x,il d 1 

h being the mesh size along both axes. Each partial integro differential equation is then 
replaced by a finite difference scheme. The new set of equations is iterated until the difference 
between two consecutive iterations does not exceed a given tolerance E. 

The finite difference scheme suggested here is based upon the “up-wind” method [ 10. 151, 
and leads to fast convergence for all the cases under discussion. The usual central tinite 
differences scheme was also applied for equations (24)-(25). However, this procedure was 
significantly slower than the upwind algorithm and was considered only for comparison 
purposes. 

3 . 

t 
h 

1 
et-h-.1 
0 

2. 

Let 0 be an internal grid point, with neighbouring points 1. 2, 3. 4 (Fig. 1). The region S is 
divided into four sub-regions I IV in the following manner: 

14 ((X,,X~)ts, XI 3 0. F(x,: x,) 3 0) 

11 2 ((x,,x,)cS, x2 < 0, F(x,,x,) 3 0; 

III g ((xI,xz)I:s. x2 3 0. F(s,,x,) < 0) 
(27) 

IV A f (Xl, Xl )A x2 < 0. F(.u,,s,) < 0) 

The finite differences equivalents of equations (24))(25) based upon up-wind approach have 
their unique forms at each sub-region. Consider for instance equation (24) over I. It should be 

replaced by 

where 
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Finally one gets 

I/ = (1/2)GO(V,+I/,)+~2(1+~O)+~(x201/,+~OT/,) 
0 

G, + k2 + k(x,, + F,) 
> 

tx,O,x 
20 

Jr1 
(29) 

Thus the denominator is composed of strictly positive terms avoiding possible instability. 
Also, since F, appears in both numerator and denominator of (29), it should not cause any 
harm upon taking large values. The other expressions for V, are 

v = WWo(Y3+W+~2U +Io)+V-x,,V,+FoW 
0 

Go+k2+k(-x20+FO) 
3 

cx1o,x 
20 

)EII 
(30) 

V _= (li2)Go(~+1/,)+k2(1+~,)+k(x,o~-FoV,), ~x,o,~x,o~EII1 
0 Go + k2 + k(x,, - F,) 

(31) 

V = (1/2)Go(I/,+1/,)+k’(l+~o)+k(-x,oI/,-FoV,) ~x,o,x20~EIv 
0 

G,+k2+k(-x20-FO) 
(32) 

Similar expressions can be derived for equation (25). One should simply insert k2(xTo + xfo 
+I,) instead of k2(1 +I,) in the numerators of equations (29)-(32). 

Equations (29)-(32) are iterated over the grid points using over-relaxation technique, i.e., 

the final new value of V, is taken as 

V, = ol/,+(l -ti)70 (33) 

where v. is calculated from equations (29)-(32), F. is the old value at the grid point and o the 
over-relaxation factor. The use of a proper w speeds up convergence by a significant margin. 

4. RESULTS 

Equations (24)-(25) were solved for r.r: = 1, 02” = 1, 0.5 < a, b < 2, 1 < ~6 d 50. Two 
choices of the probability measure rcO(dU) were considered: 

no(du) = 
* jUl<c! 
2a’ 

0, otherwise 
(34) 

1 I4 
dd4 = tl t12 I(---) du, 1~1 < a 

0, otherwise 
(35) 

In both cases, it is easily seen that sV(x,, x2 +KU)rrO(dU) depends upon one number fi = Ku. 
This parameter was taken between 0.5 and 3. 

In order to evaluate the accuracy ofthe approximated solutions three mesh sizes, namely k 
= l/10, l/20, l/40 were considered. However, most of the tabulated results were computed 
with k = l/20. The tolerance was taken as E = 10e5, and for most cases the over-relaxation 
factor w = 1.4 served as an efficient accelerating coefficient. 

Tables 1 and 2 consist of values of T/(x,, x2) computed for rcO(dU) as given in equation (34), 
for three mesh sizes. 

Table 1. a = b = 1, co: = 1, /I = 0.5 

h 

l/10 
l/20 
l/40 

V(0, - 0.8) V(0, - 0.5) V(0, 0) V(O.2,O) V(O.5.0) 

0.175 0.604 2.27 1.44 0.547 
0.176 0.611 2.28 1.49 0.575 
0.176 0.615 2.29 1.52 0.590 

Table 2. a = b = 1, wi = 10, p = 0.5 

h V(0, - 0.8) V(0, -0.5) V(O, 0) V(O.2,O) V(O.5,O) 

l/l0 0.130 0.385 1.80 0.164 0.00976 
l/20 0.140 0.418 1.82 0.165 0.00983 
l/40 0.145 0.439 1.86 0.161 0.00986 
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Generally, upon using an up-wind finite differences scheme, one expects to achieve an O(h) 
type accuracy. However, for large o ‘,, the solution I/, U to equations (24)-(25) possess very 
large derivatives near the origin (0,O). Consequently one needs meshes finer than h = l/40 to 
provide the O(h) type of error at this neighbourhood. The problem whose solution is 
presented in Table 2 was also solved by central finite differences. The values of I/(0,0) were 
2.18,1.99,1.94 for h = l/10,1/20, l/40 respectively. This certainly confirms the validity of the 
values given by Table 2, and the reliability of the up-wind method. 

All computations were carried on a CDC-3600 computer and the average time needed for 
solving a problem was 5 set, 1 min, 15 min, for h = l/10, l/20, l/40 respectively. 

Table 3 consists of values of I/(0,0), jJV d.w, d x2, U(O,O),max U for various cases. The 
mesh size is 11 = l/40, the over-relaxation factor is taken as 1.4, and /I = 0.5. The table gives a 
strong indication that I/, U are far more sensitive to changes in b, e$j than to a change in u. 
Also, for a small 06 and a relatively large b, U(x,, x2) possesses a local minimum at the origin 
that turns into an absolute maximum for higher values of W; or lower values of b. This is not 
the case for max I/(x1,x,) that was always found to be located at the origin, and thus 
coincided with I/(0,0). 

Table 3 

LV= -I LL’ = -(X:+x;) 

X[o of (34) 7I[o of (35) % of (34) 7to of (35) 

‘I h co; V(O.0) jp VP, 0) SS” U(O,O) max U L’(O.0) max U 

2 2 1 1.75 0.67 2.24 0.74 0.064 0.130 0.078 0.139 
2 2 4 1.69 0.34 2.13 0.36 0.057 0.060 0.067 0.067 
2 1 1 2.31 1.17 3.13 1.33 0.160 0.195 0.211 0.224 
2 I 4 2.10 0.55 2.69 0.59 0.119 0.124 0.143 0.143 
2 0.5 1 3.04 1.78 4.43 2.14 0.279 0.314 0.396 0.397 
2 0.5 4 2.50 0.76 3.30 0.84 0.172 0.179 0.213 0.213 
1 2 1 1.74 0.62 2.23 0.68 0.062 0.109 0.075 0.116 
1 2 4 1.69 0.33 2.12 0.35 0.057 0.060 0.066 0.066 
I 1 1 2.28 1.1 I 3.08 1.26 0.153 0.184 0.199 0.200 
1 1 4 2.09 0.54 2.68 0.59 0.118 0.123 0.141 0.141 
1 0.5 I 3.00 1.73 4.36 2.07 0.21 I 0.306 0.382 0.383 
1 0.5 4 2.49 0.75 3.29 0.84 0.172 0.178 0.212 0.212 
0.5 2 1 1.74 0.60 2.22 0.66 0.06 1 0.101 0.074 0.107 
0.5 2 4 1.69 0.33 2.12 0.35 0.056 0.059 0.066 0.066 
0.5 1 1 2.27 1.08 3.05 1.23 0.150 0.179 0.194 0.207 
0.5 1 4 2.09 0.54 2.67 0.59 0.117 0.122 0.140 0.140 
0.5 0.5 1 2.98 1.70 4.32 2.05 0.267 0.301 0.375 0.376 
0.5 0.5 4 2.49 0.75 3.29 0.83 0.171 0.177 0.21 I 0.211 

If one lets K increase indefinitely, one should find that V(x,,x,; K) + I/(x1,x,; rxl), 

I/(x,, x2; K) --$ U(x,,.x,; x) where I/(x,, x,; x), U(x,, x,; w) are the solutions of equations 
(24) and (25) respectively excluding the integral terms. It is indeed the case as can be seen from 
Tables 4 and 5. These tables consist of representative values of I/(x,, x2) for LI = b = of = CT: 
= 1, h = 0.1, o = 1.4, 1: = lo-‘. The parameter K is replaced by N = Kcc/h that takes the 
values 5, 10, 20, 50, 100. 

Table 4. LV = - 1. to: = 1, ~110 of (34) 

Ly,,x,l VP:: 5) V(.:; 10) V(.:; 20) V(.:: 50) I/(.:; 100) V(.;; Y. ) 

(- 0.7,O) 0.146 0.141 0.139 0.138 0.137 0.136 
( - 0.3.0) 1.134 0.888 0.747 0.680 0.661 0.642 

(0.0) 2.273 1.598 I.241 1.085 1.041 1 .ooo 
(0. -0.7) 0.292 0.268 0.229 0.199 0.191 0.184 
(0, -0.3) 1.056 0.831 0.672 0.596 0.574 0.554 
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(XII%) V(.,.; 5) 

( - 0.7,O) 0.011 
(-0.3,O) 0.289 

(0.0) 2.054 
(0, -0.7) 0.263 
(0. -0.3) 0.858 

Table 5. LT/ = - l,oi = 4, r-r0 of (34) 

V(;; 10) V(;; 20) V(.;; 50) v(-;; 100) V(,:: Y,) 

0.011 0.011 0.011 0.011 0.011 
0.266 0.245 0.234 0.231 0.228 
1.530 1.220 1.079 1.038 1 .oOa 
0.249 0.215 0.194 0.187 0.181 
0.716 0.598 0.538 0.521 0.505 

5. SUMMARY 

The algorithm suggested in this work for solving equations (24)-(25) provides sufficient 
accuracy for small and moderate values of ~0:. For a large value of 0; one should use finer 
meshes near the origin to guarantee the same accuracy. However, the general characteristics 
of the solution might be deduced by using a rough mesh as well. The solutions I/(x,, x2) of 
equation (24) seem to possess an absolute maximum at the origin. This varies regarding the 
solutions U(x,, x2) of equation (25). Here one still gets an absolute maximum at (0,O) 
provided that 69; is not “too small” and b is not “too large”. Otherwise, U(x,, x2) has a local 
minimum at the origin. In that case the absolutemaximum is located at two symmetric points 
(- 6,0), (6, 0). 0 < 6 < 1 as was confirmed throughout the numerical work. Finally it should 
be noted that both I/(x,, x1), U(s, _ x2) as expected are quite sensitive to changes in b, co; but 

not to a change in CL 

1. 

2. 

3. 
4. 
5. 

6. 
7. 

8. 

9. 

10. 

II. 

12. 

I3 
14. 

15. 

REFERENCES 

B. van der Pol. Forced oscillations in a circuit with non-linear resistance, in R. Bellman and R. Kalaba, Selecrerl 
Papers on Mathematicul Trends in Con/m/ Theor!. Dover Publications. Inc., New York (1964). 

W. C. Lindsey, S~nch,oni-_trl ion S~sterns in Cornnwzictr~bn and Control. Prentice-Hall, Englewood Cliffs, N.J. 
(1972). 

E. Wong, Stoc/rcrs/ic Process in Injiwntrrion cd Dynumical Systems. McGraw-Hill, New York (1971). 
E. J. McShane, Stochastic Ca/cu/~r.s rend Stochastic ModeLs. Academic Press. New York (1974). 
E. J. McShane, Stochclstic Infepution, in Vector trnti Operutor Vulued Measures and Applications. Academic 

Press, New York (1973). 
M. A. Gar\ten\. N&c in non-linear oscillators. .I. (I/T/J/. P/II~ 28. pp. 352 356 (1957). 
M. Zakai. The effect of background noise on the operation of oscillators, Int. J. E/ectronics 19, pp. 115.-132 

(1965). 
J. Binia, A. Shenhar and M. Zakai, Some effects ofnoise on the operation of oscillators, Int. J. Non-Linrcrr Mec,h. 

6, pp. 593-606 (1971). 
V. G. Kolomietz. Application of averaging principle in non-linear oscillatory stochastic systems, in Srtrhility of 

Stochtistic Dynamical Svstems, edited bv R. F. Curtain. Springer-Verlag, Berlin (1972). 
Y. Yavin and kI. Friedman, Computation of optimal cont;ols of a stochastic van der Pol oscillator. J. Frtrnklin 

Inst. 299, pp. 457-461 (1975). 
P. Grivet and A. Blaquiere. Non-linear effects of noise in electronic clocks, Proceedings ofthe IEEE, B51. 1606 

(1963). 
S. T. Ariaratnam and H. N. Pi. On the first-passage time for envelope crossing for a linear oscillator, fnr. J. 
Corffrol 18. X9 96 (1973 1. 
1. 1. Gihman and A. V. Skorokhod. Srochc/sric D@rmria/ Equations. Springer-Verlag, Berlin (1972). 
I. I. Gihman and A. V. Skorokhod, Introtluc~tion ro the Theory of Random Processes. W. B. Saunders Company, 

Philadelphia (1969). 
D. Greenspan. Numerical studies of steady, viscous, incompressible flow in a channel with a step, J. En</. Mtrth. 

3,pp. 21m28(1969) 

Resume. -. 

Cet article traite d'un oscillateur de van der Pol 
al&atoire. On suppose que l'oscillateur est soumis 2 
deux sortes de perturbation diff&entes. La premi&e 
sorte est reoresentee par le orocessus standard de Wiener 
et la seconde par un processus homonene avec des incr&nents 
inde'nendants, des moments du second‘ordre finis, une 
valeur moyenne nulle et aucune fonction khantillon 
continue. En vue d'&udier le comportement dynamique 
de l'oscillateur on difinit deux fonctionelles sur ses 
chemins echantillon dans le plan de phase. On montre que 
chacune de ces fonctionelles est une solution d'une 
equation inteqro-diff&entielle oartielle correspondante. 
On susgtre une methode numerioue pour rkoudre ces gquations 
et on demontre son efficacit; et son applicabilite avec 
des exemoles. 
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gs3mmenfassunp: 

Diese Arbeit behandelt Zufallsschwinger der van der 
Polschen Art. Es wird angenommen, dass der Schwinger zwei 
verschiedenen Arten von Perturbationen ausgesetzt ist. 
Die erste Perturbationsart wird durch den normalen Weiner- 
Prozess dargestellt und die rweite Art durch einen 
homoaenen Prozess mit unabh$noiqen Inkrementen, endlichen 
Momenten zweiter Ordnung, verschwindendem Mittel und 
nich~koninuierl~chen Probenfunktionen. Urn die stochastische 
Stabilitlt des Schwingers quantitative zu messen, wet-den 
zwei Funkt ionale ijber den Probenweg in der Phasenebene 
definiert. Es wird gezeigt, dass beide Funktionale 
Losungen einer entsprechenden oartiellen Integraldifferen- 
tialoleichung sind. Ein numerisches Verfahren fur die 
L&sung dieser Gleichungen wird vorgeschlagen und dessen 
!Grksamkeit und \~e~ondbarkeit werden an Hand von 
Beispielen demonstriert. 


