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Chaotic vibration of  the one-d imens iona l  
linear wave  equation with a van der Pol  nonl inear 

boundary condit ion 

Guogang LIU, Yi ZHAO 
(Department of Mathematics, Zhongshan University,Guangzhou Gnangdong 510275,China) 

Abstract: The one-dimensional linear wave equation with a van der Pol nonlinear boundary condition is one of the simplest 

models that may cause isotropic or nonisotropic chaotic vibrations. It characterizes the nonisotropic chaotic vibration by means of the 

total variation theory. Some results are derived on the exponential growth of total variation of the snapshots on the spatial interval m 

the long-time horizon when the map and the imrial condition satisfy some conditions. 

Keywords :  Chaos; Wave equation; Van der Pol nonlinearity; Total variation; Homoclinic point; Topological transitivity. 

1 I n t r o d u c t i o n  

In this paper, we consider the one-dimensional (1D) 

wave equation 

Wxx(X,t)-gWxt(x,t)-Wu(X,t) = 0 ,  x < X < 1,t > O, 

wt (O , t )  = O,v > O, t  > O, 

w x ( 1 , t )  a w t ( 1 , t )  - f l w 3 ( 1 , t ) , a , f l  > O,t  > O, 

w ( x , O )  W o ( X ) , w t ( x , O )  -= w l ( x ) , O  < x < 1. 

(1.1) 
We will study the dynamical behavior of  the above 

system by using total vibration theory as the two parameters 

( v , a )  vary in [ 0 , ~ ]  x [0, + ~ ] .  Chert et a l . [ 1 - 4 ]  

firstly studied chaotic vibrations of  1D wave equation on a 

bounded interval with a van der Pol boundary condition, 

which is a well-known seN-regulating mechanism in 

automatic control. 

As a continuation of  those latest work [5] this paper 

gives larger revues  of  the rates of  the total variations 
growing exponentially than in [5] impelled by [6 ] .  

Similar to [ 7 ] ,  we let 

/ 01 (0 )  ~ -- 0 + ~/4 + 02 
2 ' (1 .2 )  

p2(~) = o + , / 4  + 0 2 
2 (1 .3 )  

We have 

pl(O)p2(0) = 1, 
p2(o)  - p 1 ( o )  = 0 > O, 

r e ( v )  + p2(o) ~ - +  ~2. 

( 1 . 4 )  

Let 

1 
= tOl(O) + [92(O)[p2(U)Wx + Wt]' ( 1 . 5 )  

1 o ) [ m ( ~ ) w  x _ w,] 
pl(v)  + p2( 

we can convert ( 1 . 1 )  into the equivalent uncoupled first 

order hyperbolic system 

{ u , ( x , t )  = m ( ~ , ) u ~ ( x , t ) ,  
v , ( ~ , t )  = - p 2 ( o ) v x ( * , t ) ,  0 < . < 1 ,  t > O. 

( 1 . 6 )  
The initial conditions for u and v are 

u ( ~ , 0 )  = u0(x) 

1 
= / 9 1 ( 0 )  + p 2 ( 0 )  [ t 0 2 ( O ) ' w ~ ( X )  + W I ( X ) ] ,  

~ ( . , o )  = vo(~) 

1 
= r e ( v )  + r e ( o )  [ m ( ~  - W l ( ~ ) ] .  

( 1 . 7 )  

The boundary conditions at x = 0 are 

v ( O , t )  = -  u ( O , t )  =_ G ( u ( O , t ) ) ,  t > O, 

( 1 . 8 )  

and 

u ( a , t )  = F o , ~ ( v ( 1 , t ) ) .  ( 1 . 9 )  

For given x E R,  

Fv,a(X) = /02[to2x + gv,a(X)], (1 .10 )  

where y = go,= ( x )  is the unique real solution of the cubic 

equation 

py3 + (P2  -- O:')y + ( p 2  + 1)x = O, (1 .11)  
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provided that 

0 < a <~ P2( = p 2 ( x ) ) .  ( 1 . 1 2 )  

Since the parameter t3 in the equation only plays the role 

of"scalmg" (see [7]  ) ,  it does not affect the properties of  

the functions go,~ ( x )  and F~,~ ( x ) .  Thus we can view 

g~,~ ( x ) and Fv,~ ( x ) as functions that are dependent only 

on the two parameters u and a .  

If ( 1 . 1 2 )  is violated, then gv,~ ( x )  is multi-valued. 

From now on,  we always assume that a , / 3 ,  v > 0 satisfy 

condition ( 1 . 1 2 ) .  By means of  characterization, the 

solution u and v of  ( 1 . 6 ) ~  ( 1 . 9 )  can be expressed 

explicitly as follows: f o r t  = k ( p l  + P2) + v , k  = 0 , 1 ,  

2 , ' " , 0  ~< r ~< Pl + 1o2, and0  ~< x ~< 1, 

(F~,~ o G)k( t zo(x+pl .C)) ,  "c <~ p 2 ( 1 - x ) ,  

F~,~(Co F.,o)k(v0(l+p~-p~(~ +p ,~ ) ) ) ,  

u ( x , t )  = 0 2 ( 1  - x )  < r ~< to2(1 + 02 - x ) ,  

(F~,~ o G ) k + l ( u 0 ( g c  + /o1~ _ 1 - ~o12)), 

02(1 + p2 _ x )  < v <~ to1 + t02, 

( 1 . 1 3 )  

(F~,,, ~ G)k(Vo(X - ~92T)), Z" ~ tOlX, 

F~,=(G o F ~ , ~ ) k ( U o ( -  p~(x  - p z r ) ) ) ,  

v ( x , t )  = m x  < r <~ m ( x  + p 2 ) ,  

( Fu,~ o G)k+l( vo(X-to2T + l-~92) ) ,  

p l ( X  + 02) < V ~ Pl + 02" 

( I .  14) 

For example, ( G o Fo, ~ ( x )  ) k denotes the k -folded 

iterative composition of  G ~ F~,~ ( x ) .  

From these explicit representations, we can estimate the 

growth rate o f  the total variations of  u ( ' ,  t ) and v ( . ,  t ) 

on [0 ,  1 ] as t goes to infinity by means o f  the estimation of  

those o f ( G  o F~,~ ( x ) ) k ( " ) and ( F~,~ o G( x ) ) " (  " ) on 

some spatial intervals as n goes to infinity. 

2 S o m e  p r o p e r t y  o f  t h e  m a p  G o F o , a  a n d  

s o m e  b a s i c  L e m m a  

We firstly consider some properties o f  the map G ~ F~,~. 

Most o f  the basic properties of  the map have been 

established by Chen et al. in [ 7 ] .  

L e m m a 2 . 1  Letf l  > 0. Then the map G o Fo,~has 

the following properties: 

1) G o F o , ~ ( ' )  is odd; 

2) G o Fo,~ has exactly three fixed points 0,  v0and - v0, 

where 

' d vo = v o ( v , a )  = 0 1 ( 0 ) +  p 2 ( 0 )  ; ( 2 . 1 )  

3) - G o Fo,~ ( = F~,, ) has exactly there fixed points 

-- V 1 , 0  a n d  V 1 , w h e r e  

~,=  ~ , ( ~ , ~ )  

1 ~1%/1 + a ( p 2 - ~ ) 1 )  1 ~ 1 +  aw 
- , o 2  k ' ( , o 2 - m )  - v ~ ' 

( 2 . 2 )  

in which the last equality in ( 2 . 2 )  follows from ( 1 . 4 )  ; 

4)  The equation G ~ F~,~(v)  = 0has exactly three roots 

- v , , 0  and Vl, where 

Vl = V l ( v , a )  = ~-22~f 1 + cq92 
tiP2 ; ( 2 . 3 )  

5) G o F~,,,~ has local external values 

m = G ~ F ~ , ~ ( -  v~) = -  2 l _+_a~  / 1 +  ~92 

' 3 Pl + p2W 3f102 ' 

( 2 . 4 )  

2 1+_!+ S ~ [ 1  + 0~102 

M = C ~ F~,~(v~) = ~ 01 + p2"NI ~1 3g02 = - m ,  

( 2 . 5 )  

where 

where 

and g~,~ ( , )  is defined by ( 1 . 1 1 ) .  

P r o o f  See Section 2 in [ 7 ] .  

As in [ 5 ] ,  we let 

1 ~- 3 , / 3  3 4 3  
h i ( ~  ~ /02(0) 2 p 2 ( 0 )  + 2 - -  - 13, 

2 
h a ( u )  = 3 1 + PZeos0 _ P l ,  

u 

1 1 rr ~r 
0 = ~ a r c c o s  1 + p~ (-9 ~< 0 ~< - g ) ,  

and let 

S = { ( o , 4 ) ~ R  z l 0 <  o < +  ~ , 0 <  ~ < p 2 ( v ) } ,  

( 2 . 1 1 )  

6) ( r  r ~ , o ) ' ( v )  = - p~ + 02 e~ + 1 D ' ( 2 . 7 )  

(G  ~ F,  ~ ) " ( v )  6flP2(p22 + 1)2gv 'a (v )  
, = D 3 , 

( 2 . 8 )  

3 2 02 D = pgu,o(v)  + - a ,  

( 2 . 9 )  

( 2 . 1 0 )  

where 

3p 2 - 2ap2 + l x ? + ap2 
Vc = v c ( u ' a )  = 302(p~ + 1) _ _ 3 / 3 0 2  ' 

( 2 . 6 )  

- Vc and vc are critical points o f  G ~ F~,~. Here m and M 

are, respectively, the local minimum and maximum of  G o 

Fo,~. The function G o Fu,~ is strictly decreasing on 

( -  oo, vc) and (v~, + ~ ) ,  b u t  strictly increasing on 

( -  v~,vc)  ; 
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S 1 = { ( o , o t )  I 0 < u < o i , 0  < o~ ~< t 0 2 ( o ) }  

U { ( O , a )  E I o  1 ~< o < + ~ , 0  < o~ ~< h i ( u ) } ,  

( 2 . 1 2 )  

S 2 = { ( u , o , )  ] u i < u < 0 2 , 0  < ot ~< / 0 2 ( 0 ) /  U 

{ ( u , a )  E I  h i ( u )  ~< v < + ~ ,  

h i ( v )  < a <~ h 2 ( v ) } ,  ( 2 . 1 3 )  

S 3 = { ( u , a )  E v2 < v < + oo,h2 < a ~< p 2 ( v ) } .  

( 2 . 1 4 )  

We divided the regame S1 into two parts 

S O = { ( u , o / )  I 0 < o < u i , 0  < ot .~< p 2 ( o ) }  

U { ( u , , ~ ) E l U o ~ < V  < + ~ , 0 < ~ <  ~ , 

( 2 . 1 5 )  

1 
S~ = { ( u , ~ )  I Uo < u < v ~ , - -  < a ~< p2 (u )}  u 

U { ( u , a )  E J u i ~  u < + o o ,  1 - -  < ~ ~ h l ( v ) t ,  
U 

(2.16) 

We can divide S into four regions. See Fig. 1. 

6 

5 
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2 

1 

00 1 2 3 4 5 6 
t 

Fig. 1 S](b),~(a) &(c),andS3(d). 

A routine check shows that 

Vc(V,a) < Vo(v,a) < M ( v , a )  < Vl(U,Ot), 

if ( v , a )  E S[, 

and if ( ~ , ~ )  E S l ,  EO,~z] and E -  ~ , 0 ]  are bounded 

invariant intervals of  G o Fo,~. See Figs.2 and 3. 

1 -  
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Fig. 2 Orbit diagramofG o F~,~ = fwithu(a = 1.5). 
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Fig. 3 Graph of G ~ Fo,~ = f in different 

don~,~g. (u,~) E S~(b). 

3) f h a s  

4) The 
Fb -----~ ~ . 

Propos i t ion  2. 1 [ 5, Theorem 3.11 Consider the 

initial-boundary value problem (1.1).Assume that w0 and wl 

in (1 .1)  are sufl~dently smooth such that Uo and Vo in (1 .7)  

are continuous and piecewise monotone and satisfy the 

compatibility conditions 

v0(0) = -  Uo(0),Uo(1) = f~ , , (Vo(1) ) ,  (2.17) 

Then we have 

1) I f ( v , a )  E S~ I Uo(X) I <~ vi, I Vo(X) I <~ v~, V x 

E [0,11,  then,for u and v in (1 .6 ) ,we  have 

V[o,1](u(x,t)) ~ C and V[oA](u(x, t ))  <~ C, V t  >10, 

for some positive comtant C independent of  t ; 

2) If (v ,a  ) E SI and there is a small positive r such that 

E0,e0] c Range(uo) N Range(vo) 
or  

[ -  e0,0] C Range(uo) r'l Range(v0), (2.18) 

then, for u and v in ( 1 . 6 ) ,we  have 

limVEo, l l ( u ( ' , t ) )  = ~ a n d l i m V [ o , 1 ] ( v ( - , t ) ) =  ~ ;  
t ~ a o  t ~ e ~  

3) I f ( v , a )  E $2 and there is a small positive constant So 

such that (2.18) holds,then for u and v in (1 .6 ) , the  g r o ~ h  

rates of  V [ 0 , i ] ( u ( ' , t ) )  and V [ o , 1 ] ( v ( ' , t ) )  are at least 

exponential as t --" w.  

l .~ i iq ta  2 . 2  [ 4, Corollary 9. 1 ] Let f E CO ( I ,  I ) .  

Suppose f is piecewise monotone with a finite number of  

external points. Then the following conditions are equivalent: 

1) f ha s  a periodic point whose period is not a power of  2; 

2) f h a s  a homoclinic point,that is, Ph(f)  # 0;  

positive topological entropy; 

total variation VEoAI(f '~) grows exponentially as 

Letim~a 2 . 3  Let f E C~  I )  and f be piecewise 

monotone with finitely many extremal points. If f is 

topologically rrLxing, then, for any non-degenerate dosed 
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subinterval J of  I ,  we have Vj(f'~) gows exponentially as 

P roo f  Since topological mixing implies that f has positive 

entropy,from Lemma 2 .2 ,we have 

Vl i f  ~) grows exponentially as n -~  ~ .  (2. 19) 

By [8, Proposition 45 and Theorem 46],  we have for 

non-degenerate of  closed subinterval J of  I ,  there exists a 

positive integer Ksuch that f K (  J) = I. So the total variation 

v~(p) ~ w s  exponenti~y as ,~ - - ~  = by (2.19). 

Now if we let f be topologically transitive, from [8, 

Proposition 42 and Theorem d6],  it follows that either f is 

topological mixing on I or there exist nonempty dosed 

subintervals J ,  K with J [.J K = I and J ~ K = { y }, where 

y is a fixed point o f f ,  such that f2 Ij and f2 I K are 

topologically mixing. Combining with Lemma 2 .3 ,we have 

I ~ n i t a  2 .4  Let f E C~ I )  be piecewise monotone 

with a finite number of  extremal points. If f is topologically 

transitive, then Vj ( f " )  grows exponentially as n -~  ~ for any 

non-closed subinterval J of  I.  

Let f E CO ( I ,  I ) ,  and A, denote the graph o f f  ~. That is, 

A, = { ( x , f f ( x ) )  ~ I • I I x E I}. The superior and 

inferior limits of this set sequence are defined as usual. If we 

denote 

B,~ = [_JA, = Utgraph(fn) .  
n~k n~ 

Then we have lim~| = N=IBk. 

The following proposition characterizes the geometrical 

features of  topological mixing, topological transitivity and 

positive entropy, respectively, for an interval map. 

P r o p o s i t i o n 2 . 2 [ 6 ]  Let f E C~ I , I ) .  We have 

1) f is topological mixing on I if and only if lim infA~ = I 
rr~- a0 

•  

2) f is topological transitivity on I if and only if lim supA~ 
rr+oz 

= I •  

3) If lim supA~ contains an interior point, then f has 
r r ~  

positive entropy (equivalently, f has a homodinic point ).  

3 M a i n  result  

Since G o F~,~ and F~,~ ~ G are topologically conjugate,we 

only need to consider the map G o F~,~. Moreover,since the 

parameter/3 in the equation only plays the role of  "scaling" 

[7] , i t  does not affect the properties of  the map. In the 

following,we assume that/3 ----- 1. 

T h e o r e m  3.1 Assume that 

1) The map G o F u,~ has a bounded invariant interval J = 

[ -  M1 ,M1] and a homoclinic point in J .  

2) The initial conditions u0 and v0 of  the system (1 .6)  are 

continuous such that either the Range of  u0 or the Range of  

v0 contains a point p E Ph ( G o Fv,~ ) in its interior. 

Then,for  the solution pair ( u , v )  of" (1 .13) ,we  have 

VEo,ll(U(',t)) + VEo,,~(v(',t)), 
which grows exponentially as t -~  o0. 

P r o o f  Since G o Fv,~ and F~,~ o G are topologically 

conjugate and 

(Go F~,~) o G = G ~ (Fo,~ o G), (3 .2)  

we have 

Ph(G o Fu,~)= G-l(Ph(Fo,,~ o G)) 

= { - p  I p E Ph(Fo,, ~ G)}. (3 .3)  

Let t = k(pl  + P2) + r for some integer k and0 ~< r 

Pl + P2. The theorem suffices to prove that,for any fixed r 

[0,pl + P2), V[o,1](u(',2k + r ) )  + V[o,1](v(',2k + 

r )  ) grows exponentially as t ~ o0. Assume 0 ~< r ~< Pl (the 

proofis similar i f p l  ~< r ~< Pl + P2-) By the expressions 

(1.13) and (1.14) o f u  and v, we have 

V[0,13 ( /~ (  ~ , t))~--~ V[0,1_rPl] (/~ ( " , t ) ) +  V[l_rp,,1] (//~ ( , , t ) )  

= V[,o.,-,1](F,,,,, ~ G ) k ( U o ( ' ) )  

+ V[l_e:~,l](G-l~176 

( 3 . 4 )  

Vlo, l l ( u ( ' , t ) )  = V lo ,~O(v ( ' , t ) )  + VE~p~,,l(v(',t)) 

= VI(0,02~](G ~ (F~,~ ~ G ) k ( u 0 ( ' ) )  

+ VCo, l_p:r](G~ Fv, ,~)k(vo( ' ) ) .  

( 3 . 5 )  

Firsdy we assume that there is a point p E Ph ( Fv,  a o 

G) such that the range of` u0 contains a neighborhood 

O ( p )  o f p .  That is,either Uo([O,vp2]) or u 0 ( [ r p l , 1 ] )  

contains the point p as in its interior. Thus it follows ( 3 . 4 )  

and ( 3 . 5 )  that there exists a subinterval J which contains p 

as its interior such that 

V [ 0 , 1 ] ( / z ( ' , t ) )  + V [ o , 1 ] ( v ( ' , t ) )  

Vj((Fo,~ o G)k) .  ( 3 . 6 )  

It suffices to prove Vj ( ( F~, 4 ~ G) k ) grows exponentially 

as k ---~ ~ .  

In the following we will prove Vj ( ( G o F, ,  ~ ) k ) grows 

exponentially as k --" o0 and subinterval J which contains 

p E Ph (G o F~,~) for topologically conjugation o f  the 

two map. 

Let f = G ~ Fo,~, since p E P h ( f ) ,  then there is a 

homoclinic point x such that x # p , x  ~ W ~ ( p , f  ~) 

where n is the period o f  p ,  a n d f  '~ = p for some positive 
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integer m.  Let s be the smallest positive integer with f f  = 

p , z  = f l ( s - l ) ( x )  a n d g  = f t .  T h e n p  is a fixed point o f  

gandz  ~ W~(p,g)  withz # p a n d g ( z )  = p. 

Since z ~ W ~ ( p ,  g )  and z # p ,  for any neighborhood 

V of p there is a point Zl ~ V (7 l ~ ( p , g )  such that 

g r ( z  1) = Z for some positive integer r ( [ 9 , L e m m a  6 ] ) .  

1Lepeating the above procedure infinitely, we obtain a 

sequence {zk}k~>0 with the following properties: 

zk approaches p as k - ~  ~ ;z  0 = z;  for each positive 

integer k there is positive integer r such that gr( Zk ) = 

Z~-1;Zk ~ W~(p,g) .  

W e  assume without loss of  generality that infinitively 

many zk are in the right o f p .  For any open interval O(p) 

containing p ,  there is a point ZK with p < z K and [ p ,  ZK ] 

O(p) by the property of  the sequence { zkfk~>0. 

Let y be any point o f  the sequence { z k } in the interval 

( p ,  ZK). Then there exists a positive integer m I such that 

gml ( y )  = p .  Also, for some positive integer m 2 with m2 

> ml there is a point Yl of  the sequence {zk} in the 

interval ( p , y )  such that gm2(yl)  = ZK. Since m 2 > ra l ,  

we have g'% ( y )  = p ,  thus 

gm2([p,y,]) ~ [p,ZK], 

g%([Y, ,Y2])  D [P,&]" 
It follows from the continuity of  g that there exist Y2 E 

( P , Y l )  andy3 E (Y t ,Y )  such that 

gm2( y2) = y, gm2( y3) = y. 

Let Jl  = [P ,Y2]  and J2 = [ y 3 , y ] .  Then 

Jl  n J2 = 0 ,  g % ( J 1 )  ~ g % ( J 2 )  D J1 U J2. 

It follows that VJl(g%nl) and VJ2(g%nl) grows 

exponentially as n 1 --~ ~ .  

Since f is a Lipschitz map,  and so is g% ( f ~ 2 ) .  For any 

given 1 with 0 < 1 < nm2, we have 

Vjl(fnm2(nl+l)) = Vjl(fnm2-1 o fnm2al+l) 

<< (Lip(f) )~2-ZVj (fr%"l+l), 

where Lip ( f )  is the Lipschitz constant o f  f .  Thus 

VJ1 ( f nl ) also grows exponentially as ~1  ~ OO. 

Since J1 C J ,  we have Vj ( f  k ) grows exponentially as k 
- - ~  ~ .  

Theorem 3.2 Assume that 

1 ) Either ( v ,  a ) ~ S] such that the map G ~ F~,~ ( F~,~ 

o G) is topologically transitive on the invariant interval [ c ,  

M ] ,  where c = G ~ F~,~,(M), o r ( v , a )  ~ $2 such that 

the map G o F~,~ ( F~,,  o G) is topologically transitive on 

the invariant interval [ - M ,  M ].  

2) The initial conditions u0 and v0 are continuous such 

that the range of  one of  them contains a non-degenerate 

subinterval o f  [ - b ,  b ] ,  b = max{ vt,  M t.  

Then,  for the solution pair ( u ,  v ) o f  ( 1 . 1 3 ) ,  we have 

that the total variation 

V [ 0 , 1 ] ( u ( ' , t ) )  + V[o,1](v( ' , t ))  

grows exponentially as t - ~  00. 

P r o o f  We only consider the following case (other  

cases can be proved likewise) : 

( o ,  a ) E S] such that the map g o F~,~ ( F~, ~ o G) is 

topologically transitive on the invariant interval [ G o 

F~ , . (M) ,M] ,  and V x , G  o Fo,~(x) = -  g~,~(x) = 

F ~ , . ( -  x )  = Fo, .  o G ( x )  by Lemma 2 . 1 .  The initial 

condition u0 contains two distinct points o f  I = [ - b ,  b ] .  

I f G  ~ F ~ , . ( M )  ~< M ,  w e l e t  

J = [ G  ~ Fo, . (M) ,M]  a n d f  = G ~ F~, . .  

Since f is a tmimodel map,  for any non-degenerate 

subinterval K C I - J ,  there exists a positive integer k such 

that )ok(K) contains a non-degenerate subinterval in J .  

Thus,  for any subinterval J1 o f  I ,  we have that Vj, ( fn)  

grOWS exponentially as n - ~  0o by Lemma 2 . 4  and the 

proof  Theorem 3 . 1 .  

As u0 is continuous and u0 ( [ 0,  1 ] ) contains two distinct 

points o f [ -  b , b ] .  For any r E [ 0 , 1 ] ,  either u 0 ( [ 0 ,  

vp2])  or u0([VtOl,1])  contains a subinterval Ii o f [ -  b ,  

b ] .  By ( 3 . 4 )  and ( 3 . 5 ) ,  as the proof  o f  the theorem 

3 . 1 ,  we have 

V[o,l](U(' , t ))  + V[o,1](v( ' , t ))  

Vll((Fv,a ~ G)k) .  

Thus V [ 0 , 1 ] ( u ( * , t ) )  + V[0,l](V ( �9 , t ) )  grows 

exponentially as t --~ w .  

4 N u m e r i c a l  s imu la t i on  re su l t s  

When ( o ,  a )  E S] ,  there are some pair ( u ,  a ) ,  such 

that g ~ F~,~ is topologically transitive on some interval [ G 

o F~,~(M1),M,],  and ( u , a )  E S2 such that C o Fo,~ 

is not topologically transitive on the invariant interval 

[ - M1, M1 ] .  For example the parameter pairs are ( u ,  a ) 

= ( 1 . 0 5 , 1 . 5 )  ~ S [ a n d ( v , a )  = ( 1 . 3 4 , 1 . 5 )  E $2. 
n+k 

Let Bn,k = U g r a p h ( G  o Fo,~) for n and k are large 
i = n  

enough. W e  will detect whether Bn,k always "fill" the 

whole squares 

[ G  ~ F~,~(M1),M1] x [ G  ~ F~,~(M1),M 1] 
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= E 0 . 0 2 8 8 , 0 . 8 6 ]  x E0.0288,0.86] 
for the pair ( u, a ) = ( 1 . 0 5 , 1 . 5 ) ,  and the whole squares 

[ -  M 1 , M I J  X [ -  M 1 , M l J  

= [ -  0 . 87 ,0 .87 ]  x E-  0 .87 ,0 .871  

for the p a i r ( u , a )  = ( 1 . 3 4 , 1 . 5 ) .  

We can see from Fig.4, and Fig. 5, that G ~ Fo,, is 

topologically transitive for the pair ( u, cr ) = ( 1 . 0 5 , 1 . 5 ) ,  

and is not topologically transitive for the pair (u ,  a ) = 

( 1 . 3 4 , 1 . 5 )  by Lemma 2 .2 .  

Fig. 4 

0.8 
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0 

- 0 . 2  

- 0 . 4  

- 0 . 6  

-0 .8  
- 0 . 8 - 0 . 6 - 0 . 4 - 0 . 2  0 0.2 0,4 0.6 0.8 

t 

G ~ F~,~ = f f o r t h e p a i r ( v , a )  = ( 1 . 3 4 , 1 . 5 ) .  

q,... 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 
t 

Fig. 5 G ~ F~,,  = f F o r  t h e p a i r ( u , a )  = ( 1 . 0 5 , 1 . 5 ) .  

A f e w  c o m p u t e r  s i m u l a t i o n  resul ts  are  p r e s e n t e d  i n  this  

s e c t i o n  as s n a p s h o t s  o f  t h e  v i b r a t i ons  o f  a s o l u t i o n  pa i r  

u ( . , t )  a n d  v ( . ,  t )  o f  t h e  ( 1 . 6 )  - ( 1 . 9 ) .  

. 7~ 
w O ( x )  = 0 . 2 s l n ( ~ - x )  + 0 .6 ,  

w~(x) = 0.2sinOrx)  + 0 .6 ,  x ~ [0 ,1~,  

(4 .1 )  

Then by ( 1 . 7 ) ,  we have 

0 . 2  [ / 0 2 ( 0  ) 7r 7r = 5-oos(5 x) uo(x) 

+ 0 . 3  + s in(~x)~ ,  x E [ 0 , 1 ] ,  (4 .2 )  

0 . 2  7r ~r 
YO(X) =  oos(5 ) U/01(v) 

- 0 . 3 -  s i n ( ~ x ) J ,  x ~ [ 0 , 1 ] .  (4 .3 )  

Considering the parameter pairs ( v,  a ) = ( 1 . 0 5 , 1 . 5 )  E 

S1 and ( v , a )  = ( 1 . 3 4 , 1 . 5 )  E 82, and p l ( u )  

0. 6044,0. 5337, P2 ( v ) ~ 0. 6544, 1. 8737, then we have 

the snapshots of u ( ' ,  t )  and v ( - ,  t )  at t = 50(/01 + P2) 

50 x 2. 2589,50 x 2. 4074, as shown in Figs. 6 and 7. 

- 05  ! 110~.. I 

- 1  0.2 0.3 0.4 ' ' 7 0.8 0.9 1 
t o235 ., r- t 

0.23 

02251 
022 . . . . . . . . . .  ' 

" 0 0 . 1  0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

D.g . 6 Profiles of  u ( " , t ) and v ( " , t ) with ( u , a ) = (1. O5 ,1. S ) E S l . 

1 

0.8 
-~ 0.6 

0.4 
0.2 

0 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

t 
0 

-0 .2  
-0 .4 
- 0 . 6  
- 0 . 8  

10 0.1 0.2 0.3 0,4 0.5 0.6 0.7 0.8 0.9 1 

Fig. 7 Profiles o f u ( - , t )  and v ( . , t )  with ( v , a )  = (1 .34 ,1 .5 )ES2 .  
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