Journal of Control Theory and Applications 4 (2004) 358 - 364

Chaotic vibration of the one-dimensional
linear wave equation with a van der Pol nonlinear
boundary condition

Guogang LIU, Yi ZHAO
(Department of Mathematics, Zhongshan University , Guangzhou Guangdong 510275, China)

Abstract: The one-dimensional linear wave equation with a van der Pol nonlinear boundary condition is one of the simplest
models that may cause isotropic or nonisotropic chaotic vibrations . It characterizes the nonisotropic chaotic vibration by means of the
total variation theory. Some results are derived on the exponential growth of total variation of the snapshots on the spatial interval in
the long-time horizon when the map and the initial condition satisfy some conditions.
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. Let
1 Introduction © 1
= v x :|v

In this paper, we consider the one-dimensional (1D) " e1(v) + Pz(U)['OZ( Y, + w, (1.5)
wave equation v = 1 [o(0)w, — w,] '

Wee (3t ) —vw, (x,8)—w,(x,t) =0, x < x<1t>0, e1(v) + pa(v) 01 ¥ £

w,(0,¢) =0,v>0,¢ >0, we can convert (1.1) into the equivalent uncoupled first

w(1,¢) = aw,(1,1) — Pw3(1,t),a,8 > 0,¢ > 0, order hyperbolic system

w(x,0) = wo(x),w,(x,0) = w;(x),0 < x < L. {u,(x,t) = pi1(0)u(x, 1), <x<1,t>0.

(1_1) vt(x’t) =_102(U)Ux(x’t)9

We will study the dynamical behavior of the above o N (1.6)
system by using total vibration theory as the two parameters 1 he initial conditions for u and v are
(v,a) vary in [0, ] x [0, + @ ]. Chen et al.[1~4] u(x,0) = uo(x)
firstly stuo?ied chaoti'c vibrations of 1D wave equat:ion. ?n a = 3 1 ( )[pz(u)wé(x) +wi(x)],
bounded interval with a van der Pol boundary condition, LY+ ool
which is a well-known self-regulating mechanism in v(x,0) = vo(x)
automatic control. 1 ,

As a continuation of those latest work [5] this paper T p(v) + Pz(U)['OZ(U)wO(x) wi ()],
gives larger regimes of the rates of the total varations (1.7)
growing exponentially than in [5] impelled by [6]. The boundary conditions at x = 0 are

Similar to [7],we let v(0,1) = - u(0,¢) = G(u(0,1)), t > 0,

— v +V 4+ 02 (1.8)
or(v) = TLELEL L (12)

v+ 4+ 02 u(l,t) = F, ,(v(1,1)). (1.9)
p2(v) = 2 : (1.3) For given x € R,

We have Fu,a(x) = pz[sz + guya(x)], (1.10)
p1(v)pa(v) =1, where ¥ = g, .(x) is the unique real solution of the cubic
p2(v) = p1(v) = v > 0, (1.4) equation

3 - 2+1)x =0, 1
o1(0) + p2(v) = VAT g, e o ey (pd+ Dx =0, (11D
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provided that
0 < a< o= px)). (1.12)

Since the parameter 3 in the equation only plays the role
of “scaling” (see [7]),it does not affect the properties of
the functions g, ,(x) and F, ,(x). Thus we can view
g.o(x) and F, ,(x) as functions that are dependent only
on the two parameters v and «.

If (1.12) is violated, then g, ,(x) is multi-valued.
From now on, we always assume that a,8,v > 0 satisfy
condition (1.12). By means of characterization, the
solution u and v of (1.6) ~(1.9) can be expressed
k(oy + p2) + 7,k = 0,1,
O<stgpr+p,amdlgx <1,

(F,.q° G (up(x+0,7)), v < po(1-x),
F,.o(G < F, )i(vs(1+03-p3(x+p017))),

{1 —2) < 7 < p(1 + pF - %),
(Fy o 6)* (uo(x + o1z = 1-p1)),

p2(1 + ot = 2) < v < p1 + P2,

(1.13)
(F,.° C)(vg(x = p37)), T < p1%,
F, (G- F, ) (u(- pi(x - ps7))),
p1x < < pi(x+ p3),
(F,q° O (vo(x-pyr+1-p3)),

ei(x +03) < T<pi+ P2

explicitly as follows: for ¢ =
2,00

ul(x,t)

v(x,t)

(1.14)
For example, (G ° F, U,a(x) )* denotes the k —folded
iterative composition of G * F, ,(x).

From these explicit representations, we can estimate the
growth rate of the total variations of u(+,¢) and v(+,¢)
on [0,1] as¢ goes to infinity by means of the estimation of
those of ( G Fu,a(x))k( «)and (F, , > G{(x))"(+) on
some spatial intervals as n goes to infinity.

2 Some property of the map G° F, , and
some basic Lemma

We firstly consider some properties of the map G = F, .
Most of the basic properties of the map have been
established by Chen et al.in [7].

Lemma 2.1 Letf > 0. Then the map G ° F, , has
the following properties:

1) G- F, ,(+)is odd;

2) G+ F, , has exactly three fixed points 0, vgand — v,
where

- -1 Ja,
vy = UO(U,a) = PI(U) + P2(U> 18 H (2~1)
3) - G- F, ,(= F,,) has exactly there fixed points
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- v1,0 and v;, where

vy = ?)1(!),&’)

_ 1 /1+a(pz—f1)_l/1+av
T -0 Blos—p1) ~ v - TR
(2.2)

in which the last equality in (2.2) follows from (1.4);
4) The equation G ¢ F, ,(v) = 0has exactly three roots

- v;,0 and vy, where
1 1+ app
02 ﬂp2 ’

5) G - F, , has local external values

(2.3)

vy = U[(U,a) =

2 1+ap;, /14 ap
= G° Fua - Ve = -5 ’
" o) == 3 T o 3
, (2.4)
M=C:F, (s) _21l+ap [1+ap -,
’ 3 o0+ 02N 3f02
(2.5)
where
2
_ _Z@—Za‘o2+1 1+ apy
Ve = Uc(Uya) = 3p2(p%+ 1) 3,8P2 ’
(2.6)

- v, and v, are critical points of G © F, ,. Here m and M

are, respectively, the local minimum and maximum of G
F,

v.¢- The function G < F, , is stdctly decreasing on
(- o,v.) and (v,, + o), but strictly increasing on

(- v.,0.);3

2
1
6 (6:F () =-g+mPp—, @7
6 2 2
(G °© Fu,a)"(v) = EPZ(‘OZ +D13) gu,a(v)’
(2.8)
where
D =388} .(v) + p* - a,
andgu,a(-) is defined by (1.11).
Proof See Section 2 in [7].
Asin [5], we let
1 343 343
hl(U) = PZ(U)[ZP2(U) + 5 1], (29)
1 2
h,(v) =3 ——‘0‘2 Leosd — 015 (2.10)
where
0 = iarccos—l‘— (l < 0 < -K—)
3 ]+p% 9 ="=6"7
and let
S=1{(v,a) ERI0<v <+ »,0<ax<p(v)l,
(2.11)
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S; = {(v,a) 10 < v < 0,0 <as<pa(v)l
Uilv,a) €Elv; < v <+%2,0 < a < b (v)],
(2.12)
Sy = {(v,a) 1 vy < v < 02,0 <@ (vt U
' {(v,a) €1 hi(v) < v <+ ®,
hi(v) < a < hy(v)}, (2.13)
S3 = {(v,a) €Elvy < v <+ ®,hy < a < pa{v)}.
(2.14)
We divided the regime S into two parts
S ={(v,a) 10 < v <v,0 < as< pea(v)}
Uf(v,a) €Elogsv <+2,0< a s%},
(2.15)

St ={(v,a) lvg < v < UI,% < a < pa(v)l

U {(v,a) Elvig v <+°°,% < a< i,

(2.16)
We can divide S into four regions.See Fig.1.

6
5
4
“ 3
2 \ d
1~ ‘\\
00 1 2 3 4 5
t
Fig. 1 81(b),8%a) S,(c), and S;(d).

A routine check shows that
v,(v,a) < v(v,a) < M(v,a) < v (v,a),
if (v,a) € Si,
and if (v,a) € S, [0,4;] and [ - v;,0] are bounded
invariant intervals of G © F, ,. See Figs.2 and 3.
1
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Fig. 2 Orbit diagram of G * F, , = fwithv(a = 1.5).
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Fig. 3 Grph of G F, , = fin different
domuin,eg. (v,a) € SH(b).
Proposition 2. 1[5, Theorem 3.1]  Consider the

initial-boundary value problem (1.1) . Assume that wq and w,
in (1.1) are sufficiently smooth such that 1y and vg in (1.7)
are continuous and piecewise monotone and satisfy the
compatibility conditions
v0(0) = - ue(0),up(1) = £, ,(vo(1)),
Then we have
1) If(v,a) € S0and | ug(x) < vy, lvglx) I< vy, ¥V
€ [0,1], then,for u and v in (1.6),we have
Vioaj(u(x,t)) < € and Vip3(u(x,t)) < C, ¥Vt =0,
for some positive constant C independent of ¢ ;
2) If (v,a) € S} and there is a small positive ¢ such that
[0,e0]  Range(uy) N Range(vg)

[ - €0,0] c Range(ug) N Range(v,),
then, for u and v in (1.6),we have
lim Vio,1(u(+,)) = % and limVio,y(v(+,2)) = o

(2.17)

or

(2.18)

3) f(v,a) € S, and there is a small positive constant €
such that (2.18) holds, then for u and v in (1.6),the growth
rates of Vo 11(u(+,2)) and Vig j(w(-,t)) are at least
exponential as £ — .

Lemma 2.2[4, Corollary 9.1] Let f € C%(1,1).
Suppose f is piecewise monotone with a finite number of
external points. Then the following conditions are equivalent:

1) f has a periodic point whose period is not a power of 2;

2) f has a homoclinic point, that is, P,(f) = @;

3) f has positive topological entropy;

4) The total variation Vg 7(f") grows exponentially as
n—> o,

Lermma 2.3 Let f © c(1,I and f be piecewise
monotone with finitely many extremal points. If f is
topologically mixing, then, for any non-degenerate closed
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subinterval J of I, we have V;(f") grows exponentially as
n—> o,

Proof Since topological mixing implies that f has positive

entropy, from Lemma 2.2, we have
Vi( f") grows exponentially as n — . (2.19)

By (8, Proposition 45 and Theorem 46], we have for
non-degenerate of closed subinterval J of I, there exists a
positive integer K such that f*(J) = I. So the total variation
V;(f*) grows exponentially as n — o by (2.19).

Now if we let f be topologically transitive, from [8,
Proposition 42 and Theorem 46], it follows that either f is
topological mixing on [ or there exist nonempty closed
subintervals J,K with J U K = Tand J (1 K = {y}, where
y is a fixed point of f, such that 2 1; and f* Ig are
topologically mixing. Combining with Lemma 2.3, we have

Lemma 2.4 Let f € c(1,D) be plecewise monotone
with a finite number of extremal points. If f is topologically
transitive, then V;(f") grows exponentially as n —> o for any
non-closed subinterval J of 1.

Let f € C°(1,1), and A, denote the graph of f". That is,
A, = {(x,f(x)) € I x I | x € Il. The superior and
inferior limits of this set sequence are defined as usual. If we
denote

B, = L>JkAn = ykgraph(f").

Then we have lim supA, = kOlBk .

The following proposition characterizes the geometrical
features of topological mixing, topological transitivity and
positive entropy, respectively, for an interval map.

Proposition 2.2[6] Letf € C°(I,]). We have

1) fis topological mixing on I if and only if lim infA,, = I
x 1.

2) fis topological transitivity on / if and only if lim supA4,
=IxI.

3) If lim supA, contains an interior point, then f has

positive entropy (equivalently, f has a homoclinic point).
3 Main result

Since G F, ,and F, , ° G are topologically conjugate, we
only need to consider the map G ° F, ,. Moreover,since the
parameter 3 in the equation only plays the role of “scaling”
[7],it does not affect the properties of the map. In the
following, we assume that 8 = 1.

Theorem 3.1 Assume that

1) The map G ° F, , has a bounded invariant interval J =
[—- M;,M,] and a homodlinic point in J.
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2) The initial conditions ug and vg of the system (1.6) are
continuous such that either the Range of ug or the Range of
v contains a point p € P,(G > F, ,) in its interior.

Then, for the solution pair (u,v) of (1.13),we have

Vion(u(+,)) + Vion(v(+,1)),
which grows exponentially as ¢t — oo,

Proof Since G ¢ F, , and F, , ° G are topologically

conjugate and

(G°F,,)oG=6(F,,°G), (3.2

we have
PG~ F, )= G'(P(F,, ° 6))
={-plp€ P(F,,° 6)}. (3.3

Lett = k(p; + pz) + T for some integer k and0 << 7 <
01 + p2. The theorem suffices to prove that, for any fixed ¢
€ [0,01 + 02), Vio1(u(+,2k + 7)) + Vi3 (w(-,2k +
7)) grows exponentially as ¢ — % . Asume 0 << 7 < p; (the
proof is similar if p; < T < 1 + p2.) By the expressions
(1.13) and (1.14) of u and v, we have
Vioa1(u(+, )= Vig,1ogp 1(u (5 8)) + Voo 11 (u(+52))

= V[p‘r,l](Fu,a ° C)k(uo('))
+V[l_pzz',l](G_1°(G°Fu,a)k+l(v0(°)))s

(3.4)
Vio1(u(+,8)) = Vig 01 (0(+,2)) + Vg 11(0(+,2))
= Vi(0,0,c1(6G ° (F, o o 6)*(up(+))
o+ V[O,l—pzt](G o Fy o) (0o(+)).

(3.5)

Firstly we assume that there is a point p € P,(F, , °
G) such that the range of ug contains a neighborhood
O(p) of p. That is,either u¢([0, 70,]) or ug([ 7o1,11])
contains the point p as in its interior. Thus it follows (3.4)
and (3.5) that there exists a subinterval J which contains p
as its interior such that

V[o,l](u(' 1)) + V[o,l](v(° ,1))
= V;((F, . 6)F). (3.6)

It suffices to prove V;((F, , > G)*) grows exponentially
as k— oo,

In the following we will prove V,((G = F, ,)*) grows
exponentially as k£ — % and subinterval J which contains
p € P,(G- F,,) for topologically conjugation of the
two map. '

Letf = G F, ,, since p € P,(f), then there is a
homoclinic point x such that x % p,x € W"(p,f")

where n is the period of p, and f™ = p for some positive
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integer m. Let s be the smallest positive integer with f* =
P,z = f"(s'l)(x) and g = f*. Then p is a fixed point of
gandz € W*(p,g) with z % p and g(z) = p.

Since z € W*(p,g) and z # p, for any neighborhood
Vof p there is a point z; € V (| W*(p,g) such that
g (z;) = z for some positive integer r ([9,Lemma 6]) .
Repeating the above procedure infinitely, we obtain a
sequence {z; | ;0 with the following properties:

z, approaches p as k — % ;25 = z; for each positive
integer k there is positive integer r such that g"(z,) =
zosz € W(p,g).

We assume without loss of generality that infinitively
many z; are in the right of p. For any open interval O(p)
containing p , there is a point zx with p < zgx and [ D 2k ]
€ 0(p) by the property of the sequence {z; | 4.0.

Let y be any point of the sequence {z,] in the interval
(p,zk). Then there exists a positive integer m; such that
g™ (y) = p. Also, for some positive integer m, with m,
> my there is a point y; of the sequence { zk} in the
interval (p, y) such that g™2(y;) = z¢. Since my > my,
we have g"’Z(y) = p, thus

g ([p,yi]) o [p,zl,
[y, o [p, ]

It follows from the continuity of g that there exist y, €

(psy1) and y3 € (¥, y) such that
g (y2) =y, g"(y3) = y.

Let J; = [p,y.]and J, = [y3,y]. Then

hN =60, g=(J) N gm(J) o UL

It follows that V; (g™™) and V, (g™™) grows
exponentially as ny — %,

Since f'is a Lipschitz map,and so is g™2(f"™). For any
given [ with0 < | < nm,, we have

le(f’""z(”l’fl)) - V11 (fnmz—l o fnm2n1+l)
< (Lip())™'v; (frmamrt),
where Lip (f) is the Lipschitz constant of f. Thus
Vy (f™) abso grows exponentially as ny —> .

Since J; ¢ J, we have V; ( f ) grows exponentially as &
— 0,

Theorem 3.2 Assume that

1) Either (v,a) € Sisuch that the map G F, ,(F,,
o G)is topologically transitive on the invariant interval [ ¢,
M], wherec = G° F, ,(M), or (v,a) € S, such that

the map G ° F, ,(F, , ° G) is topologically transitive on
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the invariant interval [ — M, M].

2) The initial conditions ug and vq are continuous such
that the range of one of them contains a non-degenerate
subinterval of [ = b,b],b = max{v,, M}.

Then, for the solution pair (u,v) of (1.13), we have
that the total variation

Vioa1(u(e, ) + Vig(v(+,¢))
grows exponentially as ¢ = o .

Proof
cases can be proved likewise) :

(v,a) € S}such that the map G > F, ,(F, ,° G)is
topologically transitive on the invariant interval [ G
F,.(M),M],and Vx,G < F, ,(x) =~ F, (%) =
F, (- x) = F,,* G(x) by Lemma 2.1. The initial
condition u contains two distinct points of I = [ - b, b ].
IfG-F, (M) < M, we let

J=1[6G- Fu,a(M),M] and f = G- F, ,.

Since f is a unimodel map, for any non-degenerate

We only consider the following case (other

subinterval K. I — J, there exists a positive integer k such
that f*(K) contains a non-degenerate subinterval in J.
Thus, for any subinterval J; of I, we have that VJ1 ( )
grows exponentially as n — o by Lemma 2.4 and the
proof Theorem 3.1.

As ugis continuous and uo{[0,1]) contains two distinct
points of[- b,b]. For any ¢ € [0,1], either uo( [0,
705]) or ug([ zp1,1]) contains a subinterval I, of [ - b,
b]. By (3.4) and (3.5), as the proof of the theorem
3.1,we have

Vi (uls0)) + Vig1(w(-,1))
=V, ((F, . G)*).

Thus Vo, (u( +,1)) +
exponentially as ¢ —> o .

Vip1(v( <,2)) grows

4 Numerical simulation results

When (v,a) € S}, there are some pair (v, a), such
that G ° F, , is topologically transitive on some interval [ G
o F, (M), M;], and (v,a) € S, such that G » F, ,
is not topologically transitive on the invariant interval
[- My, M,]. For example the parameter pairs are (v, a)
= (1.05,1.5) € Sjand (v,a) = (1.34,1.5) € S,.

n+k
Let B, = Ugraph(G - F, ) for n and k are large
enough. We will detect whether B, ; always “fill” the

whole squares

[G ° Fu,a(Ml),M1] X [G ° Fu,a(M1)3M1:|
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= [0.0288,0.86] x [0.0288,0.86]
for the pair (v,a) = (1.05,1.5), and the whole squares
(- M, M) x[-M,M]
=[-0.87,0.87] x [ - 0.87,0.87]
for the pair (v,a) = (1.34,1.5).

We can see from Fig.4, and Fig.5, that G » F, , is
topologically transitive for the pair (v, a) = (1.05,1.5),
and is not topologically transitive for the pair (v, a)
(1.34,1.5) by Lemma 2.2.

Fig. 4

G- F,,

= ffor the pair (v,a) = (1.34,1.5).

0.8
0.7
0.6
0.5
S~ 04
0.3
02
0.1

01 02 03 04 05 06 07 08
t

Fig.5 G- F,, = fFor the pair (v,a) = (1.05,1.5).

A few computer simulation results are presented in this

section as snapshots of the vibrations of a solution pair

w(+,t) and v(+,t) of the (1.6) ~(1.9).

wolx) = O.ZSin(%x) + 0.6,
wi(x) = 0.2sin(nx) + 0.6, x € [0,1],
(4.1)
Then by (1.7),we have
uo(x) = m[m( v) COS( x)
+0.3 +sin(mx)], » € [0,1], (4.2)
0.2
vo(x) =m[m(v) 2 eos( 5 %)
- 0.3 —sin(znx) ], x € I:O,l]. (4.3)
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Considering the parameter pairs (v,2) = (1.05,1.5) €
St and (v,a) (1.34,1.5) € S,, and py(v)

0.6044,0.5337, po(v) ~ 0.6544,1.8737, then we have
the snapshots of u(+,¢) and v(+,t) att = 50(p; + p3)
~ 50 x 2.2589,50 x 2.4074, as shown in Figs.6 and 7.

1

0.5
= 0
o
x —05

~10 0102 03 04 0506 07 08 09 1
!

0.235

0.23

0225

0226757 02 03 04 05 06 0.7 08 09 1
t

v (x,)

Fig. 6 Profiles of u(+,t) and v(+,t) with (v,a) = (1.05,1.5)€ S,.

u (x1)

0 IR Y ‘ Al
0 01 02 03 04 0506 07 08 09 1

v(x,1)

6T 0703 04 0506 07 0809 1
t

Fig. 7 Profiles of u(-,t) and »(+,¢) with (v,a) = (1.34,1.5)€ S,.
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