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Circuit Complexity in Topological Quantum Field Theory

Josiah Couch, Yale Fan, and Sanjit Shashi*

Quantum circuit complexity has played a central role in recent advances in
holography and many-body physics. Within quantum field theory, it has
typically been studied in a Lorentzian (real-time) framework. In a departure
from standard treatments, we aim to quantify the complexity of the Euclidean
path integral. In this setting, there is no clear separation between space and
time, and the notion of unitary evolution on a fixed Hilbert space no longer
applies. As a proof of concept, we argue that the pants decomposition
provides a natural notion of circuit complexity within the category of
2-dimensional bordisms and use it to formulate the circuit complexity of
states and operators in 2-dimensional topological quantum field theory. We
comment on analogies between our formalism and others in quantum
mechanics, such as tensor networks and second quantization.

1. Introduction

The past decade has seen considerable interest in the relevance of
quantum circuit complexity! to holography and quantum gravity.
Following Harlow and Hayden’s proposed complexity-theoretic
resolution of the firewall paradox,[!! this interest gained traction
with the proposal of potential holographic duals to the complex-
ity of CFT states.?%) These developments have in turn motivated
various attempts to understand complexity in the context of quan-
tum field theory,”-?"] a markedly different setting than that of the
many-qubit systems in which complexity is usually discussed.

This paper represents another such attempt, albeit one that
takes a rather different approach to the problem. Rather than in-
voking a lattice regularization and reducing the problem of com-
plexity to one in quantum mechanics—or, indeed, referring to
any complexity measure on a space of unitaries at all—we take as
our starting point the axioms of quantum field theory.
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1 Quantum circuit complexity is roughly the number of basic quantum
operations, or gates, needed to construct a quantum operator or to pre-
pare a quantum state from a simple reference state.
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It has long been known that a quantum
field theory, depending on its assumed
symmetries, can be defined as a functor
from an appropriate category of bordisms
to the category of Hilbert spaces.? A bor-
dism between (d — 1)-dimensional closed
manifolds A and B is a d-dimensional
compact manifold whose boundary is
the disjoint union of A and B. In d
spacetime dimensions, the QFT functor
(understood as evaluation of the path
integral) identifies (d — 1)-dimensional
closed manifolds with Hilbert spaces and
d-dimensional bordisms with linear op-
erators between Hilbert spaces in such a
way that gluing of bordisms goes to com-
position of linear maps. Such an axioma-
tization is most well-established for topo-
logical and conformal field theories.[28-31]

In this paper, we propose that a quantum field theory inherits a
notion of complexity for states and operators from one on its cor-
responding category of bordisms. The latter form of complexity
is determined by the geometry of the Euclidean path integral.?

Our concrete implementation of this idea takes place in the
setting of topological quantum field theory (TQFT), the sim-
plest class of QFT that can be described in functorial language.
A d-dimensional TQFT is a functor from the category of d-
dimensional bordisms up to homeomorphism (called dCob) to
the category of Hilbert spaces Hilb:

Z : dCob — Hilb. (1.1)

Topological field theories circumvent the complications of
infinite-dimensional Hilbert spaces, and their axiomatization
renders the path integral completely finite and unambiguous.
Our task is thus to formulate a definition of computational
complexity in functorial TQFT. To simplify this task, it is use-
ful to narrow our attention to certain TQFTs for which the basic
principles of complexity can be made especially clear. In dimen-
sion d = 1, the limited structure of bordisms allows for no pos-
sibility of preparing a nontrivial manifold of target states from
any reference state (1D TQFTs are simply isomorphic to finite-
dimensional vector spaces). On the other hand, in dimensions

2 A category is a mathematical structure that consists of objects (e.g.,
sets, groups, vector spaces) along with “arrows” or maps between them
(e.g., functions, homomorphisms, linear operators). A functor is a ho-
momorphism of categories. See Appendix A for details.

Our perspective, while independent of holographic considerations,
bears some conceptual similarities to tensor network toy models of
holography,[32#] in which the geometry of a spatial slice is understood
as a quantum circuit and thereby provides a natural notion of complex-
ity for boundary states.
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d > 3, the objects of dCob are not finitely generated with respect
to disjoint union, so a d-dimensional TQFT requires an infinite
amount of algebraic data to specify.*!] We are therefore led to
focus on the tractable and still interesting case of 2D TQFT.[#243]
In d = 2, bordisms allow for nontrivial propagation in spacetime,
yet the category 2Cob admits a presentation in terms of finitely
many generators and relations.

In fact, the category 2Cob comes equipped with a natu-
ral notion of complexity. Roughly speaking, any 2-dimensional
bordism can be decomposed into disks and pairs of pants,
which provide a finite and exactly universal* “gate set” on 2Cob.
The complexity of a given bordism follows from counting the
minimum number of these component surfaces needed to
construct it.

Given that a 2D TQFT can be thought of as a functor from this
category to that of Hilbert spaces, our main claim is that complex-
ity in 2Cob induces a useful notion of complexity on the image of
the TQFT functor in Hilb. We interpret the latter as a quantum
complexity in 2D TQFT.

The remainder of this paper is devoted to expounding this idea.
It is structured as follows. In Section 2, we start by reviewing var-
ious notions of quantum complexity and adapting them to our
context. In Section 3, we assemble the tools of functorial TQFT
that feature in our analysis, focusing on the classification of 2D
TQFTs and their equivalence to commutative Frobenius algebras.
In Section 4, we develop the idea of induced complexity in func-
torial TQFT. A key point is that the image of the natural gate
set of 2Cob under the TQFT functor does not generically allow
for the construction of arbitrary states. Indeed, one might (cor-
rectly) suspect that due to the mismatch between the discrete
infinity of topologies and the continuous infinity of states, the
TQFT path integral has no hope of populating the entire TQFT
Hilbert space. We instead focus on the class of semisimple 2D
TQFTs, for which the path integral allows for the construction of
a continuous submanifold of states (which turns out to be a torus)
within the Hilbert space associated to an arbitrary spatial mani-
fold. In Section 5, we discuss interesting extensions of this point
of view.

Two appendices contain some useful background material. In
Appendix A, we provide a self-contained review of the relevant
elements of category theory. In Appendix B, we summarize the
classification of “two-level” 2D TQFTs (2D TQFTs with 2D Hilbert
space on a circle), which serve as examples throughout this paper.

2. Complexity

Before studying complexity in specific physical systems, we es-
tablish some key concepts by discussing complexity in groups
and in categories. The idea of complexity in these two mathe-
matical settings closely mirrors that in quantum mechanics and
quantum field theory, respectively. In all of these contexts, we dis-
tinguish between two types of circuit complexity: operator com-
plexity and state complexity.

* The set of elementary gates inherent in the definition of complexity
should be universal in the sense of enabling the construction of all gates
or states of interest, whether exactly or to any desired accuracy.
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2.1. Groups

Let G be a group. Any generating set S C G (possibly infinite)
can be said to form a universal gate set on G in the sense that
any element g € G admits a decomposition into a finite product
or circuit g = s, --- 5, where s; € S. We define the size of such a
circuit to be the number of generators k appearing therein, and
we define the circuit complexity C(g) to be the smallest size of any
circuit that evaluates to g. We further define the complexity of
g relative to a reference group element g, as C(g, g,) = C(gg;")-
Assuming that S is closed under inverse (S = S7'), the relative
complexity C(g, h) for g, h € G defines a metric on G—the “word
metric” with respect to S.1*]

In practice, we wish to restrict to finite S, which leads us to
distinguish the notions of exact and approximate universality. If
G is finitely generated, then every g € G can be prepared exactly
by a finite-size circuit drawn from a finite S. Otherwise, we call
a finite gate set S C G universal up to the tolerance ¢ if any g €
G can be prepared to within a given tolerance ¢ > 0 by a circuit
constructed from s; € S. More precisely, we equip G with a metric
d(-, -) and say that a circuit of size k prepares gif d(g s, - s5;) < e.
We denote the corresponding circuit complexity by C,(g).

Now let X be a set equipped with a transitive group action
by G. We can define the state complexity of any x € X relative to
some reference x,, € X as the minimum circuit complexity of any
group element g for which x = gx,,. In other words, operator com-
plexity in G induces state complexity in X. If the group action is
not transitive, then only elements in the orbit of x, have a sensi-
ble complexity. This definition can be extended to accommodate
approximate universality on both G and X.

2.2. Categories

Categories are structures with both objects and morphisms. Op-
erator complexity in this case is tantamount to “morphism com-
plexity,” which is analogous to circuit complexity on a group. Set-
ting aside issues of universality and tolerance, it is defined as
the minimum number of appropriately chosen “elementary mor-
phisms” needed to construct a given morphism by composition.
On the other hand, state complexity assigns a complexity to every
state, given a reference state. This is analogous to complexity on
a space that carries a group action.

To make sense of the latter notion, we must first define a
“state” in the categorical setting. This is easy to do for a monoidal
category (see Appendix A), which in particular has a distin-
guished unit object. Given any object x, we may define a state
as a morphism 1 — x where 1 is the unit object. If we fix a refer-
ence state r : 1 — x, then we can obtain another state f : 1 — y by
composing with a morphism O : x — y, and we can identify the
state complexity of f as the minimum operator complexity over
all @’s (as morphisms) such that Qor = f. By choosing x = y, we
restrict to only those states “belonging to” the object x.

Note that state complexity, as we have defined it, is not syn-
onymous with “object complexity” in the sense of the minimum
number of elementary morphisms needed to go between a refer-
ence object x and a target object y. Object complexity is coarser
than state complexity because every object can be associated with
a multitude of states. However, object and state complexity would

© 2022 Wiley-VCH GmbH.
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coincide if we were to instead define a state as a morphism [ — x
where I is an initial object of the category.®

While the above definitions may seem abstract, their motiva-
tion is decidedly non-esoteric. Consider the example of classical
computation. A classical circuit implements a function from n
bits to m bits, and its circuit complexity is defined with respect to
a universal gate set (e.g., the singleton set {NAND}). Not only are
such functions generally not invertible, but they generally do not
even have the same domain and codomain. The case of classi-
cal circuit complexity makes clear that complexity is not a notion
restricted to groups.®

Rather, we may regard classical circuit complexity as being de-
fined on a category where each object is the set of all n-bit strings
{0,1}" for some n > 0, and where the morphisms are set func-
tions. This category has a symmetric monoidal structure with re-
spect to Cartesian product (element-wise concatenation), where
the unit object is the set consisting of the empty string. We may
then take certain of these set functions to be gates, circuits to be
compositions of gates, and the complexity of an arbitrary function
to be the minimum number of gates which must be composed
to build that function. Note that a logic gate in the conventional
sense (e.g., a2 Boolean function {0, 1}?> — {0, 1} or {0, 1} - {0,1})
actually gives rise to an infinite family of gates in the categorical
sense, each coming from starting with a different number of bits
and then choosing a particular subset of those bits as input to the
logic gate.

Returning to physics, our primary interest will lie in the
monoidal categories 2Cob (where the unit object with respect to
disjoint union is the empty set) and Hilb (where the unit object
with respect to tensor product is C). Our definition of state com-
plexity makes as much sense for 2Cob as for Hilb, but is richer
in Hilb due to the far greater variety of reference states and tar-
get states.

2.3. Quantum Mechanics

The usual notion of quantum complexity corresponds to the case
of the unitary group U(H) acting on a Hilbert space .’ There are
thus two distinct formulations of complexity in quantum com-
puting: circuit complexity for unitary transformations and state
complexity for quantum states.[**! Since U(H) is not finitely gen-
erated, a tolerance e is assumed:

® The complexity of an operator O is the smallest number of
gates in any circuit Q such that |O — Q| < e, where we can
take | - | to be the operator norm.

® The complexity of a state |y) relative to a reference state |r) is
the minimum complexity of any unitary U such that Ulr) =

lw).

wi

An initial object I in a category is an object such that for every object
x, there is precisely one morphism I — x.

Reversible classical computation, however, corresponds to the case of
the permutation group on 2" elements acting on the set of all n-bit
strings.[*4]

It is physically more appropriate to say that the action is on the pro-
jective Hilbert space P(H). When we discuss TQFT, we will switch be-
tween H and P(H), but note that physics only distinguishes between
states in the latter.

=

~
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The definition of quantum circuit complexity suffers from a
number of ambiguities involving the choice of universal quan-
tum gate set, the choice of tolerance parameter, and (in the case
of state complexity) the choice of reference state.

Again, note that the word “gate” as used in the definitions
above does not quite correspond to a gate in the conventional
sense. For instance, the CNOT gate of quantum computing does
not correspond to a single operator on the Hilbert space of n
qubits, but rather to n(n — 1) different operators, obtained by ap-
plying CNOT to specific qubits in all possible ways. In the above
definitions, each of these n(n — 1) operators must be included as
a separate gate.

The notion of complexity that we will employ in this work is
discrete, in contrast to the continuous “complexity geometry” ap-
proach that relies on a metric on the space of unitary operators on
the relevant Hilbert space.[**~*8] Hence “universality” will always
refer to the constructibility of unitaries or the ability to prepare
arbitrary states to a given accuracy.

2.4. Quantum Field Theory

It is not immediately clear how to extend complexity to a con-
tinuum field theory. For instance, what should we take as the
reference state in a field theory setting, and how should we
choose a set of elementary gates to ensure universality? The in-
terest in holographic complexity has spurred much initial work
on answering these questions: definitions of circuit complexity
in QFT have been proposed for abelian gauge theory,”2*?’] free
scalar field theory,[®2121415] free fermionic field theory,!'%!!] in-
teracting scalar field theory,['3] 2D CFT,[!*2!] higher-dimensional
CFT,222] and Chern-Simons theory.?*#] In general, however,
these efforts have not identified a universal gate set in their par-
ticular settings. For instance, discussions of free field theory and
2D CFT tend to focus on non-universal gate sets (e.g., “symme-
try gates”) that relate only Gaussian states and states in the same
Verma module, respectively.

More broadly, previous treatments of circuit complexity in QFT
have focused on unitary time evolution on a fixed spatial geom-
etry.2 One crucial point missing from these discussions is that
while QFT can be formulated in Lorentzian signature on space-
time manifolds of the form “space X time,” it can also be for-
mulated in Euclidean signature on spacetimes of arbitrary topol-
ogy. This leads to possibilities beyond the Hamiltonian evolu-
tion familiar from quantum mechanics, and is responsible for
much of the richness of QFT. In this paper, we address ques-
tions of state preparation and complexity in the context of the
Euclidean path integral. Our central point is that topology change
in the Euclidean path integral can have nontrivial computational
effects, particularly via the implementation of inherently non-
unitary transformations. These effects are intrinsic to QFT and
absent from quantum mechanics.

8 Notable exceptions include the “path integral optimization” of [35-37]
as well as the definition of relative complexity for holographic CFT
states proposed in [49, 50]. The latter is based on the distance between
coherent states prepared by the Euclidean path integral with sources
for single-trace operators. These Euclidean methods rely on continu-
ous cost or distance functionals, unlike ours.

© 2022 Wiley-VCH GmbH.
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Figure 1. A bordism representing a map Hg’” - ng ina2D TQFT.

This point is especially stark in the context of TQFT, where
the only nontrivial amplitudes arise from topology change. Our
definition of complexity in 2D TQFT, to be made more precise
later on, goes roughly as follows. Let H denote the Hilbert space
on S'. Consider states lw,) € Hg” and |y,) € ng, prepared by
path integrals on oriented surfaces with p and g outward-oriented
circle boundaries, respectively. Consider further an oriented bor-
dism from p “in-circles” to g “out-circles” composed of some net-
work of tubes and handles, as shown in Figure 1 (we also al-
low for the possibility of multiple connected components). Fi-
nally, consider composing this bordism with |y,) to obtain a state
lw,) € H?q. Then topological circuit complexity should quan-
tify the simplest bordism needed to approximate |y,) by lw,),
starting from a given |y,). If our topological “gate set” is non-
universal, then it may not be possible to achieve this approxima-
tion to arbitrary accuracy.

It is convenient to consider bordisms with only out-boundaries
(p = 0). This setup allows for various choices of reference state.
For example, one could take as a reference the state correspond-
ing to ¢ copies of the disk, each viewed as a bordism from @& to
S!. An arbitrary state, viewed as a bordism from @ to (S')4, could
then be constructed as the composition of a bordism from (S')4 to
(8" with this reference state. This perspective has the advantage
of operating within a fixed Hilbert space, namely qu.

However, we emphasize that the choice of reference state is not
essential to our complexity-theoretic considerations. Physically,
it makes sense to consider arbitrary reference states because any
state in the TQFT Hilbert space can be evolved according to the
TQFT dynamics, even if the preparation of the state is external to
the TQFT. Indeed, most states lie outside the image of the TQFT
functor and thus cannot be represented in path integral language
as bordisms from the empty set.

Our definition of complexity in TQFT differs fundamen-
tally from the usual definition of quantum circuit complexity
(which concerns unitary transformations between states in a
fixed Hilbert space) in that the linear maps associated to bor-
disms are typically not invertible or unitary.’ The irreversible na-

9 Early investigations of the computational power of TQFT(31>2] were
also restricted to unitary transformations on a fixed Hilbert space, or
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ture of topological gates resembles that of classical logic gates.
This is a manifestation of the fact that, unlike in quantum me-
chanics, the Hilbert space is not fixed at all intermediate (Eu-
clidean) times. Since time evolution along the cylinder is trivial
(the Hamiltonian vanishes in a TQFT), our construction quan-
tifies precisely those aspects of complexity that are intrinsic to
topology change.

3. Functorial TQFT

We now introduce the functorial language in which the ideas of
the previous section can be made precise. We provide only the
barest introduction to the formalism, leaving additional details
to Appendix A. Throughout, we work over C, and we assume
smooth manifolds with boundary.

3.1. Generalities

Following Atiyah,!?] a d-dimensional TQFT Z is a “rule” that
assigns a vector space Z(X) (state space) to every closed, ori-
ented (d — 1)-dimensional manifold X4 (spatial slice) and a
linear map Z(M): Z(Z,) - Z(%,,) (time evolution operator)
to every oriented d-dimensional bordism M? with boundary
oM =%, UX , (spacetime). This rule satisfies several phys-
ically motivated axioms, as encapsulated by the following
definition:

A d-dimensional TQFT is a symmetric monoidal functor Z from
the category dCob of d-dimensional bordisms to the category Vectc
of vector spaces over C, or equivalently, a linear representation of
dCob.

(This definition makes no reference to an inner product, so
we phrase it in terms of Vect,. rather than the category of Hilbert
spaces Hilb.)

In physical terms, the path integral on a closed manifold com-
putes a linear map C — C (the partition function), while the path
integral on a manifold with outward-oriented boundary prepares
a boundary state (interpreted as a linear map from H (@) = C to
the boundary Hilbert space). Such boundary states are wavefunc-
tionals of boundary field configurations—fixing boundary condi-
tions for the fields yields the state evaluated at a particular point
in field space. A choice of boundary conditions is a choice of basis
for the boundary Hilbert space.

As a special case, a unitary TQFT is a symmetric monoidal
functor Z from dCob to Hilb that satisfies Z(M) = Z(M)', where
bar denotes orientation reversal and dagger denotes adjoint.[>354]
Note that the axiomatic definition of a “unitary” (or more pre-
cisely, reflection-positive) TQFT is broader than the Hamiltonian
definition of unitarity in Lorentzian signature. Indeed, axiomatic
TQFTs can be thought of as formulated in Euclidean signature
(imaginary time), where the linear operators associated to bor-
disms are not generally unitary and therefore act on projective
Hilbert space. The Lorentzian notion of unitarity applies in the
absence of topology change.

the strictly “2D part” of a unitary 3D TQFT (formalized as a unitary topo-
logical modular functor). We, by contrast, consider arbitrary bordisms.

© 2022 Wiley-VCH GmbH.
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Figure 2. The generators of all bordisms in d = 2.

It will be important for us that there exists a direct sum con-
struction of TQFTs.[3] Given two d-dimensional TQFTs Z’ and
Z", their direct sum Z = Z’ @ Z"” associates to any connected X
the vector space Z(Z) = Z'(£) @ Z”(Z), and to any connected M
the linear map Z(M) = Z'(M) @ Z”(M). The map extends to dis-
connected (X, M) via tensor products.

3.2.2D TQFT

A 2-dimensional (2D) TQFT is a symmetric monoidal functor
from 2Cob to Vect.. 2Cob is the monoidal category of oriented
bordisms in 2D. Its objects are closed, oriented 1-manifolds (dis-
joint unions of circles). A morphism from X to ¥’ is an oriented
2-manifold whose in-boundary is ¥ and whose out-boundary is ¥/
(depending on whether the positive normal vector points inward
or outward). Two bordisms are regarded as equivalent (=) if they
are related by an orientation-preserving diffeomorphism relative
to the boundary.’

3.2.1. Frobenius Algebras

It is well-known that every 2D TQFT is uniquely specified by a
commutative Frobenius algebra. In particular, a unitary 2D TQFT is
a commutative H*-algebra, also called a C*-Frobenius algebra.l>*!
(See [43] for a review and historical account of this equivalence,
and [41, 42] for modern reviews of low-dimensional TQFT.)

This algebraic interpretation proceeds as follows. The key sim-
plification in d = 2 is that the category 2Cob admits a description
in terms of generators and relations, since surfaces can be com-
pletely classified. Namely, any 2-bordism can be decomposed in
terms of a finite set of simple bordisms that generate all other
bordisms by composition. The generators of 2Cob are shown in
Figure 2—we refer to them as the cup, cap, cylinder, pants, co-
pants, and swap. A 2D TQFT is completely determined by spec-
ifying the linear maps that it associates to the bordisms in this
generating set.

Since bordisms are regarded as equivalent up to homeomor-
phism, these generators obey various relations. The relations in
2Cob are summarized in Figure 3. In anticipation of their al-
gebraic nature, we refer to these relations as the (co)unit rela-
tions (Figures 3a and 3b, right), (co)associativity (Figures 3a and
3b, left), (co)commutativity (Figure 3d), and the Frobenius identity
(Figure 3c).!! For brevity, we omit relations that involve sewing

10" Since two smooth surfaces are diffeomorphic if and only if they are
homeomorphic, we use homeomorphism from now on; moreover, ev-
ery topological surface admits a smooth structure.

11 These relations are not minimal—the Frobenius and (co)unit relations
imply the (co)associativity relations.[*3]
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Table 1. Elementary bordisms in 2Cob, their images under the TQFT func-
tor Z, and their Frobenius algebra interpretation. The swap operator is the
isomorphism of 2-party Hilbert spaces that takes |I> ® )y~ ) ®li). A
unitary 2D TQFT is one for which e = 5" and 6 = u".

Bordism Z(Bordism) Algebraic Operation
cylinder |dH Hg = Hg identity

cup n:C—Hg unit

cap e:Hg - C counit

pants u:Hg @Hg = Ha multiplication
copants 6:Hg = Hg @ Hq comultiplication
swap T:Ha ®Hg — Ha @ Ha swap

cylinders onto the other generators, as well as relations between
disconnected bordisms involving swaps.[**]

We list the images of the generators in 2Cob under the TQFT
functor in Table 1. The complex vector space Hg is said to be
a Frobenius algebra over C if there exist linear maps as listed in
Table 1 that satisfy the following relations:

(1) associative unital multiplication:

po(idy,, ® u) = po(u ®@idy,,), (3.1)
polidy,, ®n) =idy,, = poln ®id,,), (3.2)
(2) coassociative counital comultiplication:

(idy, ® 6)06 = (6 ®idy,, )05, (3.3)

(idy, ®¢)os =idy, = (e ®idy, )05, (3.4)

(3) Frobenius identity:

(1 ®1idy,, )o(idy, ® ) = Gou = (idy,, ® u)o(6 ®idy,,).
(3.5)

Hg is a commutative Frobenius algebra if, in addition to the
above, we have

HOT = U. (3.6)

A commutative Frobenius algebra is automatically cocommuta-
tive (toé = §).13 In light of the relations in 2Cob (Figure 3), we
see that a 2D TQFT imbues its S' Hilbert space Hg with the
structure of a commutative Frobenius algebra.

Itis useful to have a more economical definition of a Frobenius
algebra. To that end, let A be a finite-dimensional algebra over

© 2022 Wiley-VCH GmbH.
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) Associative unital multiplication

I

Ry B

2

) Coassociative counital comultiplication

£~ D3

) Frobenius identity

D= oI

= 0

(Co)commutativity

Figure 3. The equivalence relations of 2Cob. Under the TQFT functor, these become the defining relations of a commutative Frobenius algebra on the

Hilbert space of the TQFT on a circle.

C. Recall that any linear functional € : A — C canonically deter-
mines an associative bilinear form ¢ : AX A - C (via o(x,y) =
€(xy)) and vice versa (via €(x) = o (14, %) = o(x, 1,)), where asso-
ciativity means o(xa,y) = o(x, ay). Then:

A Frobenius algebra is a finite-dimensional C-algebra A equipped
with a linear functional e (the counit) such that the corresponding

associative bilinear form o (the Frobenius form) is nondegener-
12
ate.

In terms of the associated linear map o : AQ A - C, the
Frobenius form is defined as

o =¢€oy, (3.7)

where 4 : A® A — A is the multiplication operation on A. The
nondegeneracy of the Frobenius form guarantees the existence
of a dual coform y : C > A® A, which allows one to construct
the comultiplication operation as § = (id, ® u)o(y(1) ® id,).

In 2D TQFT, Hg, has the structure of a commutative, associa-
tive algebra with multiplication given by the pair-of-pants opera-
tion in the path integral. Specifying a counit (cap) further yields
a nondegenerate bilinear form ¢ : Hg ® Hg — C, or “U-tube”

12 The terminology for € comes from an alternative characterization of
a Frobenius algebra as an algebra that is simultaneously a coalgebra,
with a compatibility condition between multiplication and comultipli-
cation given by the Frobenius identity.
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(pants composed with cap operation). This gives Hg the struc-
ture of a Frobenius algebra, which is moreover commutative.
When we write Hg = A where A is an algebra over C, we mean
that Hg =~ A as a C-vector space and that the corresponding 2D
TQFT is defined by the Frobenius algebra obtained from A by
specifying a counit (or equivalently, a Frobenius form).

3.2.2. Classification

A basic observation is that Frobenius structures are compati-
ble with direct sum. Given two Frobenius algebras (A’, ¢’) and
(A”,€"), their direct sum (A, ¢) is defined by A=A’ @ A” and
e:a @a’— €'(d)+€"(a”), where nondegeneracy of ¢ and ¢”
implies nondegeneracy of €. For 2D TQFTS, the direct sum oper-
ation of [53] corresponds simply to the direct sum of Frobenius
algebras.l>*]

Any 2D TQFT can be written as a direct sum of two types of
theories: nilpotent and semisimple. We define them as follows.[>*]

For each nonzero z € C, let S, denote the Frobenius algebra
C with & being multiplication by z7'. Each S, furnishes a dis-
tinct 2D TQFT with 1D Hilbert space on S'. Any indecompos-
able commutative Frobenius algebra with no nilpotent elements
is isomorphic to S, for some z, and we call such a 2D TQFT
simple. On the other hand, we call a 2D TQFT nilpotent if, as a
commutative Frobenius algebra, it is indecomposable and con-
tains at least one nilpotent element (see [54] for details of their

© 2022 Wiley-VCH GmbH.
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characterization).” Then we have the following basic classifica-
tion result:

Every 2D TQFT is a direct sum of simple and nilpotent theories.

In particular, every indecomposable commutative H*-algebra
takes the form S, for some positive real A, and every unitary 2D
TQFT can be written as a direct sum of such theories S,.1°%]

We refer to a direct sum of simple TQFTs as semisimple; such
theories will be our primary focus. Semisimple 2D TQFTs are
precisely those in which the handle operator

uod:Hg — Hg (3.8)

(the linear operator corresponding to composition of pants with
copants) is diagonalizable. In a unitary 2D TQFT, the handle op-
erator is diagonalizable by virtue of being Hermitian.>*!

All 2D TQFTs with 2D Hilbert space on a circle may be classi-
fied up to isomorphism,[>®! as we review in Appendix B. There,
we give explicit representations of the linear maps in Table 1 in
all possible cases.

4. Induced Complexity in TQFT

We now define complexity in the context of functorial 2D TQFT.
Our main claim is that there exists a simple and natural notion
of complexity on 2Cob arising from the pants decomposition,
and that this definition of complexity induces one on Hilb via
the TQFT functor. In physical terms, the complexity of the back-
ground topology for the TQFT path integral should determine
the complexity of the corresponding states in the TQFT Hilbert
space and that of the linear maps that prepare them from some
reference state.

However, this naive definition of complexity is clearly defi-
cient. The TQFT functor from 2Cob to Hilb need not be surjec-
tive: in general, not all linear maps between Hilbert spaces can be
realized as the image of some bordism. Moreover, the set of lin-
ear maps that can be realized in this way need not be universal.
Put another way, the TQFT path integral generally cannot pre-
pare a set of states that is anywhere near dense in the boundary
Hilbert space. Therefore, despite that 2Cob contains a universal
set of elementary gates (morphisms), the image of this universal
gate set under the TQFT functor is not universal for Hilb. This
would seem to be a major obstacle to defining induced operator
and state complexity on Hilb.

We will partially surmount these difficulties by showing that
in semisimple 2D TQFTs, the TQFT functor induces a “weak”
form of universality on Hilb, thereby realizing a one-to-one cor-
respondence between bordism complexity and state complexity
for a specific class of states.

4.1. Categorical Definition

We first define complexity in 2Cob. This is a relatively simple task
because the morphisms of 2Cob are finitely generated by the bor-
disms in Figure 2, which comprise an exactly universal gate set.

13 Nilpotent 2D TQFTs satisfy the property that any bordism of genus
two or higher corresponds to the zero operator on the appropriate
space.[>#]
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The complexity of a given 2-bordism is then the minimum num-
ber of elementary gates required to build it.

In fact, for a generic bordism, we may ignore the cup, cap,
cylinder, and swap generators altogether and simply quantify
the circuit complexity using the pants decomposition. Namely, the
number of pairs of pants into which we may divide a connected
bordism of genus g with m boundary components is

#pants =2g -2+ m = —y(g m), (4.1)

where (g, m) is the Euler characteristic.* (Our usage of the word
“pants” here ignores orientation, and hence includes both the
pants and copants generators in Figures 2d and 2e, respectively.)

To phrase this definition of complexity in a way that will be
more useful when passing to Hilb, we recall some facts about sur-
faces. Two connected, compact, oriented surfaces with oriented
boundary are homeomorphic if and only if they have the same
genus and the same number of in- and out-boundaries. More-
over, the only invertible 2-bordisms are the permutation bordisms
built solely from cylinders and swaps, since the genus is addi-
tive under composition of bordisms. Every connected 2-bordism
can be expressed as a composition and disjoint union of the five
non-swap generators. Every 2-bordism (possibly disconnected)
factors as a disjoint union of connected 2-bordisms, preceded and
followed by permutation bordisms. We focus on connected bor-
disms for simplicity.

We now introduce the normal form!*3] of a connected bordism,
as sketched in Figure 1. This is a canonical decomposition into
generators in which the surface “fans in” to a single S' from
the in-boundaries, decomposes into a sequence of handles, and
then “fans out” to the out-boundaries. If there are no in- or out-
boundaries, then the in- or out-partis a cup or a cap. Algebraically,
this decomposition entails writing the linear map corresponding
to an arbitrary connected bordism from (S')? to (S!)1 as

(95"1 = A o(uod)foM,, (4.2)

where M,, : ng — Mg denotes p-fold multiplication, A, : Hg —
Hfl’q denotes g-fold comultiplication, and puoé : Hg — Hg is the
handle operator. We define M, = # and A = ¢, as well as M, =
A, =idy,, . Forp,q > 1, we define M, and A, recursively by

M, =Mpo (u®idy, @ ®@idy ), (4.3)
b p factors g
Dpr = (idyy, ® - ®idy,, ® 8)oA,. (4.4)

Of course, we could simply define the complexity of the linear
operator Oy * in Hilb to be the complexity of its preimage in 2Cob

1* This formula holds for a connected surface with negative Euler char-
acteristic, i.e., one for which a pants decomposition exists. On such a
surface, the maximum number of simple closed curves that are dis-
joint, homotopically distinct, and homotopic to neither a point nor a
boundary component is 3g — 3 + m, and a collection of such curves
cuts the surface into 2g — 2 + m pairs of pants.[¢]

© 2022 Wiley-VCH GmbH.
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according to (4.1), regardless of whether we present the corre-
sponding bordism in normal form:'

C(@g'q) =26—-2+p+q. (4.5)

But the essential point of normal form is that for fixed p, g, the
complexity of a connected bordism from (S!)? to (S')7 is deter-
mined solely by the genus g (the operations of fanning in or out
incur only a constant overhead). In this sense, the only compu-
tationally useful gate in 2Cob is the handle bordism from S' to
S' (which is a composite of two of the generators in Figure 2),
and likewise, the handle operator po§ should be regarded as the
only elementary gate in Hilb for the purposes of complexity in
2D TQFT. The complexity of a morphism in Hilb that lies in the
image of the TQFT functor is then determined by the number of
occurrences of this operator.

To illustrate these considerations, we next compute the 1-party
states attainable from the TQFT path integral in two example the-
ories, as well as their corresponding complexities. For state com-
plexity in Hilb, we choose as our reference state the image of the
cup (1), which is the simplest state that can be constructed di-
rectly from the TQFT path integral.

4.1.1. Nilpotent Example: C[x]/ (x")

The prototypical example of a nilpotent 2D TQFT has Hg =

Cl[x]/(x") (n> 1), with counit x* '+ 1 and '~ 0 for i< n—
1.14243]

We denote the basis states x' in Dirac notation by

iy, i=0,..,n—1 (4.6)

This vector space has the structure of a commutative Frobenius
algebra with unit, counit, multiplication, and comultiplication
defined as

n(1) =10, w18 ® [)) = b |i +), (47)
() =8, SIN=XT In-1+i-j)®) (48

where we have introduced a generalized Kronecker delta func-
tion:

p

1 if Pis true,
o (4.9)
0 if Pis false.

The generalized p-fold multiplication map M, : Hf:p - Ha (p=
2)is

X by (4.10)

M, (i) ® - ® ‘ip>) =05 i<

15 Again, this formula holds up to edge cases (small g, p, q) because it
assumes that the bordism can be decomposed solely into (co)pants. It
fails wheng=0and p+¢q<2,org=1and (p,q) = (0,0).
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and the generalized g-fold comultiplication map A, : Hg — ng
(g=>2)is

n—-1 n-1 n—1
Al =2, X X by ln=14ji =) @
=00 JiTg (411)

® ‘”_ L+ gt _jq> ® Lq)

To a closed, connected surface of genus g, this TQFT associates
the invariantdim Hy = nif g = 1 and 0 otherwise, as can be seen
from the nilpotence of the corresponding handle operator.

To examine state complexity, we must know which states can
be constructed from the TQFT path integral. We first determine
the states that can be prepared in H via the path integral on
connected surfaces with S! boundary. The unit itself allows us to
construct |0). Using (4.7) and (4.8), we find that

|0) ifg=0,
O,1(10)) = (uo8)5(10)) =qnln—1) ifg=1, (4.12)
0 ifg >2.

Similarly, the states that can be prepared in ng using the TQFT
path integral on connected surfaces with (S')7 boundary are the
following:

A,(10)) ifg=0,
(9;’@2“0)) = A,o(u0d)8(|0)) = ynln - D® ifg=1, (4.13)
0 ifg > 2.

Acting on |0) with an operator (9;"1 for which g=0and g >2
produces entangled g-party states. Restricting our attention to the
accessible 1-party states in Hg, all of which may be prepared by
connected bordisms, we conclude that only the basis states |0)
and |n — 1) have finite complexity. That is, the state complexity of
a 1-party state |y) with respect to the reference |0) (as measured
Dby the pants decomposition of the bordism that prepares it) is

0 if|y) ~ 10),
Coyllw)) =42 ifly) ~|n—-1), (4.14)
oo otherwise.

Above, ~ denotes equivalence in the projective Hilbert space
P(Hg) = CP"'. These complexities are a manifestation of the
generic lack of universality in 2D TQFT.

4.1.2. Semisimple Example: C[x]/(x" — 1)

The prototypical example of a semisimple 2D TQFT has Hg =
Clx]/(x" — 1) (the group algebra of Z,), with counit 1+~ 1 and
x' 0 for i > 0.1424]

Again, we denote the basis states x' by |i) withi=0,...,n— 1.
The unit, counit, multiplication, and comultiplication are given
by

n(1) =0, u(li) ® i) = |(i + ) mod n), (4.15)

© 2022 Wiley-VCH GmbH.
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=" | —j) mod n) ® 1), (4.16)

J

£(11) = 6i, 5(15))
while p-fold multiplication and g-fold comultiplication (for p,q >
2) take the form

M, (i) ® - ®| o)) = |(ZL, i) mod n), (4.17)

|1/> Z 6!J1|(]1 .]2 mOd n)

Ji
R |(]'qf1 —Jg) mod n) ® qu> (4.18)

In this case, the handle operator is simply multiplication by n, so
this TQFT associates to a closed, connected surface of genus g
the invariant né.

The states that can be prepared from the reference |0) via con-
nected bordisms take the form
(uoB)E(10)) = n5[0),  OME2(0)) = nEA,(10)), (4.19)
where the g-party states are entangled for any g. The prefactor of

n# is irrelevant in the projective Hilbert space, so the only acces-
sible 1-party state in this example is |0), with complexity 0.

4.2. Universality

The 2D TQFTs considered above lack even approximate univer-
sality on 1-party states, and more generally on Hilb, despite the
presence of an exactly universal gate set in 2Cob. These examples
highlight that the universality of the generators in 2Cob fails to
be preserved under the TQFT functor.

Without universality, complexity as a descriptor lacks any nu-
ance. We would say that non-constructible circuits and states
have infinite complexity. To develop a good notion of complexity
for TQFT, we ask: which 2D TQFTS, if any, allow for a positive-
dimensional manifold of (approximately) constructible states? In
this scenario, there would exist states with arbitrarily large but fi-
nite complexities.

This question has a simple answer: even though the TQFT
path integral is generically non-universal, for certain TQFTs in
which the handle operator has multiple (nonzero) eigenvalues of
largest norm, the path integral is capable of preparing to arbitrary
accuracy all states in a toroidal submanifold of Hilbert space. For
states in this submanifold, the complexity of state preparation
is meaningful and correlates precisely with the topological com-
plexity of the path integral (either a minimum number of handles
or a minimum number of pairs of pants).

To illustrate, consider a 2D TQFT with dim Hg = n, and sup-
pose that the handle operator H = poé may be diagonalized into
the form
H = diag(e'™, ..., e"1), ¢, €R, (4.20)
up to an overall factor. In this case, all of the eigenvalues have
equal magnitude. Let (c,, ...,c,_;) denote the coefficients of a
generic reference state |y,) in the eigenbasis of H (c; € C). Us-

Fortschr. Phys. 2022, 70, 2200102

2200102 (9 of 20)

www.fp-journal.org

ing obvious shorthand, applying the handle operator g times pre-
pares the state
HE|wo) = (coe%, ..., c,_€8%1). (4.21)
For generic phases ¢; (meaning incommensurate, irrational mul-
tiples of 27), there exists some g for which H8|y,) approximates
any target state of the form

(cot™, ..., c,_1€%1), 6, €R (4.22)
to within any tolerance ¢. Universality for this subset of states is
guaranteed by the ergodicity of irrational rotations, and the com-
plexity reflects the hitting time for an interval corresponding to an
e-ball around the target state.

Since the overall phase is irrelevant, the set of states that can
be prepared exactly is dense in a real (n — 1)-dimensional torus
T"~! inside the projective 1-party Hilbert space P(Hg) = CP"?,
parametrized by n — 1 independent phase angles. This torus has
half the dimension of the projective Hilbert space.

There are various special cases that one could consider. If one
of the phases ¢, is a rational multiple of 27 for some reduced
fraction p/q, then universality persists as long as we choose the
tolerance sufficiently large relative to 1/4. Moreover, one can start
with a state where one of the amplitudes ¢; is zero, leading us to
access a torus of dimension less than n — 1. Something similar
happens if at least one pair of the phases is commensurate.

The above discussion concerns 1-party states. Restricting to
reference states that can be prepared by the TQFT path integral,
this discussion extends to N-party states by considering both con-
nected and disconnected bordisms from @ to (S')N. The N-party
states that are accessible via connected bordisms are obtained by
applying all necessary handle operators at the 1-party level, fol-
lowed by g-fold comultiplication. “Disconnected” states in N par-
ties are obtained by tensoring connected states of fewer parties.
We may restrict our attention to bordisms whose number of con-
nected components does not exceed the number of parties, since
connected components with no boundaries correspond to multi-
plication by an overall factor.

How much of the N-party Hilbert space can the TQFT path
integral access? In the generic case, the accessible 1-party states
comprise a torus T"~'. Up to permutation bordisms, the acces-
sible N-party states are classified by the integer partitions of N,
and the dimensionality of the submanifold that they occupy is
determined by the number of parts in the partition. Clearly, the
“maximally” disconnected N-party states (N-fold tensor products
of 1-party states) maximize the number of free parameters. Such
states comprise an N(n — 1)-dimensional torus TV("=1 inside the
N-party projective Hilbert space P(H?N ) = CP"'~'. The ratio

dim TN N(n-1)
dimcp™ ' 2(nN -1)

(4.23)

decreases exponentially with N, starting at 1/2 for N = 1. The situ-
ation is only worse for other disconnected states, obtained by con-
sidering connected components with more than one party: such
states occupy lower-dimensional tori. Hence the relative size of
the maximal constructible state space within the entire Hilbert
space decreases with the number of parties N. Even for those

© 2022 Wiley-VCH GmbH.
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TQFTs with some degree of universality, the dimension of the
state space that the path integral can access is limited to no more
than half of the Hilbert space dimension.

We now sharpen some of the preceding points, first in the
context of TQFTs with n = 2 and then in the context of general
semisimple TQFTs.

4.2.1. “Two-Level” TQFTs

When n = 2, the previous discussion can be made very concrete
using the classification of 2D Frobenius algebras presented in Ap-
pendix B. For 2D TQFTs with n = 2, we determine the toroidal
submanifolds of constructible states and illustrate the N-party
dimension counting discussed above. Such TQFTs fall into two
classes, which we refer to as type I or type II depending on
whether the Frobenius form satisfies ¢(|00)) = 0 or ¢(|00)) # 0,
respectively, where 57(1) = |0) is the unit for u. We define the state
|1) such that {|0), |1)} is an orthonormal basis for Hg . TQFTs
of type I are specified by a single complex number ¢ € C, while
TQFTs of type II are specified by two complex numbers ¢ € C
andd € C\ {0}.

We first discuss the 1-party states that can be prepared by the
TQFT path integral, which amounts to computing the action of
powers of the handle operator pos.

For TQFTSs of type I, the handle operator is the following linear
operator on Hg in the {|0), |1)} basis:

o =2 <(1) (C)> . (4.24)

Hence the attainable 1-party states are
[(uod)Eon)(1) = 26c'8/*!|g mod 2). (4.25)

For ¢ # 0, the boundary state alternates between [0) and |1) in
the projective Hilbert space CP' as we add handles. Equivalently,
assuming ¢ # 0, we have in terms of the unnormalized eigenvec-
tors v, ) = i\/EIO) + |1) with eigenvalues A, = +24/c that

(uoB)F10) ~ A v, = AE[v ) ~ [, ) = (<1)F]v.). (4.26)

Thus type I TQFTs can prepare only a finite set of 1-party states.
On the other hand, for TQFTs of type II, we have

1/2 c
1od = 3 (c 5 +c2> (4.27)

in the {|0), |1)} basis. Iterating this matrix, we obtain

4 g 2
[(uod)fon)(1) = TIO) +
44 c?

-

[1), (4.28)

where the eigenvalues and corresponding eigenvectors of the
handle operator are

A= v‘“rcz(\/zwczic), h@:% VAT 0y +11).

* 2d
(4.29)
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Assuming ¢ # +2i, we have in CP' that
(uoB)E|0)y ~ A5 |v, ) — AE|v_) ~ (\/4+ c? +c>g|v+>
- <\/4 - c)g|v_). (4.30)

If the eigenvalues A, have different magnitudes, then one of the
eigenvectors |v, ) or |v_) becomes an accumulation point for the
action of the handle operator. We are interested in the case that
|4,] = |A_|. This occurs precisely when

? =2cosp—1), ¢ER, (4.31)
in which case
(40B)E|0) ~ |v, ) — €®|v_). (4.32)

As long as ¢ is an irrational multiple of 2, the handle opera-
tor acting on |0) can be used to approximate any possible phase
on —|v_) to arbitrary precision, so the constructible 1-party states
densely fill a circle. The corresponding ¢ is purely imaginary, so
the TQFT is non-unitary (in the functorial sense discussed in Sec-
tion 3.1).

Note that the handle operator fails to be diagonalizable, and
that the TQFT is therefore nilpotent, precisely when ¢ = 0 in the
type I case and ¢ = +2i in the type II case. The TQFT is semisim-
ple otherwise, and it assigns to a closed manifold the invariant

[eo(uod)fon)(1) = 45 + 457, (4.33)

where 4, are the nonzero eigenvalues of the handle operator.

We now examine the constructible N-party states when n =
2, focusing on the case N =2 for concreteness. There are two
essentially distinct classes of bordisms in 2Cob for N = 2. Under
the TQFT functor, they correspond to the connected maps

O = o(uod)on (4.34)
(see (4.2)) and the disconnected maps

& = [(uos)on) @ [(uos)on) (4.35)
The former has one genus parameter while the latter has two. We
depict these maps in Figure 4.

We restrict our attention to TQFTS that can prepare a positive-
dimensional submanifold of 1-party states, namely type Il TQFTs
with ¢ as in (4.31) and ¢/27 € R \ Q. For such TQFTs, the con-
structible 2-party disconnected states are clearly
O (1) ~ (jv.) =B |v)) ® (v, ) — eB0|v.)). (4.36)
These states are separable, and they densely fill a 2-torus consist-
ing of the states

60,,0,) = ([v.) — " |v) @ (Jv, ) —€%|v.)),  6,,0, €R.

(4.37)

© 2022 Wiley-VCH GmbH.

85US017 SUOWILLIOD SISO 3|l idde au) Aq peusenob ke il VO ‘8Sn J0 S8|NJ 10) ARIqIT8UIIUQ AB]IM UO (SUOTHPUOD-PUE-SWBIALIY A8 | 1M AReq1 Ul |uO//SANLY) SUORIPUOD pue SW | 81 89S *[2202/TT/90] Uo Akeiqiauliuo A8|im ‘(IBunsus) siomiN ‘IS fuolieN uendA63 Aq 20100220z do.d/z00T 0T/10p/wW0d A8 1M Aleq 1 jputuoy/Sdiy Wouy pepeo|umod ‘0T-6 ‘2202 '8.6ETZST


http://www.advancedsciencenews.com
http://www.fp-journal.org

ADVANCED
SCIENCE NEWS

Fortschritte
der Physik

Progress
of Physics

www.advancedsciencenews.com

genus ¢

(a) Connected Map O}

www.fp-journal.org

genus go

WL

genus ¢

A2
(b) Disconnected Map OF .

Figure 4. Bordisms that generate all physically distinct constructible 2-party states (N = 2) in 2D TQFT.

On the other hand, by writing the map § from Appendix B in the
[v,), |v_) basis, we find that the constructible 2-party connected
states are

O ~ 1) ® 1)+ @ ), (#39

These states are entangled, and they densely fill a circle. We see
that the constructible 2-party states comprise submanifolds of di-
mension strictly less than half that of the physical 2-party Hilbert
space CP?, in contrast to the 1-party case in which the dimension
of the relevant submanifold is precisely half that of the physical
Hilbert space.

4.2.2. General Semisimple TQFTs

It is easy to see that a generic diagonal handle operator is real-
izable in a (generally non-unitary) semisimple 2D TQFT, con-
structed as a direct sum of simple 2D TQFTs with dim Hy =
1.5354 Indeed, the handle operator of a direct sum of Frobenius
algebras A = A’ @ A” (with counit € = €’ + ") is the direct sum
of the handle operators of A’ and A”.[*}] Taking a direct sum of n
1D Frobenius algebras, we get an n-dimensional Frobenius alge-
bra whose handle operator is an arbitrary invertible diagonal ma-
trix.

Specifically, recall from Section 3.2.2 that a simple 2D TQFT
S, is a 1D Frobenius algebra over C defined as follows. The unit
map and multiplication are given by

n:ile1,  u:l®le 1, (4.39)

extending to other elements by linearity. On the other hand, any
nonzero linear map C — C defines a counit:

e:1w 2z, zeC\{0}, (4.40)
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where different values of z correspond to non-isomorphic Frobe-
nius structures. The TQFT axioms then imply that

5:1-2z(1®1). (4.41)

Hence the handle operator uoé is multiplication by z.

Now consider the semisimple TQFT @::01 S, Choosing a ba-
sis {|0), ..., |n — 1)} for C", we can write
erliymz, uod : i) = zi), §: iy zlii),  (4.42)
where p : |ij) = ;i) (no sum) and the multiplicative identity el-
ement is |[0) + -+ + |n — 1). This TQFT assigns the invariant

Z(E) =Y 2" (4.43)

to a closed, connected surface of genus g. For example, for the
TQFTs of Section 4.1.2, this invariant takes the form Z:’:_Ol ngt =
ne.

We now return to the questions of universality and complexity
in semisimple 2D TQFT. As emphasized in Section 4.1, the only
fundamental topological gate in the image of the TQFT functor is
the handle operator, in the sense that the operations of “fan-in,”
“fan-out,” and crossing don’t essentially increase the number of
states that we can access in H?N . In particular, the attainable 1-
party states are the images of a reference state under nonnegative
powers of the handle operator. In a semisimple TQFT, the han-
dle operator rescales the components of a given state in the direc-
tions of the eigenstates. In particular, repeated application of this
operator magnifies the component in the direction of the eigen-
vector with largest eigenvalue. If there exist multiple eigenvalues
of largest magnitude but with different relative phases, then the
image converges to a nontrivial (dim > 0) torus rather than a sin-
gle accumulation point. States in this torus allow for a one-to-one
correspondence between bordism complexity and state complex-
ity. In other words, the TQFT path integral is universal for this
set of states.

© 2022 Wiley-VCH GmbH.
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To be precise, consider a generic semisimple TQFT. Without
loss of generality, we may rescale the handle operator so that it
has unit spectral radius (eigenvalues of magnitude < 1) and order
the eigenvalues in decreasing order of magnitude. The handle
operator then becomes
H = diag(e, ..., e%m1,1, %", ..., 1,_ %) (4.44)
for some phases ¢, ..., »,_; € R and magnitudesr,,, ..., r,_; €
R_,, where 1>r, > - >r,_; and we denote the number of
largest eigenvalues by m (1 < m < n). Generically, the phase an-
gles are irrational multiples of 27 and incommensurate (linearly
independent over Q).

Consider a generic reference state |y,) = (¢, ..., ¢,_4). Let S
denote the set of images of this state under powers of the handle
operator: S = {H*|y,) | k > 0}. From (4.44), any limit point of S
must have vanishing amplitude in the m, ..., n — 1 directions and
amplitudes of magnitude |c], ..., |c,_;| in the 0,...,m -1 di-
rections. Conversely, assuming that the normalized phases ¢, =
@o/27, ..., 9,1 = @,,_1/27 are both irrational and rationally in-
dependent, iterating the rotation (e, ..., e*»1) suffices to ap-
proximate any rotation on the m-torus to arbitrary accuracy.!®
Therefore, iterating H suffices to prepare any state on the torus
(Icole®, ..., lcpyl€®1,0,...,0),  6,...,0,, €R (4.46)
to arbitrary accuracy starting from |y,), as the components in
the m, ..., n — 1 directions can be made arbitrarily small. We con-
clude that the limit points of S, namely the states that can be
approximated to arbitrary accuracy by the TQFT path integral
starting from the reference |y,), comprise precisely the torus
(4.46). Every neighborhood of such a state contains infinitely
many points of S.

This settles the question of universality. One can then ask:
how many times must H be iterated to attain a target state to
a given accuracy?

Rather than giving a complete answer to this question, we
merely note that there exists a simple answer when n = 2.7 The
starting point is the following basic result on approximating ro-
tations on a circle by powers of a fixed rotation.[*®! Suppose ¢ /27
is irrational with irrationality measure u.'® Then for any € > 0, for
any ¢ and any § > 0, there exists some integer k with |kp — ¢| < 6
and with

k=o( ! ) (4.47)

oute

16 Tet T denote the closure of the additive subgroup generated by
(@gs -+ » Pp_1) in R™/Z™ (which may have multiple connected com-
ponents). Then we have [57]:

dim T = dimg(1, ¢, ..., ) — 1. (4.45)

In particular, if &y, ..., d,,_; are irrational and rationally independent,
then T = R™/Z™.

In the remainder of this section, we use u and § to denote specific nu-
merical quantities rather than the multiplication and comultiplication
operations in a Frobenius algebra. We apologize for the degeneracy
of notation.

The irrationality measure y of a real number x is defined as the small-
est number such that for any e > 0, we have |x — p/q| > 1/¢/*¢ for all
integers p and g with g sufficiently large. Almost all real numbers have
u=2

17

18
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where the absolute value signs denote distance modulo 2z. The
constant factor in these asymptotics depends on e.

Now note that a semisimple 2D TQFT with n =2 that ad-
mits some degree of state universality in the sense described
above necessarily also has m = 2, i.e., both eigenvalues of its han-
dle operator H have equal magnitude. As an operator on the
projective Hilbert space CP', we may therefore write it as H =
diag(1, ¢%) for some phase ¢, where we assume ¢/27 € R \ Q.
Then, writing an arbitrary 1-qubit reference state in the Bloch
sphere parametrization of CP" as |6, ¢,) for some 6, € [0, z] and
¢, € [0,2x), we have

) , 0
HE|6,, o) = cos <7°) |0) + €#0+89) gin <7°> |1). (4.48)

Therefore, by choosing g appropriately, we may prepare any state
of the form |6,, ¢) for ¢ € [0, 27) to arbitrary accuracy. The result
(4.47) directly gives an upper bound! on the complexity of any
such state |6, ¢), with tolerance 6.2

In summary, we have characterized the complexity of semisim-
ple 2D TQFTs in terms of irrational rotations on a torus.

5. Applications and Extensions

One can draw various interesting analogies between 2D TQFTs
and other quantum-mechanical systems, such as many-particle
systems, tensor networks, and anyons. In this section, we men-
tion some of these analogies, permitting ourselves some room
for speculation.

5.1. Enriched TQFT

We have regarded 2D TQFT as a model for topology change in
quantum field theory. These topology-changing operations are
inherently non-unitary, in contrast to non-unitary operations on
open quantum systems.?! It is natural to wonder whether there
exists a framework that allows one to formulate the quantum
complexity of unitary gates and non-unitary topology-changing
processes in a uniform way—e.g., to define a cost function that
encompasses both simultaneously.

19 For lower rather than upper bounds on gate complexity, see [59].

20 In generalizing this result to the m-torus, we would consider a rota-
tion (€%, ..., eim-1) where the normalized angles ¢; = ¢;/2x are ir-
rational and rationally independent, so that powers of this rotation
are dense in the set of all rotations of the m-torus. For a given 6 and
a given (¢, ..., e¥m-1), we would then seek to bound k such that
lkg; — ¢;] < 6 for all i. The answer is not so simple to state because it
depends on the “extent to which” the @; are linearly independent over
Q (or Z). On the other hand, rather than bounding the exact com-
plexity, one can argue that the average-case complexity is polynomial
in 1/6. If all of the rotation angles ¢; and target angles ¢; are chosen
uniformly at random from [0, 2x), then on average, one would expect
to apply the rotation on the order of 1/6™ times to approximate the
target to accuracy 6 as 6 — 0.

In quantum mechanics, non-unitarity arises only from adding or dis-
carding subsystems, i.e., from tensoring with an extra system or taking
a partial trace.

21
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Ux
Uz

Figure 5. Schematic of a decorated bordism corresponding to evaluation
of the path integral in an enriched TQFT. Each colored circle is a separate
“universe” on which unitary transformations U, , : Hs1 — Hg1 may act.

We do not attempt to answer this question here (one obstacle
is that Euclidean and Lorentzian time are not directly compara-
ble). Rather, we simply remark that one language in which to po-
tentially approach this question is that of second quantization in
ordinary quantum mechanics.

To motivate this picture, note that within a given (Euclidean)
time slice, each circle can be thought of as representing a dis-
joint “universe,” and the role of the TQFT dynamics is to pro-
duce entanglement between universes. Within an individual uni-
verse, it makes sense to consider unitary Lorentzian time evolu-
tion according to dynamics that are external to the TQFT. Cor-
respondingly, we define an “enriched” 2D TQFT as one whose
non-unitary topology-changing operations are supplemented by
arbitrary unitary operations on 1-party Hilbert spaces. Thatis, an
enriched TQFTis a 2D TQFT in which each tube can be decorated
with a unitary operation (Figure 5).

We raise two points in relation to this idea:

1. By introducing an infinite-dimensional “meta-Hilbert space”
(Fock space) of circles, we obtain a unified framework in
which to discuss both standard unitary transformations and
topology-changing operations. The latter operations change
the occupation number of circles and are therefore repre-
sented non-unitarily on the meta-Hilbert space. The prob-
lem of defining complexity in enriched TQFT is then mapped
to that of defining complexity in second-quantized Fock
space.??

2. By construction, an enriched TQFT enjoys 1-party universal-
ity (any 1-party state can be constructed from any 1-party ref-
erence state) and therefore has access to a larger portion of the
N-party Hilbert space than an ordinary TQFT. It is natural to
ask how much of the N-party Hilbert space it can access. In
particular, does multipartite universality follow from 1-party
universality?

We elaborate further on these two points below.

For clarity, the most concrete calculations below are carried out
using qubits, for which dim Hg = 2. However, we keep much of
the discussion general to any (finite) Hilbert space dimension.

22 We emphasize that, despite superficial similarities between our lan-
guage and that of “baby universes”[60-63] (seel®-67] for some recent re-
vivals of this idea, and in particularl®®%] for connections to 2D TQFT),
we are not dealing with a theory of dynamical gravity. The spacetime
topology is fixed, not summed over. This is merely second quantiza-
tion, not third quantization.
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5.1.1. Fock Space of Circles

We would like to spell out the relation between cre-
ation/annihilation of circles and topology change. To do so,
we define the “many-circle Hilbert space” of the TQFT as the
direct sum of all tensor powers of the S! Hilbert space:

H= @H?N. (5.1)

Implicit in this definition is a notion of ordering of the circles,
which allows us to apply TQFT operations accordingly. The sym-
metric sector of H, consisting of states of the TQFT that are sym-
metrized over all circles, is isomorphic to a bosonic Fock space:

HOH,= é Sym" (Hg). (5.2)

N=0

The Fock space is constructed as follows. We define operators
a;, af satisfying [a;, af] =1(=0,...,n—1), where a: creates a
circle in the state |i) when acting on the Fock vacuum |vac). The
action of g;, aj on the properly normalized Fock states

T\N, TN
a 0 a n—-1
[N, ....N,_;) = (%) %wac), (5.3)

- \/No!m N, !

which form a basis (the “occupation number basis”) for Hy, is as
follows:

a;]-... Ny .y = V/N|... N = 1,...), (5.4)
all...N,..) =N +1|...N+1,...). (5.5)

In terms of the standard basis for H (the “circle basis”), we have

1 Z a(|0M - (n = 1)),

NN,/ N,_! &

(5.6)

where N = N, + --- + N,_; and Sy is the symmetric group on N
elements. We have introduced the shorthand notation

[0%o + (n = 1N ) = 0N ® -+ @ |1 — 1)®Nm1, (5.7)

The sum in (5.6) contains N!/(N,! --+ N,_;!) distinct terms.

Any linear map T: Hi" - ng descends to a linear map
Sym(T) : Sym?(Hg) — Sym(Hy) by symmetrization. Hence
the morphisms induced by the TQFT path integral, appropri-
ately symmetrized, can be interpreted as linear operators on the
subspace (5.2) (note that the swap morphism acts trivially). It is
straightforward to write these symmetrized TQFT operations as
linear operators on the Fock space (5.2) in the occupation num-
ber basis. We illustrate this procedure in the case that n = 2. The
classification of Appendix B allows us to consider all such two-
level TQFTs, which are classified as type I or type II according to
(B.1) or (B.2).

For illustration, consider the following four processes that
could occur in a symmetric state of N circles: the creation of a

© 2022 Wiley-VCH GmbH.
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single circle, the annihilation of a single circle, the joining of any
two circles to form a single one, and the splitting of any circle
into two. We denote these processes by the following linear maps
from Sym™(Hg) to either Sym™*'(Hg) or Sym™ ! (M), which
are built on the elementary TQFT operations 7, €, u, &:

r=smreis’). 1L =sm(ueil)
(5.8)
leiath = Sym (6 ® id?l(N_l) )' spht = Sym (5 ® idi(N_l))

(5.9)

To determine the action of these operators on the Fock states of
the TQFT, it is convenient to work in the circle basis and to leave
symmetrization implicit. Thus we have, for instance (taking n =
2),

[Ny, Ny) [N, (5.10)

Ny!N; !

where the equality is understood in SymN(Hs) (N = N, + N,).
The unit # simply creates a circle in the |0) state, so that

blrth |N0’ N)=n1)® |N0, N,;) |0N0+11N1>

NN, !
VN+1
On the other hand, for any symmetric linear map T : Hfl’p - Hﬁq
with p < N, we can write the action of TN = Sym(T ® id?;(pr ) as

TN(|N0,N))—\/N ik Z( ><N1_k> (|o-14))

® ‘0N0+k—P1N1—k>} (5.12)

[Ny, Ny). (5.11)

with the right side re-symmetrized as necessary. We thus com-
pute, using (B.1) and (B.2) for type I and type II TQFTs, that the
remaining maps are as follows:

v 1 fa W
Tdeath - \/KI X {ddo (H), (513)

2 ¥ T2
Gy + 2a,0,0, + cay0; (D),

N, = ——xq ™
(N-1)VN e

i T2 2
+ 2a40,0, + aya] +caja; (1),

(5.14)
™N = ;
split N\/N_-l-l
X{Za aoa "+ c(a, )a1+(a) D,
d- l[( ay)ay + ag(a 1)2+2a al +c( al] (1),
(5.15)
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where the operators on the left and right of the above equa-
tions have identical actions on Fock states [N, N;). Up to a fac-
tor that depends on the eigenvalue N of the total circle number
operator agao + aial, all of these TQFT maps can be written as
normal-ordered polynomials in the circle creation and annihila-
tion operators.?* These maps do not preserve the normalization
of states.?*

Conversely, it is interesting to note that in type I TQFTs, the
bosonic creation and annihilation operators can be written purely
in terms of topological maps:

=1VN+1Sym <n®id§N),
VN

4y = - Sym [(eoyoé) ® idﬁwfl)], (5.17)
a, = % Sym [(ﬂ°5°ﬂ) ® idiN]’
— /N Sym (E ® id‘?}‘“”), (5.18)

where a : Sym"(Hy) - Sym"*' (M) and a; : Sym™(Hgq) —
Sym™~ 1(H51 ). The key property in this case is that the handle op-
erator pod maps the states |0) and |1) into each other: in partic-
ular, (106)]0) = 2|1).

Finally, we note in passing that a similar story can be developed
for the antisymmetric sector of (5.1), namely

HoH, = @ N #s), (5.19)
N=0

which is isomorphic to a fermionic Fock space. In this subspace,
the swap morphism effects a sign flip. However, the fermionic
story is far less interesting than the bosonic one in our context,
both due to the finite number of nonzero Fock states and because
(co)commutativity implies that the images of 4 and 6 are trivial.

5.1.2. Toward Universality

A more immediate question than that of complexity is whether
enriched TQFTS, defined as 2D TQFTs in which arbitrary local (1-
party) unitaries are allowed to act on individual circles,” are uni-
versal: namely, can they prepare all states in their N-party Hilbert

2 More generally, the symmetrization of any linear map T : Hﬁp -
®q . L i .
Hslq given by T : |iy - i,) = Zjl,u_% ™ l”j]qulh -+ j) has the Fock

space representation

Sym(T’ =7 2 Z T lh Jq )T ...(%)Tui] gy (5.16)
‘1

24 An exception to thls statement is that in type II TQFTs, the comulti-

plication operation 6 is an isometry when ¢ = 0 and d = \/E

In fact, it suffices to consider the action of two judiciously chosen uni-
taries because two generic unitaries generate a dense subset of SU(n),
the group of unitaries on the projective Hilbert space CP"~! of an
n-level qudit.l’%7!] For instance, the Hadamard gate and an appropri-
ately chosen phase gate generate SU(2). An algorithm for finding such
unitaries is given in [72].

25
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Figure 6. The composition Sou of comultiplication and multiplication.
This operator creates entanglement between the two input universes. The
same is true of decorated versions of this bordism.

space? A first guess might be that the answer is “yes,” in light of
the following theorems about quantum circuits:

® A universal 1-qudit gate set plus any 2-qudit gate that does not
map separable states to separable states is universal for quan-
tum computation.[”3] In other words, “1-qudit universality +
2-qudit entanglement = N-qudit universality.”

® 2-qubit gates are exactly wuniversal for
computation.”4

quantum

Unfortunately, neither theorem applies in our context because
the TQFT analogues of 2-party “gates” (linear maps from Hg’z -

ng) are weaker than unitaries by virtue of being non-invertible.
For instance, the operation Sou of multiplication followed by
comultiplication creates entanglement when acting on separa-
ble 2-party states (Figure 6), but this map has rank dimHg <
(dim Hg)? and is therefore not invertible. This is simply because
the image of & has dimension dim Hg, inside H®”.

In fact, by considering the normal form, we see that any linear
map induced by a connected bordism from p to g circles has rank
at most dim H, (the dimensional “bottleneck” being the cylin-
der), and this remains true for enriched TQFT. Due to these rank
restrictions, it is impossible to approximate any 2-party unitary to
arbitrary accuracy using TQFT operations combined with 1-party
unitaries.?

Rather than addressing the question of whether enriched
TQFTs are universal in complete generality, we make two simpli-
fications. First, as a small step toward answering this question, we
ask whether enriched TQFTs can prepare all 2-party states (rather
than N-party states for arbitrary N). Second, we focus on the case
of qubits (n = 2). In fact, we further restrict to 2D TQFTs of type
I, for which the subsequent calculations are especially simple.

To begin, note that by the assumption of 1-party universality,
an enriched TQFT can prepare any separable state |y,) ® |y,) €
Hfl’z. We would like to know whether, by applying a TQFT mor-
phism that acts as an entangler (the simplest of which is dopu)
in addition to local unitaries (which preserve the entanglement
structure of a bipartite state), one can obtain any |y) € Hsz.
In fact, because any entangler such as Sou can be written as
the composition of a morphism Hy — ng with a morphism

ngl,z — Hg, and universality on H is assumed, the question of
2-party universality in enriched TQFT boils down to:

Can the comultiplication operation § create all possible kinds of en-
tanglement between two qubits, starting from an arbitrary 1-qubit
state?

26 A universal gate set for non-unitary quantum circuits is exhibited in
[75], but those results do not apply here because they rely on the uni-
tary CNOT gate.
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More precisely, two pure states of a bipartite quantum system
are locally unitarily equivalent if and only if their Schmidt coeffi-
cients (or alternatively, reduced density matrix eigenvalues) coin-
cide. To show that an enriched TQFT is universal on two parties,
it suffices to show that the image of § contains states with all pos-
sible Schmidt coefficients.

To this end, we consider an arbitrary type I TQFT specified by a
single complex number ¢, with the corresponding map 6 given in
(B.1). An arbitrary 1-qubit state cos(0/2)|0) + ¢ sin(9/2)|1) with
0 € [0, z] and ¢ € [0, 2z) maps via 6 to the 2-qubit state

w1y} o €% sin (g)(c|oo> +]11)) + cos (g)um) +110)), (5.20)
up to normalization, whose reduced density matrix is

p1 = T |y X, |

cos? (Q) + |c|? sin? <Q> 1 sin(0) (e + ce'?)
2 2/ 2
« . (521
% sin(0)(e'? + c*e%) 1

The state |y;,) is maximally mixed when 6 = 0, regardless of ¢
and ¢ (in which case the largest eigenvalue of p,, properly normal-
ized, is 1/2). Since the largest eigenvalue of p, is a continuous
function of (0, ¢), to show that it attains all possible values in the
range [1/2,1] as (0, ¢) range over the entire Bloch sphere, it suf-
fices to show that for any given c, there exist some (6, ¢) for which
the state |y,) is separable (i.e., for which the largest eigenvalue
of p, is 1).

The separability of |y,,) is equivalent to the condition that
det p, = 0, which can be written as

¢ = ce¥?. (5.22)

[x—c(1-x%)][x-c*(1-x)] =0,

N D

x = cos? (

This equation is satisfied when

/ /%

c
X = —r-o
1+¢

%

= —— .2
x=— (5.23)

Since 0 < x < 1, a solution exists only when ¢’ is real and ¢’ > 0.
But by choosing ¢, we can satisfy these conditions on ¢’ for any
given c. Hence there indeed exists a 1-qubit state whose image
under 6 is separable, regardless of c.

We have thus demonstrated 2-party universality for type I
TQFTs with n = 2. We leave open the question of whether N-party
universality follows from 2-party universality. Again, we stress
that such a statement does not follow from the universality of
2-qubit quantum gates, because our 2-qubit topological “gates”
are non-unitary.

5.2. Extended TQFT
A different way of extending our formalism is to enlarge our con-

ception of functorial QFT, which we have so far used only in the
most limited of circumstances. In particular, we have seen that

© 2022 Wiley-VCH GmbH.
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for 2D TQFTs described by commutative Frobenius algebras, the
path integral lacks sufficient power to prepare most states in the
Hilbert space on a closed 1-manifold. Said differently, our topo-
logical “circuits” are highly non-universal. This crude axiomatiza-
tion also precludes the possibility of computing nontrivial correla-
tion functions (e.g., of Wilson lines), an option that would be avail-
able in TQFTs arising from gauge theories with a Lagrangian de-
scription. Such operator insertions would dramatically increase
the number of states that one could prepare via the path integral.

One way of going beyond our simple axiomatization is to work
in the framework of extended QFT, which formalizes in terms
of higher categories of bordisms the notion of a fully local QFT
(such as one arising naturally in physics) as assigning data to
manifolds of arbitrary codimension.?’” The most prominent ex-
amples are extended TQFT!®! and (2D) CFT,3%3!] with Frobenius
algebras again playing a role in the latter. An advantage of non-
topological functorial QFTs is that Euclidean propagation along
a cylinder (i.e., in the absence of topology change) is nontrivial,
which suggests a way to achieve universality without leaving the
setting of Euclidean time (in contrast to the ad hoc construction
of Section 5.1).

Another way of augmenting the computational power of the
path integral is to pass directly to theories with Lagrangian
descriptions—for instance, 2D BF or Yang-Mills theory, the lat-
ter of which is only quasi-topological.”’78] The first step would
be to classify the states that can be prepared by the path integral
in these cases. A classification of this nature already exists for
U(1) and SO(3) Chern-Simons theory on 3-manifolds with torus
boundaries, [l where the incorporation of Wilson lines is crucial
for achieving state universality in certain cases. Related studies
of topological entanglement entropy have also been carried out
in Chern-Simons theory!?#-82] and in 2D TQFT.[®]

5.3. Holographic Complexity

So far, our discussion has been restricted to exploring circuit com-
plexity in the context of 2D TQFT. However, a version of the same
functorial story also applies to CFT, and this naturally leads one
to consider whether this story could tell us anything about holo-
graphic complexity, particularly in AdS,/CFT,.

The complexity of a holographic CFT state, modulo the usual
ambiguities in definition, has been proposed to be dual to either
the volume of a maximal slice in the bulk (“Complexity = Vol-
ume,” or CV) or the action evaluated on the causal development
of such a slice (“Complexity = Action,” or CA).[2%] Let us consider
an instructive and motivating example: the n-sided, genus-g AdS,
wormbhole solution. For such geometries, the “complexity of for-
mation” according to both CV and CA was computed in [84], with
the reference state being n copies of the M = 0 BTZ black hole.?®

27 One could also contemplate simpler modifications of the input cate-
gory, such as symmetric — braided rather than ordinary — higher. A
symmetric monoidal category is a special case of a braided monoidal
category in which the braid map squares to the identity. Relaxing
this requirement suggests a generalization of 2D TQFT to use braids
rather than swaps.[**] In this “anyonic” generalization, the path inte-
gral on surfaces is sensitive to their embedding in ambient R3.

The entanglement structure of the dual CFT states has been studied
in [85-89)].

28
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After subtracting the complexity of the reference state, the result-
ing quantity AC has the property of being UV-finite. The results
of [84] are as follows:

%(Zg— 24n) = —%ﬂc;( for CV,

AC(n,g) = (5.24)

i(2—2g—n)= %c;( for CA,

4G
where L is the AdS curvature scale, G is Newton’s constant,
¢ = 2 is the central charge of the CFT, and y = 2 — 2g — n is the
Euler characteristic.

It is interesting, though perhaps not unexpected, that both of
these expressions are proportional to the Euler characteristic of
the t = 0 spatial slice, which in turn measures the size of its pants
decomposition. It is tempting to think of this spatial slice as a bor-
dism, and the complexity of formation as quantified by the pants
decomposition. A toy model in which this point of view could po-
tentially be justified is the Chern-Simons/chiral Wess-Zumino-
Witten duality, which comes in both an “AdS/CFT-like” version
and a “dS/CFT-like” version. The latter of these relates the wave-
function of the CS theory on a spatial slice to a Euclidean WZW
theory living on that slice. By viewing this slice as a bordism that
prepares a state in the Lorentzian dual theory, we see that such a
boundary state can be prepared by either a Lorentzian circuit on
the boundary or a Euclidean circuit in the bulk. The complexity
of the former may lead to a derivation of the complexity of the
latter as a circuit whose gates are pairs of pants.

Finally, note that a 2-bordism, whether representing a spatial
slice in a 3D gravitational bulk or the Euclidean spacetime of a 2D
field theory, resembles a circuit that prepares a tensor network
state from rank-3 tensors (in which each pair of pants is a gate).
In a topological theory, the path integral maps non-uniquely onto
such a tensor network, or trivalent graph. The tensor network
complexity (minimum number of elementary tensors) then coin-
cides with the circuit complexity of the bordism. In our context,
the circuit complexity can also be interpreted as a path integral
complexity in the sense of [35-37], but one which involves opti-
mizing over topologies rather than over metrics (with respect to
a complexity measure that is monotonic in the genus).

6. Conclusion

We have argued that the pants decomposition provides a natural
notion of complexity in the category 2Cob, and furthermore, that
this induces a notion of complexity on 2D TQFT states prepared
by the Euclidean path integral. However, this notion of complex-
ity is far from universal. One avenue for rectifying this deficiency
might be to consider TQFT extended down to points, while an-
other might be to include gates on the Hilbert space associated
to a single circle which are not represented by bordisms. In addi-
tion, we have briefly speculated on applications to AdS; hologra-
phy, and in particular to the holographic complexity conjectures.

While this work has focused on 2D TQFT, our hope is that
similar considerations apply to higher-dimensional TQFT as well
as to CFT. For d > 3, dCob has no simple analogue of the pants
decomposition, and the gate set relevant for higher-dimensional
bordisms would likely need to be infinite, although the lan-
guage of higher categories may make the generalization more
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tractable.*?* The same caveats apply to higher-dimensional
CFT. An extension of this work to 2D CFT (as required for the
proposed holographic applications) may be easier, but is left to
future work.

It is worth noting that complexity is not the only information-
theoretic quantity that can be studied in the framework of cat-
egory theory. The axiomatic point of view has also led to quan-
titative results for entanglement entropy in 2D open-closed
TQFT.[**91] One can contemplate similar generalizations to CFT
and to higher dimensions in that context.

We end by pointing out some even more speculative directions
for future work:

® One can extend this story by forgetting structure (e.g., orienta-
tion) or by adding structure (e.g., spin structure), or more gen-
erally, by extending the analysis to G-equivariant TQFTs.[®]

® Our notion of complexity is strictly discrete. Can one make
contact with Nielsen’s complexity geometry!***! (for a man-
ifold of non-unitary transformations) by combining topologi-
cal gates and unitary gates? Note that topology change can be
used as a mechanism for achieving universality in certain non-
universal schemes for topological quantum computation.!”?]

® Complexity has been proposed as a general tool in category
theory, where it generalizes classical circuit complexity.®?] In-
dependently of TQFT, one could ask: how does one “quantize”
the formalism of [92] (i.e., formulate the analogue for quantum
circuit complexity)?

e This work suggests exploring quantum complexity theory in
imaginary time.

Appendix A: Category Theory

We review here some essential terminology from category the-
ory, ignoring many subtleties. We then introduce the categories
dCob and Hilb, which allow us to define an axiomatic TQFT in
functorial language.

A category is a class of objects equipped with a class of mor-
phisms. The morphisms satisfy three key properties:

(1) composition: for any three objects a,b,c and any two mor-
phismsf :a — bandg: b — ¢, there exists a morphism gof :
a—c

(2) associativity: for any three morphisms f:a - b, g:b — ¢,
and h:c— d, the compositions (hog)of and ho(gof) are
equal,

(3) identity: for any object a, there exists a morphismid, : a — a
such that for any morphisms f : a - band g : ¢ — a, we have
foid, =f and id,og = g.

For concreteness, we may depict the objects as points and the
morphisms as arrows. See Figure A.1 for an example.

Many categories of interest are infinite. Familiar examples in-
clude Grp (the category of groups, with morphisms being group

www.fp-journal.org
O~
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Figure A.1. A category consisting of points and arrows. The loops are

identity morphisms, and the composition of any combination of arrows
is found by following them in order.

«— 0

homomorphisms), Top (the category of topological spaces, with
morphisms being continuous maps), and Vect, (the category of
vector spaces over a field k, with morphisms being linear maps).

Given two categories C and D, a functor is a map F: C - D
that sends each object in C to an object in D while preserving
the morphism structure. Namely, for any morphism f :a — b
in C, there exists a morphism F(f) : F(a) — F(b) in D such that
F(id,) = idy,, and F(gof) = F(g)oF(f).

A monoidal category is a category equipped with a notion
of multiplication and a corresponding neutral object, while a
monoidal functor between such categories preserves the monoidal
structure. For example, the category Set is a monoidal category
with respect to disjoint union LI (with neutral object @), and the
“swap” map under which the two sets A LI Band B LI A are canon-
ically isomorphic is the prototype of a symmetric structure on such
a category.’® In general, we call C a symmetric monoidal category if
there exists a bifunctor

®:CXC—C (A1)

that is associative, commutative, and has an identity element in
C,i.e., for any objects a,b,c € C and some 1 € C,

@®b)®cza®(b®c), a@®@b=bQ®a,

1®@aza®@l=xa, (A.2)

where = denotes isomorphism. An example is the category Vect,,
with the bifunctor being the tensor product and the identity being
k.

For any category C, we define its dual category C* by reversing
the arrows. We call C a dagger or f-category!®®! if there exists a
functor

FiCtsC (A.3)

that sends objects to themselves and, for any morphism f* : a —
bin C*, sends f* to a morphism f7 : a — b in C such that

i =id,, (g =fTeg’, () =/ (A4)

2% Modifying the input category or passing to higher dimensions could
also allow for heterogeneous gate sets and hence the possibility of dif-
ferent penalty factors for different gates—unlike in 2D, where all ele-
mentary gates are essentially the same (pairs of pants).
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30" Swap morphisms on monoidal categories are examples of braid mor-
phisms, where the latter do not necessarily square to the identity.
For the categories of interest to us, only swaps (symmetric braids)
are needed.
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M N

Figure A.2. A2-bordism from M = S to N = S" with genus g = 1. Cutting
along the dashed lines gives a pants decomposition.

This is the category-theoretic version of the Hermitian conjugate,
with f7 being called the adjoint of f : b — a.

We will find that both dCob and Hilb may be given a symmetric
monoidal structure and a ¥ functor. The TQFT functor always
preserves the former property and may also preserve the latter.

A.1. Category of Bordisms

We define the category dCob for integer d > 1 as follows: the
objects are closed, oriented (d — 1)-manifolds, the morphisms
are equivalence classes of oriented d-dimensional bordisms (bor-
dism classes),’! and composition is “gluing together” of bor-
disms.

(dCob, L, @) is a symmetric monoidal category. The relevant bi-
functor is disjoint union U, and the neutral object is the empty set
@ as a (d — 1)-manifold. The symmetric structure is given by the
swap bordism. We may also give dCob the structure of a t-category,
where taking the adjoint of a bordism switches the “input” and
“output” (d — 1)-manifolds.

Of particular importance to our work is 2Cob, discussed ex-
tensively in [43]. The only closed, connected 1-manifold is S, so
the objects are finite disjoint unions of circles. The bordisms are
oriented surfaces with arbitrary genus and circle boundaries. An
example is shown in Figure A.2. Any 2-bordism may be written
as a composition and disjoint union of the elementary bordisms
shown in Figure 2.14%]

A.2. Category of Hilbert Spaces

We denote by Vect. the category whose objects are finite-
dimensional complex vector spaces and whose morphisms are
linear maps. (Vect., ®, C) is a symmetric monoidal category. The
associated bifunctor is the tensor product ®, and the neutral ob-
ject is C. The symmetric structure is given by the swap map that
exchanges the factors of a tensor product.

By equipping Vect with a f-structure, we promote it to the cat-
egory of finite-dimensional Hilbert spaces Hilb.[*}] By the one-to-
one correspondence between vectors in a complex vector space
V and linear maps C — V, this extra structure automatically pro-
vides the notions of bra, ket, and conjugate-symmetric inner

product (y|@) = (¢|y) on all objects in the category.

31 Formally, for two closed (d — 1)-manifolds M and N, a d-dimensional
bordism from M to N is a quintuple (W, M, N, i, iy) where W is a
compact d-manifold with boundary 0W and iy, : M — oW and iy :
N — 0W are embeddings such that

M) Niy(N) =@, iy (M) Uiy(N)=oW. (A.5)

It is a common abuse of terminology simply to refer to the manifold W
as such.[%]
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Note that only the vector space structure of the objects is pre-
served by generic morphisms. Morphisms that preserve the inner
product are called isometries, with any unitary operator U being
an example: (y| U U|¢) = (w|¢). We note also that the T functor
interacts with the ® bifunctor as follows: (f ® g)' =fT ® g.

A.3. Atiyah’s TQFT Functor

We define a d-dimensional TQFT?8] as a symmetric monoidal func-
tor

Z : dCob — Vect,. (A.6)

Less succinctly, but in more physically intuitive language, the
map Z satisfies six axioms, which we state in words (for careful
definitions, see [43]):

1. Equivalent bordisms have the same image. (Two bordisms are
equivalent if they are related by a boundary- and orientation-
preserving diffeomorphism.)

2. The cylinder over X goes to the identity map on Z(Z).

Composition of bordisms goes to composition of linear maps.

4. Disjoint union of manifolds (resp. bordisms) goes to tensor
product of vector spaces (resp. linear maps).

5. The empty manifold (resp. bordism) goes to the ground field
C (resp. the identity map on C).

6. The bordism that interchanges X and ¥’ goes to the linear iso-
morphism Z(2) ® Z(X') - Z(X') ® Z(X) given by a ® a’ —
ad ®a.

w

Axiom 1 says that the map Z : dCob — Vect is well-defined (de-
pends only on the equivalence class of M). Axioms 2 and 3 say that
Z is a functor (preserves identity and composition). Axioms 4 and
5 say that this functor preserves the monoidal structure. Axiom
6 says that this functor preserves the symmetric structure. The
axioms together imply that for any X, there exists a nondegener-
ate pairing Z(Z) X Z(Z) — C, which in turn implies that Z(Z) is
finite-dimensional.[**]

The d-dimensional TQFT defined by Z is said to be unitary if,
viewed as a functor from the f-category dCob to Hilb, it preserves
the f-structurel®l: Z(M") = Z(M)".

Other categories such as the bordism bicategory of [31] may
be used to introduce additional structure on the input side of
the functor, thus defining other types of QFTs such as extended
TQFTs!7%) or CFTs.13031]

Appendix B: Classification of 2D Frobenius
Algebras

2D TQFT with dim Hg = 2 (H = C?) is the case most analogous
to quantum circuits operating on qubits. This is the simplest case
in which a notion of complexity exists.*

32 E.g, an invertible TQFT—one whose Hilbert space on any spatial
manifold is spanned by a single state and that is nonzero on all
bordisms—has no notion of complexity.
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2D Frobenius algebras can be classified completely up to
isomorphism.I>! Since all 2D Frobenius algebras are automati-
cally commutative, such a classification amounts to a classifica-
tion of 2D TQFTs with dim Hg = 2. To state the results of [55],
we fix an orthonormal basis {|0), |1)} for H,. We denote the unit,
counit, multiplication, comultiplication, and Frobenius form by
n, €, u, 6, and o, respectively, and we set (1) = |0) by conven-
tion. (The canonical reference state is the image of 1 € C under
the cup, which is the multiplicative identity, but we are free to
choose a basis.) Then 2D Frobenius algebras fall into two classes,
depending on the Frobenius form:

(I) Every 2D TQFT with dim Hg = 2 and ¢(|00)) = 0 takes the
form

[0) — 0,
€:
[1) 1,

5 [0) — ]01) +[10),
"1 1)~ c]00) + |11),

[00) + 10),
[01) = [1),
[10) = [1),
[11) = ¢|0),

(B.1)

for some ¢ € C.
(IT) Every 2D TQFT with dim H = 2 and 6(]00)) # 0 takes the
form

L o
Do,

10) = 2(100) + 11),
5 X (B.2)
[1) — E(l()l) +[10) +¢|11)),

100) = 10),
[01) = 1),
[10) = 1),
[11) = [0) +¢|1),

for some ¢,d € C with d # 0.

One can also classify 2D H*-algebras. An H*-algebra is a Frobe-
nius algebra for which the Frobenius form defines an inner prod-
uct with respect to which § = u* and € = ;' (the inner product on
Hfl’N is defined in the canonical way in terms of that on H,). The
classification implies:

(IT*) Every unitary 2D TQFT with dim Hg = 2 takes the form
(B.2) withc,d € R, d > 0, and
o(l00) =o(|11)) =d,  o(l01) =o(|10) =0.  (B3)
For illustration, note that the n = 2 cases of the examples dis-
cussed in Section 4.1.1 and 4.1.2 fit into the above classification.
The Frobenius algebra based on C[x]/(x?) is a 2D TQFT of type I

with ¢ = 0, while the Frobenius algebra based on C[x]/(x* — 1) is
a 2D TQFT of type II* withc =0 and d = 1.
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