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Abstract

In this study, we first applied the variation principle to derive a new finite element method (FEM) based on the theory of
beam on elastic foundation using line element. The derived FEM was then applied to solve, for the first time, the pressure
vessel problems with uniform thickness. Our FEM results, obtained even by using only one line element, agreed exactly
with the available closed-form solution, confirming the validity and computing efficiency of our finite element formulation.
Moreover, we have applied our new FEM to solve pressure vessel problems with non-uniform thickness where no exact
analytical solution is known to exist. The distributions of discontinuity stress in the cylindrical part were obtained.
We found that shear force and bending moment were indeed discontinuous at the geometrically discontinuous juncture,
due to the bending rigidity and elastic constant change by the non-uniform thickness. Finally, the case of discontinuity
stresses in a bimetallic joint was also studied. The locations of maximum shear force and bending moment were found
to be affected by the bending rigidity of the material. © 1998 Elsevier Science B.V. All rights reserved
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1. Introduction

Secondary stresses are those stresses developed by constraint of adjacent parts or by self-constraint
of a structure, and are self-limiting. All thermal stresses produced by thermal gradients within a
structure are secondary in nature. Another source of secondary stresses in a pressure vessel is that
occurring at the juncture of the cylindrical vessel and its closure head, due to the different growth
or dilation of the parts under pressure [1, 2].

Since the radial displacement of a cylindrical vessel with uniform thickness subjected to symmetric
loading can be considered as deflection of a longitudinal element of unit width, the element therefore
acts as a beam on elastic foundation. The governing equations of beam on elastic foundation have
been used to analyze problems in pressure vessels, and excellent results were obtained for symmetric
cases with uniform thickness [3, 4]. However, for pressure vessels with non-uniform thickness or
different material properties there exists no analytical solution. Recently, finite element method (FEM)
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has been applied to solve objects with arbitrary geometries where analytical solutions are difficult, if
not impossible, to obtain [5-9]. Among them, the asymmetric finite element using triangular element
has been applied to pressure vessels with discontinuity stress [8, 9]. Since it is a two-dimensional
problem, to save CPU computing time, beam element using two nodes with four degrees of freedom
[8] has been applied to solve such problems. However, poor agreements were obtained. This is
because the governing equation of beam on elastic foundation is quite different from the general
beam on structure. The strain energy and elastic potential on the elastic foundation change according
to the beam length and the structure stiffness. To achieve accurate results, large number of elements
are normally required, resulting in significant CPU time. Moreover, if the beam length is not properly
chosen, significant errors could occur. To alleviate the above short comings, we report in this paper,
the development of a finite element formulation using the exact displacement as shape function. Line
element with two nodes was used in this study. We demonstrate, for the first time, that our FEM
can be applied very efficiently to solve problems with non-uniform thickness and different material
properties. The error is found to be less than 0.01% for all the examples with existing analytical
solution we studied, even for the one-element case. The CPU time is, in general, only a few second,
confirming the validity and excellent computing efficiency of our FEM formulation.

2. Finite element formulation of beam on elastic foundation

The governing equation of beam on elastic foundation as shown in Fig. 1 has the form

d4
Eld—)j- = —ky. (1)

The general solution is

y = e?*(c) cos fx + ¢, sin Bx) + e P*(c; cos fx + ¢4 sin fx), (2)
where
O\
p=(amr) -

The boundary conditions are:

YO0)=Uy_1 =c¢c;+ ¢y,

Q0= Un = fler +er — e +0), 3)
X

where Uy _, is the nodal displacement.

Fig. 1. Schematic of a beam on an elastic foundation.
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By solving Egs. (2) and (3), the coefficient can be obtained:
Cy Ay A Az A Uz
C2 1 {Aa Axn Axp A Ua;i
C3 Ay | A3y Az, Az Az UZj—l

Ay Ay Az Au Uy;

The elements of matrix are shown in Appendix A.
The displacements of element are:

U= Ny_1Usp_y + NpUs + Noj_1Up; 1 + Noy Uy,

C4

where Ny;_1, Ny, Nyj—1, Ny is the shape factor with the value

NZi-—l
Ny
= [4]'{¢},
Noyjy
N
where
ef* cos Bx
ef* sin Bx
wr=1{°"
e P*cos fx
e #*sin fx

The strain energy of beam is
2
El (- (d*u EI B
e) _ —Z~ - _ =2 T T

A% = 2 Jo (dx2> dx B {U} 4] [B I4KU}-
The elements in [B'] is B,
fEh L
0 dx2 dx2

The potential energy by elastic support is

1 __ _ pnl
Bl = =B\,

A9 = 1 [ ki dx = POV LT OBHBIAND).
The elements of matrix [B*] are shown in Appendix B.
The total potential energy of element is
A = JEIFP{U}YAT'([B'] + [B*DI4I{U}.
Taking variation with respect to displacement, we get
[K] = ; B[4]"([B'] + [BD)IA4].

The elements of matrix [K*¢] are shown in Appendix C.
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3. Numerical examples and discussion

Example 1. To verify the derived finite element method, a single concentrated load acts on the left
side of a beam on the elastic foundation, as shown in Fig. 2, is chosen as an example. The material
properties are:

rigidity E/ = 10* Nm?, spring constant £ = 25 Mpa.

The numerical results using both one and two elements are obtained. The radial deflection, rotation
angle, moment, and shear force in the x-direction are plotted in Figs. 3(a)—(d), respectively. The

80co l

Yy EI = 10'N-m* k = 25MPa

Fig. 2. A single concentrated load acts on the left side of a beam on an elastic foundation.
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Fig. 3. Numerical results for a single concentrated load acting on the left side of a beam on an elastic foundation, using
one element (triangle) and two element (+), and the corresponding analytical solutions [1] (square) for (a) the radial
deflection in the x-direction, (b) the rotation angle in the x-direction, (¢) the moment in the x-direction, and (d) the shear
force in the x-direction.



F.-Y. Huang, G.-L. Shil Finite Elements in Analysis and Design 28 (1998) 293-302 297
l 40cm ? 40cm I
YI
El = 10'N-m* k = 25MPa
Fig. 4. A single concentrated load acts instead on the middle of a beam on an elastic foundation.
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Fig. 5. Numerical results for a single concentrated load acting instead on the middle of a beam on an elastic foundation,
together with the available analytical solution (square) for (a) the displacement in x-direction, (b) the rotation angle in
x-direction, (c) the moment in x-direction, and (d) the shear force in x-direction.

corresponding analytical solutions from Ref. [4] are also plotted for comparison. Excellent agreements
with the analytical solutions are obtained. The error is less than 0.01%, even for the one-element
case, confirming the validity and excellent computing efficiency of our FEM formulation.

Example 2. A single concentrated load, identical to that used in the first example, acts instead on

the middle of a beam on elastic foundation as shown in Fig. 4.

The numerical results from FEM formulation are again obtained by using both one and two
elements. The displacement, rotation angle, moment, and shear force are plotted in Figs. 5(a)-(d),
respectively, together with the corresponding analytical solutions available in the literature [2]. The
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r=Scm  M=IN-cm

Fig. 6. A unit moment is acting on the middle point of a beam with non-uniform thickness.
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Fig. 7. Numerical results for a unit-moment acting on the middle point of a beam with non-uniform thickness for (a)
displacement in the x-direction, (b) the rotation angle in x-direction, (c) the moment in x-direction, and (d) the shear
force in x-direction.

error is less than 0.01%, even for the one-element case, confirming again that excellent agreements
and computing efficiency are obtained.

Example 3. In this example, we apply our finite element formulation to solve, for the first time,
problem with non-uniform thickness, where no exact solution is available. A tube with 5 mm in
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Fig. 8. A cylindrical pressure vessel with bimetallic joint.
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Fig. 9. Numerical results for a cylindrical pressure vessel with bimetallic joint for (a) the displacement in x-direction, (b)
the rotation angle in x-direction, (c) the moment in x-direction, and (d) the shear force in x-direction.

radius, 0.3 in Poisson ratio, and Young’s modulus of 20 GPa is chosen. The thickness of the left-
hand side is 1 mm, while the thickness of the right-hand side is 2 mm, as shown in Fig. 6. A unit
moment is assumed to be acting on the middle point of the beam.

The FEM results are shown in Figs. 7(a)-(d). The maximum deflection occurs on the left-hand
side (i.e., thinner side) near the acting moment (Fig. 7(a)). The deflection is larger on the thinner
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side because its rigidity is smaller. The rotation angle of the thinner side is also larger than that of
the thicker side (Fig. 7(b)). As shown in Fig. 7(c) and Fig. 7(d), the moment and shear force at
both ends are zero, corresponding to the fact that there are no support at both ends. The results also
show that the moment and shear force are not symmetric at the juncture. More importantly, they are
discontinuous at the juncture as a result of the bending rigidity and elastic constant change due to
the thickness of nonuniformity.

Example 4. In this example, we apply our FEM using two elements to solve, for the first time,
problem with different materials, where no analytical solution exists. A cylindrical pressure vessel
with bimetallic joint, as shown in Fig. 8, is chosen for this purpose. The radius is 5cm and the
thickness is 1 mm. The material constants are: Poisson’s ratio = 0.3, Young’s modulus for the left-
hand side is 20 Gpa, Young’s modulus for the right-hand side is 10 Gpa. The vessel is subjected to
a concentrated load at the left-hand side.

The numerical results on the deflection distribution and rotation angle along the x-direction are
shown in Figs. 9(a) and (b), respectively. The maximum displacement and rotation angle are found
to occur at the point where the load is acted (i.e., left-hand side). As shown in Fig. 9(c), the
moments at both ends are found to be zero, however, the vessel depicts a maximum moment near
the point where the load is acted (i.e., 0.5 cm from the left-hand side). The shear force at the end of
the right-hand side is zero, while its maximum occurs at the left-hand side, as shown in Fig. 9(d).

4, Conclusions

In this study, we have applied the variation principle and developed a finite-element formulation
to solve beam on elastic foundation and cylindrical pressure vessel. We have verified the validity
and efficiency of the newly developed FEM method by comparing the numerical results with existing
analytical solutions for problems with uniform thickness. In addition, we have also applied the new
FEM formulation to solve, for the first time, more general problems such as vessels with different
thickness or different materials. We found that for the vessel with different materials, the moment
and shear force are not symmetric and are actually discontinuous at the juncture as a result of
the bending rigidity and elastic constant change. We also found that the vessel with non-uniform
thickness depicts a maximum moment near the point where the load is acted. The shear force is at
its maximum at the end where the load is acted, and approaches zero at the other end.

Appendix A

The elements for 4, and 4;; in Eq. (4) are:
Ao =4p%(sinh® BL — sin® BL),
Ay = p[e™** — 1 — 2sin® BL cos BL),
Ay = fle ™ + 1 — 2cos® BL — 2sin BL cos BL],
A3 = B [e** — 1 — 2sin® BL + 2 sin BL cos BL],
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Aq = B[e*F + 1 — 2 cos? BL + 2 sin BL cos BL],
Ay, = —28sin® BL,
Ay = PBle*?* — 1 + 2sin L cos BL),
Ay =2fsin® L,
A = P[e*t — 1 — 2sin BL cos BL],
Ay = B*[e?(cos BL + sin BL) — e PL(cos L — sin L)),
Ay = B*[—eP (cos BL — sin BL) + e P-(cos BL — 3 sin BL),
Az = pH{—ePL(cos BL + sin BL) + e P (cos BL — sin BL),
Ag = p*[—eP (cos BL + 3sin L) + e P (cos BL + sin L),
Ays = —ple?" sin L — e~ sin BL],
Azq = PBlePt cos BL — e PE(cos BL + 2 sin L),
Ay = Ble’ sin BL — e sin BL],
Aqs = PlePL(2sin BL — cos L) + e~ #L cos BL.

Appendix B

In Eq. (9), [B?] is a symmetry matrix, the elements are:
B2, =e?[1 + 2cos® BL + 2 sin L cos BL) — 3,
B2, =1 - e [1 — 2sin® BL — 2sin BL cos L),
B3, =4BL + 4sin BLcos BL,

B2, =4sin’ L,

B2, =e*[1 + 2sin* BL — 2'sin BL cos BL] — 1,
B, =4sin’ BL,

B3, =4BL — 4sin BLcos BL,

B2, =3 — e %[1 4 2 cos? BL — 2 sin BL cos AL),
B2, =1—e %“[1 — 2sin® BL + 2 sin BL cos L),
B2, =1— e %[1 4 2sin® BL + 2 sin BL cos BL).
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Appendix C

In Eq. (11) [K*] is a symmetry matrix, and the elements are:
¢ =2Hp*(sinh BL cosh BL + sin BL cos BL),
¢ = Hf(sinh® BL + sin® BL),
¢ = —2HPB*(sin BL cosh BL + sinh BL cos BL),
K{,=2Hf sinh BLsin BL,
5, = H(sinh L cosh fL — sin BL cos fL)

23 — T B4
5+ =H(sin L cosh BL — sinh L cos BL)
5 =Ki
=K,
w =K
where
2E1

" sinh® BL — sin> AL
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