Development of Secondary Flow

M. Pouagare
Graduate Assistant.

B. Lakshminarayana

Director of Computational Fluid
Dynamics Studies and Professor of
Aerospace Engineering.

and Vorticity in Curved Ducts,
Cascades, and Rotors, Including
Effects of Viscosity and Rotation

This paper is concerned with the numerical solution of the secondary vorticity

equations in curved ducts, cascades, and rotors. The classical approach of splitting
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the flow into primary and secondary flow fields is employed and extended to in-
clude effects of viscosity, rotation, and density stratification. All elliptical effects
are neglected and the Crank-Nicolson method is used to solve the secondary vor-

ticity equation. The secondary flow field is obtained by solving a Poisson equation
using a successive over-relaxation method. The results are compared with
theoretical and experimental data from stationary ducts, compressor and turbine
cascades. The agreement is good for most of the cases:.

Introduction

Secondary flow is produced when a streamwise component
of vorticity is developed from the deflection of an initially
sheared flow. Such secondary flows occur when a developed
pipe flow enters a bend or cascade or a rotor, or when a
boundary layer meets an obstacle normal to the surface over
which it is flowing. One of the most important engineering
aspects of secondary flow occurs in turbomachinery
aerodynamics, where boundary layers growing on the casing
and hub walls of the machine are deflected by rows of blades,
stationary and rotating. At a sufficient distance from the
walls, viscous effects are negligible and the normal pressure
gradient is balanced by the centrifugal force due to the
streamline curvature. However, the fluid within the boundary
layers does not have sufficient momentum to balance the
pressure gradients imposed by the inviscid outer flow. The
result is a cross-flow component containing vorticity aligned
in the streamwise direction. This results in flow losses, vor-
ticity development, and flow deviation in the tangential and
radial directions. The efficiency of the rotor is also affected
by this secondary flow.

The primary assumption leading to the existing theoretical
descriptions of secondary flows is that viscous effects produce
a boundary layer on the wall upstream of the blade row,
whereas within the blade row the imposed pressure gradients
play the major role and viscosity has little effect on the
resulting secondary flows. This assumption is characteristic of
what is generally termed inviscid secondary flow analysis or
“‘classical secondary flow theory”’ [1, 2, 3]. All these earlier
analyses, reviewed in reference [3], are based on assumptions
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that the flow perturbations occur mainly in the cross section
of the bend or cascade and that the perturbations due to
secondary flow in the streamwise direction are small. This
linearization approach uncouples the primary and secondary
flow fields.

In general, these linearized theories provide accirate
prediction of the spanwise exit-flow angle for the small
turning angle in the inviscid regions. When features of the real
flow are modelled, i.e., Bernoulli surface displacement,
rotation, and viscous effects, the overturning near the end
wall is reduced [4].

An exact approach would be to solve, numerically, the
entire viscid or inviscid equations which do not uncouple the
primary and secondary flow fields. Such attempts are
presently being pursued by several groups [5-9]. However,
these methods are quite complicated and time-consuming.
The advantage of the classical approach lies in its simplicity.
The objective of this paper is to extend the classical approach

(primary flow)

u?\ Reiative streamline

(primary + secondary flow)

Fig. 1

Notations used and the coordinate system
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by introducing the effects of viscosity, rotation, and inlet
density gradients on the development of the secondary vor-
ticity in curved duct and turbomachine blade passages. The

agreement between the predictions from this analysis and

several experimental data is shown to be good.

Analysis

- The most generalized form of the equations for the
secondary and normal vorticity in a rotating intrinsic coor-
dinate system was developed by Lakshminarayana and
Horlock in reference [10]. The coordinate system used is
shown in Fig. 1. s is the relative streamline direction, » is the
principle normal to the streamline direction, and & is the
binormal direction. s, n, b form an orthogonal coordinate
system.

The relative secondary vorticity {, and the relative normal
vorticity ¢, along the relative streamline are given, respec-
tively, by the following equations [10}
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For an incompressible stratified fluid in & direction, the
above equations simplify to
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These equations will be solved in the region close to the wall
where the inlet vorticity is present, i.e., in the boundary layer
region.

Employing the usual boundary layer approximations, it is
assumed that the pressure is imposed by the inviscid flow field
and that the viscous effects are important only in the direction
normal to the wall, i.e., in the b direction. So we can set

BP—_BPO__ W3
an~ an pR
R i 1
spwz‘7 J pw? 0b?
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Furthermore, we can write
2Qe v w 2

ow aw aw
e (qu +Q, — +Qb—)

as on ab

In most practical situations, {, is zero. Hence, dw/dn = w/R.

Also, {, = dw/db. Hence,
2Qe v w 2 aw w
S (05 v )
Assuming da,/ds = 0, and noting that the first term on the
right side of equation (4) is very small (since {;, = 0 and 7is
usually very large with these assumptions), equations (3) and

(4) reduce to,

Nomenclature
a, = relative streamline spacing in the b
direction
by = height of the blades/height of the duct
P = static pressure
R = radius of curvature of relative
streamline
R(,=W—’ﬁl—p1 = Reynolds number
S = width of the duct (or spacing in
cascade)
s,n,b = intrinsic coordinate system (Fig. 1)
u,v = secondary velocities in b, n directions,
respectively (Fig. 1)
w = relative velocity inside the shear layer
W, = freestream relative velocity
W, = free stream relative velocity at inlet
B8 = relative air angle measured from the
axial direction
& = boundary layer thickness
6* = boundary layer displacement thickness
{ = relative vorticity/absolute vorticity for
Q=0
A = stagger angle
p# = molecular viscosity
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Bositesit, = eddy viscosity (equations (10) and (11))
v = kinematic viscosity
p = density
p; = reference density
7 = radius of torsion of the streamline
7o = wall shear stress
Y = secondary stream function
Q = angular velocity
As,An,Ab = stepsizein s,n,b direction
Aa, = change in outlet angle due to secondary
vorticity
Subscripts
s,n,b = components in intrinsic coordinate
system
0 = reference/inviscid/free stream values
1 = inlet of the blade row
2 = outlet of the blade row
Superscripts
—— = nondimensional quantities/passage
averaged quantities/time averaged
quantities
bold face = vector-
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Equations (5) and (6) are valid for laminar flow. In case of
turbulent flow the last term in equations (5) and (6) become,
respectively,

#%[(Mue)(s} , —;5525[(#+ue)§,,]

The derivation of these terms are given in Appendix 1.

One of the major assumptions of the present method is that
the streamwise w(s,b) velocity profile is assumed known.
Since no boundary layer growth is allowed, it is reasonable to
neglect the viscous term in the normal vorticity equation.

Equations (5) and (6) are nondimensionalized using the free
stream velocity (W) at the inlet as the characteristic velocity,
the inlet boundary layer thickness 8§, as the characteristic
length, and some reference density p,. The boundary layer
growth through the duct or blade row is neglected.
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The resulting equations are given by
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Equations (7) and (8) can be solved for the values of {, and
{, at any given location. Since these equations are decoupled,
the value of §, can be derived from the solution of equation
(8), which can then be substituted in equation (7) to derive the
value of {;. Solution of the inviscid terms of these equations is
available for many simpler cases [1-4, 10], but the numerical
or analytical solution of the streamwise and normal vorticity
equations with the viscous terms has never been attempted
before. i

Knowing the value of {; along the mean streamline, the
secondary velocities #, v in the transverse plane can be derived
from the numerical solution of the Poisson’s equation for the
secondary stream function

v2y=—{ (b,n) ©

where # and v are perturbation velocities (from initially zero
values in the primary flow) in b and n directions. Expressions
for these are given respectively, by
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u 3y v _ 3y
W, an W, 9
where b and 7 are rectilinear coordinates.

The change in the outlet angle (or deviation angle from the
primary flow) can be obtained from the equation

1,2:

Aaz =tan-] E_
w
It should be emphasized that the calculation procedure
outlined here assumes that the primary flow is known
[w(b,n,s)]. Utilizing this value and equations (7), (8), and (9),
the secondary vorticity ({;), normal vorticity ({,), and
secondary velocities (¢, ) are calculated. In the numerical
scheme presented in the next section, it is assumed that the
secondary vorticity is constant in the 7 direction (which is true
in most practical situations), hence { = §(b), and the
equations are solved in the (§ b) plane along the mean
streamline using a marching technique. The mean streamline
is the streamline at the mid-passage and is the mean (vectorial)
between the streamlines near the pressure and suction sur-
faces.

Turbulence Closure. To study the effect of turbulence in the
development of secondary flow, eddy viscosity is used in
equation (7). The eddy viscosity is modelled as follows [11]:

for0 < b =< b,
bx/i%)]} 2 9w
i - - — (10
He p{kb[l exp( VA o U0
forb, =sb =<9
po= pko Wo8*/[1+5.5(b/8)°) (an

where A, k, and k, are constants, given by values k = 0.4, A
= 26,and k, = 0.017.

The value of b, which delineates the range of validity of
equation (10) from equation (11) is obtained from the
requirement that the eddy viscosities must assume equal
values there. Hence,

w=pnl for b=by

Numerical Solution and Boundary Conditions

Equations (7) and (8) are solved along the mean streamline
of the duct or the blade passage in the boundary layer region.
The solution is marched in the downstream direction using
Crank-Nicolson method. This procedure neglects any
elliptical effects. This assumption is good provided there is no
flow separation. The streamwise velocity profile (primary
flow) is assumed to be known.

The s coordinate is the time-like variable. The equations are
approximated at the location (i + 1/2, j), where the index i is
the mesh point in the streamwise direction and j is the mesh
point in the b direction. Since equation (8) is uncoupled from
equation (7), the value of (§,),,,, can be evaluated from the
known value. The rest of the quantities in equation (8) are
known either from the primary flow solution, geometry, or
the fluid properties. The finite difference form of equations
(7) and (8) are, respectively,

— AV i1y + Br+245)(E) i1y — A& g
=A4(E) i+ (By =245 i+ A(§) i1 + €
By(§) i1y =By(§0) i+ Cy

Constants A4, — Ag, B;, B, and C in the difference equation
(12a) are given by

(12a)
(126)

4 =[ 1 ] Bivij-1
! Re pw? liv12; 2(Ab)2
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Fig.2 Flow chart of the computer program
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Constants B;, B,, and C, for the difference equation (12b)
are given by

By= i p Wy
A§ A§
20w . w1 3P, dp
c =[ LD AL i __]
2 R "85  p2 35 8b diviny

Knowing the value of ({,);,,,, the value of {; at the new §
station can be found from equation (7). The method is stable
for all values of the ratio A§/ (A b)?, where A§ and Ab are the
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step sizes in s and b directions, respectively. The method
converges with discretization error 0 [(A§)? + (Ab?)].

Knowing {,, equation (9) can be solved to derive the values
of u and v. Equation (9) is solved by the successive over-
relaxation method. The boundary condition is ¢ = 0 along all
the wall surfaces. The numerical method uses the following
iteration scheme:

DY =D+ 5 [ D@D

e 4D -RE).) (3

where / is the stepsize h = = Ab and w is a relaxation
parameter given by

8—4Vd—o?

w= 3

[s4
with o = cos(w/M) + cos(x/N) where M and N are,
respectively, the total number of increments into which the
horizontal, i.e., n, and vertical, i.e., b, sides of the rec-
tangular region are divided. More details of the solution for
equation (13) can be found in reference [12].

Initial and Boundary Conditions. The initial conditions at
the inlet of the passage are prescribed [W( b), {0, &0, 2 (D)1,
and the angular velocity is known.

The boundary conditions for equations (7) and (8) are as
follows. In the inviscid or vortex free region, {; = §, = 0.
The boundary conditions on the wall surface for {, are
derlved iteratively from the solution. Initially on the wall, §,

(g‘n)mlel = constant and g-s - (g‘s)mlel + ZS/R (g'n)wa]l
Thus, the inviscid expression for the secondary vorticity
derived by Squire and Winter [2] is prescribed initially. The
values of §; on the wall surface are continuously updated
during the computation. Utilizing these initial boundary
conditions, equations (7) and (8) are solved in finite difference
form (e.g., equation 12). Knowing {, everywhere, equation (9)
for ¢ is solved numerically. Utilizing this zeroth ap-
proximation, the boundary condition on the wall surface
[(£,) wan] can be updated using the equation

(£ ) wanr = (= Twan + 8¥an 1 — Va1 2)/2(AD)?

where Vs> VYwaus2 Tepresents values at the grid points
away from the wall. The first term on the right-hand side is
zero. This form is of second-order accuracy [13]. With this
new information, values of §,, ¥, v, # can be determined. This
procedure is repeated until the convergence is achieved. The
calculation then proceeds to the next § station. The secondary
vorticity and secondary flow field throughout the passage is
thus determined. The computational flow chart is shown in
Fig. 2.

In the present analysis, the boundary condition on the wall
for the secondary vorticity is unknown and should come out
of the solution. Since the secondary vorticity peaks near the
wall, the accuracy of the solution depends on the accuracy of
¢, calculation near the wall. The presence of large gradients in
eddy viscosity makes the problem very sensitive to the
calculations near the wall. To overcome these difficulties a
large number of grid points were chosen near the wall.

Prediction and Comparison With Experimental Data

To check the analysis, assumptions, and numerical
technique, the results of the computer program are compared
with the following experimental and analytical results.

(a) Hawthorne’s [14] analytical results.

(b) Experimental data from curved duct [2,15].

(¢) The compressor and turbine cascade data [16,17,18].

(d) Model rotors are used to study the effects of rotation

"and the inlet density stratification.
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Fig. 3 Comparison between Hawthorne’s [14] theoretical resuits and
the predicted change in average outlet angle for 5/S = 2
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Fig. 4 Comparison between experimental and predicted v, u for Squire
and Winter duct [2]

Comparison With Hawthorne’s Analytical Results.
Hawthorne, using Squire and Winter’s expression [2] for the
secondary vorticity [§, = (25/R) ({,)inel, solved equation
(©) for a duct with a large span using a series expansion
technique. He assumes a (1/7)th power boundary layer
coming into the duct. The analysis is valid for incompressible,
inviscid, homogeneous flow in a non-rotating duct. In this
case, the second and third terms in equation (7) and the
corresponding terms in equation (8) are zero. He predicts very
large secondary vorticity at the wall. The results of
Hawthorne are not accurate near the wall, since the viscous
effects are neglected. His results are compared with the
authors’ results for Aa, for 8/S = 2 in Fig. 3.

The authors’ results agree very well with Hawthorne’s
inviscid theory away from the wall. The departure between
solutions is large (for & < 0.2 8) near the wall where the ef-
fects of viscosity cannot be neglected. It is thus clear that
inviscid analyses are not valid near the wall, and that effects
of viscosity should be considered for accurate prediction.

Comparison With Experimental Data From Curved Ducts.
Squire and Winter [2] carried out detailed measurements in a
curved duct with 94 deg flow turning and a 36.6 cm radius.
The width (S) and height of the channel were 12.13 cm and
182.4 cm, respectively. The measured inlet velocity (primary
flow) profile as well as the predicted and measured secondary
velocity profiles are shown in Fig. 4. In this case, the second
and third terms in equation (7) and the corresponding terms in
equation (8) are zero. The flow is assumed laminar. The
measured values of ¥ (spanwise or b direction) at b/6 = 0.06,
which is very near the wall, agree very well with the authors’
prediction. The prediction: from Squire and Winter’s [2]
analysis also is shown. This confirms the earlier conclusion
that the viscous- effects:should: be included to accurately
predict the secondary. flow  near the wall regions. The
prediction of the secondary:velocity (v) in the n direction
shows good agreement with the data. '

Lewkowicz [15] carried out comprehensive measurements
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Fig. 5 Comparison between experimental and predicted Aay for
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Fig. 6 Comparison between experimental and predicted cross flow
velocity profile at the exit of the cascade [17]

in a curved duct shown as insert in Fig. 5. The predicted
deviation angle (A, = wv/w) variation across the boundary
layer is in excellent agreement with the predictions from the
authors’ analysis. It is thus evident that the development of
cross flow in the three-dimensional boundary layer is
predicted accurately from this analysis. Since the turning is
small (20 deg) and the radius of the bend is large, this test case
falls within the realm of a small cross-flow assumption.
Hence, good dgreement between the theory and experiment is
as expected. The inviscid classical analysis predicts nearly
twice the measured A, (not shown in Fig. 5).

Comparison With the Compressor and Turbine Cascade
Data. The first and fourth terms in equation (7) and the
corresponding terms in equation (8) are retained for the
prediction of the flow through cascades described in this
section.

Papailiou et al. [17] carried out experiments in a com-
pressor cascade consisting of blades with a NACA 65-12-
A o-10 profile. Other parameters of the cascade were as
follows: inlet free stream velocity = 44.9 m/s, space chord
ratio = 0.8, aspect ratio = 2.1, stagger angle = 15 deg, inlet
air angle = 20.4 deg, and outlet air angle = —23.8 deg. The
experimental results of Papailiou et al. [17] are compared with

DECEMBER 1982, Vol. 1047509

Downloaded From: http://fluidsengineering.asmedigital collection.asme.or g/ on 01/29/2016 Ter ms of Use: http://www.asme.or g/about-asme/ter ms-of-use



19 24
\
1o | == Torms () (eq.7)
lé\] \ 2.2 Terms (D+@ (eq.7) L Laminar]
< ook \\ G 0 O O Experiment W =i Terms O+@+@ {eq.7) [Lominar]
\ ————— Present study with eddy viscosity ‘TA 2‘05\ o——t—0 Terms (D+@+(3) (eq.7) [Laminarl
gop-  \ T Invicid analysis ]k‘nﬁ . x—x—=x% Terms (D+@ (eq.7) [ Turbulent]
o 1.8
0002 04 06 08 10"/ W €/€4
I T T Profiles at inlet
49) 1.6 Velocity
== Dansity
29
b/5 1.4~
08 10 1.2 \(
0 + } t
9 1.2
o0 ~
\\\\ — :[ q
—~——— 1.0~ —span
_gol
Fig. 7 Comparison between experimental and predicted change in L
outlet angle for Marchal and Sieverding’s cascade [16] 0.8
—
o o o Experiment at point A [ 181] 0.6~
Analysis with eddy viscosity
————— Invicid analysis
04+
X
| ~
0.2 Ko,
X = 0.69 N 1 1 ol i
o] 0. 0.2 0.3 0.4 0.5 0.6
fe] ¥ = 0.903 b8
Fig.9 Relative secondary vorticity at the exit of the model compressor
rotor in the casing region
1
0 x 10 2201
b8 |
10 1.5 2.0 |
L i 20+
) ) o o _° = | ———— Terms () (eq.7)
~ 2 /./-""—_ J 2 8 { Terms (D+@ (eq.7) [ Laminar]
S I 1 —— Terms D+@+®@ (eq.7) LLaminar]
Fig. 8(a) Comparison between experimental and predicted change in LR 6 ot Terms D+@+Q {eq.7) [Laminarl
angle for Langston’s cascade [18
g g [18] w—e—x Terms D+@ (eq.7) [ Turbulent]
14
12 00,0204 0608 10 12 14 w/W,, /€,
O O O Experiment at point A [18] {see fig. 8a) ' r 7'
Present analysis with eddy viscosity 0285L i
----- Invicid onolysis 10 ' / Profiles of inlet
L Velocity
@© 050 / —=-=-Density
80 3 /
0.78}- /
\ ]
6.0 \\ ool
r‘————mid—spcm T
40
2.0+ -
e
o}
_ | \u\bl\K_L_ol_j
2% ol 0z 03,5
—— Fig. 10 Relative secondary vorticity at the exit of the model turbine
. O g 1 rotor in the casing region
-02 -0l [¢] I o7 08
Vo 42.5 deg, blade height = 1 The inlet and outlet ai
. - . € c = . u air
Fig. 8(b) Comparison hetween experimental and predicted cross flow g, bla elght 0 cm ¢ Inlet and outlet

velocity profiles for Langston’s cascade [18]

the results of the present analysis for the secondary velocity v
at the exit of the cascade in Fig. 6. The prediction of the
present study is better near the wall than the inviscid analysis.
This provides a validation of the authors’ approach in up-

dating the boundary condition for ({,). near the wall.

angles were 0 deg and —67.8 deg, respectively. The Reynolds
number based on the chord and the exit velocity was 2.61 x
103, The experimental results for Ac, are compared with the
predictions of the present analysis and the predictions from
the inviscid analysis in Fig. 7. The inviscid analyses provides
poor predictions near the wall. The authors’ analysis gives
much better predictions in the entire flow field.

Langston [18] recently carried out measurements of the
subsonic flow in a large-scale rectilinear turbine cascade. The
cascade geometry was as follows: chord = 34 cm,

Marchal and Sieverding [16] carried out experiments for a
turbine cascade. The cascade geometry was as follows: chord
= 12 cm, space to chord ratio = 0.725, stagger angle =
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pitch/chord ratio = 0.78, aspect ratio = 0.81, camber angle
= 70 deg. The inlet boundary layer thickness, displacement
thickness, and momentum thickness were 3.3 cm, 0.376 cm,
and 0.279 c¢m, respectively.

The predictions of the cross-flow velocity and the yaw angle
deviation for Langston’s [18] cascade is compared with the
data in Fig. 8. The measurements at station A (Fig. 8(a)) near
mid-passage at 69 percent of axial chord are used for this
comparison. The results are quite good since this station is
away from the suction side of the airfoil, where the separation
occurs. The authors’ prediction is not valid near a separated
flow. The analysis predicts maximum cross flow at the middle
of the passage, decaying as we go near the blade surfaces.
Langston’s measurements show an increase in the cross-flow
velocity when going from Y = 0.903 to Y = 0.766. The
present analysis gives much better results than the inviscid
analysis near the wall.

Model Rotors. Calculations have been made for a model
compressor rotor and a model turbine rotor in order to study
the effect of rotation and density stratification on the
development of relative secondary vorticity. The model rotors
have the following features. Compressor rotor: 8, = 40 deg,
B, = 10 deg, N = 25 deg, W,/W, = 0.78, 26/b, = 0.33,
Q6/W,; = 0.188. Turbine rotor: 3, = 20 deg, 8, = —70 deg,
N = 25deg, W,/W, = 2.74,28/b, = 0.75, Q6/ W, = 0.56.

The velocity and density profiles employed in this com-
putation are shown as inserts in Figs. 9 and 10 for the com-
pressor and turbine rotors, respectively. The assumed density
profile for a compressor rotor (Fig. 9) is of the type en-
countered in thermal boundary layers near the hub and an-
nulus walls. The density profile for the turbine (Fig. 10)
represents the non-uniformity in temperature at the exit of the
combustion chamber. The assumed magnitude and profiles of
velocity and density are arbitrary.

The contribution to the secondary vorticity development in
a compressor rotor from various terms in equation (7) is
shown in Fig. 9. The laminar viscous term has a dominant
effect near the wall. The turbulence reduces the secondary
vorticity drastically across the entire boundary layer. The
rotation and density stratification have appreciable influence
in this case. It should be remarked here that the contribution
due to the density stratification will be reversed if the density
gradients are opposite to those shown in Fig. 9. Such a case
may occur due to inherent design features of the preceding
blade row. A similar trend is observed in the case of a turbine
rotor as shown in Fig. 10. The dominant effect of the term Q,,
dw/0s is evident from this figure. The rotation effect is op-
posite to those of a compressor for this particular case.

Concluding Remarks

The present analysis employs the classical approach of
uncoupled primary and secondary flow fields so it cannot
predict any transport of the secondary vorticity and sub-
sequent roll up near the suction side of the passage. However,
it goes beyond the classical approach by introducing the
effects of viscosity, rotation, and density stratification on the
development of secondary vorticity.

The agreement between the analysis and several sets of data
in a duct, compressor, and turbine cascade is good in all
regions. Earlier theories had poor predictions near the wall
(up to approximately 2/10 of the boundary layer), and this
has been rectified by introducing the viscous effects on
secondary flow and vorticity development. Excellent
agreement between experimental data and the present analysis
near the wall emphasizes not only the need for a viscous
analysis for accurate prediction, but also confirms the validity

of the method of updating of the boundary condition

developed in this paper.
The present method can be improved by allowmg for the

Journal of Fluids Engineering

change in the streamwise velocity and development of the wall
boundary layers.
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APPENDIX 1

Vorticity Equation for Turbulent Flow
The Reynolds equation for a turbulent flow field is given by

vP I

Vev)V+u'eviu'=— — — 7 v X(v xXV)

$Iuv () (A1)
where, V is the mean velocity vector and u’ is the fluctuating
velocity vector.

The vorticity equation can be derived by taking the curl of
equation (Al). All the terms in equation (Al) except the
expression [(u’s v)u’] are expanded in reference [10]. Ex-
pansion of this term follows.

The fluctuating velocity vector is written as,

‘=gq5+qn+q;b

where g/, q., g, are fluctuating components in s, n, b
directions. Hence,
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(A2)

Expanding the above expression in intrinsic coordinate

system [10] and assuming that the flow is incompressible, it
can be proved

. 9 q:49,
(' -vu')—s[—(q32)+—~(qsqn)+(q q5) — ]
Js R
2 a
+n [qR +—(q:q,,)+ (q”2)+ (Qqu)

L, (1 da, )]H)[a(f,)
qCIb qnqs a 3 as qsqb

n

1
(QIIQI)) + (QII)Z) +qSQII

—, 1 Bab
+qpqs — <
a, as

The above expression is simplified by assuming that 7 and R
are very large, and by neglecting all terms involving
derivatives in the streamwise and normal direction. The final
result is

3
qb)+n (q,,qb)+b(—qb) (A3)

‘;].V Y=
( “)Sa ab
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Taking the curl of the above quantity and utilizing the

assumptions made earlier, equation (A3) simplifies to,

2 2
(Qn Qb) +no— 8b2

The terms (q,,q,,) and (qsq,,) can be modeled using the eddy

(u'-vu’)=— (g:q95) (Ad)

. viscosity concept

Gah= = o B (AS)
The secondary vorticity can be written as,
du av
“=% "
In most of the cases dv/db > > du/dn, hence {; = — dv/ab.

Since dw/3b = ¢,, the correlations in equation (AS) can be
expressed as

ey M
qndy = — g‘s ’ qSQb pe (n (A6)

Substituting expressions (A6) in equation (A4) it follows that

T 0% (e ) 9’ (!"e >
(wevu’)= _SW("?X ngbi ?g-n

Transferring these terms to the right-hand side of equation
(A2), the additional terms that appear on the right-hand side
of equations (A5) and (A6) are, respectively,

EFACHOIFACH]

(AT)

(A8)

Transactions of the ASME

Downloaded From: http://fluidsengineering.asmedigital collection.asme.or g/ on 01/29/2016 Ter ms of Use: http://www.asme.or g/about-asme/ter ms-of-use





