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ARTICLE INFO ABSTRACT
Keywords: In this study, an analytical solution of a porous fin with natural convection and radiation heat transfer is carried
Porous fin out. For the first time, the analysis is accomplished in Local Thermal Non-Equilibrium (LTNE) model. The

Local thermal non-equilibrium

Natural convection

Radiation

Adomian decomposition Method

Local thermal equilibrium assumption criteria

investigation is carried out on a porous fin with finite length and adiabatic tip. The Darcy model and Boussinesq
approximation for buoyancy effects are used to evaluate the infiltration velocity in the porous medium. Two
energy equations are solved using the Adomian Decomposition Method (ADM). The solution is validated with the
numerical solution of the finite difference method, and with the asymptotic solution for the Local Thermal
Equilibrium (LTE) model. The results are presented in terms of temperature profiles and total average Nusselt
numbers. They pointed out the effects of internal and external radiation and convection heat transfer, as well as
thermal conductivity ratio and dimensionless thickness. It was found that solid phase temperature profiles
decrease as the Biot, Bi, and Rayleigh, Ra*, numbers decrease, whereas the difference between the solid phase
and fluid phase temperatures, for assigned Bi, decreases for lower Ra. Thermal conductivity ratio and dimen-
sionless thickness increase engender higher solid phase temperature for assigned Bi and Ra*. The total Nusselt
number increases as Ra*, Bi and external radiation increase, whereas it decreases with the thermal conductivity
ratio. Criteria to compare LTNE and LTE assumptions are proposed, and they highlight the fact that the minimum
Biot number to accept the LTE assumption becomes lower as the Rayleigh number decreases.

accomplished by Kiwan and Al-Nimr [10]. The analysis was accom-
plished by solving the coupled problem between the porous or solid fins
and fluid, by means of a finite element technique. The porous medium
was treated adopting the Brinkman-Forchheimer-extended Darcy model
in local thermal equilibrium (LTE) assumption. The results show a sig-
nificant advantage in the use of porous fin, compared with solid fin, in
terms of performance, particularly increasing the Rayleigh number at
high Darcy numbers. A simple model of single rectangular porous fin in
natural convection was studied by Kiwan [11] employing Darcy’s model
in LTE assumption. The comparison with the complete model proposed
in [10] shows that the evaluation of the heat transfer rates by the simple
model, was within an accuracy of 10%. The extension of the model in
[11] to the effect of radiative heat transfer and the external convective
heat transfer in a rectangular porous fin, was given by Kiwan [12].
Khaled [13] investigated rectangular porous fin with surface heat losses,
through a convective heat transfer, and an internal heat transfer due to
the flow through the permeable fin. The analysis was accomplished in
LTE assumption. The enhancement of forced convection in an

1. Introduction

Nowadays, growing need for the miniaturization of devices in a wide
range of applications has engendered strong interest in heat transfer
research, for the realization of optimal thermal performance, in very
small volume(s). This means that heat transfer rate per unit of volume
increases significantly, which allows for the realization of more compact
components in a variety of engineering applications, such as heat ex-
changers, thermal energy storages, thermal control in electronic com-
ponents, solar collectors, and so on. Some efficient techniques to
enhance heat transfer, are related to the use of extended surfaces [1,2]
and porous media [2,3]. Porous fins combine advantages of two tech-
niques, thereby increasing the ratio between the heat transfer area and
the volume, which are employed in several applications [4-9]. In the
last decade, research activities on porous fins have increased signifi-
cantly, as shown in a review paper [9].

One of the first pioneering works on porous fin in single phase was
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Nomenclature

asf interfacial area per unit of volume of porous fin, m™*
Ap = Wt cross-section area of the fin, m?2

Ay Adomian polynomial

Agf interfacial area between fluid and solid phases, m?

Bi Biot number, eq. (16)

Cof specific heat of fluid, J kg™ K™

Err defined in Eq. (44)

g acceleration of gravity, m s>

hy, external convective heat transfer coefficient, W m™2 K}
hgf convective heat transfer coefficient between solid and fluid

phases in porous fin, W m ™2 K*

k thermal conductivity, W m~! K1
K permeability of porous fin, m?
L length of porous fin, m
Ly differential operator
m mass flow rate, kg s~!
Nu Nusselt number
cross section perimeter, m
q heat transfer flux, W m~2
qx conductive heat transfer flux component, along x , W m ™2
Q heat transfer rate
R: surface-ambient radiation parameter, eq. (16)
Ra* Rayleigh number for porous medium, eq. (16)
R4 radiation-conduction parameter, eq. (16)
t thickness of porous fin, m
T ambient temperature, K
Ty temperature of the porous fin base, K

T temperature, K
x axial coordinate, m
X dimensionless axial coordinate
Vi velocity in the porous fin, m s
w width of the porous fin, m
Greek symbols
B coefficient of volumetric expansion, K~*
Pr Rosseland mean extinction coefficient, m
v kinematic viscosity, m? s~!
@ porosity
13 emissivity coefficient
0 dimensionless temperature, eq. (16)
X dimensionless parameter, eq. (16)
K thermal conduction ratio, eq. (16)
T dimensionless thickness, eq. (16)
A external convective heat transfer coefficient, eq. (16)
o Stefan-Boltzmann constant, W m~2 K*
p density, kg m 3
Subscripts
b base of fin
f fluid
eq effective
l local scale length
L system length scale, i.e., porous fin length
s solid
s.f solid—fluid interface
total

isothermal parallel-plate duct by porous fins attached to both plates, was
investigated numerically by Hamdan and Al-Nimr [14]. The analysis
inside the porous medium was provided considering the Darcy—
Brinkman-Forchheimer model and in LTE assumption. The results show
that heat transfer was enhanced while employing high conductive
porous fins, low Darcy number values and by increasing microscopic
inertial coefficient.

An analysis of three different cases of rectangular porous fin was
accomplished by Gorla and Bakier [15]. The Darcy model in LTE hy-
pothesis was used to describe the porous medium while considering the
contribution of radiative heat transfer. The results pointed out that
radiative heat transfer gives a significant contribution with respect to a
similar case without radiation. Three models to analyze the heat transfer
from a rectangular porous fin, with and without radiation, were studied
by Kundu and Bhanja [16]. The analysis was performed in Darcy model
with the LTE assumption and solving the nonlinear governing equation
with a decomposition method. The effects of the thermal and geomet-
rical variables on temperature distribution, fin performance and its
optimum dimensions were evaluated. The evaluation of temperature
profiles and performance parameter of a T-shaped porous fin was pro-
vided by Bhanja and Kundu [17]. The governing equation was written
applying the Darcy model and in LTE assumption, taking into account,
natural convection and radiation. The solutions for different geometrical
and thermal parameter values were found by a decomposition tech-
nique. The dependence on different parameters was investigated and the
results highlighted the increase in heat transfer, related to the porosity.
A heat transfer analysis on rectangular porous fin in natural convection
was accomplished by Rahimi Petroudi et al [18]. The nonlinear gov-
erning equation in Darcy and LTE hypothesis was solved by means of the
homotopy perturbation method (HPM). Kundu et al. [19] provided an
analysis on the performance and optimal design of straight porous fins
with different profiles. The Adomian decomposition technique was used
to solve the nonlinear governing equation for natural convection in

Darcy model and LTE assumption. The results indicate that the porous
fins presented a considerable heat transfer enhancement with respect to
the solid fins, when the porosity and flow parameter assume low and
high values, respectively.

An investigation on rectangular porous fin with effect of convective
and radiative heat transfer was given by Torabi and Yaghoobi [20]. The
method of differential transformation was used to find the solution of
the nonlinear governing equation, which was written considering the
Darcy model and LTE assumption for the porous medium. A comparison
with the numerical solution by a fourth-order Runge-Kutta technique
was accomplished. The results were similar to the previous studies. The
same problem was studied by Dravishi et al. [21] employing the
homotopy analysis method (HAM). Solutions were derived for the
classical three cases of fin problem. Saedodin and Shahbabaei [22]
evaluated the temperature distribution in a rectangular porous fin sub-
jected to natural convection by a homotopy perturbation method. The
nonlinear governing equation considered the Darcy model and LTE
assumption.

A porous pin fin under natural convection heat transfer was studied
by Bhanja et al. [23] employing the Darcy model and the LTE assump-
tion. The solution was carried out using Adomian decomposition
method and a comparison with a numerical solution, evaluated by
means of the finite difference method, was performed. The convenience
to use the porous pin fin was noted for some porous medium conditions.
The porous pin fin in natural convection was also investigated by Sae-
dodin and Sadeghi [24] employing the Darcy model and LTE assump-
tion. The solution was found for the case with infinite length by means of
the Runge-Kutta fourth-order method. The impacts of porosity and
convection parameters were investigated and compared with solid fin.

A rectangular porous fin under a natural convection condition and
with temperature dependent internal heat generation was analyzed by
Hatami et al. [25]. Solutions for the nonlinear governing equation in
Darcy model and LTE assumption were carried out by collocation
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method, differential transformation method, and least square method,
and compared to the numerical solution obtained by a fourth-fifth order
Runge-Kutta-Fehlberg procedure. An analysis of circular porous fins
subjected to natural convection and radiation heat transfer was provided
by Hatami and Ganji [26]. The governing equations for four different
profiles were defined considering the Darcy model and the LTE
assumption and solved by least square method and fourth order Run-
ge-Kutta method. One of the main results was that exponential profile
presented the largest heat transfer rate.

A rectangular moving porous fin with radiation and natural con-
vection heat transfer was studied by Moradi et al. [27]. The analysis was
accomplished under the hypothesis of Darcy model and LTE approach.
The nonlinear governing equation was solved using homotopy analysis
method. The solutions were evaluated for finite length with adiabatic tip
and infinite length fins.

The analysis of a porous triangular fin under radiation and natural
convection heat transfer conditions with temperature dependent ther-
mal conductivity, was accomplished by Moradi et al. [28]. The gov-
erning equation for Darcy model and LTE assumption was solved by
differential transformation method and compared with the results given
by fourth order Runge-Kutta method. The results stressed that the use of
porous medium improved fin performance. The extension to the moist
air stream of the study on circular porous fins given in [26] was pre-
sented by the same authors, Hatami and Ganji, in [29]. The heat transfer
was related to natural convection only and the porous medium was
modeled with Darcy law and under LTE assumption. The nonlinear
governing equation was solved considering least square method and
fourth order Runge-Kutta method. Straight porous fins with different
profiles were investigated considering the radiative and convective heat
transfer by Hatami and Ganji [30]. The nonlinear governing equations
with Darcy model and LTE assumption were solved by means of fourth
order Runge-Kutta method and least square method. An interesting
result was that the exponential profile for SisN4 material presented the
highest heat transfer rate. Different profiles of straight porous fin were
studied by Turkyilmazoglu [31] with the heat and mass transfer
simultaneously. Analytical solutions for all profiles were found
employing the Darcy model and the LTE hypothesis together with con-
stant convective coefficients.

An investigation on cylindrical porous fins with radiative and
convective heat transfer was numerically performed by Das [32]. The
solution of governing equation given under Darcy and LTE hypothesis
was carried out by Runge-Kutta method. Moreover, an inverse tech-
nique was used to estimate the unknown parameters. Radiation and
convection heat transfer from a straight porous fin was studied by Kundu
and Lee [33] to evaluate its minimum shape. The governing equation
was assumed for Darcy model, LTE model and temperature dependent
surface heat transfer coefficient. The analysis was performed by means
of the variational calculus. A straight porous fin problem with convec-
tive heat transfer, using the Darcy model, was studied by Shahbabaei
and Ganji [34]. The nonlinear equation for LTE assumption was solved
by a collocation method. A study of porous pin fins with different lon-
gitudinal profiles was analyzed by Vahabzadeh et al. [35] for moist air
and Darcy model. The nonlinear governing equations in LTE assumption
and temperature dependent convective heat transfer were solved by the
least square method. A porous radial fin with convection and radiation
heat transfer was studied by Darvishi et al. [36]. The porous medium
was considered in Darcy model and the nonlinear governing equation in
LTE assumption was solved by a series developed with homotopy
analysis method. A validation of the results was provided with the
comparison with a numerical method. The nonlinear equation related to
rectangular porous fins with convective heat transfer, Darcy model and
LTE assumption was solved by Cuce and Cuce [37] using the homotopy
perturbation method. An excellent agreement with the results carried
out by finite difference method was observed. An analysis on rectangular
porous fins employing Adomian decomposition Sumudu transform
method was provided by Deshamukhya and Meher [38]. The governing
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equation was written considering the Darcy model and LTE assumption.
The results were in sync with the ones carried out by means of the
homotopy perturbation method.

A rectangular porous fin with radiation and natural convection heat
transfer for moist air was investigated by Darvishi et al. [39]. The Darcy
model and LTE assumption were considered to examine the governing
equation and the spectral collocation method was applied to find the
solution. An annular moving fin with radiative-convective heat transfer
and volumetric heat generation was analyzed by Kundu and Lee [40].
The nonlinear governing equation was written for Darcy model, LTE
assumption and a linear temperature dependent heat generation. The
solution was carried out by the double differential transform method.
The Adomian decomposing technique to evaluate the thermal behavior
of a rectangular porous stepped fin was accomplished by Singh et al.
[41] with radiation and natural convection heat transfer. The temper-
ature dependent heat generation inside the fin was taken into account
and the Darcy model and LTE assumption in the nonlinear energy
equation were considered. An analysis of rectangular porous fins with
radiation and convection heat transfer was performed by Ma et al. [42].
The governing equations for temperature dependent internal heat gen-
eration and surface convection were written, considering the Darcy
model and LTE assumption. A spectral collocation method was used to
evaluate the temperature distribution. A radial porous fin with moist air,
radiation and convection heat transfer was investigated by Khani et al.
[43]. The nonlinear governing equation was formulated using the Darcy
model and LTE assumption. The spectral collocation method was
developed employing the Chebyshev polynomials. An investigation on
radial porous fins with convective and radiative heat transfer was pro-
vided by Motsumi [44] for temperature dependent thermal conductiv-
ity. In the energy equation, the Darcy model and LTE assumption were
considered, and the nonlinear problem was numerically solved by
shooting technique and Runge-Kutta-Fehlberg method.

A study of a T-shaped porous fin with convective mass and heat
transfer was proposed by Hazarika et al. [45]. The analysis was
accomplished with Darcy model and LTE assumption, and the corre-
sponding nonlinear governing equations were solved, employing the
differential transform method.

Straight moving porous fins with different longitudinal profiles were
studied by Ma et al. [46]. The governing equation for porous fins in
radiative and convective heat transfer was considered assuming the
Darcy and LTE hypothesis. A spectral technique employing Chebyshev
polynomials was used to carry out the solutions for the cases with heat
generation. A thermal analysis of a rectangular porous fin with natural
convection and temperature dependent heat generation was accom-
plished by Asadian et al. [47]. The nonlinear energy equation was
written using the Darcy model and the LTE assumption. It was resolved
employing Galerkin’s and Akbari-Ganji’s methods. A similar problem
given in [47] was solved by Sobamowo et al. [48] by means of the
Galerkin’s method of weighted residual. Temperature distributions in a
rectangular porous fin with adiabatic and convective conditions on the
tip were evaluated by Deshamukhya et al. [49]. The governing equation
given in Darcy model and LTE assumption was solved by Adomian
decomposition method. An extension of work given in [47] to straight
porous fins with different longitudinal profiles was provided by Shateri
and Salahshour [50]. They solved the nonlinear energy equation by the
least square method. A rectangular porous fin with radiative and natural
convection heat transfer was analytically and numerically examined by
Hoshyar et al. [51]. The energy equation with temperature dependent
convective coefficient, emissivity and internal heat generation was
formulated in Darcy model and LTE assumption. Solutions were evalu-
ated by least square, homotopy analysis and collocation methods and a
comparison with the numerical analysis carried out by fourth-order
Runge-Kutta method was performed. A circular porous fin with con-
stant thickness under radiative and convective heat transfer was studied
by Zagar et al. [52]. The governing equation with temperature depen-
dent heat generation, convective coefficient and thermal conductivity,
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was written assuming the Darcy model and LTE. The homotopy analysis
method was used to evaluate the solution. A convective rectangular
porous fin, with temperature dependent internal heat generation, was
investigated by Hoseinzadeh et al. [53]. The nonlinear governing
equation in Darcy and LTE assumptions was solved by collocation
method, homotopy perturbation and analysis methods.

A rectangular inclined porous fin with natural convection and a
constant heat flux was analyzed by Kiwan [54]. The governing equation
was considered under Darcy model and LTE, and the solution for the
base temperature was given in closed form.

A thermal analysis of radiative-convective rectangular porous fins
with linear temperature dependent heat generation was performed by
Hoseinzadeh et al. [55]. The homotopy analysis method was applied to
solve the nonlinear energy equation considered in Darcy and LTE hy-
pothesis. An investigation on rectangular porous fins, with natural
convection, was presented by Abbasbandy and Shivanian [56]. The
energy equation with temperature dependent thermal conductivity and
internal generation was considered under Darcy model and LTE
assumption.

A radial porous fin in moist air with radiation and natural convection
was numerically studied by Gireesha et al. [57]. The nonlinear gov-
erning equation written under Darcy and LTE hypothesis, was solved by
means of the finite element method. A straight moving porous fin with
rectangular and exponential longitudinal profiles was investigated with
radiative and natural convective heat transfer by Ndlovu and Moitsheki
[58]. The nonlinear energy equation was formulated with Darcy and
LTE assumptions and solved by the differential transform technique.
Circular porous fins with rectangular, triangular and convex profiles
with natural convection heat transfer were studied by Shafiei and
Talaghat [59] considering a temperature dependent surface heat trans-
fer. The nonlinear energy equation was developed considering the Darcy
model and LTE assumption and the solutions were carried out by means
of the Galerkin method and a finite difference method.

A study of moving rectangular porous fins with radiative and
convective heat transfer was performed by Ndlovu and Moitsheki [60].
The nonlinear governing equation, written in Darcy model and LTE
assumption, was solved by the variational iteration method. A rectan-
gular porous fin with radiation and convection heat transfer was
analyzed in moist air by Sowmya et al. [61]. The solution of nonlinear
energy equation under Darcy model and LTE assumption was carried out
by means of Runge-Kutta-Fehlberg fourth-fifth-order method. An
analysis of thermal parameters of straight porous fins of different lon-
gitudinal profiles between two plates, at assigned temperature, was
provided by Gupta et al. [62]. The governing equation was formulated
considering natural convection, Darcy model and LTE assumption. A
finite difference method with an iterative solver and weighted residual
Galerkin method, were used to evaluate the solutions. A rectangular
porous fin in moist air with radiation and convection heat transfer was
studied by Sowmya et al. [63] considering three different functions of
temperature dependent thermal conductivity. The nonlinear energy
equation in Darcy and LTE formulation was solved by means of Runge-
Kutta-Fehlberg fourth-fifth order method. The thermal analysis for an
inclined rectangular porous fin given in [54] was extended by Gireesha
and Sowmya [64] to the case with radiative heat transfer. The nonlinear
energy equation considered in Darcy and LTE assumptions was solved by
means of a differential transform method. A comparison with the results
obtained by Adomian decomposition and Runge-Kutta—-Fehlberg tech-
niques was accomplished.

The reviewed contributions on porous fins with gas or moist air are
summarized in Table 1, where the geometry of the porous fin, the effect
considered as convective, radiative and mass transfer as moist air, and
the solution method are reported. Suffice it to say that many other
contributions related to the porous fins are available in open literature.
They are on inverse problem [20,65,66], experimental investigations
[4,5,8,671, porous fins interacting with nanofluids [68-72], optimiza-
tion problems [16,73-79], porous fin with magnetic fields [80-85] and
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transient analysis [83,86-88]. More so, several engineering applications
are related to porous fins, such as heat exchangers [75,89-94], solar still
and photovoltaic systems [4,5,95], closed cavities in natural convection
[96-98], and heat sink in electronic cooling [6,7,77,99-101].

As a matter of fact, it is noteworthy that in all investigations on
porous fins, as reported in Table 1, only the local thermal equilibrium
(LTE) model has been assumed. The derived mathematical problem, for
the porous fins in different physical phenomena, is related to nonlinear
ordinary differential equations (ODE) problem. Several approaches to
evaluate the solutions have been used, as indicated in Table 1. However,
as underlined by several researchers [102-112], for the porous media
where solid and fluid phases present significant differences among their
local temperatures, the local thermal non-equilibrium (LTNE) model is
more appropriate to describe a porous fin. Minkowycz et al. [106]
provided the conditions to employ the LTE model in terms of Sparrow
number (Sp > 100). Moreover, it should be underlined that many so-
lutions related to different problems in porous media for local thermal
non equilibrium (LTNE) conditions are collected in [2,3,106,112].
Despite the countless solutions related to porous media treated in LTNE
model, to the authors’ best knowledge, the LTNE model seems not to be
considered in heat transfer analysis in porous fins.

In the present study, an investigation on rectangular porous fin with
natural convection and radiation heat transfer, adopting the LTNE
model, has been developed for the first time. The investigation presents
a new solution for rectangular porous fin with the assumption of LTNE
which represents an innovative approach to the porous fin problems in
general. The analysis is carried out for a porous fin with finite length and
adiabatic tip in Darcy model and the solution of the energy equations is
carried out by using the Adomian Decomposition Method (ADM). Re-
sults to show the effect of different relevant parameters on solid and
fluid dimensionless temperature profiles and total Nusselt number are
presented. The study allows to evaluate the solid and fluid temperature
profiles inside a rectangular porous fin with adiabatic tip, as well as the
dimensionless heat transfer coefficient, from the porous fin. Moreover,
criteria to use the LTE or the LTNE assumptions are given.

2. Governing equations and mathematical model

The analyzed physical problem is on rectangular porous fin attached
to a vertical wall with natural convection and radiation heat transfer, as
shown in Fig. 1. The cross-section area of the fin, A, = Wxt, is assumed
constant along the longitudinal axis x , where W and t are width and
thickness of the porous fin, respectively. The length of the fin is L. Since
the fin is porous, the buoyancy force induced by constant temperature of
the base surface, where the porous fin is placed, Ty, involves the passage
of fluid through it.

The analysis is conducted considering the following assumptions:

e the porous material is homogeneous, isotropic and saturated with a

single-phase fluid;

all the thermo-physical properties of the fluid and the solid matrix of

the porous medium are temperature independent except for the

density in the buoyancy term (Boussinesq approximation);

the temperature inside the porous fin is only a function of the lon-

gitudinal coordinate x along the length L of the fin, and the heat

conduction is along the x axis;

the Darcy model is applied to describe the momentum interaction

between the porous fin and the fluid. The motion of the fluid due to

the buoyancy effect is orthogonal to the length L of the fin;

natural convection on the outer surface of the fin is in place;

radiative effects in the porous fin and between the outer surface of

the fin and the surrounding environment are taken into account, and

a constant emissivity is assumed;

o thermal contact resistances at the fin base and heat sources inside the
fin all have zero value;
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Table 1
Studies on porous fins.

Reference Geometry Effect considered LTE Analytical or Numerical Method
LTNE
Kiwan&Al-Nimr (2001) straight fins with rectangular profile Mixed convection LTE Finite Element Method by FIDAP
[10]
Kiwan. (2007) [11] straight fins with rectangular profile Natural convection LTE Fourth order Runge-Kutta method
Kiwan (2007) [12] straight fins of rectangular profile Natural convection and radiation LTE Analytical solution and finite difference
method
Khaled (2010) [13] rectangular porous fins Forced convection LTE Finite difference equation
Hamdan et al. (2010) porous fins between the two parallel Forced convection LTE Finite difference method
[14] plates.
Gorla and Bakier (2011) Rectangular profile fin Natural convection and radiation LTE Fourth order Runge-Kutta method
[15]
Kundu and Bhanja straight fins of rectangular profile Natural convection and radiation LTE Adomian decomposition method
(2011) [16]
Bhanja and Kundu Constructal T-shape porous fin Natural convection and radiation LTE Adomian decomposition method
(2011) [17]
Rahimi Petroudi et al. rectangular fin profile natural convection LTE homotopy perturbation method
(2012) [18]
Kundu et al. (2012) [19] straight fins of rectangular, convex Natural convection LTE Adomian decomposition method
parabolic and two exponential profiles
Torabi and Yaghoobi rectangular stepped fin profile natural convection and radiation effect LTE Differential transformation method
(2013) [20]
Darvishi et al. (2013) straight fins with rectangular profile Natural convection and radiation LTE Homotopy analysis method (HAM)
[21]
Saedodin and Shahbabaei  straight fins with rectangular profile Natural convection LTE Homotopy perturbation method (HPM)
(2013) [22]
Bhanja et al. (2013) [23] straight fins with circular section. Natural convection LTE Adomian decomposition method
Saedodin and Sadeghi cylindrical fin profile natural convection LTE Runge-Kutta fourth-order method
(2013) [24]
Hatami et al. (2013) [25]  straight fins Generation and natural convection LTE Least Square Method (LSM) and fourth order
Runge—Kutta method
Hatami and Ganji (2013) circular fins of rectangular convex, natural convection and radiation LTE Least Square Method (LSM) and fourth order
[26] triangular and exponential profiles Runge-Kutta method
Moradi et al. (2014) [27]  straight moving fins with rectangular Natural convection and radiation heat LTE Homotopy analysis method (HAM)
profile transfer
Moradi et al. (2014) [28] Triangular fins Natural convection and radiation, LTE Differential transformation method (DTM)
temperature-dependent thermal
conductivity
Hatami and Ganji (2014) circular fins of rectangular convex and Natural convection in air stream. LTE Least Square Method (LSM)and fourth order
[29] triangular profiles Runge-Kutta method
Hatami and Ganji (2014) straight fins of rectangular convex, generation, natural convection and radiation =~ LTE Least Square Method (LSM) and fourth order
[30] triangular and exponential profiles Runge-Kutta method
Turkyilmazoglu (2014) Various fin profiles Convection LTE Analytic solution
[31]
Das (2014) [32] Cylindrical porous fin Natural convection and radiation LTE Runge-Kutta method
Kundu and Lee (2015) Optimum shape of fins Natural convection and radiation, LTE Adomian decomposition method
[33] temperature-dependent heat transfer
coefficient
Shahbabaei and Ganji straight finwith variable cross section Natural convection LTE Collocation Method (CM) and comparison with
(2015) [34] HAM, VIM, BVP*
Vahabzadeh et al. (2015) Pin fins with variable cross section Forced convection, moist air LTE Least Square Method (LSM) and fourth order
[35] Runge-Kutta method
Darvishi et al. (2015) Radial (circular) fin of rectangular Natural convection and radiation LTE Homotopy analysis method (HAM)
[36] profile
Cuce and Cuce (2015) straight fins Natural convection LTE Homotopy perturbation method (HPM)
[37]
Patel and Meher (2015) longitudinal porous fins Natural convection LTE Adomian decomposition Sumudu transform
[38] method (ADSTM)
Darvishi et al. (2016) straight fin natural convection and radiation, moist air LTE Spectral collocation method
[39]
Kundu and Lee (2016) annular step porous moving fins Natural convection and radiation heat LTE Differential Transformation Method (DTM)
[40] transfer
Singh et al.(2016) [41] porous stepped fin Natural convection and radiation LTE Adomian decomposition method
Ma et al (2016) [42] straight fins with rectangular profile convective-radiative and temperature LTE Spectral collocation method (SCM)
dependent internal heat generation
Khani et al (2016) [43] radial fin natural convection and radiation effect LTE Spectral collocation method
Motsumi (2016) [44] radial fins convective and radiative heat transfer LTE Shooting technique and Runge-Kutta-Fehlberg
method
Hazarika et al. (2017) T-shaped porous fin convective mass and heat transfer LTE differential transform method
[45]
Ma et al. (2017) [46] moving porous fins of trapezoidal, Natural convection, radiation heat transfer LTE Spectral element method (SEM)
convex parabolic and concave parabolic  and heat generation
profiles
Asadian et al. (2017) rectangular porous fins natural convection and temperature LTE Galerkin’s method and Akbari-Ganji’s method

[47]

dependent heat generation

(continued on next page)
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Table 1 (continued)
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Porous medium

L] e

Natural convection,

solid phase

Apg,(x) — Apg(x + Ax) = b PAx(1 — ¢)(T,

Reference Geometry Effect considered LTE Analytical or Numerical Method
LTNE
Sobamowo et al. (2017) straight porous fin Natural convection, radiation heat transfer LTE Galerkin’s method of weighted residual
[48] and heat generation
Deshamukhya et al. rectangular porous fin natural convection LTE Adomian decomposition method
(2017) [49]
Shateri and Salahshour rectangular, trapezoidal, and concave Natural convection, radiation heat transfer LTE Least squares method (LSM) and finite
(2018) [50] cross-sectional areas and heat generation difference technique
Hoshyar et al (2019) [51]  rectangular porous fin Natural convection, radiation heat transfer LTE collocation method, the least square method
and heat generation and homotopy analysis method
Zargar et al (2019) [52] circular porous fin convective-radiative and internal heat LTE homotopy analysis method
generation
Hoseinzadeh et al. (2019)  rectangular porous fin convective and internal heat generation LTE collecation method, homotopy perturbation
[53] and analysis methods
Kiwan (2019) [54] rectangular inclined porous fin natural convection and constant heat flux LTE solution for base temperature in closed form
Hoseinzadeh etal. (2019)  rectangular porous fin convective-radiative and internal heat LTE homotopy analysis method
[55] generation
Abbasbandy and rectangular porous fin natural convection and internal heat LTE exact analytical solution in implicit form
Shivanian (2019) [56] generation
Gireesha et al. (2019) moving radial porous fin moist air with radiation and natural LTE finite element method
[57] convection
Ndlovu and Moitsheki moving straight porous fin with radiative and natural convective heat LTE differential transform method
(2019) [58] rectangular and exponential transfer
longitudinal profiles
Shafiei and Talaghat Circular porous fin with rectangular, natural convection LTE finite difference method and Galerkin’s method
(2019) [59] triangular and convex profiles
Ndlovu and Moitsheki moving rectangular porous fin radiative and convective heat transfer LTE variational iteration method
(2020) [60]
Sowmya et al. (2020) variational iteration method radiation and convection heat transfer, moist ~ LTE Runge—Kutta—Fehlberg fourthfifth-order
[61] air method
Gupta et al. (2020) [62] straight porous fins of different natural convection LTE finite difference method with iterative solver
longitudinal profiles and weighted residual Galerkin method
Sowmya et al. (2020) rectangular porous fin in moist air with radiation and convection LTE Runge-Kutta-Fehlberg fourth-fifth order
[63] heat transfer method
Gireesha and Sowmya rectangular inclined porous fin radiation and convection heat transfer LTE Differential Transform Method
(2020) [64]
Local thermal equilibrium (LTE), Local thermal non equilibrium (LTNE).
ey (T = Tew) = hyAsy (Te = Ty) + Apgy (x) = Apgy (x + dx) M

—Ty,) + PAxoe (T}

—T%) +hyAy (T, — Ty) 2

Radiation,

(s, T.) )

g Buoyancy £

Fig. 1. Geometry sketch of the porous fin.

the hypothesis of local thermal non-equilibrium (LTNE) is considered
to model the thermal interaction between fluid and porous fin. With
this assumption the fluid and solid temperatures are locally different.
the surface porosity and the volumetric porosity are equal.

Under these hypotheses the energy equations for fluid and solid
phases at steady state, are:
fluid phase

where Ty, Ts and T, are the temperature of the fluid phase, solid phase
and of the ambient respectively;o is the porosity; € is emissivity coeffi-
cient and o is Stefan-Boltzmann constant; hy and Ay are the convective
heat transfer coefficient and the interfacial area between fluid and solid
phases inside the porous fin, respectively; hy is external convective heat
transfer coefficient.

The left-hand side of Eq. (1) represents the amount of energy trans-
ferred to the fluid crossing the porous medium. The infiltration of the
fluid in the porous medium is due to the buoyancy force induced by the
temperature difference between the base of the fin and the surrounding
environment. The first term on the right-hand side of Egs. (1) and (2)
represents the convective heat exchange between fluid and solid phases.
The term is due to the local thermal non-equilibrium (LTNE) assump-
tion. The last two terms on the right-hand side of Eq. (1) represent the
net heat transfer rate from the base to the fin element by conduction. The
effect of radiation heat transfer appears in two terms in Eq. (2); the left-
hand side, which represents the net heat transfer rate from the base to
element by conduction and radiation, and the second term on the right-
hand side of Eq. (2) which denotes the radiative heat transfer rate be-
tween the surfaces of the fin and surrounding ambient. Finally, the first
term on the right-hand side of Eq. (2) corresponds to convective heat
transfer through the fin surface.

The mass flow rate of the fluid induced by the buoyancy force can be
written as [11]:
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1 = p;(W-Ax)v, 3)

where vy, is the velocity of the fluid passing through the porous material
due to the buoyancy. By invoking the Darcy model, the infiltration ve-
locity v, can be evaluated as [2,3,11]:

_ 8Kp

Vi T (Tj b Tm) (4)

Substituting Egs. (3) and (4) for Egs. (1) and (2), and dividing by
term Ap-Ax, the following obtains:

Gy (x) — g(x + Ax) _

hyAsy Preor8KP 2
GELR M (g,—1) 2 g ) ®
qs (x) - qS (x + Ax) hLP(1 - (P) Poe 4 4 h:fof
= T, — T — (T —T — (T}
Ax o BT (T To) g (0
-7)
(6)
For, Ax — 0, Egs. (5) and (6) become:
dqf'(x) hs/arf pfcl’ngﬂ 2
- I 1)+ L (T - T, 7
dx Ay ( f )+ Ut ( f ) )
dg,(x) _ hP(1— @) Poe 4 hyay
,T,T(TS - Tm)+A—b(Tf -T2 +A—b(TS -T) (8

where ag = Ayr/(Ap AX) is interfacial area per unit of volume in the
porous fin and hy is the convective heat transfer coefficient between
solid and fluid phases in porous fin. Both asrand hss depend on the porous
medium and their evaluations are given in open literature (see for
example [2,3,106,112]).

Using the heat conduction Fourier law and Rosseland diffusion
model, to estimate internal radiation effects, the local heat fluxes of the
fluid and solid phases are written as [2,112]:

d

. T, dT, 4o dT*
4 (0) = =k L 4(0) = = (1= @)k~ =

dx  3f dx

)]

where B, is the Rosseland mean extinction coefficient.
By considering Eq. (9) and the linearized expression of T¢ around
ambient temperature T, Egs. (7) and (8) can be written as:

&’T; prcor8KP 2
oy = hyagy (Ty = T) +T(Tf - Ts) 10
166721 T, [hP(1 —¢) 4PoeT?
1— @k, S S = © | (T,
(1= + 3pr } dx* { Ap * Ap (T
—Ta) +hyagy (T, = Ty) an

Equations (10) and (11) represent a second order system of nonlinear
ordinary differential equations. The boundary conditions associated
with Egs. (10) and (11) are the following:

T;(0) = T,(0) = T, at base fin
dT, dTy (12)
& ( L) —

o D= (L) =0 at tip fin
In dimensionless form, the energy equations (10) and (11) and the
boundary conditions (12) are written as:

d29[ . Raﬁ
oz~ XBi(0r—0)+=30; as
&, 2 .
[1+4R,) 7O :;(/1+R1)93+Bt(ﬁx —6) a4
and:
doy do,
0;,(0)=6,00)=1; =L(1)==2(1) = 1
(0)=6,0)=1; — (1) =—-(1) =0 s
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where the employed dimensionless variables are:

wot g IT=Te  _t PL_2 . 46T
LT, -Te T LA T 38—k
BK (T, — T )t L T L
Ra :g/(”i);lz L; L = ”8700; (16)
oy ks (1= @)k
hya,;L? 1- ki
i Ml =9, k&
(1 =@k ® ke

The average Nusselt numbers of the fluid and solid matrix are
defined as follow:

Grpt 4 ’
Nuy = = - 6.(0 a”n
T kg (T, — Tay) e+ -p)k 1 (0)
Gy pt (1 - @)kt '
Nu, = s = - 1 +4R)6.(0 (18)
keg(Ty — To) o+(1 —rﬂ)K( 2)6.(0)

and the total Nusselt number of the porous fin is:

<qf,b + qs,b) t

Y —
u, key(Ty — Tw)

= Nuy + Nug (19)

where ¢y, and ¢, are the heat fluxes of the fluid and solid at base fin,
respectively. The value of k.q depends on the porous medium as pointed
out in [2,3,106,112]. In the present investigation keq = @ks+-(1-@)ks is
used as the effective thermal conductivity of porous fin, as given in
[11,54].

3. Solution by Adomian decomposition method

The system of nonlinear differential equations given in Egs. (13) and
(14) along with the boundary conditions may not be solved with the
common analytical technique. In the present work the Adomian
decomposition method (ADM) [113,114] is applied to obtain a semi-
analytical solution of the system of ordinary differential equations. For
this purpose, it is convenient to write Egs. (13) and (14) in the compact
form, with X = L-x:

Lx6, = ab, — b, (20)
L6y = (86 + 167 — 86, (21)
where:
Bi 200+ Ry) . Rd
= = . 5= yBis y = 22
P=TFary “ " aizary Ho=mBir="5 (22)

and Ly is the linear second order differential operator (Lx = &/dx?, with
X = L-x). Assuming the inverse operator L;! exists, it is defined as:

L'(-) = ]j(-)dédé (23)

0

Applying the inverse operator to Egs. (20) and (21) and using the
boundary conditions (15), the followings obtain:

0,(X) = 6o, + aLy'0, — L' 65 24
0,(X) = Oy + (5L;‘9, + yL;IQ%) —6L,'6, 25)
where:

00‘3 = 93(0), 00’/' = Gf(O) (26)



B. Buonomo et al.

are the unknown temperatures for the fluid and solid at the tip of the fin.
These temperatures are determined by applying the boundary condi-
tions (15). In the ADM the solution 6 and the nonlinear term N = ¢ 2, are
expressed as:

0="> 0, NO) =) A4, (27)

where A, are the Adomian polynomials, which can be determined by
[113]:

1|a ©
A,,HILMHN<Z/1 en” (28)

n=0

Inserting the decomposition series (27) into equations (24) and (25),
they yield:

Zﬁn3790:+aL Zﬁm—ﬂL Zenf (29)

n=0 n=0

— 0Ly O (30)

n=0

> o
n=0

= 0oy + <5L IZQW +yLy IZAn>

n=0

where 67, and 65, are Adomian polynomials referring to the fluid and
solid energy equations, respectively. Now according to ADM, we can
obtain the components 6y, and 8;, recursively as follows:

en,s = aL;len—l.: 7ﬂL;]9n—l,f (31)

Oy = 0L 0,y + 7Ly Auy — OLy' 0,1 5 n21 (32)

where 6 fg and 0 5 are given by (27) and A, for N(6) = 92, results in
(Appendix A):

A= 0ufOis , n0 (33)
k=0

By processing the inverse operator Ly into Egs. (31) and (32), taking
into account the expression (33), the following approximate analytical
solutions for the temperatures of the fluid and of solid are obtained
(Appendix B):

X) = Zm: 6, X"

n=0

— i fé”tth

n=0

(34a)

(34b)

where the coefficients 5,1 s and Fén_; of the series (34) are solutions of the
following system of the nonlinear algebraic equations:

= Oo.s; go,f‘ = oy

~ 1 ~ ~
9,” =5 A 1 gn— K )’9”7
T 2n(2n—1) <a e =P 1’/>

- n—1 n
hf = 2n—1 { Ouryp — 0, 1;) +7<;0kf9n 1 kf>:|
s= 1 Zenf:

=1,2,..m (35)

)

M

System (35) is formed by the 2(m + 1) nonlinear equations with 2(m
+ 1) unknowns and it can be solved by Newton-Raphson iterative
method [115].
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3.1. Verification and validation

The ADM employed to evaluate solution of the mathematical prob-
lem of ODE, with the assigned boundary conditions described in Egs.
(13)-(15) is verified and validated. The verification is the convergence
study of the series (34) and it is accomplished by evaluating the increase
in the accuracy of the solution increasing the number of the series terms
in Eq. (34). The validation is carried out by means of comparison be-
tween the solution with ADM and the solution carried out by the finite
difference method (FDM), and the results provided by Kiwan [12].

The analysis of the series convergence, Eq. (34), is achieved for a
porous fin with Ra*=50, Bi = 1 and 100, R4y=0.1,R; = 0.3, 1 =0,k =
1000 and ¢ = 0.92. It should be highlighted that x = 1000 points out a
very high difference between the solid and fluid thermal conductivities
whereas Bi = 1 and 100 indicate a low or high convective heat transfer
inside the porous fin between the solid and fluid phases. In Fig. 2, the
dimensionless fluid and solid phase temperature distributions are shown
for different number of terms, n, of the series (34). It is observed that as
the number of terms “n” increases, the dimensionless temperature of
both solid and fluid tend towards an asymptotic distribution. The
asymptotic temperature profiles of the fluid and solid phases are
attained for n = 121. Convergence of fluid temperature profiles is slower
than the solid temperature profiles due to the higher thermal conduc-
tivity of the solid. It is interesting to observe that the lower thermal
conductivity in the fluid phase determines a high temperature gradient
close to the base of the fin.

In Fig. 3, Nusselt number as a function of Ra* for different values of n
is reported for Bi = 1.0 and 100, Fig. 3a and 3b, respectively. It is
observed that the error of the solution evaluated for an assigned n value
with respect to the asymptotic solution increases as Ra* increases, and
the differences are greater for Bi = 1 than for Bi = 100. In Fig. 3a for Bi =
1.0, the solution for n = 7 converges to the asymptotic one for Ra*<1,
whereas for Bi = 100, the solution for n = 7 approaches to the asymp-
totic solution (for n = 241) for Ra*<12. It implies that, the weaker the
convergence, the greater the Ra* and the smaller the Biot number. In the
following the results are evaluated for the number of series terms, n,
equal to 61 because it represents a good compromise between the
computational time and accuracy of the solution. It should be under-
lined that the Nusselt number is due to the results of the heat transfer
inside the porous medium between the fluid and solid. The fluid pene-
trates inside the porous fin at T,,; in this way the Nusselt number is the
total heat transfer between the surface at temperature T and the fluid at
ambient temperature T, by means of the porous fin.

In Fig. 4, the temperature profiles carried out by the FDM with
different nodes are given for fluid and solid matrix, Fig. 4a and 4b,
respectively, together with the ones evaluated with ADM with n = 61,
Ra*=50, Bi = 1.0, k = 10° are given. It is observed that by increasing the
number of nodes, the temperature variations are greater for the fluid, in
Fig. 4a, than for the solid matrix, in Fig. 4b. Indeed, the temperature
profile of the solid matrix, Fig. 4b, changes very slightly and coincides
with the analytical solution achieved with ADM, whereas the fluid
temperature profile, evaluated by the FDM, coincides with the one
carried out by the ADM with n = 61. The percentage errors of the
maximum fluid temperature difference as n varies with respect to the
asymptotic value of the semi-analytical solution are 12% for n = 25,
2.5% for n = 51 and<0.75% for n = 101.

The comparison between the total Nusselt number of the model
developed under LTNE conditions and the Nusselt number of the infinite
fin under LTE conditions developed by Kiwan [12] is shown in Fig. 5. It
is accomplished for Bi = 105, 7 = 0.05, ¢ = 0.92, x = 1.0, A =R; = 0. In
this case, the internal heat transfer due to the interstitial convective heat
transfer is very high with respect to the conduction inside the solid and
this allows for LTNE solution to tend towards the LTE one. The present
model of porous fin with finite length developed with LTNE model
reaches the porous fin with infinite length developed in LTE model for Bi
and 7 tending to the infinite. The convective thermal resistance on the
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Fig. 2. Analytical solution for Ra*=50, Bi = 1 and 100, Rg = 0.1, R; = 0.3, A = 0, k = 1000 and ¢ = 0.92 with different number of terms “n” in the Adomian series:
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Fig. 4. Comparison between the solution given by ADM for n = 61 and solutions carried out by means of the FDM with different nodes: (a) fluid temperature profiles,

(b) solid temperature profiles.
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Fig. 5. Comparison between the results of present investigation and the ones of
Kiwan [12]. In the present investigation the input parameters are: Bi = 105, 7=
0.05, ¢ =092,k =0.1,R; =A=0.

fluid solid interface for Bi - is very small and the average tempera-
tures of the fluid and the solid on the representative elementary volume
(REV) coincide, i.e. T = Ts. In Fig. 5, the comparison is given in terms of
the Nusselt number, Nug, given in Eq. (15) reported by Kiwan [12] as a
function of Rax, where Nuy = tNu; and Rax = (ks / keg) Ra *, for two
values of Rqk equal to 0 and 1.0, with Rgx = Rq (1-¢) ks/keq. It is observed
that the values given by Kiwan [12] and the present data are in
harmony.

4. Results and discussion

The results obtained with the Adomian decomposition method
(ADM) applied to the energy equations of finite length fin with adiabatic
tip are shown and discussed below, under the hypothesis of local ther-
mal non-equilibrium (LTNE) between the fluid and the solid phases. The
results are presented as dimensionless temperature profiles for the fluid
and solid phases along the porous fins and in terms of total Nusselt

10

number. The following are the dimensionless parameter ranges: 0 <
Ra*<10% 1 <Bi <1050 <R; <0.050 <R3<1.0,0.01 <7<0.1,0<
1<1.0,0.6 <¢<0.95,1.0 <k < 10%

4.1. Convective effects: Biot and Rayleigh numbers and external
convective heat transfer coefficient effects on temperature profiles

Temperature profiles of fluid and solid phases along the dimen-
sionless coordinate X are reported in Fig. 6a and 6b, respectively, for Bi
=1.0, 102, 10% and 10°, which indicate from low to high convective heat
transfer with respect to the conduction in the solid phase. The other
parameters are x = 104, with a very high different thermal conductivity
values which determine a high temperature difference between fluid
and solid phases. This could be the case of porous fin in aluminum with
air as fluid and a negligible external convective heat transfer, 1 = 0.
Temperature profiles of fluid and solid decrease along the longitudinal
axis X and, consequently as expected, the longitudinal conductive effects
decrease along the axis of the porous fin. As the Biot number increases,
fluid temperature increases while solid matrix temperature decreases.
This implies that the temperature difference between solid and fluid
phases, decreases as the Bi value increases. In fact, as the Biot number
increases, the convective conductance on the fluid—solid interface of the
porous medium increases with a consequent improvement of volumetric
heat exchange between the solid matrix and the fluid and a reduction of
the temperature difference between solid and fluid. For Bi = 1.0, the
conductive effect is dominant and, consequently, for high x (=10%) a
high gradient temperature is detected for the fluid phase at the fin base.
For Bi > 10 the temperature profiles of the fluid and the solid are
practically coincident. Therefore, the solid matrix and the fluid have
attained a condition of local thermal equilibrium (LTE). The heat is
directly transferred in the solid and the thermal resistance globally
decreases.

Temperature profiles of fluid and solid along the axis of the porous
fin for different values of the Rayleigh number, Ra* = 1, 10%,5x10% and
103, are shown in Fig. 7. As Ra* increases, temperature profiles of fluid
and solid matrix tend more rapidly to the surrounding environment
temperature. The porous fin allows to remove a greater heat transfer rate
from the base where the fin is placed on the surface. This can be
explained observing that the Rayleigh number, Ra*, depends on the
permeability of the porous medium, for assigned temperature difference
between the fin base, T3, and the ambient, T,,. An increase in Ra* means
a greater permeability of the fluid through the solid matrix, with a
consequent increase in heat transfer by buoyancy.
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The dependence of the fluid temperature and the solid temperature
profiles on Ra*, for different Bi, is reported in Fig. 8. In Fig. 8a, for Bi =
1.0, the differences between the temperatures of the fluid and the solid
increase as the Rayleigh number, Ra*, increases. They decrease as the
Biot number increases, as shown in Fig. 8b and 8c. This indicates that at
greater Rayleigh number, the local thermal equilibrium (LTE) between
the solid matrix and the fluid is achieved for much higher Biot numbers.
In local thermal equilibrium (LTE) conditions, the decrease in the
dimensionless temperature as the Ra* parameter increases is also
confirmed in [12,116].

The effect of the external convective heat transfer parameter, A, on
the temperature profiles is depicted in Fig. 9, for Ra* = 102 and Bi equals
to 10 and 10% In Fig. 9a and 9b, the fluid and solid temperatures
decrease as the external convective heat transfer parameter A increases.
This is due to the increase in convective heat transfer toward external
fluid ambient which determines the decrease of solid temperature along
the fin and, consequently, the decrease in the fluid temperature along
the porous fin. Moreover, for Ra*=100 and Bi = 104, in Fig. 9b, the solid
matrix and the fluid show the same temperature values, and they attain
the local thermal equilibrium condition.

11

4.2. Internal and external radiation effects on temperature profiles

The effect of internal radiation parameter, R4, on temperature dis-
tribution inside the fin, for Ra*=10 and Bi equal to 10, 102, 104, is shown
in Fig. 10. It is observed that for all Bi values, the increase in internal
radiative parameter causes fluid and solid temperatures increase in the
porous fin. Indeed, increase in internal radiation parameter Ry de-
termines a lower radiative-conductive resistance of the porous fin and,
consequently, the temperature tends to be more uniform along the fin
and closer to the base temperature according to Banja et al. [116].
Furthermore, temperature differences between solid and fluid phases, as
the internal radiative parameter varies, are more marked for Bi = 10
than for Bi = 102, while for Bi = 10* the solid and fluid temperature
profiles are practically equal for all values of the internal radiative
parameter Ry. For all R; values, considered in the present analysis, and
high Biot number value, 10*, the LTE assumption is acceptable.

Effects of the external radiation parameter, R, on temperature dis-
tribution are shown in Fig. 11, for Ra* = 102 and Bi equal to 10 and 10*.
It can be seen, from Fig. 11a and 11b that both the solid temperature and
the fluid temperature decrease as the external radiative parameter Ry
increases. In fact, as R increases, the radiative heat transfer of the solid
matrix towards the external environment increases and, therefore, the



B. Buonomo et al.

10 ————r —_ ]
,\, 4
N |

0.8 F O ]

_______ —

0.6 f ——-©--— fluid - Ra*=1.0 ="

o —=©&6—— solid - Ra*=1.0

i ——-8--— fluid - Ra*=10?
0.4 i —8— solid - Ra*=10?

L

[\ —-—-©--- fluid - Ra*=10°
i \—o— solid - Ra*=10°
T = Rt T,
0.2 B B~ 8- il
,‘\ N
i S S—mm Gommem B SR B T yppp— =
0.0 I T T TI T T T

1.0 —————— —————————r
\ [Bi=10°] |
', _
0.8 i \\ .
I \ 1
NN 1
f =) D
0.6 f N .
_'\ \~\ 1
o [N ) ]
RN DN ]
04 N B .
I X B i
L \\\ .
0.2 | SIS .
(k=10 1=0.1, 9=0.92, ~>Tm=g__ )
R,=0.3, R,=0.1, »=0.0
00 T T R [N S ST S (NS N Y SO AN SN SO NN N M

0.0 0.2 0.4 0.6 0.8 1.0

1.0

0.8

0.6

0.4

0.2

0.0

(©)

Fig. 8. Fluid and solid phase temperature profiles along the porous fin for
Ra*=1.0 + 10% (a) Bi = 1.0 (b) Bi = 10% () Bi = 10°.

Applied Thermal Engineering 195 (2021) 117237

solid temperature along the fin decreases as well as the fluid tempera-
tures decreases. It is also observed that, in Fig. 11b for Ra*=100 and Bi
= 10*, the solid matrix and the fluid are in local thermal equilibrium
condition and the temperatures decrease to the same amount as the
radiative parameter R; increases, in accordance with Banja et al. [116].

4.3. Conductive and geometrical effects on temperature profiles

Fluid and solid temperature profiles along the longitudinal axis of the
porous fin are reported in Fig. 12 for different thermal conductivity
ratios, x = 10 (carbon foam - air), x = 100 (SiC foam -water) and x = 10*
(aluminum foam - air). In all the cases examined, it is noted that as the
solid—-fluid thermal conductivity ratio, «, increases the solid and fluid
temperature profiles tend towards higher temperature values. This is
because an increase in the thermal conductivity ratio is obtained by
increasing the thermal conductivity of the porous matrix and conse-
quently, the thermal conductive resistance of the solid decreases. The
reduction in conductive thermal resistance determines the solid tem-
perature increases and, consequently, that of the fluid temperature.
Moreover, temperature differences between fluid and solid decrease as
the thermal conductivity ratio increases « and the Biot number increases,
as pointed out in Fig. 12a and 12b. This is due to the lower thermal
resistance inside the porous fin.

The differences between fluid and solid temperature profiles, for
assigned Biot number value, 102, and different thermal conductivity
ratios, increase as the Rayleigh number increases, as indicated in Fig. 13,
where the temperature profiles are given for Ra*=1.0 and Ra*=10?,
Fig. 13a and 13b, respectively. For lower Ra* value equated to 1.0, in
Fig. 13a, the differences between the two profiles, for fluid and solid,
decrease significantly and disappear for very high thermal conductivity
ratio, x = 10* In these cases, the diffusive effect prevails on the
convective one due to the buoyancy and the temperature difference
between the base and tip of the fin is lower. For lower x value, the
temperature gradient along the fin increases due to the decrease in
diffusive effect with respect to the buoyancy effect. For higher Ra*
value, 10%, the buoyancy effect is higher than the one in the previous
case and for the same « value it causes higher temperature gradient
inside the fin. It is interesting to observe that for all Rayleigh numbers
and thermal conductivity ratio values, the temperature differences be-
tween the fluid and solid tend towards zero for X > 0.8, as shown in
Fig. 13. This is due to the exhaust heat transfer between solid and fluid
phases inside the fin and between the porous fin and the ambient.

The geometric parameter (z = t/L) effect on solid and fluid temper-
ature profiles is shown for Bi = 10 and Bi = 10* in Fig. 14a and 14b,
respectively. Decrease in the geometric parameter 7 = t/L can be ob-
tained either with a reduction in the thickness, ¢, for assigned fin length,
L, or with an increase in the fin length, for assigned fin thickness. In
Fig. 14a and 14b, it is observed that as the geometric parameter 7 in-
creases, the temperature of the fin tip increases as well. In fact, close to
the base temperature, for a given thickness ¢ of the fin, the temperature is
much higher the smaller the length of the fin. Furthermore, in Fig. 14a,
for Bi = 10, the temperature differences between solid and fluid increase
as the fin aspect ratio decreases. The increase in the fin aspect ratio, for
assigned fin length, determines a higher thickness and a lower thermal
resistance of the fin. Consequently, lower temperature gradient is
attained at the fin base for both solid and fluid phases.

4.4. Total Nusselt number profiles

The total Nusselt number profiles as a function of the Rayleigh
number are reported in Fig. 15, for dimensionless parameter ranges 1 <
Bi < 10% inFig. 15a, 1.0 < x < 10%, in Fig. 15b, 0 <Ry < 1.0, in Fig. 15c,
and 0.01 <7 <0.1, in Fig. 15d.

The Nusselt number increases as the Ra* increases for all cases
examined, as shown in Fig. 15. In fact, as the Rayleigh number increases,
the mass flow rate induced by the buoyancy force increases, and
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Fig. 9. Fluid and solid phase temperature profiles along the porous fin for A = 0.0, 0.3 and 1: (a) Bi = 10 (b) Bi = 10%.

consequently, the heat transfer removed from the porous fin increases. It
is observed, in Fig. 15a, that the values of the total Nusselt number are
greater as the Biot number increases. As the Biot number increases, the
Nu, profiles tend towards an asymptotic profile that corresponds to the
local thermal equilibrium (LTE) condition which occurs for Bi = 104,
Actually, as the convective heat transfer coefficient on the solid matrix -
fluid interface increases, the Biot number increases, leading to an in-
crease in the heat transfer rate removed from the base of the fin.
Therefore, the local thermal equilibrium (LTE) assumption, which has
been considered in the literature, involves an overestimation of the
Nusselt number compared to the local thermal non-equilibrium (LTNE)
assumption.

The effect of the fluid—solid thermal conductivity ratio, «, on the total
Nusselt number is shown in Fig. 15b for Bi = 102, 7=0.1,9p =0.92e Ry
=R; =1=0. Itis observed that the total Nusselt number, for a given Ra*
value, decreases with the increase of the thermal conductivity ratio. As
the ratio of thermal conductivities between fluid and solid increases,
which is achieved for metal fins (Al, Cu), the thermal resistance of the
solid matrix decreases and therefore the temperature of the fin tends
towards the base temperature. Since, in Fig. 15b, R1 = Ry = 4 = 0, the
heat transfer rate removed from the porous matrix decreases.

In Fig. 15c the effect of the dimensionless internal radiative param-
eter, Ry, on the Nusselt number, Nu, is reported for Bi = 102, K= 104, T
= 0.1, p = 0.92 e R;{ = A = 0. The dimensionless internal radiative
parameter, Ry, increases as the radiative heat exchange inside the porous
matrix increases. As the parameter Ry increases, the heat transfer rate
removed from the base of the porous fin increases and therefore the total
Nusselt number increases, as observed in Fig. 15c.

The effect of the aspect ratio of the porous fin on the total Nusselt
number, Nuy, is given in Fig. 15d for Bi =102, k =10% ¢ = 0.92 e R; =Rq4
=2 = 0. The Nu, is lower for 7 = 0.1 than the one for 7 = 0.01 up to Ra*
about 6. For 7 = 0.03 and 0.05 the reversal of trend, with respect to the
value for 7 = 0.1, starts with Ra* equal about 18 and 27, respectively.
For Ra* values higher than 27, temperature differences between the base
and the ambient become higher, and for fins with lower length tem-
perature exhibits higher values. Consequently, the higher the value of 7,
the greater the heat transfer rate. The different trends can be explained
taking into account the heat transfer rate from the porous fin. It is related
to the external heat transfer surface and the temperature difference
between the fin base and ambient temperatures. Low Ra*, for assigned
thickness, means low temperature differences between the base and the
ambient and the heat transfer area is the most important term. For low
dimensionless thickness, 7, the fin length, L, is high as well as the heat
transfer area. It should be noted that for = = 0.01 the total Nusselt
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number tends to an asymptotic value of about 0.08. In fact, for 7 = 0.01
the fin tends towards the infinitely long fin (z - 0) characterized by a
large area with a temperature close to ambient temperature and with
invariably zero heat transfer. For aspect ratio values r > 0.03, the
Nusselt number does not attain an asymptotic value for the considered
Ra* values.

4.5. Conditions for local thermal equilibrium in porous fins

The assumption of local thermal equilibrium (LTE) can be considered
applicable when the difference in the average temperature, in the
representative elemental volume (REV), between the fluid and solid
phases is negligible, i.e. Tf =~ T;. In practice, the hypothesis of local
thermal equilibrium (LTE) can be considered valid for [102,103,105-
107,112,117]:

where ATy is the temperature difference on the system length scale and
AT is the temperature difference between the solid phase and the fluid
phase in the representative elemental volume (REV) of the porous me-
dium or local scale length. The temperature difference on the fin length
scale is equal to AT; = Tp-T,, while the temperature difference on the
local length scale is equal to AT; = T-Ty.

Differences in temperatures AT, and AT; are estimated with scale
analysis. The heat transfer removed from the solid matrix at the base of
the fin is transferred to the fluid and the external environment by means
of buoyancy on the solid—fluid interface and external radiation and
convection. Heat transferred from the solid matrix of the fin to the fluid
is transported by the fluid due to the convection phenomenon.
Neglecting the convective and radiative effects towards the outside, the
energy balance, is:

0;~ 0y (37

The maximum convective heat transfer transported by the fluid is:

Oy ~ 1ic, AT, (38)

while the heat transfer on the fluid solid interface is:

Oy ~ hyfA AT, (39)
From Egs. (37), (38) and (39) it results [117]:

AT, me,

a7, ~ Ay 0
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The order of magnitude of the mass flow rate induced by buoyancy
effects, assuming Darcy model, can be estimated as follows:

i~ p % WL 41)
By replacing Eq. (41) with Eq. (40), it is:

AT, @Ra*

=0, — | ~ ————— 42

AT, | 4 (1 — @)kT*Bi (42)

where the dimensionless parameters Ra*, Bi, 0, ¢, x and 7 are defined in
Eq. (18).

Ultimately, the hypothesis of local thermal equilibrium between the
fluid and the solid matrix is obtained when:

@Ra*

~Ol~ T ™!

Equation (43) expresses a criterion for the local thermal equilibrium
condition (LTE) of the porous fin as a function of global dimensionless
parameters: buoyancy effects Ra*, ratio of the thermal conductivity of
the solid—fluid pair «, porosity ¢ and of the heat transfer on the fluid-
—solid interface (x Bi).

The criterion based on the semi analytical solution (ADM), to
quantify the validity of the local thermal equilibrium hypothesis is
defined as:

AT 1

AT, (43)

max|T\. - T,{
Err=———

AT, (44)

= max}@s — 0/‘

The local thermal equilibrium (LTE) assumption can be considered
valid when Err < 0.05.

In Fig. 16, the maps (Ra*, k Bi) are reported in logarithmic scale,
where the curves separate the zone of local thermal equilibrium (LTE)
from the zone of local thermal non-equilibrium (LTNE). The comparison
between the criterion for LTE obtained from the scale analysis, in Eq.
(43), and the semi-analytical solutions by ADM, Eq. (44), are depicted in
Fig. 16a. The comparison shows a good agreement between these two
criteria. In Fig. 16a and 16D, it is observed that the condition of local
thermal non-equilibrium (LTNE) becomes dominant the greater the ef-
fect of buoyancy, for higher Ra*, and the lower the solid-fluid interface
convection coefficient, for lower xBi. The increase in Ra* also de-
termines, for assigned Bi value, an increase in local temperature differ-
ence to obtain the same heat transfer between the fluid and solid phases.
At assigned Ra* value, the increase in Bi value allows to have a lower
local temperature difference in order to realize the same heat transfer
between solid and fluid phases inside the porous medium according to
[106] in terms of Sparrow number. In Fig. 16b the effect of the con-
ductivity ratio on the local thermal equilibrium (LTE) condition is
shown. It is observed that the local thermal equilibrium is reached for
lower values of «Bi the lower the thermal conductivity ratio. The in-
crease in «k, for assigned Ra* value, causes an increase in xBi value.
Moreover, at assigned « the increase in Ra* determines an increase in Bi
value, i.e., an increase in local heat transfer coefficient between fluid
and solid phases.

5. Conclusions

A simplified thermal model of porous fin of finite length with adia-
batic tip under local thermal non-equilibrium assumption was proposed
for the first time. An enlarged review of the previous investigations
highlighted that only the local thermal equilibrium assumption was
employed in earlier works. Initial analysis of two energy equations for
porous fin was accomplished using the Adomian decomposition method.
It focused on the thermal behaviors evaluating solid and fluid phase
temperature profiles along the porous fin and the total Nusselt number
in terms of geometrical and thermal parameters.

The main differences between solid and fluid temperature profiles as
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anticipated, were observed for the lowest Bi value. The highest differ-
ences were detected close to the base of the fin. The effects of Ra* for
assigned Bi value were significant and the percentage differences,
referred to the base temperature, at the tip of the fin between the solid
and fluid temperature profiles were, for low Bi = 1.0, 52% and 3% for
Ra*=10° and 1.0, respectively. For Bi = 100 the values were 1% and
practically zero for Ra*=10% and 1.0, respectively. For assigned Bi value,
the external convection increase determined lower differences between
the solid phase and fluid phase temperature profiles.

The increase in thermal conductivity ratio provided a lower thermal
resistance of the solid phase and a higher solid phase temperature for
assigned Bi and Ra* and an increase of differences between solid and
fluid phase temperature profiles was observed.

The total Nusselt number increased as Ra* and Bi increase, i.e., the
heat transfer removed from the porous fin increased. Nu; presented an
asymptotic profile for Bi = 10* which corresponds to the local thermal
equilibrium condition. The LTE assumption determines an over-
estimation of Nu; with respect to the local thermal non-equilibrium
(LTNE) assumption.

Criteria to compare local thermal non-equilibrium (LTNE) and local
thermal equilibrium (LTE) assumptions were found with the solutions
carried out by ADM and scale analysis and they were in good agreement.
The criteria pointed out that for external convection and radiation pa-
rameters, the minimum Biot number decrease in order to assume more
correctly the LTE, as the Rayleigh number and thermal conductivity
ratio decrease.
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The Adomian polynomials for nonlinear function N(6) = ¢ are obtained as follows:

2
(Z /1"9,) = (6o + 20, + 220, + ... + 1"6,) (Z /1'9,-) = (Z 0, Zﬁke,-)
=0 k=0 i=0

i=0

2
Lld (o L|a - ik
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Appendix B

Egs. (39) and (31) taking into account eq. (32) and inverse operator:
forn=1

1

0, = aLy' 00, — Ly 00; = (0190,.; - /590f)L§I (1) = 3 (ae().s - ﬁH(»:f)XZ =0,,X

1 ~
0, = (590_f + 10, — 500J)L;{1 (1) =3 (ww +10, — 500,:))(2 —0,,X

with:

51..\ = l aths — ooy ); al,f = l 66005 + }’G(Z)f — 66,
2 2

forn=2

. - 1/ ~ - -
025 = aLy'0,,— Ly 0,y = (ael,s - ﬁgl,f>L§] (52) =— <(191,: 7ﬁ01,f)X4 = 6,,X*

12
1 . - 1 o
0,y :5L;‘6)1¢'+J/L;lzf)k¢9lfw —68Ly'01, = |:5(91,f_01~s> + Vzekfe”"f:|l‘;](§z) -
k=0 k=0
1 2 2 o 4P 4
= ﬁ 5(01’[”7913) + 7;9k,f01,kf X :HzfX

with:
~ 1/ ~ ~ -~ 1 - - LU
Oy = I < 015 — ﬁ(gl/); Or5 = I |:5 (91./' - 91“\-) + }’; gk.felk.f:|

forn=3
- - 1/ ~ - .
03, = alLy' 0y, — L' 02y = (Ulez,s - ﬁ'92f>L}] (54) =30 (ael.x - ﬁ91f>X6 = 03,X°

2 2
O3y = 6Ly'Orp + 7Ly Z Ory0rry — 0Ly 025 = |:5 (92,/ - 92,.:) + 7 Z Or0r iy :| Ly (54) =

k=0 k=0

X® = 6,,X°

[/~ ~ 2
= 3 [5(92¢ _02.3) + YZGkJ'Hz—k,/

k=0

with:

-~ 1 -~ ~ -~ 1 - ~ 2 -
O3, = 30 aths — Pors |; Orp = 30 O\ Oy — Oy ) + }’;9/4924/

and for n-1 and n, according to the principle of mathematical induction, it results:

011,.& = aL);]en—l,s - /}L);]en—l,f = (agn—l,: 7ﬁ§n—l.f> L;(l (52("7” ) =

(B1)
1 ~ - ~
= - - XZn — X2n
2n(2n — 1) <059n Ls — PO, 1,f> 0,5
n—1
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