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Design and kinematic analysis of a
spherical parallel manipulator using
concurrent planar parallelogram linkages

Genliang Chen1,2, Weidong Yu1,2 , Hao Wang1,2 and
Jiepeng Wang1,2

Abstract

This paper presents the design of a novel spherical parallel manipulator. The spherical parallel manipulator consists of

three identical limbs and each of them is formed by a planar parallelogram linkage, a universal joint, and a revolute one,

successively. Its mobility is analyzed using the reciprocal screws. After that, the kinematics is analyzed in detail, including

inverse kinematic modeling, which is validated by a numerical example, inverse Jacobian analysis, singularity analysis, and

manipulability analysis, which shows a relatively good performance of force transmission. Then based on the analysis, one

prototype is fabricated to validate the effectiveness and feasibility of the design. In the end, some conclusions are drawn

and future works are discussed.
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Introduction

A spherical parallel manipulator (SPM) is a manipu-
lator that has three degrees of freedom (DOFs) and
can rotate about a fixed point in any direction. The
SPMs can be classified into the overconstrained and
nonoverconstrained ones. The most famous overcon-
strained architecture is the 3-RRR (for simplicity, in
this paper R stands for revolute joint, P for prismatic
joint, U for universal joint, C for cylindrical joint, and
S for spherical joint) architecture, which is proposed
by Gosselin and Angeles,1 so called the agile eye.2 In
the architecture, all the axes of the revolute joints
intersect with a fixed point.

Compared to the literature on overconstrained
SPMs, the literature on nonoverconstrained ones are
more plentiful. Some representative ones are as fol-
lows. Vischer et al.3 proposed a novel SPM in which
each limb consists of a S joint, a Pa (planar parallelo-
gram) joint, and an R joint from the end effector to
the base. Di Gregorio et al.4–6 proposed several SPMs,
including the 3-URC, the 3-RUU, and the 3-RRS
SPMs. Moreover, they also disclosed that the
3-RRPRR architectures can perform spherical
motion when they match specified geometric condi-
tions.7 Karouia et al.8 disclosed that the 3-UPU archi-
tecture can perform 3-DOF spherical motion when
two revolute pairs of the two U joints converge at a

fixed point. By utilizing Lie group, they9 also found a
family of nonoverconstrained SPMs whose limbs are
made of five serial-connected lower kinematic pairs.
Li et al.10 disclosed a family of SPMs in which each
limb consists of five R joints and three of them pass
through a fixed point. By combining the traditional
3-RRR overconstrained SPM and the Delassus link-
ages, Kong et al.11 identified several new nonovercon-
strained SPMs. Fang et al.12 enumerated the feasible
limb structures based on the reciprocal screws and
synthesized a class of SPMs. Karouia et al.13 synthe-
sized a number of asymmetrical SPMs in which the
limbs are structurally distinct. They also disclosed
some nonoverconstrained SPMs such as the 3-RCC,
3-CCR, and 3-CRC architectures.14 Gallardo et al.15

investigated a family of nonoverconstrained SPMs
consisting of one passive spherical joint and two
limbs. Mohammadi et al.16 disclosed a double-triangle
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SPM, based on which, Enferadi et al.17 proposed the
single-triangle SPM. Huda et al.18 designed a 3-URU
SPM and optimized its dimensional parameters to
obtain a large workspace. Callegari et al.19 investi-
gated the 3-CPU SPM and analyzed its kinematics
and dynamics in detail. Lin et al.20 proposed the con-
cept of the upper-lower combination and synthesized
some novel symmetrical SPMs. Enferadi et al.21 pro-
posed the 3(RSS)-S SPM whose revolute joints are set
coaxial. Some SPMs in which the moving platform is
connected to the base by three identical limbs and one
fixed S joint can also be found.22–24

Although there exist extensive researches about
SPMs for various applications, they are nowhere
near enough and novel SPMs for practical applica-
tions are still worth investigating. In this paper, a
new type of 3-DOF SPM is proposed by taking
advantage of the planar parallelogram linkage. The
proposed parallel manipulator constitutes three iden-
tical limbs, each of which consists of a planar paral-
lelogram linkage, a universal joint and a revolute one,
successively. Therefore, it is termed as 3-PaUR paral-
lel manipulator in this paper. Its kinematics is ana-
lyzed in detail and a prototype is fabricated to
demonstrate the feasibility of the design. Most of
the previously introduced currently available SPMs
consist of prismatic joints or spherical joints.
However, the proposed SPM in this paper can be
established only by revolute joints, which can signifi-
cantly reduce the manufacturing costs.

This paper is organized as follows. The upcoming
section presents the architecture of the proposed SPM
and its mobility analysis. Then, the kinematics ana-
lysis is presented where both the inverse kinematics
and inverse Jacobian matrix are discussed. Next, the
singularity analysis of the proposed SPM is presented
and the manipulability analysis is carried out.
Following section is devoted to the presentation of
the fabricated prototype, the limitations of the pro-
posed SPM, and discussion of future works. Finally,
some conclusions are drawn in the last section.

Architecture description and mobility
analysis

In this section, the architecture of the proposed par-
allel manipulator is presented. In addition, mobility of
the studied spatial parallel manipulator is analyzed
based on the theory of reciprocal screws.

Architecture description

In the manipulator, the lying planes of the parallelo-
gram linkages are denoted by Pi, i ¼ 1, 2, 3, as shown
in Figure 1. The first axis of the corresponding uni-
versal joint, denoted by the unit vector ui 2 R

3, is per-
pendicular to Pi. While vi 2 R

3 is used to represent
the direction of the U-joint’s second axis. Since vi is
perpendicular to ui, the second axis of universal joint

is constrained within Pi. Meanwhile, the direction of
the revolute joint is denoted by the unit vector
wi 2 R

3, which is always orthogonal to vi.
According to the Pa-linkage’s constraint, the pos-

ition of the universal joint, denoted by Ui, is con-
strained on a circle on the plane Pi, represented by
Ci as illustrated in Figure 2. The center of Ci, denoted
by Oi, lies on the line AiBi, where Ai and Bi are the
positions of the Pa-linkage’s revolute joints connected
to the frame. Obviously, the distance between Oi and
Ai is simply the length of coupler link in the
Pa-linkage, namely l0 as shown in the figure. And
the radius of Ci just equals to the length of crank
link, namely r0. Moreover, the length of the link
between the universal and revolute joints, namely
UiRi, is also set to r0. Here, Ri denotes the intersecting
point between the axes vi and wi, as shown in the
figure. Thus, UiRi can be regarded as the common
perpendicular of the axes associated with ui and wi.
Moreover, all those points Ri, i¼ 1, 2, 3 are supposed
to be coincident with each other. In other words, all
the revolute joints on the moving platform intersect at
a common point, which is denoted as O0.

In the proposed parallel manipulator, the rotations
of the Pa-linkages’ cranks are assigned as the

Figure 1. Schematic diagram of the proposed parallel

manipulator.

Figure 2. Kinematic structure of the -PaUR limb.
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actuations. Then, in each limb, the position of univer-
sal joint relates to a specific point on Ci for any given
input of the corresponding crank. Since vi is con-
strained within Pi, the point Ri (namely O0) will be
confined on a circle on Pi, which is centered at Ui and
passes through Oi, as shown in Figure 2.

In order to assemble the limbs together, the center
points O1, O2, and O3 are set to be coincident with
each other, which is denoted by O. As a result, for any
given set of the inputs, all the circular trajectories for
Ri, i¼ 1, 2, 3 commonly pass through O. Thus, the
fixed point O permanently becomes a common inter-
section of the above circles for any given configur-
ation. Therefore, the center point O0 on the
manipulator’s moving platform will be constrained
at O permanently. In other words, the moving plat-
form of the proposed parallel manipulator does not
possess translational mobilities.

It should be noted that the lines AiBi, i ¼ 1, 2, 3 can
be intersected at arbitrary angles, as long as they pass
through the common point O. For the simplification
of discussion, the orthogonal situation is adopted in
this paper to make the analysis easy to understand.
Thus, the limb planes P1, P2, and P3 are mutually
perpendicular to each other and intersected at the
common point O. And Ci, i ¼ 1, 2, 3 correspond to
three orthogonal great circles of the sphere Si,
which is centered at O and has the radius of r0.
Meanwhile, the axes of the revolute joints, namely
wi, i ¼ 1, 2, 3 are also mutual-orthogonally intersected
at O0.

As illustrated in the figure, let Sf g be the system
inertia frame, which is located at O and having its
coordinate axes x, y, and z parallel to u1, u2 and u3,
respectively. Thus, the limbs are lying on the yz (P1),
zx (P2), and xy (P3) planes of Sf g, respectively.
Meanwhile, let Tf g be the manipulator’s tool frame
attached to the moving platform at O0 and have its
axes coincident with w3, w1, and w2, respectively.
Therefore, the tool frame Tf g will be coincident with
the inertia one Sf g at the initial configuration. And the
moving platform ( Tf g) can only rotate with respect to
Sf g about the fixed point O, which will be discussed in
the following section.

Mobility analysis

In this section, the theory of reciprocal screws25,26 is
used to analyze the mobility of the 3-PaUR parallel
manipulator presented in the above.

From kinematics point of view, the planar paral-
lelogram linkage in the limbs can be equivalently
modeled as a virtual revolute joint located at O and
parallel to ui. Then, the PaUR-limb can be considered
as a RUR limb and the corresponding twist system
can be represented as

Si ¼ span Si,1, Si,2,Si,3,Si,4

� �
ð1Þ

where Si,1 ¼
ui
0

� �
denotes the joint twist associated

with the parallelogram linkage which is equivalent
to a revolute joint parallel to ui and passing through
the origin O of Sf g.

Si,2 ¼
ui

rUi
� ui

� �
, Si,3 ¼

vi
0

� �
are the joint twists

associated with the universal joint’s axes. Here,
rUi
¼ �r0vi denotes the position vector Ui with respect

to Sf g, as shown in Figure 3.

Si,4 ¼
wi

0

� �
represents the joint twist of the revo-

lute joint which is in the direction wi and passing
through O. It should be noted that all the screw elem-
ents in this paper are represented with respect to the
system’s inertia frame Sf g.

From equation (1), it is obvious that Si,1, Si,3, and
Si,4 correspond to three revolute joints passing
through the common point O along different direc-
tions. Therefore, they can be regarded as a spherical
joint located at O. It should be noted that singular
configurations are not taken into account in this sec-
tion. In other words, the axis of the limb’s revolute
joint will not be parallel to the first axis of the univer-
sal one, namely wi 6¼ ui.

As a result, the limb’s twist system Si corresponds
to a fourth-order screw system, consisting of a spher-
ical and a revolute joint. By using the observation
method,27 it is not difficult to derive the correspond-
ing reciprocal screw system, namely the limb’s con-
straint screw system, given by

S
r
i ¼ span Sr

i,1, S
r
i,2

n o
ð2Þ

where Sr
i,1 ¼

0

vi

� �
and Sr

i,2 ¼
0

ui

� �
represent two lin-

early independent constraint screws applied
on the limb, which can be regarded as a set of basis
of S

r
i .

Figure 3. Screw system of the PaUR limbs.
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It should be noted that the basis of the limb’s con-
straint screw system is not unique. Any pair of linearly
independent combinations of Sr

i,1 and Sr
i,2 can con-

struct a basis. However, the elements Sr
i,1 and Sr

i,2

have a very simple expression and intuitive interpret-
ation. They simply relate to the pure force constraints
passing through O and in the directions of ui and vi,
respectively. Therefore, the constraint system S

r
i

relates to a degenerated second-order screw
system,25 whose elements form a planar pencil on
the uivi plane and centered at O, as illustrated in
Figure 3.

Consequently, for the moving platform of the pro-
posed parallel manipulator, the whole constraint
system caused by all the three limbs can be obtained
as

S
r
¼ S

r
1 [ S

r
2 [ S

r
3

¼ span Sr
1,1, S

r
1,2, S

r
2,1, S

r
2,2, S

r
3,1, S

r
3,2

n o ð3Þ

Between any pair of the limbs’ constraint systems,
there exists a common element which is along the
intersection of the corresponding planes. Then, we
have

S
r
1 \S

r
2 ¼

0

z

� �
, S

r
2 \S

r
3 ¼

0

x

� �
, S

r
3 \S

r
1 ¼

0

y

� �

ð4Þ

where x, y and z represent the unit vectors associated
with the coordinate axes of Sf g, which simply corres-
pond to u1, u2, and u3, respectively.

Equation (4) indicates that the proposed spatial 3-
PaUR manipulator is an overconstrained parallel
manipulator. Then, a set of linearly independent elem-
ents can be extracted from equation (3) as the basis of
S
r, given by

S
r
¼ Sr

1, S
r
2, S

r
3

� �
)

Sr
1 ¼

0

x

� �

Sr
2 ¼

0

y

� �

Sr
3 ¼

0

z

� �

8>>>>>>>><
>>>>>>>>:

ð5Þ

where Sr
1, S

r
2, and Sr

3 are linearly independent of each
other.

From equation (5), it is known that the constraint
system of the moving platform relates to a degenerate
third-order screw system,25 which corresponds to a
bundle of lines through the common point O and
having the identical pitch of 0. Then, the correspond-
ing reciprocal system, namely the twist system of the
moving platform, can be readily obtained as

S ¼ span S1, S2, S3f g ð6Þ

where S1 ¼
x
0

� �
, S2 ¼

y
0

� �
, S3 ¼

z
0

� �
are a set of

basis of the moving platform’s twist system.
From equation (6), it is known that the twist screw

system of the manipulator’s moving platform also
relates to a degenerate 3-system, which is centered at
O and has the identical pitch of 0. Therefore, the pro-
posed parallel manipulator possesses three rotational
degrees-of-freedom about the fixed point O.
Moreover, the above result is independent of the
exact orientation where the manipulator’s moving plat-
form reaches. In other words, the proposed 3-PaUR
parallel manipulator has the capability of continuously
three-dimensional rotating within its workspace.

Kinematics analysis

In this section, the inverse kinematics of the proposed
3-DOF rotational parallel manipulator is studied. In
addition, the corresponding Jacobian matrix is also
modeled for the singularity and performance analysis
studied in the following sections.

Inverse kinematics

In this paper, the canonical coordinates of the first
kind28 is employed to depict the orientation of the
manipulator’s moving platform. It can also be
regarded as the elements of the Lie algebra so(3) asso-
ciated with the special orthogonal group SO(3). Let
s ¼ ½s1, s2, s3�

T
2 R

3 be an arbitrary vector with the
modulus of � ¼ ksk. Thus, the relative orientation of
the moving platform’s tool frame Tf g with respect to
Sf g can be obtained through a rotation of � about the
axis associated with s.

Then, using the exponential map from so(3) to
SO(3), the relative rotation matrix of Tf g with respect
to Sf g can be obtained as

Rst ¼ expðŝÞ ¼ I3 þ
1

�
sin � ŝþ

1

�2
ð1� cos �Þŝ2 ð7Þ

where I3 is the three-order identity matrix. ŝ 2 soð3Þ
represents the 3� 3 skew-symmetric matrix associated
with s, which is given by

ŝ ¼

0 �s3 s2
s3 0 �s1
�s2 s1 0

2
4

3
5

Then, according to the definition of Tf g, the direc-
tions of the moving platform’s revolute joints in Sf g
can be represented as

w1 ¼ Rste2 ¼ w1,x, w1,y, w1,z

� �T
w2 ¼ Rste3 ¼ w2,x, w2,y, w2,z

� �T
w3 ¼ Rste1 ¼ w3,x, w3,y, w3,z

� �T

8>><
>>:

ð8Þ
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where e1 ¼ ½1, 0, 0�
T, e2 ¼ ½0, 1, 0�

T and e3 ¼ ½0, 0, 1�
T

denote the direction vectors of the revolute joints rep-
resented with respect to Tf g.

By substituting equation (7) into equation (8), an
analytical expression of the unit vectors wi can be
obtained as

w1,x ¼ ð1� C�Þs
0
1s
0
2 � s03S�

w1,y ¼ ð1� C�Þs
0
2s
0
2 þ C�

w1,z ¼ ð1� C�Þs
0
3s
0
2 þ s01S�

8><
>:
w2,x ¼ ð1� C�Þs

0
1s
0
3 þ s02S�

w2,y ¼ ð1� C�Þs
0
2s
0
3 � s01S�

w2,z ¼ ð1� C�Þs
0
3s
0
3 þ C�

8><
>:
w3,x ¼ ð1� C�Þs

0
1s
0
1 þ C�

w3,y ¼ ð1� C�Þs
0
2s
0
1 þ s03S�

w3,z ¼ ð1� C�Þs
0
3s
0
1 � s02S�

8><
>:

ð9Þ

where C� ¼ cos � and S� ¼ sin �. While
s0i ¼

1
� si, i ¼ 1, 2, 3 are components of the unit vector

s0 ¼ 1
� s.

As indicated in the ‘‘Architecture description and
mobility analysis’’ section, the unit vector vi always
lies on the plane Pi according to the limbs’ geometric
constraint. Meanwhile, it should also be perpendicu-
lar to the vector wi. Then, by projecting wi onto Pi

and rotating it to an orthogonal position, we have

vi ¼ exp
�

2
ûi

� 	
ðI3 � uiu

T
i Þwi

kðI3 � uiu
T
i Þwik

ð10Þ

where exp �
2 ûi

 �

2 SOð3Þ corresponds to the rotation
matrix of �2 about ui.

As indicated in the above section, the manipulator
is at singular configurations when wi ¼ ui for any
i¼ 1, 2, 3. This will be intensively studied in the fol-
lowing section. Thus, in equation (10), it is supposed
that wi is not perpendicular to Pi, namely
ðI3 � uiu

T
i Þwi 6¼ 0.

By substituting equation (8) into equation (10), the
closed-form solutions of the unit vectors vi can be
derived as

v1 ¼
1ffiffiffiffiffiffiffiffiffiffi

1�w2
1,x

p 0, w1,z, � w1,y

� �T

v2 ¼
1ffiffiffiffiffiffiffiffiffiffi

1�w2
2,y

p �w2,z, 0, w2,x

� �T

v3 ¼
1ffiffiffiffiffiffiffiffiffiffi

1�w2
3,z

p w3,y, � w3,x, 0
� �T

8>>>>>><
>>>>>>:

ð11Þ

Since vi, i ¼ 1, 2, 3 are parallel to the crank links in
the limbs, the angular inputs of the corresponding
parallelogram linkages can be obtained directly as

’1 ¼ arctan 2 �w1,y,w1,z


 �
’2 ¼ arctan 2 �w2,z,w2,x


 �
’3 ¼ arctan 2 �w3,x,w3,y


 �

8><
>: ð12Þ

where the function arctan 2ð�Þ can identify the cranks’
input angle (within the lying plane Pi) in a whole
range of ð��,�� according to the components of vi.

Therefore, given any nonsingular configuration
(orientation) for the manipulator’s moving platform,
the required angular inputs of the parallelogram link-
ages can be uniquely determined according to the
closed-form solution (12).

In order to validate the above derivations, a
numerical example is given. Here, the dimensional
parameters r0 and l0 are set to 80mm and 238.2mm,
respectively. Eight random configurations are given
and the corresponding angular inputs are calculated
out. The results are listed in Table 1. It should be
noted that all the results have been validated by the
widely used commercial software SOLDWORKS�

and the results are completely consistent in consider-
ation of the calculation error from computer.

Inverse Jacobian matrix

By differentiating equation (12), the input velocities of
the parallelogram linkages’ cranks can be represented
in terms of the derivatives of wi as

_’1 ¼
1

w1,yS’1�w1,zC’1
0, C’1 , S’1
� �

w
:
1

_’2 ¼
1

w2,zS’2�w2,xC’2
S’2 , 0, C’2
� �

w
:
2

_’3 ¼
1

w3,xS’3�w3,yC’3
C’3 , S’3 , 0
� �

w
:
3

8>>><
>>>:

ð13Þ

where w
:
i ¼ ½ _wi,x, _wi,y, _wi,z�

T, i ¼ 1, 2, 3
According to equation (8), the derivatives

w
:
i, i ¼ 1, 2, 3 can be obtained readily in terms of the

moving platform’s rotational velocity as

_w1 ¼ R
:

stR
T
stRste2 ¼ !� w1 ¼ �w1 � !

_w2 ¼ R
:

stR
T
stRste3 ¼ !� w2 ¼ �w2 � !

_w3 ¼ R
:

stR
T
stRste1 ¼ !� w3 ¼ �w3 � !

8>><
>>:

ð14Þ

where ! ¼ ½!1, !2, !3�
T
2 R

3 denotes the rotational
velocity of the manipulator’s moving platform with
respect to Sf g. And !� ¼ R

:

stR
T
st represents the

cross-product operator of !, which can be expressed
by a 3� 3 antisymmetric matrix. Likewise, wi� can
also be written by a 3� 3 anti-symmetric matrix, as

ŵi ¼ wi� ¼

0 �wi,3 wi,2

wi,3 0 �wi,1

�wi,2 wi,1 0

2
64

3
75

As a result, the inverse Jacobian matrix can be
obtained by substituting equation (14) into equation
(13) as

’
:
¼ J�1!) J�1 ¼

a11, a12, a13

a21, a22, a23

a31, a32, a33

2
64

3
75 ð15Þ

Chen et al. 5



where _’ ¼ ½ _’1, _’2, _’3�
T represents the vector of the

cranks’ input velocities. And the components of the
inverse Jacobian matrix J�1 can be given by

a11 ¼ 1, a12 ¼
�w1,xS’1

w1,yS’1�w1,zC’1
, a13 ¼

w1,xC’1
w1,yS’1�w1,zC’1

a21 ¼
w2,yC’2

w2,zS’2�w2,xC’2
, a22 ¼ 1, a23 ¼

�w2,yS’2
w2,zS’2�w2,xC’2

a31 ¼
�w3,zS’3

w3,xS’3�w3,yC’3
, a32 ¼

w3,zC’3
w3,xS’3�w3,yC’3

, a33 ¼ 1

8>>><
>>>:

Singularity analysis

In this section, the singularity of the proposed SPM is
analyzed. Firstly, the singularity of the parallelogram
of each limb is analyzed. Secondly, the singularity
mentioned in the above section is analyzed, where
the axis of revolute joint moves to a parallel position
to the first axis of the corresponding universal one. As
is shown in Figure 4, when the input angle �i¼ 0�

or 180�, the parallelogram linkage CiDi is coincident
with AiBi. Then if angle �i is driven to rotate,
the point Ci may move in two directions. Thus,
the parallelogram is singular at these two
positions. To avoid this kind of singularity, the
input angles �i are restraint to be more than 0� and
less than 180�.

The approach of analyzing singularity in Li and
McCarthy29 and Kong and Gosselin30 is a systematic
approach. However, for the proposed SPM in this
paper, it is difficult to get analytical solution for the
input angles �i. By contrast, the singularity of the
proposed SPM can be easily identified by observation
and the singular poses can be described conveniently.
Thus in this paper, the observation method is utilized.
The results are the same with that in Li and
McCarthy29 and Kong and Gosselin.30 The second
kind of singularity occurs when wi ¼ � ei. Let
w1 ¼ � u1, such that w2,x ¼ w3,x ¼ 0. Then, it yields
v2 ¼ v3 ¼ u1 according to equation (11). Meanwhile,
the direction of v1 can be arbitrarily selected as w1 is
perpendicular to P1. It indicates that, in such a situ-
ation, the moving platform can freely rotate itself
about w1 axis, without changing the configuration of
Pa-linkages, as shown in Figure 5. In other words, the

moving platform’s rotational motion about the w1

axis is not controllable any more.
By solving equation (9), the corresponding config-

urations can be presented by the canonical coordin-
ates s, in the form of parametric functions as

w1 ¼ u1 )
s03 ¼ �

ffiffiffiffiffiffiffiffiffi
1þC�
1�C�

q

s01 ¼ s02 ¼ �
ffiffiffiffiffiffiffiffiffi
�C�
1�C�

q
8><
>:

w1 ¼ �u1 )
s03 ¼

ffiffiffiffiffiffiffiffiffi
1þC�
1�C�

q

s01 ¼ �s
0
2 ¼ �

ffiffiffiffiffiffiffiffiffi
�C�
1�C�

q
8><
>:

8>>>>>>>>><
>>>>>>>>>:

ð16Þ

Table 1. Results of inverse kinematics for eight random configurations.

Random configuration (deg) Angular inputs (deg)

s1 s2 s3 ’1 ’2 ’3

16.5554 �12.4608 18.5511 �75.0000 �99.8904 �73.1431

11.8501 �16.1856 13.5813 �80.0000 �104.8992 �77.8273

17.0676 �17.0676 �18.1412 �70.0000 �109.8865 �110.8401

�26.9084 �15.5084 19.6698 �120.0000 �111.0575 �67.1954

�29.6726 �29.6726 �18.9035 �115.0000 �117.1803 �101.5948

3.9268 9.4801 �44.8833 �90.0000 �82.8929 �135.0000

�9.2803 15.5084 �32.0131 �105.0000 �72.7163 �123.6816

�41.2252 24.4448 �20.9387 �135.0000 �53.8398 �118.3348

Figure 5. One singularity configuration of the 3-PaUR parallel

manipulator when w1 ¼ � u1.

Figure 4. The singular position of the parallelogram of each

limb.
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where � 2 ½12�,�Þ.
From equation (16), two spatial curves can be

derived as shown in Figure 6. The configurations
associated with the points on them are suffering
from a singularity as illustrated in Figure 5. In such
a case, the actuation ’1 only introduces a self-motion
to the first limb, but does not change the configur-
ation of the moving platform.

Analogously, for the situation w2 ¼ � u2 and
w3 ¼ � u3, the parallel manipulator loses the control
of the moving platform’s rotational capability about
the w2 and w3 axis, respectively. Similar to equation
(16), the corresponding configurations can be derived as

w2 ¼ u2 )
s01 ¼ �

ffiffiffiffiffiffiffiffiffi
1þC�
1�C�

q

s02 ¼ s03 ¼ �
ffiffiffiffiffiffiffiffiffi
�C�
1�C�

q
8><
>:

w2 ¼ �u2 )
s01 ¼

ffiffiffiffiffiffiffiffiffi
1þC�
1�C�

q

s02 ¼ �s
0
3 ¼ �

ffiffiffiffiffiffiffiffiffi
�C�
1�C�

q
8><
>:

8>>>>>>>>><
>>>>>>>>>:

w3 ¼ u3 )
s02 ¼ �

ffiffiffiffiffiffiffiffiffi
1þC�
1�C�

q

s03 ¼ s01 ¼ �
ffiffiffiffiffiffiffiffiffi
�C�
1�C�

q
8><
>:

w3 ¼ �u3 )
s02 ¼

ffiffiffiffiffiffiffiffiffi
1þC�
1�C�

q

s03 ¼ �s
0
1 ¼ �

ffiffiffiffiffiffiffiffiffi
�C�
1�C�

q
8><
>:

8>>>>>>>>><
>>>>>>>>>:

ð17Þ

As a result, totally three pairs of curves can be
achieved, as shown in Figure 6, to represent all poten-
tial singular configurations of the proposed spherical
parallel manipulator. As indicated in the above, each
pair of them relates to the a particular type of singu-
larity corresponding to wi ¼ � ui.

At the intersections of these curves, the rotational
mobility of the moving platform is totally out of

control. It means, in such a configuration, the
manipulator’s moving platform will keep still when
the limbs’ inputs change as shown in Figure 7. And
the canonical coordinates corresponding to these sin-
gular configurations can be represented as

s�,1 ¼
2
ffiffi
3
p
�

9 ½1, 1, � 1�T

s�,2 ¼
2
ffiffi
3
p
�

9 ½�1, � 1, � 1�T

s�,3 ¼
2
ffiffi
3
p
�

9 ½�1, 1, 1�T

s�,4 ¼
2
ffiffi
3
p
�

9 ½1, � 1, 1�T

8>>>>><
>>>>>:

ð18Þ

where � ¼ 2
3�.

Meanwhile, the singularity property can also be
verified by the mobility analysis of the studied parallel
manipulator. In the case of wi ¼ � ui, the twist system
of the corresponding limb will degenerate to a third-
order screw system due to the condition Si,4 ¼ Si,1.
Accordingly, the limb’s constraint screw system can
be obtained as

S
r
i ¼ span Sr

i,1, S
r
i,2, S

r
i,3

n o
ð19Þ

where Sr
i,1 and Sr

i,2 are as same as those defined in (2).

While Sr
i,3 ¼

vi � ui
0

� �
corresponds to a pure torque

constraint perpendicular to the uivi plane.

Comparing with the original constraint system (5),
Sr
i,3 becomes an extra base element of S

r

S
r
¼ Sr

1, S
r
1, S

r
3, S

r
4

� �
ð20Þ

where Sr
4 ¼ Sr

i,3.
As a result, the final twist system of the moving

platform yields

S ¼ S01, S
0
2

� �
ð21Þ

which corresponds to a 2-DOF rotational system.
Further, when the proposed parallel manipulator is

at a configuration associated with s�,j for any
j¼ 1,2,3,4, all the three limbs will be constrained by
third-order screw system. And the union of these sys-
tems spans the whole screw space. In other words, the
moving platform will be fully constrained and is not
controlled by the actuators.

As analyzed in this section, all singular configur-
ations of the proposed 3-PaUR parallel manipulator
can be illustrated in its rotational workspace in an intui-
tive manner, as shown in Figure 6. Then, for a particu-
lar task, path planning can be performed for the
manipulator to avoid these undesirable configurations.

Manipulability analysis

In this section, the determinate of Jacobian matrix is
used as the manipulability index31 to evaluate the

Figure 6. Singularity configurations of the 3-PaUR parallel

manipulator within its rotational workspace.
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Figure 7. All the four kinds of singularity configurations of the 3-PaUR parallel manipulator within its rotational workspace: (a) S�,1:

w1 ¼ u1, w2 ¼ �u2, w3 ¼ �u3; (b) S�,2: w1 ¼ u1, w2 ¼ u2, w3 ¼ u3; (c) S�,3: w1 ¼ �u1, w2 ¼ u2, w3 ¼ �u3; (d) S�,4:

w1 ¼ �u1, w2 ¼ �u2, w3 ¼ u3.

Figure 8. The results of the six 2D workspaces’ manipulability analysis: (a) s3 ¼ 0�; (b) s3 ¼ 15�; (c) s3 ¼ 30�; (d) s3 ¼ 45�; (e)

s3 ¼ 60�; and (f) s3 ¼ 75�.
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dexterity performance of the studied manipulator,
namely

w ¼ jdetðJ�1Þj ð22Þ

Here, six 2D workspaces are selected to analyze the
manipulability, which are

04s1490�

04s2490�

s3 ¼ 0�, 15�, 30�, 45�, 60�, 75�

8<
: ð23Þ

It should be noted that, within the workspaces,
there are no singular configurations.

The corresponding results are illustrated in
Figure 8(a) to (f), respectively. The results show that
when s3 is about less than 30�, the manipulability
is higher at the configuration of s1 ¼ s2 ¼ 80�.
When s3 is more than 30�, the manipulability reaches
highest at the configurations of s1 ¼ 0�, s2 ¼ 80� and
s1 ¼ 80�, s2 ¼ 0�. Meanwhile, the surfaces of the
results are smooth, and the minimum manipulability

is about 0.8 and the maximum about 1.55. The differ-
ence between the minimum and maximum is not big,
which indicates a relatively good performance of force
transmission.

Prototype and validation

In this section, to demonstrate the feasibility and
effectiveness of the design, one prototype is fabricated
as shown in Figure 9. The dimensional parameters r0
and l0 are set as 80mm and 238.2mm, respectively,
which are the same as that in the ‘‘Inverse kinematics’’
section. The three limbs are perpendicular to each
other. The drive motors (Maxon motors) are mounted
on the crank links of the Pa-linkages.

To display the good rotation ability, an experiment
is conducted. One laser device is mounted on the plat-
form. The emission direction of the laser is
Vl ¼ ð�1, � 1, � 1Þ, which is also set as the rotation
axis. As shown in Figure 10, the initial input angles
’iði ¼ 1, 2, 3Þ are all set to 0. The crank links of the
three limbs rotate 6� simultaneously from the present
frame to the next one. From the results we can see
that the red laser point on the white paper is still when
the platform rotates about the Vl axis, which validate
the good rotation ability of the SPM.

However, there are also limitations for the pro-
posed SPM. The L-type link is used to connect the
universal joint and revolute joint, so that the load
capacity of the platform is not high. As indicated in
Wu et al.,32 the stiffness of the limbs of the SPM has
influences on the orientation accuracy and the center
of the platform may shift away from the initial pos-
ition. Meanwhile, the dimensional parameters are not
optimized and there are interferences between the
links for some specified poses.

In the future, we will optimize the structure of the
proposed SPM to avoid interferences and enlarge the
workspace. Meanwhile, we will derive the stiffness
model to analyze the orientation accuracy and
center shift of the proposed SPM. The dimensional

Figure 10. The results of the experiment, all the links rotate 6� simultaneously from the present frame to the next one.

Figure 9. The fabricated prototype.
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parameters can be further optimized. After corres-
ponding modifications, possible applications to celes-
tial orientation and rehabilitation devices will be
considered.

Conclusions

This paper presents a new type of 3-DOF SPM which
is comprised of planar parallelogram linkage. We ana-
lyze in detail the kinematics of the proposed SPM. Its
mobility is validated by taking advantage of the recip-
rocal screws. The inverse kinematics is investigated
and the closed-form solution is derived, based on
which, the inverse Jacobian matrix is derived. The
singularity configurations of the SPM within its rota-
tional workspace are all investigated. After that, the
manipulability is analyzed and the results show that
the SPM has a relatively good performance of force
transmission. In the end, one prototype is fabricated
and one simple experiment is conducted to validate
the feasibility of the design and the correctness of
the derivations.
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