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Abstract
The co-circulation of different emerging viral diseases is a big challenge from
an epidemiological point of view. The similarity of symptoms, cases of virus
co-infection, and cross-reaction can mislead in the diagnosis of the disease. In
this article, a new mathematical model for COVID-19, zika, chikungunya, and
dengue co-dynamics is developed and studied to assess the impact of COVID-19
on zika, dengue, and chikungunya dynamics and vice-versa. The local and
global stability analyses are carried out. The model is shown to undergo a
backward bifurcation under a certain condition. Global sensitivity analysis is
also performed on the parameters of the model to determine the most domi-
nant parameters. If the zika-related reproduction number 0Z is used as the
response function, then important parameters are: the effective contact rate for
vector-to-human transmission of zika (𝛽h

2 , which is positively correlated), the
human natural death rate (𝜗h, positively correlated), and the vector recruitment
rate (Ψv, also positively correlated). In addition, using the class of individuals
co-infected with COVID-19 and zika (h

CZ) as response function, the most dom-
inant parameters are: the effective contact rate for COVID-19 transmission (𝛽1,
positively correlated), the effective contact rate for vector-to-human transmis-
sion of zika (𝛽h

2 , positively correlated). To control the co-circulation of all the
diseases adequately under an endemic setting, time dependent controls in the
form of COVID-19, zika, dengue, and chikungunya preventions are incorporated
into the model and analyzed using the Pontryagin’s principle. The model is fitted
to real COVID-19, zika, dengue, and chikungunya datasets for Espirito Santo (a
city with the co-circulation of all the diseases), in Brazil and projections made for
the cumulative cases of each of the diseases. Through simulations, it is shown
that COVID-19 prevention could greatly reduce the burden of co-infections with
zika, dengue, and chikungunya. The negative impact of the COVID-19 pan-
demic on the control of the arbovirus diseases is also highlighted. Furthermore,
it is observed that prevention controls for zika, dengue, and chikungunya can
significantly reduce the burden of co-infections with COVID-19.
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1 INTRODUCTION

Arbovirus diseases (ARBOD) transmitted by Aedes aegypti such as zika, dengue, and chikungunya and the concurrent
circulation of these diseases are major public health concerns in tropical and subtropical regions. The coronavirus disease
2019 (COVID-19) caused by the “severe acute respiratory syndrome coronavirus” 2 (SARS-CoV-2) has posed more seri-
ous challenges in territories with overlapping epidemics, raising more demands for health care needs.1 COVID-19 and
ARBOD epidemics co-occurrence has become a matter of great concern to government and health agencies. Overlapping
clinical and laboratory symptoms between COVID-19 and ARBOD pose another challenge during diagnosis. COVID-19,
zika, dengue, and chikungunya can present identical clinical features at the early stages of infection.2 Misdiagnosis cause
inappropriate care and treatment of the right disease which could lead to worst clinical outcomes.1,3 do Rosario and
de Siqueira4 have observed that arboviral infections can also have life-threatening implications, such as Guillain–Barré
syndrome (GBS), encephalitis, myelitis, and others.

It is worth mentioning that arboviruses have a seasonal trend of incidence, which usually surge at the beginning of the
year between March and April.5 Interestingly, studies have confirmed that just after 2015–2016 zika epidemic in Brazil,
the incidence of both zika and dengue infections has greatly reduced. Soon after this, the number of dengue cases kept on
increasing significantly throughout 2019 and in the early period of 2020, accounting for over two million cases.6 According
to the Brazilian Ministry of Health, as of September 19, 2020, the number of probable cases of dengue, chikungunya
and zika were 931,903, 71,698 and 6705, respectively (see Figure 1).7 In 2019 alone, more than 780 dengue and over 90
chikungunya/zika related deaths were reported.8 Surprisingly, there has been a great reduction in the number of arbovirus
cases since March 2020 compared with 2019, due to gross under-reporting. The scenario coincided with the surge in
SARS-CoV-2 cases in Brazil, which forced all health authorities to focus its full attention to test and deal with SARS-CoV-2.
Thus, the reduction may be linked with the efforts carried out by the country’s authorities to cope with the COVID-19
pandemic.9 The fact remains that, there has been an upsurge arboviral diseases (zika, dengue, and chikungunya) epidemic
in Brazil. The COVID-19 pandemic has disturbed the diagnosis, treatment services, and vaccination campaigns for other
diseases, thereby putting millions of lives at risk of infections.10 In addition, the COVID-19 pandemic also caused lack
of access to humanitarian aid and also an increased pressure on health systems in zika/dengue/chikungunya-endemic
countries, making it impossible to handle two or more simultaneous outbreaks due to lack of capacity in personnel and
supplies.11

Clinical studies affirming the co-circulation of SARS-CoV-2 and the arboviruses in different geographical regions
abound in the literature.12-14 For instance, da Silva et al.12 investigated the simultaneous circulation of DENV, CHIKV,
ZIKV and SARS-CoV-2 in Brazil. They pointed out that the emergence of SARS-CoV-2 has intensified the need of cre-
ation of more public health laboratories as important measure of arbovirus diagnosis and prevention. Furthermore, they
noted that the co-circulation of SARS-CoV-2 and arboviral infections in Brazil required the intensity of disease control
strategies and effective surveillance programs. The authors in Reference 13 carried out a population based study on 176
febrile patients to investigate co-infections between COVID-19 and some selected arboviral infections in Guerrero, Mexico
between 2020 and 2021. Their report shows apparent concurrent co-infections between COVID-19 and some arbovirus
diseases (dengue, zika and chikungunya) in Guerrero, Mexico and further reveals that COVID-19 and arbovirus diseases
produced “overlapping clinical manifestations” (i.e., fever, headache, fatigue, and myalgia), thus complicating the sever-
ity of co-infections. Other geographical regions such as India, Thailand, and Singapore faced this overlap of COVID-19
and arbovirus diseases between September and November 2020.14

A lot of models have been developed for the control of COVID-19. Asamoah et al.15 studied the stability analysis of
COVID-19 and assessed the impact of environment using data from Ghana. Simulations of the optimal control model
shows that reinfection is possible after recovery and that “the strategy that cleans environmental surfaces with home
based detergents is the most cost-effective strategy in the control of COVID-19 infection.” Nkwayep et al.16 investigated
short term forecasts of COVID-19 pandemics in Cameroon. They showed that facemask usage alone was not sufficient to
control coronavirus disease. However, the pandemic could be effectively contained if strategies such as face-mask usage
by individuals in public and the social distancing rules are combined and effectively adhered to. Wang et al.17 devel-
oped an SEIR model to estimate the epidemic trends in Wuhan, assuming the prevention and control measures were
either sufficient or insufficient to control the epidemic. The authors in Reference 18 carried out an optimal control model
for COVID-19 with comprehensive cost-effectiveness analysis. They showed that practicing “physical or social distanc-
ing” protocols are the most cost-saving and effective control intervention in Saudi Arabia in the absence of vaccination.
Kucharski et al.19 proposed a stochastic model with data on cases of COVID-19 in Wuhan and international cases to
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(A)

(C) (D)

(B)

F I G U R E 1 Incidence of (A) zika, (B) dengue, (C) chikungunya, and (D) COVID-19 in all Brazilian states. Source: References 7 and 12

estimate how the transmission varied over time between January and February in 2020. Ferguson et al.20 pointed out
that optimal control strategies such as home isolation of suspected cases, home quarantine of those living in the same
household as suspected cases, and social distancing of the elderly and others at most risk of severe disease might greatly
reduce peak healthcare demand and deaths. Maier and Brockmann21 used a mathematical model to show that the dis-
tinctive subexponential increase of confirmed cases in mainland China could be explained as a direct consequence of
containment policies that effectively reduce the population of susceptible individuals.

To understand the dynamics of co-interaction between diseases, a lot of models have been proposed in the litera-
ture.22-28 The authors in Reference 22 considered a dynamical model for SARS-CoV-2 and zika virus, incorporating the
assumption of incident co-infection with the two diseases. They showed that under this scenario, the qualitative behav-
ior of the complete co-infection model is not driven by that of the sub-models. They also investigated the Lyapunov
stability of both infection-free and endemic equilibria when the causes of backward bifurcation are removed from the
model. Omame and Okuonghae23 used optimal control to investigate the co-interaction of oncogenic human papillo-
mavirus and tuberculosis. Using optimal control, Bonyah et al.24 analyzed a co-dynamical model for dengue fever and
zika virus. Numerical experiments on the model showed that, to effectively reduce the co-circulation of zika and dengue
at the community level, the control measures must combine both prevention and treatment for each of the diseases con-
currently. Furthermore, the authors in Reference 25 investigated COVID-19 and dengue co-infection model with optimal
control, using Brazil as a case study. They showed that dengue-only preventive strategy or COVID-19 only preventive
control would be sufficient to combat either of the diseases. Hezam26 recently developed a novel dynamical optimal
control model for COVID-19 and chikungunya outbreaks, using real data from Yemen. The results obtained confirm that
the strategy, which provides resources to prevent the transmission of chikungunya and provides sufficient resources for
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testing, applying average social distancing, and quarantining the affected individuals, has a significant impact in flatten-
ing the infection curves and is the most suitable strategy in Yemen. The authors in Reference 27 studied a model for the
dynamics of dengue, zika, and chikungunya. They examined the impact of seasonality and local weather variability on
the dynamics of the three diseases. Nwankwo and Okuonghae28 studied a model for the co-dynamics of HIV and syphilis,
and showed the importance of syphilis treatment in reducing HIV-syphilis co-infection.

Our contribution in this article is highlighted as follows:

1. A new mathematical model for COVID-19, zika, dengue, and chikungunya co-dynamics with optimal control analysis
is proposed and the impact of COVID-19 on the dynamics and spread of arbovirus diseases and as well as on their
co-infection is assessed.

2. The model is qualitatively analyzed for stability (local and global) as well as the occurrence of backward bifurcation.
3. Time dependent controls are incorporated into the model and analyzed with the help of the Pontryagin’s principle.
4. Global sensitivity analysis is carried out to determine the parameters which are most influential on the dynamics of

the diseases using the associated reproduction numbers and the co-infected classes as response functions.
5. The entire model is simulated to assess the impact of various control measures. We believe that this work will open

some new avenues for further research in this direction.

2 MODEL FORMULATION

At any time t, the total human population  h(t) consists of the following epidemiological states: susceptible humans


h(t), infectious humans with COVID-19 h
C(t), infectious humans with zika virus h

Z(t), infectious humans with
dengue virus h

D(t), infectious humans with chikungunya h
K(t), humans co-infected with COVID-19 and zika virus


h
CZ(t), humans co-infected with COVID-19 and dengue virus h

CD(t), humans co-infected with COVID-19 and chikun-
gunya h

CK(t), with h
C(t),

h
Z(t),

h
D(t),

h
K(t) denoting humans who have recovered from COVID-19, zika virus, dengue

virus, and chikungunya, respectively. The total vector population, at any time t,  v(t) consists of the following states:


v(t),v
Z(t),

v
D(t),

v
K(t), which denotes susceptible vectors, vectors infected with zika virus, those infected with dengue

virus and those infected with chikungunya, respectively. Susceptible humans acquire COVID-19 at the rate 𝛽1
h
C

 h . Indi-

viduals in this state also acquire zika either from infected vectors or from infected humans at the rate 𝛽2(h
Z+

h
CZ)+𝛽

h
2 

v
Z

 h .
Human-human-transmission of zika has been established in the literature.27 Furthermore, susceptible humans acquire
dengue virus or chikungunya virus at the rates 𝛽h

3 
v
D

 h and 𝛽h
4 

v
K

 h , respectively. Individuals in this group suffer natural death
(just as those in other epidemiological groups) at the rate 𝜗h. Humans who have recovered from COVID-19, zika, dengue,
and chikungunya get reinfected and fall back to the respective infected classes. To avoid model complexity and because of
insufficient biological evidences to show co-infection with all of the four diseases, it is only assumed co-infection between
COVID-19 and each of the three diseases. This enables us adequately to assess the impact of COVID-19 on the dynamics
of any of the three diseases and vice versa.

dh

dt
= Ψh −

(
𝛽1

h
C

 h
+
𝛽2(h

Z + 
h
CZ) + 𝛽

h
2

v
Z

 h
+
𝛽h

3
v
D

 h
+
𝛽h

4
v
K

 h
+ 𝜗h

)


h,

dh
C

dt
=
𝛽1

h
C

 h
(h +h

C +
h
Z +

h
D +

h
K) −

(
𝜂C + 𝜁C + 𝜗h)


h
C −

𝛽2(h
Z + 

h
CZ) + 𝛽

h
2

v
Z

 h


h
C −

𝛽h
3

v
D

 h


h
C

−
𝛽h

4
v
K

 h


h
C + 𝜁Z

h
CZ + 𝜁D

h
CD + 𝜁K

h
CK,

dh
Z

dt
=
𝛽2(h

Z + 
h
CZ) + 𝛽

h
2

v
Z

 h
(h +h

C +
h
Z +

h
D +

h
K) −

(
𝜂Z + 𝜁Z + 𝜗h)


h
Z −

𝛽1
h
C

 h


h
Z + 𝜁C

h
CZ,

dh
D

dt
=
𝛽h

3
v
D

 h
(h +h

C +
h
Z +

h
D +

h
K) −

(
𝜂D + 𝜁D + 𝜗h)


h
D −

𝛽1
h
C

 h


h
D + 𝜁C

h
CD,

dh
K

dt
=
𝛽h

4
v
K

 h
(h +h

C +
h
Z +

h
D +

h
K) −

(
𝜂K + 𝜁K + 𝜗h)


h
K −

𝛽1
h
C

 h


h
K + 𝜁C

h
CK,

dh
CZ

dt
=
𝛽2(h

Z + 
h
CZ) + 𝛽

h
2

v
Z

 h


h
C +

𝛽1
h
C

 h


h
Z −

(
𝜂C + 𝜂Z + 𝜁C + 𝜁Z + 𝜗h)


h
CZ,
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dh
CD

dt
=
𝛽h

3
v
D

 h


h
C +

𝛽1
h
C

 h


h
D −

(
𝜂C + 𝜂D + 𝜁C + 𝜁D + 𝜗h)


h
CD,

dh
CK

dt
=
𝛽h

4
v
K

 h


h
C +

𝛽1
h
C

 h


h
K −

(
𝜂C + 𝜂K + 𝜁C + 𝜁K + 𝜗h)


h
CK,

dh
C

dt
= 𝜁C

h
C −

(
𝜗h +

𝛽1
h
C

 h
+
𝛽2(h

Z + 
h
CZ) + 𝛽

h
2

v
Z

 h
+
𝛽h

3
v
D

 h
+
𝛽h

4
v
K

 h

)


h
C,

dh
Z

dt
= 𝜁Z

h
Z −

(
𝜗h +

𝛽1
h
C

 h
+
𝛽2(h

Z + 
h
CZ) + 𝛽

h
2

v
Z

 h
+
𝛽h

3
v
D

 h
+
𝛽h

4
v
K

 h

)


h
Z,

dh
D

dt
= 𝜁D

h
D −

(
𝜗h +

𝛽1
h
C

 h
+
𝛽2(h

Z + 
h
CZ) + 𝛽

h
2

v
Z

 h
+
𝛽h

3
v
D

 h
+
𝛽h

4
v
K

 h

)


h
D,

dh
K

dt
= 𝜁K

h
K −

(
𝜗h +

𝛽1
h
C

 h
+
𝛽2(h

Z + 
h
CZ) + 𝛽

h
2

v
Z

 h
+
𝛽h

3
v
D

 h
+
𝛽h

4
v
K

 h

)


h
K,

dv

dt
= Ψv −

(
𝛽v

2(
h
Z + 

h
CZ)

 h
+
𝛽v

3(
h
D + 

h
CD)

 h
+
𝛽v

4(
h
K + 

h
CK)

 h
+ 𝜗v

)


v,

dv
Z

dt
=
𝛽v

2(
h
Z + 

h
CZ)

 h


v − 𝜗v


v
Z,

dv
D

dt
=
𝛽v

3(
h
D + 

h
CD)

 h


v − 𝜗v


v
D,

dv
K

dt
=
𝛽v

4(
h
K + 

h
CK)

 h


v − 𝜗v


v
K.

(1)

3 ANALYSIS OF THE MODEL

In this section, we qualitatively analyze the model (1) without controls. We begin with the following:

3.1 Positivity and boundedness of solutions

First, we show that the solutions of the system (1) are non-negative for all time t > 0.

Theorem 1. The closed set  = h ×v with


h = {(h,h

C,
h
Z ,

h
D,

h
K,

h
CZ,

h
CD,

h
CK,

h
C,

h
Z,

h
D,

h
K) ∈ ℜ

12
+ ∶


h + h

C + 
h
Z + 

h
D + 

h
K + 

h
CZ + 

h
CD + 

h
CK +

h
C +

h
Z +

h
D +

h
K ≤

Ψh

𝜗h
},


v = {(v,v

Z,
v
D,

v
K) ∈ ℜ

4
+ ∶ v + v

Z + 
v
D + 

v
K ≤

Ψv

𝜗v }

is positively invariant with respect to the model (1).
Proof. Adding all the equations corresponding to the human components of the system (1) gives


h

dt
= Ψh − 𝜗h


h(t) − [𝜂C

h
C + 𝜂Z

h
Z + 𝜂K

h
K + (𝜂C + 𝜂Z)h

CZ + (𝜂C + 𝜂D)h
CD + (𝜂C + 𝜂K)h

CK]. (2)

From (2), we have

Ψh − (𝜗h + 10𝜂) h
≤


h

dt
≤ Ψh − 𝜗h


h,

where 𝜂 = min{𝜂C, 𝜂Z, 𝜂D, 𝜂K}.
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6 OMAME et al.

The above inequality can be rewritten as


h

dt
≤ Ψh − 𝜗h


h. (3)

By applying the integrating factor method to the above inequality and on simplification, we obtain that


h(t) ≤ Ψh

𝜗h +
(


h(0) − Ψh

𝜗h

)
e−𝜇t. (4)

Therefore, the total human population, h(t) ≤ Ψh

𝜗h as t →∞. Similarly, it can be shown that v(t) ≤ Ψv

𝜗v as t →∞. Thus,
the system (1) has the solution in  and hence the given system is positively invariant. ▪

3.2 The basic reproduction number of the model

The disease-free equilibrium (DFE) of the model (1) is obtained by setting the right-hand sides of the equations in the
model (1) to zero and is given by

𝜓0 =
(


h∗,h∗
C ,

h∗
Z ,

h∗
D ,

h∗
K ,

h∗
CZ,

h∗
CD,

h∗
CK,

h∗
C ,

h∗
Z ,

h∗
D ,

h∗
K ,

v∗,v∗
Z ,

v∗
D ,

v∗
K
)

=
(
Ψh

𝜗h
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, Ψ

v

𝜗v , 0, 0, 0
)
.

The stability of the DFE is established by applying the next generation operator method32 on the system (1). The transfer
matrices are given by

F =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝛽1 0 0 0 0 0 0 0 0 0
0 𝛽2 0 0 𝛽2 0 0 𝛽h

2 0 0
0 0 0 0 0 0 0 0 𝛽h

3 0
0 0 0 0 0 0 0 0 0 𝛽h

4

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 𝛽v

2 Sv∗

 h∗ 0 0 𝛽v
2 Sv∗

 h∗ 0 0 0 0 0
0 0 𝛽v

3 Sv∗

 h∗ 0 0 𝛽v
3 Sv∗

 h∗ 0 0 0 0
0 0 0 𝛽v

4 Sv∗

 h∗ 0 0 𝛽v
4 Sv∗

 h∗ 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (5)

V =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 −𝜁Z −𝜁D −𝜁K 0 0 0
0 2 0 0 −𝜁C 0 0 0 0 0
0 0 3 0 0 −𝜁C 0 0 0 0
0 0 0 4 0 0 −𝜁C 0 0 0
0 0 0 0 5 0 0 0 0 0
0 0 0 0 0 6 0 0 0 0
0 0 0 0 0 0 7 0 0 0
0 0 0 0 0 0 0 𝜗v 0 0
0 0 0 0 0 0 0 0 𝜗v 0
0 0 0 0 0 0 0 0 0 𝜗v

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (6)

where

1 = 𝜂C + 𝜁C + 𝜗h, 2 = 𝜂Z + 𝜁Z + 𝜗h, 3 = 𝜂D + 𝜁D + 𝜗h, 4 = 𝜂K + 𝜁K + 𝜗h, 5 = 𝜂C + 𝜂Z + 𝜁C + 𝜁Z + 𝜗h,

6 = 𝜂C + 𝜂D + 𝜁C + 𝜁D + 𝜗h, 7 = 𝜂C + 𝜂K + 𝜁C + 𝜁K + 𝜗h.

The basic reproduction number of the model (1) is given by 0 = 𝜌(FV−1) = max{0C,0Z,0D,0K}, where the
associated reproduction number for COVID-19 denoted by0C is given by
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OMAME et al. 7

0C =
𝛽1

1
,

the associated reproduction number for zika denoted by0Z is given by

0Z =
1
2
𝛽2

2
+ 1

2

√(
𝛽2

2

)2

+
4𝛽h

2 𝛽
v
2Ψ

v
𝜗h

Ψh
𝜗v22

.

0D is the associated reproduction number for dengue which is given by

0D =

√
𝛽h

3 𝛽
v
3Ψ

v
𝜗h

Ψh
𝜗v23

,

and chikungunya associated reproduction number denoted by0K is given by

0K =

√
𝛽h

4 𝛽
v
4Ψ

v
𝜗h

Ψh
𝜗v24

.

If the reproduction number associated with the human-to-human zika transmission is h
0Z =

𝛽2
2

, and the reproduction

number associated with the vector-to-human-to-vector zika transmission is v
0Z =

√
𝛽h

2 𝛽
v
2Ψ

v𝜗h

Ψh
𝜗v22

, then the zika associated

reproduction number can be rewritten as

0Z =
1
2


h
0Z +

1
2

√(


h
0Z
)2 + 4

(


v
0Z
)2
.

3.3 Local asymptotic stability of the DFE of the model

Theorem 2. The DFE,0, of the model (1) is locally asymptotically stable (LAS) if 0 < 1, and unstable if 0 > 1.
Proof. The local stability of the model (1) is analyzed by the Jacobian matrix of the system (1) evaluated at the DFE,0,
given by:

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 𝜗h −𝛽1 −𝛽2 0 0 −𝛽2 0 0 0 0 0 0 0 −𝛽h
2 −𝛽h

3 −𝛽h
4

0 𝛽1 − 1 0 0 0 𝜁Z 𝜁D 𝜁K 0 0 0 0 0 0 0 0

0 0 𝛽2 − 2 0 0 𝛽2 + 𝜁C 0 0 0 0 0 0 0 𝛽h
2 0 0

0 0 0 −3 0 0 0 0 0 0 0 0 0 0 𝛽h
3 0

0 0 0 0 −4 0 0 0 0 0 0 0 0 0 0 𝛽h
4

0 0 0 0 0 −5 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 −6 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −7 0 0 0 0 0 0 0 0

0 𝜁C 0 0 0 0 0 0 −𝜗h 0 0 0 0 0 0 0

0 0 𝜁Z 0 0 0 0 0 0 −𝜗h 0 0 0 0 0 0

0 0 0 𝜁D 0 0 0 0 0 0 −𝜗h 0 0 0 0 0

0 0 0 0 𝜁K 0 0 0 0 0 0 −𝜗h 0 0 0 0

0 0 − 𝛽v
2

v∗

 h∗ − 𝛽v
3

v∗

 h∗ − 𝛽v
4

v∗

 h∗ − 𝛽v
2

v∗

 h∗ − 𝛽v
3

v∗

 h∗ − 𝛽v
4

v∗

 h∗ 0 0 0 0 −𝜗v 0 0 0

0 0 𝛽v
2

v∗

 h∗ 0 0 𝛽v
2

v∗

 h∗ 0 0 0 0 0 0 0 −𝜗v 0 0

0 0 0 𝛽v
3

v∗

 h∗ 0 0 𝛽v
3

v∗

 h∗ 0 0 0 0 0 0 0 −𝜗v 0

0 0 0 0 𝛽v
4

v∗

 h∗ 0 0 𝛽v
4

v∗

 h∗ 0 0 0 0 0 0 0 −𝜗v

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (7)

The eigenvalues are given by

l1 = −5, l2 = −6, l3 = −7, l4 = −𝜗v, l5 = −𝜗h (with multiplicity of 5), (8)
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8 OMAME et al.

and the solutions of the equations

(𝜆 + 1(1 −0C)) = 0, 𝜆2 +
(
2 + 𝜗v − 𝛽2

v∗

 h∗

)
𝜆 + 𝜗v

2(1 −h
0Z −

v2
0Z) = 0, (9)

and

𝜆2 + (3 + 𝜗v) 𝜆 + 𝜗v
3(1 −2

0D) = 0, 𝜆2 + (4 + 𝜗v) 𝜆 + 𝜗v
4(1 −2

0K) = 0. (10)

Applying the Routh–Hurwitz criterion, the three equations in (9) and (10) will have roots with negative real
parts if and only if 0C < 1, 0Z < 1, 0D < 1, and 0K < 1, respectively. Thus, the DFE, 0 is LAS if 0 =
max{0C,0Z,0D,0K} < 1. ▪

3.4 Global asymptotic stability of the DFE of the model

The approach illustrated in Reference 33 is used to investigate the global asymptotic stability of the DFE of the co-infection
model. In this section, we give two conditions which guarantee the global asymptotic stability of the disease-free state.
First, system (1) must be written in the form:

dΥ
dt

= P(Υ,Ω),

dΩ
dt

= Q(Υ,Ω),Q(Υ, 0) = 0,
(11)

where Υ = (h(t),h
C(t),

h
Z(t),

h
D(t),

h
K(t),

v(t)) ∈ R6 represents the number of uninfected components of the model
(1) and Ω = (h

C(t),
h
Z(t),

h
D(t),

h
K(t),

h
CZ(t),

h
CD(t),

h
CK(t),

v
Z(t),

v
D(t),

v
K(t)) ∈ R10 represents the number of infected

components of the model.0 = (Υ∗, 0) is the DFE of system (1).
The conditions (i) and (ii) below must be satisfied in order to guarantee local asymptotic stability:

(i) For dΥ
dt
= P(Υ, 0),Υ∗is globally asymptotically stable (GAS).

(ii) Q(Υ,Ω) = BΩ − Q̂(Υ,Ω)Υ, Q(Υ,Ω) ≥ 0, where B = DΩQ(Υ∗, 0) is an M-matrix (the off-diagonal elements of B are
nonnegative).

If system (1) satisfies the above two conditions then the following theorem holds:

Theorem 3. The fixed point 0 = (Υ∗, 0) is a GAS equilibrium of (1) provided that 0 < 1 and that assumptions (i) and
(ii) are satisfied.

Proof.

dΥ
dt

= P(Υ,Ω) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ψh −
(
𝛽1

h
C

 h +
𝛽2(h

Z+
h
CZ)+𝛽

h
2 

v
Z

 h + 𝛽h
3 

v
D

 h +
𝛽h

4 
v
K

 h + 𝜗h
)


h

𝜁C
h
C −

(
𝜗h + 𝛽1

h
C

 h +
𝛽2(h

Z+
h
CZ)+𝛽

h
2 

v
Z

 h + 𝛽h
3 

v
D

 h +
𝛽h

4 
v
K

 h

)


h
C

𝜁Z
h
Z −

(
𝜗h + 𝛽1

h
C

 h +
𝛽2(h

Z+
h
CZ)+𝛽

h
2 

v
Z

 h + 𝛽h
3 

v
D

 h +
𝛽h

4 
v
K

 h

)


h
Z

𝜁D
h
D −

(
𝜗h + 𝛽1

h
C

 h +
𝛽2(h

Z+
h
CZ)+𝛽

h
2 

v
Z

 h + 𝛽h
3 

v
D

 h +
𝛽h

4 
v
K

 h

)


h
D

𝜁K
h
K −

(
𝜗h + 𝛽1

h
C

 h +
𝛽2(h

Z+
h
CZ)+𝛽

h
2 

v
Z

 h + 𝛽h
3 

v
D

 h +
𝛽h

4 
v
K

 h

)


h
K

Ψv −
(
𝛽v

2(
h
Z+

h
CZ)

 h + 𝛽v
3(

h
D+

h
CD)

 h + 𝛽v
4(

h
K+

h
CK)

 h + 𝜗v
)


v

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (12)

P(Υ, 0) =

⎛⎜⎜⎜⎜⎜⎜⎝

Ψh − 𝜗h


h

0
0
0
0

Ψv − 𝜗v


v

⎞⎟⎟⎟⎟⎟⎟⎠
, (13)
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OMAME et al. 9

Q(Υ,Ω)

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝛽1
h
C

 h (h +h
C +

h
Z +

h
D +

h
K) −

(
𝜂C + 𝜁C + 𝜗h

)


h
C −

𝛽2(h
Z+

h
CZ)+𝛽

h
2 

v
Z

 h 
h
C −

𝛽h
3 

v
D

 h 
h
C −

𝛽h
4 

v
K

 h 
h
C + 𝜁Z

h
CZ + 𝜁D

h
CD + 𝜁K

h
CK

𝛽2(h
Z+

h
CZ)+𝛽

h
2 

v
Z

 h (h +h
C +

h
Z +

h
D +

h
K) −

(
𝜂Z + 𝜁Z + 𝜗h

)


h
Z −

𝛽1
h
C

 h 
h
Z + 𝜁C

h
CZ

𝛽h
3 

v
D

 h (h +h
C +

h
Z +

h
D +

h
K) −

(
𝜂D + 𝜁D + 𝜗h

)


h
D −

𝛽1
h
C

 h 
h
D + 𝜁C

h
CD

𝛽h
4 

v
K

 h (h +h
C +

h
Z +

h
D +

h
K) −

(
𝜂K + 𝜁K + 𝜗h

)


h
K −

𝛽1
h
C

 h 
h
K + 𝜁C

h
CK

𝛽2(h
Z+

h
CZ)+𝛽

h
2 

v
Z

 h 
h
C +

𝛽1
h
C

 h 
h
Z −

(
𝜂C + 𝜂Z + 𝜁C + 𝜁Z + 𝜗h

)


h
CZ

𝛽h
3 

v
D

 h 
h
C +

𝛽1
h
C

 h 
h
D −

(
𝜂C + 𝜂D + 𝜁C + 𝜁D + 𝜗h

)


h
CD

𝛽h
4 

v
K

 h 
h
C +

𝛽1
h
C

 h 
h
K −

(
𝜂C + 𝜂K + 𝜁C + 𝜁K + 𝜗h

)


h
CK

𝛽v
2 (

h
Z+

h
CZ)

 h 
v − 𝜗v


v
Z

𝛽v
3 (

h
D+

h
CD)

 h 
v − 𝜗v


v
D

𝛽v
4 (

h
K+

h
CK)

 h 
v − 𝜗v


v
K

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

B = DΩQ(Υ∗, 0) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝛽1 − 1 0 0 0 𝜁Z 𝜁D 𝜁K 0 0 0
0 𝛽2 − 2 0 0 𝛽2 + 𝜁C 0 0 𝛽h

2 0 0
0 0 −3 0 0 0 0 0 𝛽h

3 0
0 0 0 −4 0 0 0 0 0 𝛽h

4

0 0 0 0 −5 0 0 0 0 0
0 0 0 0 0 −6 0 0 0 0
0 0 0 0 0 0 −7 0 0 0
0 𝛽v

2
v∗

 h∗ 0 0 𝛽v
2

v∗

 h∗ 0 0 −𝜗v 0 0
0 0 𝛽v

3
v∗

 h∗ 0 0 𝛽v
3

v∗

 h∗ 0 0 −𝜗v 0
0 0 0 𝛽v

4
v∗

 h∗ 0 0 𝛽v
4

v∗

 h∗ 0 0 −𝜗v

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

Q̂(Υ,Ω) = BΩ − Q(Υ,Ω) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝛽1

(
1 − 

h+h
C+

h
Z+

h
D+

h
K

 h

)
+ 𝛽2(h

Z+
h
CZ)+𝛽

h
2 

v
Z

 h 
h
C +

𝛽h
3 

v
D

 h 
h
C +

𝛽h
4 

v
K

 h 
h
C(

𝛽2(h
Z + 

h
CZ) + 𝛽

h
2

v
Z
) (

1 − 
h+h

C+
h
Z+

h
D+

h
K

 h

)
+ 𝛽1

h
C

 h 
h
Z

𝛽h
3

v
D

(
1 − 

h+h
C+

h
Z+

h
D+

h
K

 h

)
+ 𝛽1

h
C

 h 
h
D − 𝜁C

h
CD

𝛽h
4Kv

(
1 − 

h+h
C+

h
Z+

h
D+

h
K

 h

)
+ 𝛽1

h
C

 h 
h
D − 𝜁C

h
CD

− 𝛽2(h
Z+

h
CZ)+𝛽

h
2 

v
Z

 h 
h
C −

𝛽1
h
C

 h 
h
Z

− 𝛽h
3 

v
D

 h 
h
C −

𝛽1
h
C

 h 
h
D

− 𝛽h
4 

v
K

 h 
h
C −

𝛽1
h
C

 h 
h
K

𝛽v
2(

h
Z + 

h
CZ)

(


v∗

 h∗ −


v

 h

)
𝛽v

3(
h
D + 

h
CD)

(


v∗

 h∗ −


v

 h

)
𝛽v

4(
h
K + 

h
CK)

(


v∗

 h∗ −


v

 h

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

It is observed that Q̂(Υ,Ω) ≱ 0. Hence, it follows from Reference 34 that the DFE is not GAS which shows the occurrence
of a backward bifurcation in the system. We shall investigate this in the next section. ▪

3.5 Backward bifurcation analysis of the model

The phenomenon of backward bifurcation, which has been observed in several disease models, is typically characterized
by the co-existence of a stable DFE and a stable endemic equilibrium when the associated reproduction number of the
model is less than unity. The public health implication of the backward bifurcation phenomenon of model (1) is that, the
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10 OMAME et al.

classical epidemiological requirement of having the reproduction number0 to be less than unity, although necessary, is
no longer sufficient for the effective control of the diseases. In this section, the phenomenon of backward bifurcation in the
model (1) is discussed. The following theorem is used to establish the presence of the backward bifurcation phenomenon
for the model considered in this work.

Theorem 4 (34). Consider the following system of ordinary differential equations with a parameter 𝜙

dx
dt
= f (x, 𝜙), f ∶ Rn ×R → R and f ∈ C2(Rn ×R), (14)

where 0 is an equilibrium point of the system (i.e., f (0, 𝜙) ≡ 0 for all 𝜙) and assume

(A1) A = Dxf (0, 0) =
(
𝜕fi
𝜕xj
(0, 0)

)
, which is the linearization matrix of the system (14) around the equilibrium 0 with 𝜙

evaluated at 0, has simple eigenvalue equal to zero and other eigenvalues of A have negative real parts.
(A2) Matrix A has a right eigenvector 𝜑 and a left eigenvector 𝛿 (each corresponding to the zero eigenvalue).

Let fk be the kth component of f and

a =
n∑

k,i,j=1
𝛿k𝜑i𝜑j

𝜕2fk

𝜕xi𝜕xj
(0, 0),

b =
n∑

k,i=1
𝛿k𝜑i

𝜕2fk

𝜕xi𝜕𝜙
(0, 0).

The local dynamics of the system around 0 is completely determined by the sign of a and b.

(i) a > 0, b > 0. When 𝜙 < 0 with |𝜙|≪ 1, 0 is LAS and there exists a positive unstable equilibrium; when 0 ≤ 𝜙 ≪ 1, 0
is unstable and there exists a negative, LAS equilibrium.

(ii) a < 0, b < 0. When𝜙 < 0 with |𝜙|≪ 1, 0 is unstable; when 0 < 𝜙 ≪ 1, 0 is LAS equilibrium, and there exists a positive
unstable equilibrium.

(iii) a > 0, b < 0. When 𝜙 < 0 with |𝜙|≪ 1, 0 is unstable and there exists an LAS negative equilibrium; when 0 ≤ 𝜙 ≪ 1,
0 is stable and a positive unstable equilibrium appears.

(iv) a < 0, b > 0. When 𝜙 changes from negative to positive, 0 changes its stability from stable to unstable. Correspondingly
a negative unstable equilibrium becomes positive and LAS.

Particularly, if a > 0 and b > 0, then a backward bifurcation occurs at 𝜙 = 0.
For the model (1), we establish the results below:

Theorem 5. The model (1) exhibits backward bifurcation if the coefficient a defined below is positive

a = −2𝛽1𝜑2𝛿2

 h∗
(𝜑2 + 𝜑3 + 𝜑4 + 𝜑5) +

2𝛽1[(𝜑3𝛿6 + 𝜑4𝛿7 + 𝜑5𝛿8)𝜑2 − (𝜑3𝛿3 + 𝜑4𝛿4 + 𝜑5𝛿5)𝜑2]
 h∗

−
2(𝛽2𝜑3 + 𝛽h

2𝜑14)𝛿3

 h∗
(𝜑2 + 𝜑3 + 𝜑4 + 𝜑5) +

2[(𝛽2𝜑3 + 𝛽h
2𝜑14)𝜑2𝛿6 − (𝛽2𝜑3 + 𝛽h

2𝜑14)𝜑2𝛿2]
 h∗

−
2𝛽h

3𝜑15𝛿4

 h∗
(𝜑2 + 𝜑3 + 𝜑4 + 𝜑5) +

2[(𝛽h
3𝜑15𝛿7 − 𝛽h

3𝜑15𝛿2)𝜑2]
 h∗

−
2𝛽h

4𝜑16𝛿5

 h∗
(𝜑2 + 𝜑3 + 𝜑4 + 𝜑5) +

2[(𝛽h
4𝜑16𝛿8 − 𝛽h

4𝜑16𝛿2)𝜑2]
 h∗

−
2(𝛽v

2𝜑3𝛿14 + 𝛽v
3𝜑4𝛿15 + 𝛽v

4𝜑5𝛿16)x∗13

 h∗2
(𝜑1 + 𝜑2 + 𝜑3 + 𝜑4 + 𝜑5 + 𝜑9 + 𝜑10 + 𝜑11 + 𝜑12 −

𝜑13
h∗

x∗13
).

Proof. Let

e = (h∗∗,h∗∗
C ,h∗∗

Z ,h∗∗
D ,h∗∗

K ,h∗∗
CZ ,

h∗∗
CD ,

h∗∗
CK ,

h∗∗
C ,h∗∗

Z ,h∗∗
D ,h∗∗

K ,v∗∗,v∗∗
Z ,v∗∗

D ,v∗∗
K )
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OMAME et al. 11

denote an arbitrary endemic equilibrium of the model. We carry out the following change of variables as follows. Let


h = x1,

h
C = x2,

h
Z = x3,

h
D = x4,

h
K = x5,

h
CZ = x6,

h
CD = x7,

h
CK = x8,

h
C = x9,


h
Z = x10,

h
D = x11,

h
K = x12,

v = x13,
v
Z = x14,

v
D = x15,

v
K = x16,

so that the model (1) can be represented in the form

dx1

dt
= Ψh −

(
𝛽1x2

 h
+
𝛽2(x3 + x6) + 𝛽h

2 x14

 h
+
𝛽h

3 x15

 h
+
𝛽h

4 x16

 h
+ 𝜗h

)
x1 ∶ f1,

dx2

dt
= 𝛽1x2

 h
(x1 + x9 + x10 + x11 + x12) −

(
𝜂C + 𝜁C + 𝜗h) x2 −

𝛽2(x3 + x6) + 𝛽h
2 x14

 h
x2 −

𝛽h
3 x15

 h
x2

−
𝛽h

4 x16

 h
x2 + 𝜁Zx6 + 𝜁Dx7 + 𝜁Kx8 ∶ f2,

dx3

dt
=
𝛽2(x3 + x6) + 𝛽h

2 x14

 h
(x1 + x9 + x10 + x11 + x12) −

(
𝜂Z + 𝜁Z + 𝜗h) x3 −

𝛽1x2

 h
x3 + 𝜁Cx6 ∶ f3,

dx4

dt
=
𝛽h

3 x15

 h
(x1 + x9 + x10 + x11 + x12) −

(
𝜂D + 𝜁D + 𝜗h) x4 −

𝛽1x2

 h
x4 + 𝜁Cx7 ∶ f4,

dx5

dt
=
𝛽h

4 x16

 h
(x1 + x9 + x10 + x11 + x12) −

(
𝜂K + 𝜁K + 𝜗h) x5 −

𝛽1x2

 h
x5 + 𝜁Cx8 ∶ f5,

dx6

dt
=
𝛽2(x3 + x6) + 𝛽h

2 x14

 h
x2 +

𝛽1x2

 h
x3 −

(
𝜂C + 𝜂Z + 𝜁C + 𝜁Z + 𝜗h) x6 ∶ f6,

dx7

dt
=
𝛽h

3 x15

 h
x2 +

𝛽1x2

 h
x4 −

(
𝜂C + 𝜂D + 𝜁C + 𝜁D + 𝜗h) x7 ∶ f7,

dx8

dt
=
𝛽h

4 x16

 h
x2 +

𝛽1x2

 h
x5 −

(
𝜂C + 𝜂K + 𝜁C + 𝜁K + 𝜗h) x8 ∶ f8,

dx9

dt
= 𝜁Cx2 −

(
𝜗h + 𝛽1x2

 h
+
𝛽2(x3 + x6) + 𝛽h

2 x14

 h
+
𝛽h

3 x15

 h
+
𝛽h

4 x16

 h

)
x9 ∶ f9,

dx10

dt
= 𝜁Zx3 −

(
𝜗h + 𝛽1x2

 h
+
𝛽2(x3 + x6) + 𝛽h

2 x14

 h
+
𝛽h

3 x15

 h
+
𝛽h

4 x16

 h

)
x10 ∶ f10,

dx11

dt
= 𝜁Dx4 −

(
𝜗h + 𝛽1x2

 h
+
𝛽2(x3 + x6) + 𝛽h

2 x14

 h
+
𝛽h

3 x15

 h
+
𝛽h

4 x16

 h

)
x11 ∶ f11,

dx12

dt
= 𝜁Kx5 −

(
𝜗h + 𝛽1x2

 h
+
𝛽2(x3 + x6) + 𝛽h

2 x14

 h
+
𝛽h

3 x15

 h
+
𝛽h

4 x16

 h

)
x12 ∶ f12,

dx13

dt
= Ψv −

(
𝛽v

2(x3 + x6)
 h

+
𝛽v

3(x4 + x7)
 h

+
𝛽v

4(x5 + x8)
 h

+ 𝜗v
)

x13 ∶ f13,

dx14

dt
=
𝛽v

2(x3 + x6)
 h

x13 − 𝜗vx14 ∶ f14,

dx15

dt
=
𝛽v

3(x4 + x7)
 h

x13 − 𝜗vx15 ∶ f15,

dx16

dt
=
𝛽v

4(x5 + x8)
 h

x13 − 𝜗vx16 ∶ f16,

(15)

where


h =

12∑
i=1

xi.
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12 OMAME et al.

Consider the case when0 = max{0C,0Z,0D,0K} = 1. Without any loss of generality, suppose that 𝛽h
3 is chosen as

a bifurcation parameter. Solving for 𝛽h
3 = 𝛽

h∗
3 from0D = 1 we have

𝛽h
3 = 𝛽

h∗
3 = 𝜗v2

3Ψh

Ψv
𝜗h𝛽v

3
.

Evaluating the Jacobian of the system (15) at the DFE, J(0), and using the approach as given in Reference 34,
J(0) has a right eigenvector (linked with the zero eigenvalue of J(0)) given by 𝝋 = [𝜑1, 𝜑2, 𝜑3, … , 𝜑16]T , where the
components are

𝜑1 = −
1
𝜗h

[
𝛽2𝜑3 + 𝛽h

2𝜑14 + 𝛽h
3𝜑15 + 𝛽h

4𝜑16
]
< 0, 𝜑2 = 𝜑2 > 0, 𝜑3 = 𝜑3 > 0, 𝜑4 =

𝛽h
3

𝜗v3
> 0,

𝜑5 =
𝛽h

4

𝜗v4
> 0, 𝜑6 = 𝜑7 = 𝜑8 = 0, 𝜑9 =

𝜁C𝜑2

𝜗h
> 0, 𝜑10 =

𝜁Z𝜑3

𝜗h
> 0, 𝜑11 =

𝜁D𝛽
h
3

𝜗v𝜗h3
> 0, 𝜑12 =

𝜁K𝛽
h
4

𝜗v𝜗h4
> 0,

𝜑13 = −
1
𝜗v

[
𝛽v

2
v∗

 h∗
𝜑3 +

𝛽v
3

v∗

 h∗
𝜑4 +

𝛽v
4

v∗

 h∗
𝜑5

]
< 0, 𝜑14 =

𝛽v
2

v∗

𝜗v h∗
𝜑3 > 0, 𝜑15 =


h∗
3

𝛽h
3 𝛽

v
3

v∗
> 0 𝜑16 =


h∗
4

𝛽h
4 𝛽

v
4

v∗
> 0.

The components of the left eigenvector of J(0)|𝛽h
3=𝛽

h∗
3

, 𝜹 = [𝛿1, 𝛿2, … , 𝛿16], satisfying 𝛗.𝛅 = 1 are

𝛿1 = 0, 𝛿2 = 𝛿2 > 0, 𝛿3 = 𝛿3 > 0, 𝛿4 =
𝛽v

3
v∗

𝜗v3 h∗
> 0,

𝛿5 =
𝛽v

4
v∗

𝜗v4 h∗
> 0, 𝛿6 =

1
5

(
(𝛽2 + 𝜁C)𝛿3 +

𝛽h
2 𝛽

v
2

v∗

𝜗v h∗
𝛿3

)
> 0

𝛿7 =
4

6𝛽
h
3

> 0, 𝛿8 =
4

7𝛽
h
4

> 0, 𝛿9 = 𝛿10 = 𝛿11 = 𝛿12 = 𝛿13 = 0,

𝛿14 =
𝛽h

2

𝜗v 𝛿3 > 0, 𝛿15 =


h∗
3

𝛽h
3 𝛽

v
3

v∗
> 0 𝛿16 =


h∗
4

𝛽h
4 𝛽

v
4

v∗
> 0.

The nonzero second partial derivatives of the functions fi(i = 1, … , 16) are given in Appendix A.
From Theorem 4, and using the computed nonzero partial derivatives of f (x) (evaluated at the DFE, (0)), the

associated bifurcation coefficients given below

a =
16∑

k,i,j=1
𝛿k𝜑i𝜑j

𝜕2fk

𝜕xi𝜕xj
(0, 0) and b =

16∑
k,i=1

𝛿k𝜑i
𝜕2fk

𝜕xi𝜕𝛽
h∗
3

(0, 0),

are computed by

a = −2𝛽1𝜑2𝛿2

 h∗
(𝜑2 + 𝜑3 + 𝜑4 + 𝜑5) +

2𝛽1[(𝜑3𝛿6 + 𝜑4𝛿7 + 𝜑5𝛿8)𝜑2 − (𝜑3𝛿3 + 𝜑4𝛿4 + 𝜑5𝛿5)𝜑2]
 h∗

−
2(𝛽2𝜑3 + 𝛽h

2𝜑14)𝛿3

 h∗
(𝜑2 + 𝜑3 + 𝜑4 + 𝜑5) +

2[(𝛽2𝜑3 + 𝛽h
2𝜑14)𝜑2𝛿6 − (𝛽2𝜑3 + 𝛽h

2𝜑14)𝜑2𝛿2]
 h∗

−
2𝛽h

3𝜑15𝛿4

 h∗
(𝜑2 + 𝜑3 + 𝜑4 + 𝜑5) +

2[(𝛽h
3𝜑15𝛿7 − 𝛽h

3𝜑15𝛿2)𝜑2]
 h∗

−
2𝛽h

4𝜑16𝛿5

 h∗
(𝜑2 + 𝜑3 + 𝜑4 + 𝜑5)

+
2[(𝛽h

4𝜑16𝛿8 − 𝛽h
4𝜑16𝛿2)𝜑2]

 h∗
−

2(𝛽v
2𝜑3𝛿14 + 𝛽v

3𝜑4𝛿15 + 𝛽v
4𝜑5𝛿16)x∗13

 h∗2

×
(
𝜑1 + 𝜑2 + 𝜑3 + 𝜑4 + 𝜑5 + 𝜑9 + 𝜑10 + 𝜑11 + 𝜑12 −

𝜑13
h∗

x∗13

)

(16)
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OMAME et al. 13

and

b =
16∑

k,i=1
𝛿k𝜑i

𝜕2fk

𝜕xi𝜕𝛽∗
(0, 0) = 𝜑15𝛿4 > 0.

The backward bifurcation coefficient b is strictly positive. It follows from Theorem 4 that the model (1) undergoes
backward bifurcation when the coefficient a > 0. The epidemiological consequence of Theorem 5 gives that the classi-
cal requirement of having the reproduction number 0 = max{0C,0Z,0D,0K} to be less than unity is necessary
but no longer sufficient for the effective control of COVID-19, zika, dengue, and chikungunya in the population.
Thus, the backward bifurcation property of the model (1) makes effective control of the diseases very difficult in
the population. ▪

4 OPTIMAL CONTROL ANALYSIS

We now define and incorporate time dependent controls into the model (1) as follows: u1(t): COVID-19 prevention
control, u2(t): human-to-human transmission of zika prevention control, u3(t): human-to-vector (vector-to-human) trans-
mission of zika prevention control, u4(t): dengue transmission prevention control, and u5(t): chikungunya transmission
prevention control. Assume that the control functions, u1(t),u2(t),u3(t),u4(t), and u5(t) are bounded and Lebesgue
integrable functions. The control u1(t) represents the efforts geared toward preventing COVID-19 infections by sus-
ceptible humans (which include: vaccination, social distancing, face-mask usage in public, use of personal protective
equipment [PPE], hand gloves by health workers, and so on). The control u2(t) denotes efforts made to prevent
human-to-human transmission of zika virus. As zika can be transmitted either from mother to child or by sexual
route, this control seeks to reduce transmission by these means. The control function u3(t) seeks to reduce vecto-
rial transmission of zika virus. These efforts include minimizing contact between mosquitoes and humans by wearing
light colored clothes, using bed nets and window screens. The control u4(t) represents efforts to reduce vectorial
transmission of dengue disease. These efforts also include minimizing contacts between humans and mosquitoes,
using bed nets, and also getting dengue vaccination. Recently, the Dengvaxia vaccine has been approved for dengue
prevention.35 These efforts seek to enforce the administration of this vaccine to susceptible humans. Finally, the con-
trol function u5(t) stands for efforts required for preventing chikungunya infection (which also includes use of bed
nets, vector repellents, and ensuring clean and hygienic environments). The optimal control system examines sce-
narios where the number of infectious cases and the cost of implementing the controls u1(t),u2(t),u3(t),u4(t), and
u5(t) are minimized subject to the state system (17). It is assumed that all the controls may not be 100% effec-
tive in averting infections. Thus, we bound them as follows: 0 < u1,u2,u3,u4,u5 ≤ 0.9. However, policy makers and
health agencies are advised to increase preventive efforts in the form sensitization and awareness campaigns geared
toward keeping the efficacy of the controls at very high level, in order to adequately manage the co-circulation of all
the diseases.

The optimal control model is thus given by:

dh

dt
= Ψh −

(
(1 − u1)𝛽1

h
C

 h
+
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
+
(1 − u4)𝛽h

3
v
D

 h
+
(1 − u5)𝛽h

4
v
K

 h
+ 𝜗h

)


h,

dh
C

dt
=
(1 − u1)𝛽1

h
C

 h
(h +h

C +
h
Z +

h
D +

h
K)

−
(
𝜂C + 𝜁C + 𝜗h)


h
C −

(1 − u2)𝛽2(h
Z + 

h
CZ) + (1 − u3)𝛽h

2
v
Z

 h


h
C

−
(1 − u4)𝛽h

3
v
D

 h


h
C −

(1 − u5)𝛽h
4

v
K

 h


h
C + 𝜁Z

h
CZ + 𝜁D

h
CD + 𝜁K

h
CK,

dh
Z

dt
=
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
(h +h

C +
h
Z +

h
D +

h
K)

−
(
𝜂Z + 𝜁Z + 𝜗h)


h
Z −

(1 − u1)𝛽1
h
C

 h


h
Z + 𝜁C

h
CZ,
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14 OMAME et al.

dh
D

dt
=
(1 − u4)𝛽h

3
v
D

 h
(h +h

C +
h
Z +

h
D +

h
K) −

(
𝜂D + 𝜁D + 𝜗h)


h
D −

(1 − u1)𝛽1
h
C

 h


h
D + 𝜁C

h
CD,

dh
K

dt
=
(1 − u5)𝛽h

4
v
K

 h
(h +h

C +
h
Z +

h
D +

h
K) −

(
𝜂K + 𝜁K + 𝜗h)


h
K −

(1 − u1)𝛽1
h
C

 h


h
K + 𝜁C

h
CK,

dh
CZ

dt
=
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h


h
C +

(1 − u1)𝛽1
h
C

 h


h
Z −

(
𝜂C + 𝜂Z + 𝜁C + 𝜁Z + 𝜗h)


h
CZ,

dh
CD

dt
=
(1 − u4)𝛽h

3
v
D

 h


h
C +

(1 − u1)𝛽1
h
C

 h


h
D −

(
𝜂C + 𝜂D + 𝜁C + 𝜁D + 𝜗h)


h
CD,

dh
CK

dt
=
(1 − u5)𝛽h

4
v
K

 h


h
C +

(1 − u1)𝛽1
h
C

 h


h
K −

(
𝜂C + 𝜂K + 𝜁C + 𝜁K + 𝜗h)


h
CK,

dh
C

dt
= 𝜁C

h
C −

(
𝜗h +

(1 − u1)𝛽1
h
C

 h
+
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
+
(1 − u4)𝛽h

3
v
D

 h
+
(1 − u5)𝛽h

4
v
K

 h

)


h
C,

dh
Z

dt
= 𝜁Z

h
Z −

(
𝜗h +

(1 − u1)𝛽1
h
C

 h
+
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
+
(1 − u4)𝛽h

3
v
D

 h
+
(1 − u5)𝛽h

4
v
K

 h

)


h
Z,

dh
D

dt
= 𝜁D

h
D −

(
𝜗h +

(1 − u1)𝛽1
h
C

 h
+
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
+
(1 − u4)𝛽h

3
v
D

 h
+
(1 − u5)𝛽h

4
v
K

 h

)


h
D,

dh
K

dt
= 𝜁K

h
K −

(
𝜗h +

(1 − u1)𝛽1
h
C

 h
+
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
+
(1 − u4)𝛽h

3
v
D

 h
+
(1 − u5)𝛽h

4
v
K

 h

)


h
K,

dv

dt
= Ψv −

(
(1 − u3)𝛽v

2(
h
Z + 

h
CZ)

 h
+
(1 − u4)𝛽v

3(
h
D + 

h
CD)

 h
+
(1 − u5)𝛽v

4(
h
K + 

h
CK)

 h
+ 𝜗v

)


v,

dv
Z

dt
=
(1 − u3)𝛽v

2(
h
Z + 

h
CZ)

 h


v − 𝜗v


v
Z,

dv
D

dt
=
(1 − u4)𝛽v

3(
h
D + 

h
CD)

 h


v − 𝜗v


v
D,

dv
K

dt
=
(1 − u5)𝛽v

4(
h
K + 

h
CK)

 h


v − 𝜗v


v
K,

(17)

subject to the initial conditions


h
0 = 

h(0), 
h
c0 = 

h
C(0), 

h
z0 = 

h
Z(0), 

h
D0 = 

h
D(0)


h
k0 = 

h
K(0), 

h
cz0 = 

h
CZ(0), 

h
cd0 = 

h
CD(0),


h
ck0 = 

h
CK(0), 

h
c0 = 

h
C(0),

h
z0 = 

h
Z(0), 

h
d0 = 

h
D(0),


h
k0 = 

h
K, 

v
0 = 

v(0), 
v
z0 = 

v
Z(0), 

v
d0 = 

v
D(0), 

v
k0 = 

v
K(0).

(18)

The cost of implementing all the control strategies is given by the following objective functional:

J[u1,u2,u3,u4,u4,u5]
= ∫ T

0 [
h
C(t) + 

h
Z(t) + 

h
D(t) + 

h
K(t) + 

h
CZ(t) + 

h
CD(t) + 

h
CK(t) + 

v
Z(t) + 

v
D(t) + 

v
K(t)

+𝜔1
2

u2
1 +

𝜔2
2

u2
2 +

𝜔3

2
u2

3 +
𝜔4
2

u2
4 +

𝜔5

2
u2

5]dt,

(19)

where T is the final time. The above nonlinear cost functional represents the total cost that includes the cost of COVID-19
and arboviruses preventive measures. We seek to find optimal controls denoted by u∗1,u

∗
2,u

∗
3,u

∗
4,u

∗
5 which minimizes the
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OMAME et al. 15

cost functional, that is,

J(u∗1,u
∗
2,u

∗
3,u

∗
4,u

∗
5) = min{J(u1,u2,u3,u4,u5)|u1,u2,u3,u4,u5 ∈ U}, (20)

where U = {(u1,u2,u3,u4,u5)}, such that u1,u2,u3,u4,u5 are Lebesgue measurable with upper bounds ub
1,u

b
2,u

b
3,u

b
4,u

b
5

for t ∈ [0,T] is the control set. The Hamiltonian is given by:

 = h
C(t) + 

h
Z(t) + 

h
D(t) + 

h
K(t) + 

h
CZ(t) + 

h
CD(t) + 

h
CK(t) + 

h
CZ(t) + 

v
Z(t) + 

v
D(t) + 

v
K(t)

+ 𝜔1

2
u2

1 +
𝜔2

2
u2

2 +
𝜔3

2
u2

3 +
𝜔4

2
u2

4 +
𝜔5

2
u2

5

+ 𝜚1(Ψh −

(
(1 − u1)𝛽1

h
C

 h
+
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
+
(1 − u4)𝛽h

3
v
D

 h
+
(1 − u5)𝛽h

4
v
K

 h
+ 𝜗h

)


h)

+ 𝜚2(
(1 − u1)𝛽1

h
C

 h
(h +h

Z +
h
D +

h
K) −

(
𝜂C + 𝜁C + 𝜗h)


h
C −

(1 − u2)𝛽2(h
Z + 

h
CZ) + (1 − u3)𝛽h

2
v
Z

 h


h
C

−
(1 − u4)𝛽h

3
v
D

 h


h
C −

(1 − u5)𝛽h
4

v
K

 h


h
C + 𝜁Z

h
CZ + 𝜁D

h
CD + 𝜁K

h
CK)

+ 𝜚3(
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
(h +h

C +
h
D +

h
K) −

(
𝜂Z + 𝜁Z + 𝜗h)


h
Z −

(1 − u1)𝛽1
h
C

 h


h
Z + 𝜁C

h
CZ)

+ 𝜚4(
(1 − u4)𝛽h

3
v
D

 h
(h +h

C +
h
Z +

h
K) −

(
𝜂D + 𝜁D + 𝜗h)


h
D −

(1 − u1)𝛽1
h
C

 h


h
D + 𝜁C

h
CD)

+ 𝜚5(
(1 − u5)𝛽h

4
v
K

 h
(h +h

C +
h
Z +

h
D) −

(
𝜂K + 𝜁K + 𝜗h)


h
K −

(1 − u1)𝛽1
h
C

 h


h
K + 𝜁C

h
CK)

+ 𝜚6(
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h


h
C +

(1 − u1)𝛽1
h
C

 h


h
Z −

(
𝜂C + 𝜂Z + 𝜁C + 𝜁Z + 𝜗h)


h
CZ)

+ 𝜚7(
(1 − u4)𝛽h

3
v
D

 h


h
C +

(1 − u1)𝛽1
h
C

 h


h
D −

(
𝜂C + 𝜂D + 𝜁C + 𝜁D + 𝜗h)


h
CD)

+ 𝜚8(
(1 − u5)𝛽h

4
v
K

 h


h
C +

(1 − u1)𝛽1
h
C

 h


h
K −

(
𝜂C + 𝜂K + 𝜁C + 𝜁K + 𝜗h)


h
CK)

+ 𝜚9(𝜁C
h
C −

(
𝜗h +

(1 − u1)𝛽1
h
C

 h
+
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
+
(1 − u4)𝛽h

3
v
D

 h
+
(1 − u5)𝛽h

4
v
K

 h

)


h
C)

+ 𝜚10(𝜁Z
h
Z −

(
𝜗h +

(1 − u1)𝛽1
h
C

 h
+
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
+
(1 − u4)𝛽h

3
v
D

 h
+
(1 − u5)𝛽h

4
v
K

 h

)


h
Z)

+ 𝜚11(𝜁D
h
D −

(
𝜗h +

(1 − u1)𝛽1
h
C

 h
+
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
+
(1 − u4)𝛽h

3
v
D

 h
+
(1 − u5)𝛽h

4
v
K

 h

)


h
D)

+ 𝜚12(𝜁K
h
K −

(
𝜗h +

(1 − u1)𝛽1
h
C

 h
+
(1 − u2)𝛽2(h

Z + 
h
CZ) + (1 − u3)𝛽h

2
v
Z

 h
+
(1 − u4)𝛽h

3
v
D

 h
+
(1 − u5)𝛽h

4
v
K

 h

)


h
K)

+ 𝜚13(Ψv −

(
(1 − u3)𝛽v

2(
h
Z + 

h
CZ)

 h
+
(1 − u4)𝛽v

3(
h
D + 

h
CD)

 h
+
(1 − u5)𝛽v

4(
h
K + 

h
CK)

 h
+ 𝜗v

)


v)

+ 𝜚14(
(1 − u3)𝛽v

2(
h
Z + 

h
CZ)

 h


v − 𝜗v


v
Z)

+ 𝜚15(
(1 − u4)𝛽v

3(
h
D + 

h
CD)

 h


v − 𝜗v


v
D)

+ 𝜚16(
(1 − u5)𝛽v

4(
h
K + 

h
CK)

 h


v − 𝜗v


v
K).

(21)
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16 OMAME et al.

4.1 Existence of optimal control

We now establish the existence of control function that minimizes the cost functional J.

Theorem 6. Suppose J is defined on the control set U subject to system (17) with non-negative initial conditions at t = 0, then
there exists an optimal control u∗ = (u∗1,u

∗
2,u

∗
3,u

∗
4,u

∗
5) such that J(u∗) = min {J(u1,u2,u3,u4,u5)|u1,u2,u3,u4,u5 ∈ U}, if

the following conditions are satisfied (see References 36 and 37):

(i) The admissible control set U is convex and closed.
(ii) The state system is bounded by a linear function in the state and control variables.

(iii) The integrand of the objective functional in (19) is convex with respect to the controls.
(iv) The Lagrangian is bounded below by 𝜛1|u|𝜛3 −𝜛2, where 𝜛1 > 0, 𝜛2 > 0, 𝜛3 > 1.

Proof. See Appendix B. ▪

Theorem 7. Suppose an optimal control problem for J over the set U is solved, then adjoint variables, 𝜚1, 𝜚2, … , 𝜚16 satisfy
the adjoint equations

− 𝜕𝜚i

𝜕t
= 𝜕

𝜕i
,

with transversality condition:

𝜚i(tf ) = 0, where i = h,h
C,

h
Z ,

h
D,

h
K,

h
CZ,

h
CD,

h
CK,

h
C,

h
Z,

h
D,

h
K,

v,v
Z,

v
D,

v
K. (22)

Furthermore,

u∗1 = min
{

ub
1,max (0,Φ1)

}
,

u∗2 = min
{

ub
2,max (0,Φ2)

}
,

u∗3 = min
{

ub
3,max (0,Φ3)

}
,

u∗4 = min
{

ub
4,max (0,Φ4)

}
,

u∗5 = min
{

ub
5,max (0,Φ5)

}
(23)

with

Φ1 =
𝛽1

h
D[

h(𝜚2 − 𝜚1) +h
C(𝜚2 − 𝜚9) +h

Z(𝜚2 − 𝜚10) +h
D(𝜚2 − 𝜚11) +h

K(𝜚2 − 𝜚12) + h
Z(𝜚6 − 𝜚3) + 𝛼11]

𝜔1 h
,

Φ2 =
𝛽2(h

Z + 
h
CZ)[

h(𝜚3 − 𝜚1) +h
C(𝜚3 − 𝜚9) +h

Z(𝜚3 − 𝜚10) +h
D(𝜚3 − 𝜚11) +h

K(𝜚3 − 𝜚12) + h
C(𝜚6 − 𝜚2)]

𝜔2 h
,

Φ3 =
𝛽h

2
v
Z[

h(𝜚3 − 𝜚1) +h
C(𝜚3 − 𝜚9) +h

Z(𝜚3 − 𝜚10) +h
D(𝜚3 − 𝜚11) +h

K(𝜚3 − 𝜚12) + h
C(𝜚6 − 𝜚2)] + 𝛼22

𝜔3 h
,

Φ4 =
𝛽h

3
v
D[

h(𝜚4 − 𝜚1) +h
C(𝜚4 − 𝜚9) +h

D(𝜚4 − 𝜚11) +h
K(𝜚4 − 𝜚12) +h

Z(𝜚4 − 𝜚10) + h
C(𝜚7 − 𝜚2)] + 𝛼33

𝜔4 h
,

Φ5 =
𝛽h

4
v
K[

h(𝜚5 − 𝜚1) +h
C(𝜚5 − 𝜚9) +h

K(𝜚5 − 𝜚10) +h
D(𝜚5 − 𝜚11) +h

Z(𝜚5 − 𝜚10) + h
C(𝜚8 − 𝜚2)] + 𝛼44

𝜔5 h
,

𝛼11 = h
D(𝜚7 − 𝜚4) + h

K(𝜚8 − 𝜚5), 𝛼22 = 𝛽v
2(

h
Z + 

h
CZ)[

v(𝜚14 − 𝜚13)], 𝛼33 = 𝛽v
3(

h
D + 

h
CD)[

v(𝜚15 − 𝜚13)],
𝛼44 = 𝛽v

4(
h
K + 

h
CK)[

v(𝜚16 − 𝜚13)]

Proof of Theorem 7. Consider U∗ = (u∗1,u
∗
2,u

∗
3,u

∗
4,u

∗
5) and h∗,h∗

C ,
h∗
Z ,

h∗
D ,

h∗
K ,

h∗
CZ,

h∗
CD,

h∗
CK,

h∗
C ,

h∗
Z ,

h∗
D ,

h∗
K ,

v∗,


v∗
Z ,

v∗
D ,

v∗
K being the associated solutions. Using Pontryagin’s maximum principle38 is applied, there exist adjoint

variables such that:
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OMAME et al. 17

− d𝜚1

dt
= 𝜕

𝜕h
, 𝜚1(tf ) = 0, −d𝜚2

dt
= 𝜕

𝜕h
C

, 𝜚2(tf ) = 0, −d𝜚3

dt
= 𝜕

𝜕h
Z

, 𝜚3(tf ) = 0,

− d𝜚4

dt
= 𝜕

𝜕h
D

, 𝜚4(tf ) = 0,−d𝜚5

dt
= 𝜕

𝜕h
K

, 𝜚5(tf ) = 0, −d𝜚6

dt
= 𝜕

𝜕h
CZ

, 𝜚6(tf ) = 0,

− d𝜚7

dt
= 𝜕

𝜕h
CD

, 𝜚7(tf ) = 0, −d𝜚8

dt
= 𝜕

𝜕h
CK

, 𝜚8(tf ) = 0, −d𝜚9

dt
= 𝜕

𝜕h
C

, 𝜚9(tf ) = 0,

− d𝜚10

dt
= 𝜕

𝜕h
Z

, 𝜚10(tf ) = 0, −d𝜚11

dt
= 𝜕

𝜕h
D

, 𝜚11(tf ) = 0, −d𝜚12

dt
= 𝜕

𝜕h
K

, 𝜚12(tf ) = 0,

d𝜚13

dt
= 𝜕

𝜕v , 𝜚13(tf ) = 0, −d𝜚14

dt
= 𝜕

𝜕v
Z
, 𝜚14(tf ) = 0, −d𝜚15

dt
= 𝜕

𝜕v
D
, 𝜚15(tf ) = 0,

− d𝜚16

dt
= 𝜕

𝜕v
K
, 𝜚16(tf ) = 0.

(24)

On the interior of the set, where 0 < uj < 1∀(j = 1, … , 5), we have

0 = 𝜕

𝜕u1
= 𝜔1

hu∗1 − 𝛽1
h
D[

h(𝜚2 − 𝜚1) +h
C(𝜚2 − 𝜚9) +h

Z(𝜚2 − 𝜚10) +h
D(𝜚2 − 𝜚11) +h

K(𝜚2 − 𝜚12)

+ h
Z(𝜚6 − 𝜚3) + h

D(𝜚7 − 𝜚4) + h
K(𝜚8 − 𝜚5)],

0 = 𝜕

𝜕u2
= 𝜔2

hu∗2 − 𝛽2(h
Z + 

h
CZ)[

h(𝜚3 − 𝜚1) +h
C(𝜚3 − 𝜚9) +h

Z(𝜚3 − 𝜚10) +h
D(𝜚3 − 𝜚11)

+h
K(𝜚3 − 𝜚12) + h

C(𝜚6 − 𝜚2)],

0 = 𝜕

𝜕u3
= 𝜔3

hu∗3 − 𝛽
h
2

v
Z[

h(𝜚3 − 𝜚1) +h
C(𝜚3 − 𝜚9) +h

Z(𝜚3 − 𝜚10) +h
D(𝜚3 − 𝜚11) +h

K(𝜚3 − 𝜚12) + h
C(𝜚6 − 𝜚2)]

+ 𝛽v
2(

h
Z + 

h
CZ)[

v(𝜚14 − 𝜚13)],

0 = 𝜕

𝜕u4
= 𝜔4

hu∗4 − 𝛽
h
3

v
D[

h(𝜚4 − 𝜚1) +h
C(𝜚4 − 𝜚9) +h

D(𝜚4 − 𝜚11) +h
K(𝜚4 − 𝜚12) +h

Z(𝜚4 − 𝜚10)

+ h
C(𝜚7 − 𝜚2)] + 𝛽v

3(
h
D + 

h
CD)[

v(𝜚15 − 𝜚13)],

0 = 𝜕

𝜕u5
= 𝜔5

hu∗5 − 𝛽
h
4

v
K[

h(𝜚5 − 𝜚1) +h
C(𝜚5 − 𝜚9) +h

K(𝜚5 − 𝜚10) +h
D(𝜚5 − 𝜚11)

+h
Z(𝜚5 − 𝜚10) + h

C(𝜚8 − 𝜚2)] + 𝛽v
4(

h
K + 

h
CK)[

v(𝜚16 − 𝜚13)].
(25)

Therefore,

u∗1 =
𝛽1

h
D[

h(𝜚2 − 𝜚1) +h
C(𝜚2 − 𝜚9) +h

Z(𝜚2 − 𝜚10) +h
D(𝜚2 − 𝜚11) +h

K(𝜚2 − 𝜚12) + h
Z(𝜚6 − 𝜚3) + 𝛼11]

𝜔1 h
,

u∗2 =
𝛽2(h

Z + 
h
CZ)[

h(𝜚3 − 𝜚1) +h
C(𝜚3 − 𝜚9) +h

Z(𝜚3 − 𝜚10) +h
D(𝜚3 − 𝜚11) +h

K(𝜚3 − 𝜚12) + h
C(𝜚6 − 𝜚2)]

𝜔2 h
,

u∗3 =
𝛽h

2
v
Z[

h(𝜚3 − 𝜚1) +h
C(𝜚3 − 𝜚9) +h

Z(𝜚3 − 𝜚10) +h
D(𝜚3 − 𝜚11) +h

K(𝜚3 − 𝜚12) + h
C(𝜚6 − 𝜚2)] + 𝛼22

𝜔3 h
,

u∗4 =
𝛽h

3
v
D[

h(𝜚4 − 𝜚1) +h
C(𝜚4 − 𝜚9) +h

D(𝜚4 − 𝜚11) +h
K(𝜚4 − 𝜚12) +h

Z(𝜚4 − 𝜚10) + h
C(𝜚7 − 𝜚2)] + 𝛼33

𝜔4 h
,

u∗5 =
𝛽h

4
v
K[

h(𝜚5 − 𝜚1) +h
C(𝜚5 − 𝜚9) +h

K(𝜚5 − 𝜚10) +h
D(𝜚5 − 𝜚11) +h

Z(𝜚5 − 𝜚10) + h
C(𝜚8 − 𝜚2)] + 𝛼44

𝜔5 h
,

(26)

where

𝛼11 = h
D(𝜚7 − 𝜚4) + h

K(𝜚8 − 𝜚5), 𝛼22 = 𝛽v
2(

h
Z + 

h
CZ)[

v(𝜚14 − 𝜚13)], 𝛼33 = 𝛽v
3(

h
D + 

h
CD)[

v(𝜚15 − 𝜚13)],
𝛼44 = 𝛽v

4(
h
K + 

h
CK)[

v(𝜚16 − 𝜚13)].
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18 OMAME et al.

Using the bounds on the controls, the characterization (23) can be derived and we conclude that,

u∗1 = min
{

ub
1,max (0,Φ1)

}
,

u∗2 = min
{

ub
2,max (0,Φ2)

}
,

u∗3 = min
{

ub
3,max (0,Φ3)

}
,

u∗4 = min
{

ub
4,max (0,Φ4)

}
,

u∗5 = min
{

ub
5,max (0,Φ5)

}
,

(27)

with

Φ1 =
𝛽1

h
D[

h(𝜚2 − 𝜚1) +h
C(𝜚2 − 𝜚9) +h

Z(𝜚2 − 𝜚10) +h
D(𝜚2 − 𝜚11) +h

K(𝜚2 − 𝜚12) + h
Z(𝜚6 − 𝜚3) + 𝛼11]

𝜔1 h
,

Φ2 =
𝛽2(h

Z + 
h
CZ)[

h(𝜚3 − 𝜚1) +h
C(𝜚3 − 𝜚9) +h

Z(𝜚3 − 𝜚10) +h
D(𝜚3 − 𝜚11) +h

K(𝜚3 − 𝜚12) + h
C(𝜚6 − 𝜚2)]

𝜔2 h
,

Φ3 =
𝛽h

2
v
Z[

h(𝜚3 − 𝜚1) +h
C(𝜚3 − 𝜚9) +h

Z(𝜚3 − 𝜚10) +h
D(𝜚3 − 𝜚11) +h

K(𝜚3 − 𝜚12) + h
C(𝜚6 − 𝜚2)] + 𝛼22

𝜔3 h
,

Φ4 =
𝛽h

3
v
D[

h(𝜚4 − 𝜚1) +h
C(𝜚4 − 𝜚9) +h

D(𝜚4 − 𝜚11) +h
K(𝜚4 − 𝜚12) +h

Z(𝜚4 − 𝜚10) + h
C(𝜚7 − 𝜚2)] + 𝛼33

𝜔4 h
,

Φ5 =
𝛽h

4
v
K[

h(𝜚5 − 𝜚1) +h
C(𝜚5 − 𝜚9) +h

K(𝜚5 − 𝜚10) +h
D(𝜚5 − 𝜚11) +h

Z(𝜚5 − 𝜚10) + h
C(𝜚8 − 𝜚2)] + 𝛼44

𝜔5 h
.

▪

5 NUMERICAL SIMULATIONS

Simulations carried out on the control system (17), adjoint equations (24), and characterizations of the control (23) are
run in MATLAB using the forward backward sweep method in Reference 39. The method requires an initial value on
the optimal control u∗. The initial conditions in (18) is used to solve the state system forward in time using the MATLAB
built-in ODE45 routine. Next, the adjoint system is solved using the transversality condition (22) and the approximated
solution of the state system. Then, the values of the control variables are computed using the control characterization in
(23), and the control set u∗ is updated via a convex combination of previous and current values of the control characteri-
zation. The process is repeated until the state variables, adjoint and control values converge. The quadratic cost functions
1
2
𝜔1u2

1,
1
2
𝜔2u2

2,
1
2
𝜔3u2

3, 1
2
𝜔4u2

4, and 1
2
𝜔5u2

5 are applied over the time. It is worth mentioning that the choice of the weights
is of theoretical sense to illustrate the control strategies implemented in this article. The weight constants are assumed as
follows: 𝜔1 = 0.15, 𝜔2 = 0.08, 𝜔3 = 0.10, 𝜔4 = 0.12, and 𝜔5 = 0.10. The cost of implementing preventive controls against
COVID-19 (PPE, hand gloves, vaccination, and face-mask usage) is assumed greater than the cost of preventive strate-
gies for the arboviruses (zika, dengue, and chikungunya). Also, the cost of preventive efforts against human to human
transmission of zika virus is assumed to be less than the cost of implementing preventive controls against vectorial trans-
mission. The sexual transmission of zika is very rare, and we have assumed it will involve less cost as compared to the
use of bed nets, window screens and repellents for prevention of vectorial transmission. Also, the weight constant asso-
ciated with dengue transmission is a assumed higher than the other two arboviruses (as it involves the cost of dengue
vaccination).

5.1 Uncertainty and sensitivity analysis

Due to uncertainties which may arise in parameters estimation, sensitivity analysis is carried out in this section, fol-
lowing the approach in Reference 40. As shown in Figure 2A, when the COVID-19 associated reproduction number
0C is used as a response function, the effective contact rate for COVID-19 transmission (𝛽1, positively correlated) and
the COVID-19 recovery rate (𝜁C), dominates the dynamics of the disease. Using the zika-related reproduction number
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OMAME et al. 19

(A) (B)

(C) (D)

F I G U R E 2 PRCC values when the COVID-19 (A), zika (B), dengue (C), and chikungunya (D) associated reproduction numbers are
used as response functions. Parameter values are given in Table 1.

0Z, as the response function, the important parameters are: the effective contact rate for vector-to-human transmis-
sion of zika (𝛽h

2 , which is positively correlated), the human natural death rate (𝜗h, positively correlated) and the vector
recruitment rate (Ψv). Although the human-to-human transmission rate for zika (𝛽2) is positively correlated, its impact
is very negligible, as observed in Figure 2B. Similarly, using the dengue and chikungunya related reproduction num-
bers as input functions, as depicted in Figure 2C,D, the most dominant parameters are the transmission rates (𝛽3

h(𝛽
4
h)

positively correlated), human natural death rate (𝜗h) and vector recruitment rate (Ψv) (both, positively correlated).
Also, using the class of individuals co-infected with COVID-19 and zika (h

CZ) as response function, the most dominant
parameters are: the effective contact rate for COVID-19 transmission (𝛽1, positively correlated), the effective contact rate
for vector-to-human transmission of zika (𝛽h

2 , positively correlated). Other important parameters driving the dynam-
ics of infections in this class are COVID-19 recovery rate (𝜁C, negatively correlated) and the zika recovery rate (𝜁Z).
Although the human-to-human transmission rate for zika (𝛽2) is positively correlated, its impact on this epidemiolog-
ical class is also is very negligible, as observed in Figure 3A. Furthermore, when the class of individuals co-infected
with COVID-19 and dengue and COVID-19 and chikungunya, h

CD(
h
CK), are used as inputs, the two most dominant

parameters are the effective contact rates for COVID-19 and dengue (zika) transmissions, respectively. This is observed
in Figure 3B,C.

5.2 Initial conditions and model fitting

The population of Espiritio Santo State in Brazil is estimated to be 4,108,508.30 The initial conditions are set
as follows: 

h(0) = 3,600, 000; h
C(0) = 180,620; h

Z(0) = 24; h
D(0) = 251; h

K(0) = 85; h
CZ(0) = 100; h

CD(0) =
100; h

CK(0) = 100; h
C(0) = 100; h

Z(0) = 100; h
D(0) = 100; h

K(0) = 100; v(0) = 48,000; v
Z(0) = 600; v

D(0) =
1000; v

K(0) = 1000.
The fittings of the model to the cumulative COVID-19, zika, dengue, and chikungunya cases, respectively (Table 2),41,42

were done using the fmincon function in the Optimization Toolbox of MATLAB.43 The fmincon’s optimization routine
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20 OMAME et al.

(A)

(C)

(B)

F I G U R E 3 PRCC values when the co-infected epidemiological classes: h
CZ (A), h

CD (B), and h
CK (C), are used as response functions.

Parameter values are given in Table 1.

T A B L E 1 Description of parameters in the model (1)

Parameter Description Value References

Ψv Vector recruitment rate 20,000 per day 29

Ψh Human recruitment rate 4,108,508
74.9×365

per day 30

𝛽1 Contact rate for COVID-19 infection 0.5642 Fitted

𝛽2 Zika infection contact rate (sexual transmission) 0.0296 Fitted

𝛽h
2 Zika infection contact rate (vector human) 0.0529 Fitted

𝛽h
3 Dengue infection contact rate (vector human) 0.3427 Fitted

𝛽h
4 Chikungunya infection contact rate (vector human) 0.1137 Fitted

𝛽v
2 Zika infection contact rate (human to vector) 0.60 − 0.75 27

𝛽v
3 Dengue infection contact rate (human to vector) 0.60 − 0.75 27

𝛽v
4 Chikungunya infection contact rate (human to vector) 0.60 − 0.75 27

𝜗h Human natural death rate 1
74.9×365

per day 31

𝜗v Vector removal rate 1
21

per day 29

𝜂C, 𝜂Z, 𝜂D, 𝜂K COVID-19, zika, dengue, and chikungunya disease-induced death rates, respectively 0.05 Assumed

𝜁C COVID-19 recovery rate 0.45 Assumed

𝜁Z, 𝜁D, 𝜁K Zika, dengue, chikungunya recovery rates 0.09–0.15 27

0C COVID-19 associated reproduction number 1.1283 Fitted

0Z Zika associated reproduction number 0.7429 Fitted

0D Dengue associated reproduction number 1.18817 Fitted

0K Chikungunya associated reproduction number 1.1586 Fitted
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OMAME et al. 21

T A B L E 2 Number of cases of SARS-COV-2, zika, dengue, and chikungunya, per epidemiological week in Espirito Santo State,
Brazil from January 3, 2021 to April 17, 2021

Week Period COVID-19 Zika Dengue Chikungunya

1 03/01/2021–09/01/2021 180,620 24 251 85

2 10/01/2021–16/01/2021 179,134 31 238 95

3 17/01/2021–23/01/2021 177,939 28 250 105

4 24/01/2021–30/01/2021 161,190 32 267 102

5 31/01/2021–06/02/2021 140,813 22 235 72

6 07/02/2021–13/02/2021 132,170 23 195 63

7 14/02/2021–20/02/2021 118,948 31 206 63

8 21/02/2021–27/02/2021 117,321 19 238 58

9 28/02/2021–06/03/2021 123,501 28 277 101

10 07/03/2021–13/03/2021 131,566 25 310 97

11 14/03/2021–20/03/2021 151,517 26 373 100

12 21/03/2021–27/03/2021 189,768 25 358 99

13 28/03/2021–03/04/2021 218,909 31 306 99

14 04/04/2021–10/04/2021 223,309 31 454 93

15 11/04/2021–17/04/2021 217,807 31 401 99

Source: References 41 and 42.

syntax: x = fmincon(@modelfun, x0,A, b,Aeq, beq, lb,ub,nonlcon, options), starts at x0 (the initial guesses) and finds an
optimum x to the function described in @modelfun that fits the model to a given dataset, subject to the nonlinear inequal-
ities c(x) or equalities ceq(x) defined in nonlcon, and also subject to the linear inequalities A.x ≤ b and linear equalities
Aeq.x = beq, defined in A, b,Aeq, beq, respectively. x0 can be a scalar, vector, or matrix. lb and ub are the bounds on the
parameters to be estimated. The optimization parameters and error tolerance are specified in options. The method uti-
lizes the least squares method, which is very efficient and reliable.44 The method seeks to fit the observed datasets, Yi,
with the estimated values, Xi, such that; the sum of squares of errors between the observed and fitted curve is minimal.44

The sum of squares error, SSE, is illustrated mathematically as:

SSE =
k∑

i=1
(Yi − Xi)2.

The results of the fittings are presented in Figure 4A–D. The period of the fitting covered 15 weeks, from January
3, 2021 to April 17, 2021 (the period when there is a surge in the seasonal trend of the arboviruses). The figures show
that our proposed model fits well to the datasets. Furthermore, the projections of the cumulative COVID-19, zika,
dengue, and chikungunya cases presented in Figure 5A–D also validates the fittings, and reveals when all infection
curves flatten.

In the subsequent sections, we shall investigate the impact of various control strategies on the co-dynamics of all the
diseases.

5.3 Strategy A: Impact of COVID-19 prevention control (u1 ≠ 0)

The simulations of the optimal control system (17) when the only COVID-19 prevention strategy (u1 ≠ 0) is imple-
mented, are depicted in Figures 6A–D and 7A–C, respectively. The motivation for the choice of this scenario is
what was obtainable during the COVID-19 pandemic. At this time, so much attention was given to the control of
COVID-19, with very little or no efforts to curtail the co-circulation of the arboviruses. On implementation of this
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22 OMAME et al.

(A) (B)

(C) (D)

F I G U R E 4 Model fittings using the cumulative (A) COVID-19, (B) zika, (C) dengue, and (D) chikungunya cases, respectively

(A) (B)

(C) (D)

F I G U R E 5 Projections using the cumulative (A) COVID-19, (B) zika, (C) dengue, and (D) chikungunya cases, respectively
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OMAME et al. 23

(A) (B)

(C) (D)

F I G U R E 6 Impact of COVID-19 prevention strategy on individuals in various epidemiological classes: (A) h
C (B) h

Z, (C) h
D, and (D)


h
K. Here, 𝛽1 = 0.6150, 𝛽2 = 0.0866, 𝛽h

2 = 0.0403, 𝛽h
3 = 0.3029, 𝛽h

4 = 0.1103, 𝛽v
2 = 0.75, 𝛽v

3 = 0.75, 𝛽v
4 = 0.75, so that

0 = max{0C,0Z,0D,0K} = 1.7693 > 1

intervention strategy, for 𝛽1 = 0.6150, 𝛽2 = 0.0866, 𝛽h
2 = 0.0403, 𝛽h

3 = 0.3029, 𝛽h
4 = 0.1103, 𝛽v

2 = 0.75, 𝛽v
3 = 0.75, 𝛽v

4 = 0.75,
so that 0 = max{0C,0Z,0D,0K} = 1.7693 > 1, we notice a significant decrease in the total number of individu-
als infected with COVID-19, as expected (shown in Figure 6A). However, this strategy has a marginal or detrimental
impact on the control of zika, dengue, and chikungunya, as can be observed in Figure 6B–D. This is not surprising.
The COVID-19 pandemic greatly disturbed the diagnosis, treatment, and preventive services for other diseases, such as
the arboviruses, thereby putting millions of lives at risk of other infections.10 Interestingly, this strategy also has sig-
nificant impact on co-infected cases in Espirito Santo. It is observed that, significant co-infected cases of COVID-19
and zika are averted by this control strategy (as depicted in Figure 7A). Equally, this strategy prevented several new
cases of COVID-19 and dengue co-infections, as observed in Figure 7B. In addition, we observe the prevention of
over 300 cases of COVID-19 and chikungunya co-infections in the population (noticed in Figure 7C). COVID-19 pre-
vention has also been reported to have a positive population level impact on COVID-19 and dengue co-infection
cases.25 In addition, Lorenz et al.5 reported that social distancing rule, in order to contain COVID-19-may greatly
reduce the risk of co-infection with other arboviruses in Brazil. Hence, it is not surprising that COVID-19 preven-
tion greatly help bring down the co-infected cases, as observed in our simulations. The control profile for this strategy
is shown in Figure 7D, where it is observed that the control was at its peak for more than half of the simulation
period.

5.4 Strategy B: Impact of zika prevention controls (u2 ≠ 0,u3 ≠ 0)

The simulations of the optimal control system (17) when the strategy that prevents zika transmission (via human and
vectors) (u2 ≠ 0,u3 ≠ 0) is implemented, are depicted in Figure 8A–C, respectively. Here, the aim is to assess the popula-
tion level impact of this strategy. Implementing this intervention strategy, for 𝛽1 = 0.6150, 𝛽2 = 0.0866, 𝛽h

2 = 0.0403, 𝛽h
3 =

0.3029, 𝛽h
4 = 0.1103, 𝛽v

2 = 0.75, 𝛽v
3 = 0.75, 𝛽v

4 = 0.75, so that0 = max{0C,0Z,0D,0K} = 1.7693 > 1, reveals a signif-
icant decrease in the total number of individuals infected with zika virus, as expected (shown in Figure 8A). Also, this

 10991514, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/oca.2936 by U

niversity of C
anberra L

ibrary, W
iley O

nline L
ibrary on [11/11/2022]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



24 OMAME et al.

(A)

(B) (C)

(D)

F I G U R E 7 Impact of COVID-19 prevention strategy on individuals in various epidemiological classes: (A) h
CZ, (B) h

CD, and (C) h
CK.

(D) Control profile for u1. Here, 𝛽1 = 0.6150, 𝛽2 = 0.0866, 𝛽h
2 = 0.0403, 𝛽h

3 = 0.3029, 𝛽h
4 = 0.1103, 𝛽v

2 = 0.75, 𝛽v
3 = 0.75, 𝛽v

4 = 0.75, so that
0 = max{0C,0Z,0D,0K} = 1.7693 > 1.

strategy has high positive population level impact on co-infected cases, observed in Figure 8B. We notice that, significant
co-infected cases of COVID-19 and zika are averted by this control strategy. Equally, this strategy caused great reduction
in infected vector populations as observed in Figure 8C. The control profiles for this strategy are depicted in Figure 8D,E.
It is seen that the control against vector-human-human-to-vector transmission of zika has more efficacy than the control
against the human to human transmission of zika. This is most likely due to the low value of the contact rate for human
to human transmission, as noticed in Table 1, obtained from the fitting. Sexual transmission of zika has been relatively
low compared to vector-human transmission. Thus, more efforts should be channeled toward controlling the vectors that
spread the disease.

5.5 Strategy C: Impact of dengue prevention control (u4 ≠ 0)

The simulations of system (17) when the strategy that prevents dengue transmission (u4 ≠ 0) is implemented, are
depicted in Figure 9A–C, respectively. Here also, the aim is to assess the population level impact of this strat-
egy. Implementing this intervention strategy, for 𝛽1 = 0.6150, 𝛽2 = 0.0866, 𝛽h

2 = 0.0403, 𝛽h
3 = 0.3029, 𝛽h

4 = 0.1103, 𝛽v
2 =

0.75, 𝛽v
3 = 0.75, 𝛽v

4 = 0.75, so that 0 = max{0C,0Z,0D,0K} = 1.7693 > 1, reveals a significant decrease in the
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(A) (B)

(C) (D)

(E)

F I G U R E 8 Impact of zika prevention strategies on individuals in various epidemiological classes: (A) h
Z, (B) h

CZ. Impact of zika
prevention strategies on vectors in epidemiological class: (C) v

Z. Control profile for (D) u2 and (E) u3. Here, 𝛽1 = 0.6150, 𝛽2 = 0.0866,
𝛽h

2 = 0.0403, 𝛽h
3 = 0.3029, 𝛽h

4 = 0.1103, 𝛽v
2 = 0.75, 𝛽v

3 = 0.75, 𝛽v
4 = 0.75, so that0 = max{0C,0Z,0D,0K} = 1.7693 > 1.

total number of individuals infected with dengue virus, as expected (shown in Figure 9A). More so, this strategy
has high positive population level impact on co-infected cases, seen in Figure 9B. It is also observed that, signif-
icant co-infected cases of COVID-19 and dengue are averted by this control strategy. Furthermore, this strategy
caused great reduction in infected vector populations as observed in Figure 9C. The control profile for this strat-
egy is depicted in Figure 9D. It is observed that, the control strategy against dengue transmission has significant
impact.

5.6 Strategy D: Impact of chikungunya prevention control (u5 ≠ 0)

Simulations of the model (17) when only chikungunya prevention control (u5 ≠ 0) is administered, are pre-
sented in Figure 10A–C, respectively. The objective here is to assess the level of new infections this strategy
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(A) (B)

(C) (D)

F I G U R E 9 Impact of dengue prevention strategies on individuals in various epidemiological classes: (A) h
D, (B) h

CD. Impact of dengue
prevention strategies on vectors in epidemiological class: (C) v

D. (D) Control profile for u4. Here,
𝛽1 = 0.6150, 𝛽2 = 0.0866, 𝛽h

2 = 0.0403, 𝛽h
3 = 0.3029, 𝛽h

4 = 0.1103, 𝛽v
2 = 0.75, 𝛽v

3 = 0.75, 𝛽v
4 = 0.75, so that

0 = max{0C,0Z,0D,0K} = 1.7693 > 1.

(A) (B)

(C) (D)

F I G U R E 10 Impact of chikungunya prevention strategy on individuals in various epidemiological classes: (A) h
K, (B) h

CK. Impact of
chikungunya prevention strategy on vectors in epidemiological class: (C) v

K. (D) Control profile for u5. Here, 𝛽1 = 0.6150, 𝛽2 = 0.0866,
𝛽h

2 = 0.0403, 𝛽h
3 = 0.3029, 𝛽h

4 = 0.1103, 𝛽v
2 = 0.75, 𝛽v

3 = 0.75, 𝛽v
4 = 0.75, so that0 = max{0C,0Z,0D,0K} = 1.7693 > 1.
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(A) (B)

(C) (D)

F I G U R E 11 Impact of universal control strategy on individuals in various epidemiological classes: (A) h
C, (B) h

Z, (C) h
D, and (D) h

K.
Here, 𝛽1 = 0.6150, 𝛽2 = 0.0866, 𝛽h

2 = 0.0403, 𝛽h
3 = 0.3029, 𝛽h

4 = 0.1103, 𝛽v
2 = 0.75, 𝛽v

3 = 0.75, 𝛽v
4 = 0.75, so that0 = max{0C,0Z,0D,

0K} = 1.7693 > 1.

could avert, especially with respect to chikungunya-infected as well as co-infected populations. Applying this
intervention strategy, for 𝛽1 = 0.6150, 𝛽2 = 0.0866, 𝛽h

2 = 0.0403, 𝛽h
3 = 0.3029, 𝛽h

4 = 0.1103, 𝛽v
2 = 0.75, 𝛽v

3 = 0.75, 𝛽v
4 = 0.75,

so that 0 = max{0C,0Z,0D,0K} = 1.7693 > 1, shows a significant decrease in the total number of indi-
viduals infected with chikungunya virus, as expected (shown in Figure 9A). More so, this strategy has high
positive population level impact on co-infected cases, seen in Figure 9B. It is also observed that, significant
co-infected cases of COVID-19 and dengue are averted by this control strategy. Furthermore, this strategy caused
great reduction in infected vector populations as observed in Figure 10C. The control profile for this strategy
is depicted in Figure 10D. It is observed that, the control strategy against dengue transmission has significant
impact.

5.7 Strategy E: Impact of universal control strategy (u1 ≠ 0,u2 ≠ 0,u3 ≠ 0,u4 ≠ 0,u5 ≠ 0)

Simulations of the model (17) when all control strategies (u1 ≠ 0,u2 ≠ 0,u3 ≠ 0,u4 ≠ 0,u5 ≠ 0) are implemented, are pre-
sented in Figures 11A–D, 12A–C, and 13A–C, respectively. This scenario, unlike the previous scenarios, focuses not only
on COVID-19 prevention, but also on the elimination of the arboviruses: zika, dengue, and chikungunya. Applying this
intervention strategy, for 𝛽1 = 0.6150, 𝛽2 = 0.0866, 𝛽h

2 = 0.0403, 𝛽h
3 = 0.3029, 𝛽h

4 = 0.1103, 𝛽v
2 = 0.75, 𝛽v

3 = 0.75, 𝛽v
4 = 0.75,

so that 0 = max{0C,0Z,0D,0K} = 1.7693 > 1, shows very significant decrease in the total number of individ-
uals infected with COVID-19, zika, chikungunya, and co-infections. This is not surprising. If efforts are stepped up
against the co-circulation of all the diseases, then this would greatly lead to speedy elimination or reduction of new
infections in the population. This strategy shows more significant reduction in new infections compared to the scenario
when only the single control strategies are adopted. In addition, this strategy caused great reduction in infected vector
populations as observed in Figure 13A–C. Thus, the strategy that combines and strictly implements preventive con-
trols against COVID-19 and the arboviruses is the most effective in controlling the co-circulation of all the diseases in
the population.
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(A)

(C)

(B)

F I G U R E 12 Impact of universal control strategy on individuals in various epidemiological classes: (A) h
CZ, (B) h

CD, and (C) h
CK. Here,

𝛽1 = 0.6150, 𝛽2 = 0.0866, 𝛽h
2 = 0.0403, 𝛽h

3 = 0.3029, 𝛽h
4 = 0.1103, 𝛽v

2 = 0.75, 𝛽v
3 = 0.75, 𝛽v

4 = 0.75, so that0 = max{0C,0Z,0D,0K}
= 1.7693 > 1

(A)

(C)

(B)

F I G U R E 13 Impact of universal control strategy on vectors in various epidemiological classes: (A) v
Z, (B) v

D, and (C) v
K. Here,

𝛽1 = 0.6150, 𝛽2 = 0.0866, 𝛽h
2 = 0.0403, 𝛽h

3 = 0.3029, 𝛽h
4 = 0.1103, 𝛽v

2 = 0.75, 𝛽v
3 = 0.75, 𝛽v

4 = 0.75, so that0 = max{0C,0Z,0D,0K}
= 1.7693 > 1
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6 CONCLUSION

A new mathematical model for COVID-19, zika, chikungunya, and dengue co-dynamics, with optimal control analysis
is designed and studied to assess the impact of COVID-19 on zika, dengue, and chikungunya dynamics and vice-versa.
The local and global stability analyses are carried out. Using the center manifold theory,34 the model is shown to undergo
backward bifurcation under a certain condition. To effectively manage the co-circulation of all the diseases under an
endemic setting, time dependent controls in the form of COVID-19, zika, dengue, and chikungunya preventions are
incorporated into the model. Global sensitivity analysis is also carried out on the parameters of the model to determine
the most dominant terms with respect to each of the associated reproduction numbers and co-infected components of
the model, respectively. For instance, using the zika-related reproduction number 0Z, as the response function, the
important parameters are: the effective contact rate for vector-to-human transmission of zika (𝛽h

2 , which is positively
correlated), the human natural death rate (𝜗h, positively correlated), and the vector recruitment rate (Ψv). Although
the human-to-human transmission rate for zika (𝛽2) is positively correlated, its impact is very negligible, as observed in
Figure 2B. Also, using the class of individuals co-infected with COVID-19 and zika (h

CZ) as response function, the most
dominant parameters are: the effective contact rate for COVID-19 transmission (𝛽1, positively correlated), the effective
contact rate for vector-to-human transmission of zika (𝛽h

2 , positively correlated). Other important parameters driving the
dynamics of infections in this class are COVID-19 recovery rate (𝜁C, negatively correlated) and the zika recovery rate (𝜁Z).
Although the human-to-human transmission rate for zika (𝛽2) is positively correlated, its impact on this epidemiological
class is also is very negligible, as observed in Figure 3A.

The simulations of the optimized system show that:

1. COVID-19 only prevention could greatly reduce the burden of COVID-19 and co-infections with zika, dengue, and
chikungunya, respectively.

2. Focusing only on COVID-19 prevention strategies without any measure to control the arboviruses, could have marginal
or detrimental impact on the arboviruses: zika, dengue, and chikungunya.

3. Preventive efforts against zika, dengue, and chikungunya, respectively, can significantly reduce the burden of
co-infections with COVID-19.

4. Adopting an intervention strategy that focuses on the combined preventive controls against COVID-19, zika, dengue,
and chikungunya was the most effective in reducing the co-circulation all the diseases within the population.

The current research has some limitations as well. In this article, to avoid model complexity, asymptomatic classes
for COVID-19, zika, dengue, and chikungunya are not considered. These can be incorporated in a further work in this
direction. In addition, less is known about infection acquired or vaccine-derived cross-immunity between COVID-19 and
the arboviruses. No detailed information yet available to answer the question; whether the current available COVID-19
vaccines could have any impact on the dynamics of zika, dengue, and chikungunya. Thus, with more reliable data and
detailed information about the interactions of the diseases, further study in this direction will be a matter of great inter-
est. Mutations of viral and arboviral infections also invite further studies on their co-infections with other diseases. One
could thus, consider a model for the co-dynamics of multi-strains of COVID-19, zika, dengue, and chikungunya. Also,
the proposed model in this current work did not consider multiple co-infections or co-infection with two arboviral infec-
tions, which is quite possible. Future work with sufficient biological reports can also consider multiple co-infections and
co-infections among the arboviruses. To the best of our knowledge, the work presented in this article is the first epi-
demiological study on COVID-19 and the three arboviral infections (zika, dengue, and chikungunya). However, more
studies could be devoted to other mathematical (stochastic, agent based modeling, within/intra-host) and epidemiological
dynamics of this co-interaction.
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APPENDIX A. THE NONZERO SECOND PARTIAL DERIVATIVES USED FOR THE
BACKWARD BIFURCATION ANALYSIS
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APPENDIX B. PROOF OF THEOREM 6
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𝜗h + (1−u1)𝛽1

h
c

 h + (1−u2)𝛽2(h
z+

h
cz)+(1−u3)𝛽h

2 
v
z

 h + (1−u4)𝛽h
3 

v
d

 h + (1−u5)𝛽h
4 

v
k

 h

)


h
k

Ψv −
(
(1−u3)𝛽v

2(
h
z+

h
cz)

 h + (1−u4)𝛽v
3(

h
d+

h
cd)

 h + (1−u5)𝛽v
4(

h
k+

h
ck)

 h + 𝜗v
)


v

(1−u3)𝛽v
2(

h
Z+

h
cz)

 h 
v − 𝜗v


v
z

(1−u4)𝛽v
3(

h
d+

h
cd)

 h 
v − 𝜗v


v
d

(1−u5)𝛽v
4(

h
k+

h
ck)

 h 
v − 𝜗v


v
k

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (B1)

To prove Theorem 6, we proceed as follows:

(i) Note that U is convex. Consider any two arbitrary elements v,w ∈ U, where v = (v1, v2, v3, v4, v5),w =
(w1,w2,w3,w4,w5). Then,

𝜆v + (1 − 𝜆)w ∈ U, ∀ 𝜆 ∈ [0, 1].
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That is, 𝜆v + (1 − 𝜆)w ∈ U, and hence U is a convex set.
(ii) The control system (17) can be expressed as a linear function of control variables (u1,u2,u3,u4,u5) with the

coefficients as functions of time and state variables:

f (t, x,u) = 𝜗(t, x) + 𝜙(t, x)u,

with

𝜗(t, x) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ψh −
(
𝛽1

h
C

 h +
𝛽2(h

Z+
h
CZ)+𝛽

h
2 

v
Z

 h + 𝛽h
3 

v
D

 h +
𝛽h

4 
v
K

 h + 𝜗h
)


h

𝛽1
h
C

 h
(h +h

C +
h
Z +

h
D +

h
K) −

(
𝜂C + 𝜁C + 𝜗h)


h
C −

𝛽2(h
Z + 

h
CZ) + 𝛽

h
2

v
Z

 h


h
C …

−
𝛽h

3
v
D

 h


h
C −

𝛽h
4

v
K

 h


h
C + 𝜁Z

h
CZ + 𝜁D

h
CD + 𝜁K

h
CK

𝛽2(h
Z + 

h
CZ) + 𝛽

h
2

v
Z

 h
(h +h

C +
h
Z +

h
D +

h
K) −

(
𝜂Z + 𝜁Z + 𝜗h)


h
Z −

𝛽1
h
C

 h


h
Z + 𝜁C

h
CZ

𝛽h
3

v
D

 h
(h +h

C +
h
Z +

h
D +

h
K) −

(
𝜂D + 𝜁D + 𝜗h)


h
D −

𝛽1
h
C

 h


h
D + 𝜁C

h
CD

𝛽h
4

v
K

 h
(h +h

C +
h
Z +

h
D +

h
K) −

(
𝜂K + 𝜁K + 𝜗h)


h
K −

𝛽1
h
C

 h


h
K + 𝜁C

h
CK

𝛽2(h
Z + 

h
CZ) + 𝛽

h
2

v
Z

 h


h
C +

𝛽1
h
C

 h


h
Z −

(
𝜂C + 𝜂Z + 𝜁C + 𝜁Z + 𝜗h)


h
CZ

𝛽h
3

v
D

 h


h
C +

𝛽1
h
C

 h


h
D −

(
𝜂C + 𝜂D + 𝜁C + 𝜁D + 𝜗h)


h
CD

𝛽h
4

v
K

 h


h
C +

𝛽1
h
C

 h


h
K −

(
𝜂C + 𝜂K + 𝜁C + 𝜁K + 𝜗h)


h
CK

𝜁C
h
C −

(
𝜗h + 𝛽1

h
C

 h +
𝛽2(h

Z+
h
CZ)+𝛽

h
2 

v
Z

 h + 𝛽h
3 

v
D

 h +
𝛽h

4 
v
K

 h

)


h
C

𝜁Z
h
Z −

(
𝜗h + 𝛽1

h
C

 h +
𝛽2(h

Z+
h
CZ)+𝛽

h
2 

v
Z

 h + 𝛽h
3 

v
D

 h +
𝛽h

4 
v
K

 h

)


h
Z

𝜁D
h
D −

(
𝜗h + 𝛽1

h
C

 h +
𝛽2(h

Z+
h
CZ)+𝛽

h
2 

v
Z

 h + 𝛽h
3 

v
D

 h +
𝛽h

4 
v
K

 h

)


h
D

𝜁K
h
K −

(
𝜗h + 𝛽1

h
C

 h +
𝛽2(h

Z+
h
CZ)+𝛽

h
2 

v
Z

 h + 𝛽h
3 

v
D

 h +
𝛽h

4 
v
K

 h

)


h
K

Ψv −
(
𝛽v

2(
h
Z+

h
CZ)

 h + 𝛽v
3(

h
D+

h
CD)

 h + 𝛽v
4(

h
K+

h
CK)

 h + 𝜗v
)


v

𝛽v
2(

h
Z+

h
CZ)

 h 
v − 𝜗v


v
Z

𝛽v
3(

h
D+

h
CD)

 h 
v − 𝜗v


v
D

𝛽v
4(

h
K+

h
CK)

 h 
v − 𝜗v


v
K

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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𝜙(t, x) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝛽1
h
C

 h

𝛽2(h
Z+

h
CZ)

 h

𝛽h
2 

v
Z

 h

𝛽h
3 

v
D

 h

𝛽h
4 

v
K

 h

− 𝛽1
h
C

 h Ψ
𝛽2(h

Z+
h
CZ)

 h

𝛽h
2 

v
Z

 h 
h
C

𝛽h
3 

v
D

 h 
h
C

𝛽h
4 

v
K

 h 
h
C

𝛽1
h
C

 h 
h
Z − 𝛽2(h

Z+
h
CZ)

 h Ψ − 𝛽h
2 

v
Z

 h Ψ 0 0
𝛽1

h
C

 h 
h
D 0 0 − 𝛽h

3 
v
D

 h Ψ 0
𝛽1

h
C

 h 
h
K 0 0 0 − 𝛽h

4 
v
K

 h Ψ

− 𝛽1
h
C

 h 
h
Z − 𝛽2(h

Z+
h
CZ)

 h 
h
C − 𝛽h

2 
v
Z

 h 
h
C 0 0

− 𝛽1
h
C

 h 
h
D 0 0 − 𝛽h

3 
v
D

 h 
h
C 0

− 𝛽1
h
C

 h 
h
K 0 0 0 − 𝛽h

4 
v
K

 h 
h
C

𝛽1
h
C

 h 
h
C

𝛽2(h
Z+

h
CZ)

 h 
h
C

𝛽h
2 

v
Z

 h 
h
C

𝛽h
3 

v
D

 h 
h
C

𝛽h
4 

v
K

 h 
h
C

𝛽1
h
C

 h 
h
Z

𝛽2(h
Z+

h
CZ)

 h 
h
Z

𝛽h
2 

v
Z

 h 
h
Z

𝛽h
3 

v
D

 h 
h
Z

𝛽h
4 

v
K

 h 
h
Z

𝛽1
h
C

 h 
h
D

𝛽2(h
Z+

h
CZ)

 h 
h
D

𝛽h
2 

v
Z

 h 
h
D

𝛽h
3 

v
D

 h 
h
D

𝛽h
4 

v
K

 h 
h
D

𝛽1
h
C

 h 
h
K

𝛽2(h
Z+

h
CZ)

 h 
h
K

𝛽h
2 

v
Z

 h 
h
K

𝛽h
3 

v
D

 h 
h
K

𝛽h
4 

v
K

 h 
h
K

0 0 𝛽v
2(

h
Z+

h
CZ)

 h 
v 𝛽v

3(
h
D+

h
CD)

 h 
v 𝛽v

4(
h
K+

h
CK)

 h 
v

0 0 − 𝛽v
2(

h
Z+

h
CZ)

 h 
v 0 0

0 0 0 −
𝛽v

3(
h
D + 

h
CD)

 h


v 0

0 0 0 0 −
𝛽v

4(
h
K + 

h
CK)

 h


v

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where Ψ = (h +h
C +

h
Z +

h
D +

h
K).

As the parameters and variables of the model are positive, we have

||f (t, x,u)|| ≤ ||𝜗(t, x)|| + ||𝜙(t, x)||||u||
≤ a + b||u||, where a > 0, b > 0.

(iii) The optimal control problem’s Lagrangian is given by

 = h
C(t) + 

h
Z(t) + 

h
D(t) + 

h
K(t) + 

h
CZ(t) + 

h
CD(t) + 

h
CK(t) + 

h
CZ(t) + 

v
Z(t) + 

v
D(t) + 

v
K(t) +

1
2

∑5
i=1𝜉iu2

i .

(B2)
Let us consider two arbitrary elements v,w ∈ U, with v = (v1, v2, v3, v4, v5),w = (w1,w2,w3,w4,w5). and 𝜆 ∈ [0, 1].
We now show that

[t, x, (1 − 𝜆)v + 𝜆w] ≤ (1 − 𝜆)(t, x, v) + 𝜆(t, x,w).

It follows from (B2) that,

[t, x, (1 − 𝜆)v + 𝜆w] = h
C(t) + 

h
Z(t) + 

h
D(t) + 

h
K(t) + 

h
CZ(t) + 

h
CD(t)

+ h
CK(t) + 

h
CZ(t) + 

v
Z(t) + 

v
D(t) + 

v
K(t)

+ 1
2

5∑
i=1
𝜉i[(1 − 𝜆)ui + 𝜆wi]2,

(1 − 𝜆)(t, x, v) + 𝜆(t, x,w) = h
C(t) + 

h
Z(t) + 

h
D(t) + 

h
K(t) + 

h
CZ(t) + 

h
CD(t)

+ h
CK(t) + 

h
CZ(t) + 

v
Z(t) + 

v
D(t) + 

v
K(t)

+ 1
2
(1 − 𝜆)

5∑
i=1
𝜉iv2

i +
1
2
𝜆

4∑
i=1
𝜉iw2

i .

(B3)
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Taking the difference of the two equations given above, we have

[t, x, (1 − 𝜆)v + 𝜆w] − [(1 − 𝜆)(t, x, v) + 𝜆(t, x,w)] = 1
2
(𝜆2 − 𝜆)

∑5
i=1𝜉i(vi − wi)2 ≤ 0, since 𝜆 ∈ [0,umax].

(B4)
Thus, we obtain that

[t, x, (1 − 𝜆)v + 𝜆w] ≤ [(1 − 𝜆)(t, x, v) + 𝜆(t, x,w)],

which can be written as:

[t, x, (1 − 𝜆)v + 𝜆w] − [(1 − 𝜆)(t, x, v) + 𝜆(t, x,w)] ≤ 0,

and hence the convexity of  is proved.
(iv) There exists constants 𝜛1, 𝜛2 and 𝜛3 such that,  ≥ 𝜛1|u|𝜛3 −𝜛2, 𝜛1 > 0, 𝜛2 > 0, 𝜛3 > 1 We now establish the

bound on . Note that 𝜍5u2
5 ≤ 𝜍5. As u5 ∈ [0, 1], 1

2
𝜍5u2

5 ≤
1
2
𝜍5. So,

 >
𝜉1

2
u2

1 +
𝜉2

2
u2

2 +
𝜉3

2
u2

3 +
𝜉4

2
u2

4 +
𝜉5

2
u2

5

≥
𝜉1

2
u2

1 +
𝜉2

2
u2

2 +
𝜉3

2
u2

3 +
𝜉4

2
u2

4 +
𝜉5

2
u2

5 −
𝜉5

2

≥ min
(
𝜉1

2
,
𝜉2

2
,
𝜉3

2
,
𝜉4

2
,
𝜉5

2

)(
u2

1 + u2
2 + u2

3 + u2
4 + u2

5
)
− 𝜉5

2

≥ min
(
𝜉1

2
,
𝜉2

2
,
𝜉3

2
,
𝜉4

2
,
𝜉5

2

) |u1,u2,u3,u4,u5|2 − 𝜉5

2
.

Hence,

 ≥ 𝜛1|u|𝜛3 −𝜛2, where 𝜛1 = min
(
𝜉1

2
,
𝜉2

2
,
𝜉3

2
,
𝜉4

2
,
𝜉5

2

)
> 0, 𝜛2 =

𝜉5

2
> 0, and 𝜛3 = 2 > 1.

APPENDIX C. MATLAB CODE FOR PARAMETER ESTIMATION

For the MATLAB code used for the model fitting and parameter estimation, see the supplementary document.

 10991514, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/oca.2936 by U

niversity of C
anberra L

ibrary, W
iley O

nline L
ibrary on [11/11/2022]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense


	An optimal control model for COVID-19, zika, dengue, and chikungunya co-dynamics with reinfection 
	1 INTRODUCTION
	2 MODEL FORMULATION
	3 ANALYSIS OF THE MODEL
	3.1 Positivity and boundedness of solutions
	3.2 The basic reproduction number of the model
	3.3 Local asymptotic stability of the DFE of the model
	3.4 Global asymptotic stability of the DFE of the model
	3.5 Backward bifurcation analysis of the model

	4 OPTIMAL CONTROL ANALYSIS
	4.1 Existence of optimal control

	5 NUMERICAL SIMULATIONS
	5.1 Uncertainty and sensitivity analysis
	5.2 Initial conditions and model fitting
	5.3 Strategy A: Impact of COVID-19 prevention control ([[math]])
	5.4 Strategy B: Impact of zika prevention controls ([[math]])
	5.5 Strategy C: Impact of dengue prevention control ([[math]])
	5.6 Strategy D: Impact of chikungunya prevention control ([[math]])
	5.7 Strategy E: Impact of universal control strategy ([[math]])

	6 CONCLUSION

	ACKNOWLEDGMENTS
	AUTHOR CONTRIBUTIONS
	DATA AVAILABILITY STATEMENT
	ORCID
	REFERENCES
	Supporting Information
	APPENDIX A. THE NONZERO SECOND PARTIAL DERIVATIVES USED FOR THE BACKWARD BIFURCATION ANALYSIS
	APPENDIX B. PROOF OF THEOREM 6
	APPENDIX C. MATLAB CODE FOR PARAMETER ESTIMATION

