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PREFACE 

A tubular heat exchanger exemplifies many aspects of the challenge in 
designing a pressure vessel. High or very low operating pressures and 
temperatures, combined with sharp temperature gradients, and large 
differences in the stiffnesses of adjoining parts, are amongst the legion of 
conditions that behoove the attention of the heat exchanger designer. 
Pitfalls in mechanical design may lead to a variety of operational problems, 
such as tube-to-tubesheet joint failure, flanged joint leakage, weld cracks, 
tube buckling, and flow induced vibration. Internal failures, such as pass 
partition bowing or weld rip-out, pass partition gasket rib blow-out, and 
impingement actuated tube end erosion are no less menacing. Designing to 
avoid such operational perils requires a thorough grounding in several 
disciplines of mechanics, and a broad understanding of the inter­
relationship between the thermal and mechanical performance of heat 
exchangers. Yet, while there are a number of excellent books on heat ex­
changer thermal design, comparable effort in mechanical design has been 
non-existent. This apparent void has been filled by an assortment of 
national codes and industry standards, notably the "ASME Boiler and 
Pressure Vessel Code" and the "Standards of Tubular Exchanger 
Manufacturers Association." These documents, in conjunction with 
scattered publications, form the motley compendia of the heat exchanger 
designer's reference source. The subject matter clearly beckons a 
methodical and comprehensive treatment. This book is directed towards 
meeting this need. 

Many of our readers have been witness to the profound changes that have 
occurred in recent years in heat exchanger design practice. Only two short 
decades ago, seismic analysis was an alien term to the heat exchanger trade. 
Words like "response spectrum", "flow induced vibration", "nozzle load 
induced vessel stresses", etc., held little kinship to the heat exchanger design 
technology. Today, these terms occupy a great deal of the designer's at­
tention. A thorough grasp of the underlying concepts in flow induced 
vibration and seismic analysis, along with pressure vessel mechanical design 
and stress analysis techniques, is essential for developing cost effective and 
reliable designs. Successful troubleshooting of problems in operating units 
relies equally on an in-depth understanding of the fundamentals. Our object 
in this book is to present the necessary body of knowledge for heat ex­
changer design and operating problems-resolution in a logical and 
systematic manner. 

The book begins with a comprehensive introduction to the physical 
details of tubular heat exchangers in Chapter 1, followed by an introduction 
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to the stress classification concept in Chapter 2. The following three 
chapters are devoted to bolted flange design with particular emphasis on 
devising means to improve joint reliability. Chapter 6 treats the so-called 
"boltless" flanges. The subject of tube-to-tubesheet joints is taken up in 
Chapter 7 wherein a method to predict the "optimal tube expansion" is 
presented. The subsequent four chapters deal with the tubesheets for 
various exchanger styles, viz. V-tube, fixed and floating head, double 
tubesheet, and rectangular tubesheets. Methods for complete stress analysis 
of tubesheets, with the aid of computer programs, are given. Additional 
topics of mechanical design/stress analysis covered are: flat cover (Chapter 
12); heads (Chapter 13); V-tubes (Chapter 14); and expansion joints 
(Chapter 15). Chapter 16 is devoted to fostering an understanding of flow 
induced vibration in tube bundles; design methods to predict its incidence 
and design remedies to obviate its occurrence are presented. 

The group of chapters from 17 through 20 deal with heat ex­
changer/pressure vessel support design and seismic analysis. Chapter 21 is 
intended to introduce the application of the "response spectrum" analysis 
technique to heat exchangers. Finally, Chapter 22 contains a brief resume of 
operational and maintenance considerations in heat exchanger design. 

Since much of the pressure vessel design theory requires some knowledge 
of plate and shell theory, a self contained treatment of this subject is given 
in Appendix A at the end of the text. Additional material, pertinent to a 
particular chapter, is presented in appendices at the end of each chapter. 

Since many of the design/analysis techniques presented here require 
lengthy computations, sometimes impossible by manual means, suitable 
computer programs are provided in the text. The source listings of twenty­
two (out of a total of twenty-seven computer codes), along with input in­
structions, are provided in the text. In order to avoid manual transfer of 
these codes, source codes (including the five codes not listed in the book) in 
more computer amenable form (such as tape, mini-disc, cards, etc.), can be 
obtained from the publisher separately. 

This book is written with two audiences in mind. The practicing engineer, 
too harried to delve into the details of analysis, may principally use the 
computer codes with the remainder of the book serving as a reference 
source for design innovation ideas or for operational diagnostics work. A 
university student or a researcher seeking to obtain an exoteric (as opposed 
to esoteric) knowledge of the state-of-the-art in heat exchanger technology 
can concentrate on the theoretical developments. As such, this book can be 
used for teaching a senior/first year graduate level course in "heat ex­
changers" or "pressure vessel design technology". We have made a con­
certed effort to bridge the gap between analytical methods and practical 
considerations. 

Many men and women have contributed towards the successful con­
clusion of this effort which sometimes appeared to us to be never ending. 
From the Joseph Oat Corporation, M. J. Holtz, L. Ng, R. Shah, F. 
McAnany, deserve mention. The encouragement and support of Mr. 
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Maurice Holtz of the Joseph Oat Corporation, Dr. William S. Woodward 
of the Westinghouse Corporation, and Dr. Ramesh Shah of General 
Motors Corporation are also acknowledged. Mr. Xu Hong, of the Beijing 
Institute of Chemical Technology, contributed to the development of two 
of the computer codes during his term as a visiting researcher at the 
University of Pennsylvania. Ms. Nancy Moreland of the Joseph Oat 
Corporation pursued the task of word processing with unwavering zeal and 
fervor, and Mrs. Dolores Federico and Mr. John T. Sheridan, both of 
Sheridan Printing Company brought forth tireless effort to bring out the 
book in record time. We deeply appreciate their contributions. 

Finally, we acknowledge the contributions of our Ph.D. thesis advisors, 
Dr. Burton Paul of the University of Pennsylvania, and Dr. Maurice A. 
Brull, of the Tel Aviv University. It was their original efforts which started 
both of us on the paths leading to the creation of this book. 
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HEADSKIRT (Chapter 2): Evaluation of discontinuity stresses at 
ellipsoidal head-sheIl-skirt junction. 
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hub bed lap joint; and ring joint: Options: Given flange ring thickness 
computer flange stresses - or given stress limits determine flange ring 
thickness. 

TRIEL (Chapter 4) Stress analysis of a three element flanged joint 
(tubesheet sandwiched between two flanges) in V-tube heat exchangers. The 
concept of flange-tubesheet contact outside of the bolt circle is included in 
the analysis (controlled metal-to-metal contact). A two element joint, or a 
bolted joint consisting of a flat cover and a welding neck flange, can also be 
analyzed. Stresses in all elements are predicted. 

GENFLANGE (Chapter 5) Analysis of a two or three element bolted joint 
having gaskets too wide to be modelled as line elements. Full faced gaskets 
can be treated. Non-linear gasket stress strain curves are allowed. The 
gasket compression and decompression history is followed using an in­
cremental solution technique. Joint leakage pressure as well as bolt and 
flange stress is computed. Effects of bolt overstress can be studied. 
Compression stops at different locations can be accommodated. 

LIGTEM (Chapter 7) Prediction of temperature distribution in a tube 
wall and in a tubesheet ligament (through the thickness of the tubesheet) 
under specified thermal boundary conditions on the tubesheet surfaces, and 
on the tube inside surface. 

TBROLL (Chapter 7) Fortran microcomputer code using CRT input and 
output and also printer hard copy. Evaluates residual roll pressures using 
Tresca Yield Condition. 

GENROLL (Chapter 7) Elastic-Plastic analysis of tube rolling process 
and a single cycle of subsequent thermal loading. The von Mises Yield 
Condition is assumed without strain hardening. Large deformation effects 
are included. The code does an incremental analysis of loading, unloading, 
and subsequent thermal cycling. The tube-tubesheet interface pressure is 
traced throughout the problem. Arbitrary tube/tubesheet material com­
binations can be used. 

UTVBE (Chapter 8) Interactive Microcomputer code written in BASIC 
for analysis of a tubesheet in a V-tube heat exchanger. The effect of un­
perforated rim is included in the model. Support conditions permitted are: 
integral construction both sides; one side integral, one side gasketed; and, 

xix 



two side gasketed. The effect of different gasket radii on each side of the 
tubesheet as well as the effect of edge bolting is accommodated. Shell and 
channel stresses are also computed. 

FIX SHEET (Chapter 9) Performs a complete stress analysis of two side 
integral tubesheets in fixed tubesheet heat exchangers. The two tubesheets 
are identical, and vertical and horizontal orientations are permitted. The 
effect of elevation in vertically mounted units, the pressure loss due to fluid 
flow, and quasi-static seismic acceleration effects along the tubesheet axis 
can be incorporated. Complete stress analysis of all portions of the unit are 
obtained. The unperforated rim of the tubesheets is treated by plate theory, 
so that there is no restriction on the width of the unperforated zone. 

FIXFLOAT (Chapter 9) Program assumes heat exchanger symmetry so 
only one tubesheet need be modelled. Analysis of the tubesheet of fixed 
tubesheet exchangers, or the stationary tubesheet of a floating head unit can 
be carried out. The program computes stresses in all relevant portions of the 
exchanger for a given tubesheet thickness and unit geometry. Mechanical 
and thermal loads are included, and a thickness based on the TEMA for­
mulas can also be determined. The unperforated rim is treated by ring 
theory and the tubesheet attachment to shell and channel can be two side 
integral, one side integral and one side gasketed, or two side gasketed 
co'nstruction. Bolt loading and different gasket radii on each side of the 
tubesheet can be accommodated. 

MICROFIXFLOAT (Chapter 9) Interactive microcoputer BASIC 
code which uses the same basic theory as FIXFLOA T but utilizes additional 
data, input by user, from graphs to predict the tubesheet stress, tube load, 
and shell force. 

PRESHEET* (Chapter 10) A pre-processor code to construct a finite 
element model for analysis of single and double tubesheets for V-tube 
construction or for fixed tubesheet exchangers. The pre-processor accepts a 
minimum of user supplied geometry and material data and constructs the 
necessary data file for a model with 310 node points and 270 elements. The 
data file created is usable directly by the finite element code AXISTRESS. 

AXISTRESS* (Chapter 10) A 2-D elastic finite elements code for plane or 
axi-symmetric "finite element analysis." 

POSTSHEET* (Chapter 10) A post-processor for analysis of single or 
double tubesheets. The code processes the results of an AXISTRESS 
analysis and presents the results in a form for easy checking of critical stress 
areas. 

DOUBLESHEET (Chapter 11) Solves field equations for closely spaced 
double tubesheets under mechanical and thermal load. The tubesheets can 
be either simply supported or clamped. The tubesheets are modelled as thick 
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plates; the tubing between tubesheets is modelled by appropriate stiffness 
elements which reflect the effects of both bending and shear in the tubes. 
Stresses are computed for user specified radial locations in the tubesheet 
and in the tubes. 

LAPCOV (Chapter 12) Responses of a Bolted Cover-Lap Joint Flange 
Under Seating and Pressurized Conditions. Metal to metal contact at any 
radius outside of the bolt circle is permitted. 

UBAX (Chapter 14) Computes the bending and direct stresses in the tube 
overhang and U-bend regions due to a specified inter leg differential thermal 
expansion, and an increase in U-bend radius due to a temperature rise. The 
code incorporates the effect of baffle restraint on U-tube thermal growth. 

EXJOINT (Chapter 15) Stress and deformation analyses of expansion 
joints using an improved theoretical analysis of the classical Kopp and 
Sayre model. 

EJMAREC (Chapter 15) Analysis of rectangular expansion joints using 
EJMA formulas. 

FLANFLUE* (Chapter 15) Pre- and Post-Processor for a finite element 
analysis of a single convolution of an expansion joint. The codes are set up 
to construct a data file for AXISTRESS, and to present the results of the 
finite element analysis in a convenient form for checking stress in critical 
locations. The spring rate of the joint is computed based on the finite 
element results. 

MULTSPAN (Chapter 16) Computes natural frequencies and mode 
shapes for a straight tube on multiple supports. The straight two ends are 
assumed built-in and N-l intermediate supports can be located along the 
tube. 

UVIB* (Chapter 16) Computes natural frequencies and mode shapes for 
the out-of-plane vibrations of tubes in the U-bend region. 

UFLOW (Chapter 16) Computes the quantities needed to describe the 
flow field in the U-bend region of a heat exchanger. It is assumed that 
double-segmental baffles are present in the unit. The code computes the 
flow velocity for different tube layers at various radial locations. 

RINGSUP (Chapter 17) Calculates the total membrane and bending stress 
at the junction of an annular ring type support and the barrel of a pressure 
vessel. 

FORLEG (Chapter 18) Determines the orientation of horizontal force and 
overturning moment on a vertical unit with a four leg support structure that 
maximizes the stress in one of the support legs. This stress is then computed 
and all loads on the highly loaded leg are printed out for use in foundation 
design and for use in local stress analysis of the vessel. 

HORSUP (Chapter 19) Analyzes a horizontal saddle mounted vessel 
subject to discrete nozzle loads at arbitrary locations and to seismic inertia 

• Listing not given in the text 
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loads. The program computes the overturning moment and axial force at 
both supports and determines the maximum concrete pressure and bolt 
stress. The maximum support stress is also computed. 

VERSUP (Chapter 20) The code determines the support reactions in a 
vertically mounted unit supported at two locations. Both supports can resist 
lateral loads and bending moments; only the bottom support resists torsion 
or vertical force. The magnitudes of nozzle loads, but not their sense of 
action, is assumed given. The code determines the sense of action of all 
components of nozzle loads so that each one of the reaction components is 
maximized in turn. These maximized reactions are combined with seismic g­
loads to compute the maxi-max of each reaction component in turn. If the 
sense of action of all loads is specified, then no maxima are found. 
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Numbering Scheme for Equations, Tables, etc.; notes on 
arrangement of the text 

All equations are labelled as "chapter number. section number. 
equation number." For example, Eq. (3.10.4) means equation 
number 4 in section 10 of Chapter 3. Tables and references are also 
numbered in an identical manner. Appendices pertinent only to a 
particular chapter are labeled with the chapter number followed by 
an alphabetic appendix number (A, B, C in sequence). Equations, 
tables, etc. in appendices are labelled sequentially. For example, 
equation 16.A.l is the first labelled equation in Appendix 16.A. 
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1. HEAT EXCHANGER CONSTRUCTION 

1.1 INTRODUCTION 

A wide range of industries - pharmaceutical, chemical, petrochemical, 
dairy, food, refrigeration, bio-chemical, fossil and nuclear power, etc.­
utilize tubular heat exchangers. Exchangers have been given a variety of 
names depending on their heat transfer functions; viz. kettle reboiler, 
condenser, thermo siphon reboiler, regenerator, recuperator, blow-down 
heat exchanger, heating element, and so on. These names serve to identify 
the heat transfer function of the hardware, and in many cases, also conjure 
up the image of the shape and appearance of the unit. In most instances, 
thermal design considerations dictate the external appearance of the unit. 
Rating engineers recognize that boiling, partial or total condensation, 
highly viscous flows, etc., are considerations which may profoundly affect 
the desirable shape of the heat exchanger. Books covering thermal design of 
heat exchangers must labor through the maze of heat transfer conditions 
which might exist in an operating unit. The picture from the mechanical 
design viewpoint, however, is far more unified. 

In essence, as a piece of mechanical hardware, a tubular heat exchanger 
consists of two intertwined pressure vessels. The inlet header, outlet header, 
inside of the tubes and the inlet! outlet nozzles define the domain of the 
pressure vessel commonly referred to as the "tubeside" chamber (Fig. 
1.1.1). The remaining space in the heat exchanger between the shell and the 
tubes is the other pressure vessel, known as the "shellside" chamber. Two 
fluids at different temperatures enter the two pressure chambers, exchange 
heat across the tube walls through a combined conduction-convection 
mechanism, and then exit through the outlet nozzles. The central challenge 
in thermal design lies in effecting the desired amount of heat transfer with a 
minimum amount of tube surface while remaining within prescribed limits 
on pressure loss due to flow of the fluids in the two chambers. The 
arrangement of the flow of fluids in the two chambers is thus con­
ceptualized in the process of thermal design. Subsequently, the mechanical 
design effort must contend with the problems arising from two integrally 
attached pressure vessels subject to different pressure and temperature 
fields. This has led to the evolution of several styles of heat exchanger 
construction which are reviewed briefly in the following so we can acquire 
an understanding of the relative merits of each type. 

The internal anatomy of the tubular heat exchanger is also exposed in this 
chapter with particular reference to its effect on mechanical design. In 
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Fig.1.1.1. Integral tubesheet head exchangers (through tube design). 

addition, some unusual heat exchanger designs are discussed to help 
reinforce the understanding of the limitations of conventional designs. Our 
central goal in this chapter is to familiarize the reader with all essential 
details of heat exchanger construction, and to provide the building blocks 
on which in-depth treatment of subsequent chapters can be carried out 
without loss of continuity. 

1.2 HEAT EXCHANGER STYLES 
Heat exchanger construction styles may be broadly divided into three 

categories: 

(i) Fixed tubesheet 
(ii) U-tube 
(iii) Floating tubesheet 

(i) Fixed Tubesheet Heat Exchanger 
In this design, the straight tubes are fastened to tubesheets at their two 

extremities. The two tubesheets are welded to the two ends of the shell. 
Bonnet head, channel (with flat cover), or reducer type of headers may be 
provided at the two ends. For example, Fig. 1.1.1 shows a fixed tubesheet 
exchanger with integral channel type headers. In this construction, the 
tubesheet is welded to the shell and to the header at both ends. This is 
referred to as all-integral construction. In other variations the tubesheets 
may be welded to the shell but bolted to the headers; or one tubesheet may 
be integrally welded to both shell and header, while the other tubesheet is 
welded to the shell and bolted to the header. The header may be shaped in 
the form of a bonnet (see Chapter 13 for bonnet types), conical reducer, or 
cylindrical shell. * Figure 1.2.1 and Photograph 1.a show fixed tubesheet 
heat exchangers with removable headers and removable flat covers, 
respectively. In common terminology, a fixed tubesheet welded to the shell 
(or channel) is called "integral" with the shell (or the channel). 

'In this text, we usually employ the terms "bonnet" and "channel" as generic notation for 
the header. 
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Fig. 1.2.1. Fixed tubesheet heat exchanger with removal headers (TEMA 
typeBEM). 

Photograph l.a. Integral tubesheet heat exchanger with removable flat 
cover. (Courtesy Joseph Oat Corporation.) 
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It is unusual to make a fixed tubesheet exchanger where the tubesheets are 
bolted to the shell. This is due to the fact that the closure gasket cannot be 
replaced after the unit is tubed. In some rare commercial applications that 
require the use of weld incompatible materials for shell and tubesheet, 
pliable packings have been used in bolted shell to tubesheet designs. Such a 
construction is obviously limited to small units under benign pressure and 
temperature conditions. It is preferable to weld overlay the shell edge with a 
third material to which the tubesheet can be welded. 

The decision as to whether a channel should be welded or bolted to the 
tubesheet must be made with due caution. Welded construction is usually 
cheaper if edge welding of the tubesheet, as shown in Fig. 1.1.1, is per­
mitted. On the other hand, some design codes, such as the AS ME Boiler 
and Pressure Vessel Code for Class 1 nuclear components, require 
radiographic butt welds at tubesheet to shell/channel junction. Butt welds 
imply that the tubesheet must be procured in the form of a forging with 
lateral extensions for welding. A forging is a relatively expensive product 
form, which along with the expense of radiography, may make the bolted 
alternative relatively economical. In general, however, welded construction 
means reduction in the cost of the equipment. Welded-in channels do, 
however, reduce the accessibility to the tube ends and therefore make in­
ternal tube cleaning, tube end plugging, tube replacement, etc., more 
difficult and time consuming. On the other hand, a bolted-in channel is 
"removable" only if its nozzles are also flanged, if any of the exchanger 
supports is not welded to it, and if the necessary physical space for its 
removal is available. 

Bolted joints introduce potential locations of leakage during operation 
and therefore are viewed with disfavor in units operating under high 
pressures. The tubesheet is extended beyond the shell to act as a flange. 
Alternatively, the tubesheet is extended as a stub end, and a backing ring 
serves as the flange (Fig. 1.2.2). The latter construction is often employed 
where the tubesheet is made of any expensive alloy, and its weight is sought 
to be minimized. 

BOl T t 

TUBE SHEET EXTENDED 
AS A FLANGE 

Fig. 1.2.2. 

TUBESHEET EXTENDED AS 
A 'STUB END" 

Tubesheet to shell joint. 



1/ Heat Exchanger Construction 5 

Fixed tubesheet construction is rather uncomplicated and economical and 
its advantages are many. It permits access to both tube ends; any leaky or 
failed tube can be individually plugged or replaced. Absence of bends in the 
tube secures the tube interior against localized foulant deposition. The 
interior of the tubes can be cleaned conveniently. Perhaps the only problem 
with fixed tubesheet construction is the axial thermal stress developed 
between the shell and the tubes. The differences in the temperature and 
coefficient of thermal expansion of the shell and tube materials may set up 
severe axial stresses in the tubes and the shell, precipitating possible 
buckling of the tubes, or failure of tube-to-tubesheet joints. To alleviate 
such problems, an expansion joint may be added to the shell as shown in 
Fig. 1.2.1. Details on the effect of an expansion joint on the fixed tubesheet 
design process are found in Chapter 9. 

Fixed tubesheet construction is preferred for conditions of service where 
the temperature difference between the shellside and the tubeside fluids is 
small and where the inside of the tubes require frequent cleaning. From a 
mechanical design standpoint, this style exhibits some odd characteristics. 
For example, it is possible to have practical designs wherein the pressures in 
the tubeside and shellside chambers act additively to increase tube-to­
tube sheet joint load in certain regions of the tubesheet. Thus, the standard 
practice of hydrostatically testing each chamber independently may not 
load the tubejoint to the operating condition pressure stresses making a 
hydrostatic test all but meaningless as a verification of safety factor. In­
dustry standards such as TEMA [l.2.1, p. 10; l.2.2] take note of such latent 
aspects of fixed tubesheet exchanger operation. 

The addition of an expansion joint to alleviate thermal loads is not done 
without incurring negative features. The expansion joint increases the 
tubesheet thickness. It also provides bypass regions for the shellside fluid. It 
is often difficult to incorporate expansion joints in shells equipped with 
non-removable longitudinal baffles (Section 1.4). 

(ii) V-Tube Heat Exchanger 

The effect of axial expansion and contraction of the shell and the tube 
bundle is decoupled in this design. The tubes are bent into U-shapes and 
attached to the same tubesheet (Fig. l.2.3; Photograph l.b). Thus, the 
design dispenses with the second tubesheet and header, making it an 
economical construction. Unlike the fixed tubesheet design, the tube bundle 
can be made detachable from shell and channel to facilitate cleaning of the 
outer surface of the tubes. Cleaning of the internal surface of the tubes is, 
however, easier in the straight tube design. 

The designer has wide latitude in deciding the degree to which the unit can 
be dismantled. The following combinations are available: 

a. Tubesheet integral to both shell and channel: In this construction the 
channel usually has a removable flat cover to permit access to the tube ends. 
However, integrally welded hemispherical heads are employed in conditions 
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YP CROSS BAFFLE 

Fig. 1.2.3. Removable U-tube heat exchanger (TEMA type CFU). 

Photograph Lb. Four-tube pass, U-tube bundle. (Courtesy Joseph Uat 
Corporation.) 

of high pressure and temperature. Figure 1.2.4 shows the schematic of a 
high pressure feedwater heater (used in the turbine cycle of power plants) 
equipped with non-removable shell and bonnet. The bonnet is, however, 
equipped with a manhole to permit access to the tubes . 

Completely welded-in U-tube heat exchangers without manholes or other 
access ways have also been used in applications involving high operating 
pressures and extreme concern with joint leakage. The regenerative heat 
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Fig. 1.2.4. Cutaway view of a three-zone horizontal feedwater heater. 

exchanger (Photograph I.c) used to reheat the reactor coolant fluid in 
Westinghouse designed Pressurized Water Reactor plants is an example of 
such a unit. 

b. Tubesheet integral to shell, bolted to channel: The bundle is not 
removable which negates a major benefit of U-tube design. The outside of 
the tubes is not accessible for mechanical cleaning, and any leaky tube must 
be plugged (cannot be removed). 

This construction is employed if leakage of the shellside fluid is a safety 
concern, or if the shellside pressure is high enough to make the reliability of 
a shell-tubesheet bolted joint suspect. This design is also used when the shell 
longitudinal baffle must be welded to the tubesheet for thermal design 
considerations. 

c. Tubesheet integral to channel, bolted to shell: This configuration, 
shown in Fig. 1.2.3, is quite common. Access to the tube ends is available 
through a removable cover. However, replacement of a worn tubesheet­
shell flange gasket requires full length removal of the bundle - a time­
consuming operation. 

d. Tubesheet bolted to both shell and channel: This construction offers 
maximum disassembly capability. The bonnet is usually in the shape of a 
formed head. The tubesheet is sandwiched between the shell and tubeside 
flanges. The gaskets between the bonnet flange and tubesheet, and between 
the tubesheet and shell flange are seated by a common set of studs. This 
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Photograph I.c. Regenerative heat exchanger; three integrally welded U­
tube heat exchangers interconnected with "f1angeless" piping. (Courtesy 
Joseph Oat Corporation.) 

bolted joint, consisting of two flanges and a tubesheet, is referred to as the 
"three-element joint" in the literature. Photograph l.d shows such a joint 
used in a power plant heat exchanger. Since the same bolt pull is responsible 
for loading both gaskets, one gasket cannot be replaced without unloading 
the other. This is a negative factor since replacement of the bonnet side 
gasket is far easier than replacement of the shellside gasket. In order to 
avoid unloading the shellside gasket while replacing the gasket in the 
channel side, a fraction of the bolt holes (usually every fourth) in the 
tubesheet are made "tapped holes" instead of the usual "clearance holes." 
The studs in the tapped tubesheet hole locations will not unload upon 
removal of the bonnet-side nut, thus maintaining a pre-load on the shell 
gasket upon removal of the bonnet. 

In those cases where economy of design is the primary motive, the 
tubesheet outer diameter may be reduced such that it clears the inside of the 
bolt circle. In this case, the tubesheet rim merely provides the seating 
surface for the gaskets. 

Offsetting the advantages are some problems with the U-tube design. The 
tubeside fluid must traverse the shell an even number of times (even number 
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Photograph I.d. Horizontal letdown heat exchanger with a "three­
element joint." 

of "tube passes"). This places a restriction on exchanger thermal design. 
The process of forming the V-bends thins the tube in the V-bend region 
requiring heavier gage tube to allow for this thinning [1.2.1, p. 23]. In 
addition to wall thinning, the tube section in the bend region also ovalizes, 
reducing its external pressure carrying capacity. The design codes recognize 
these effects and offer guidelines on tube gage selection [1.2.3, p. 915]. Cold 
working some tube materials makes them more susceptible to embrittlement 
and stress corrosion. V-bends of tubes are also more vulnerable to flow 
induced vibration [1.2.4]. The V-tube bundle geometry makes it impossible 
to pull out and replace leaky tubes in the bundle interior. Such tubes must 
be plugged and thus removed from heat transfer duty; unlike straight tube 
designs, one location of failure means two tube lengths are lost to heat 
transfer. The inside of the V-tube is also more difficult to clean compared 
to straight tubes. Finally, although V-tube design eliminates the differential 
expansion problem between shell and tubes, the problem of differential 
expansion between two legs of the V-tube remains. However, the issue of 
stresses in the V-bends due to unequal thermal growth of the two legs is 
problematic only in conditions involving large temperature differences 
[1.2.5]. Despite these shortcomings, the V-tube heat exchanger is the most 
popular style in use. In the power industry, V-tube design is almost ex­
clusively used in feedwater heaters and in moisture separator reheaters. 
Steam generators in many pressurized water nuclear reactors are also of V­
tube construction. 

In addition to the standard V-tube designs depicted above, many hybrids 
of fixed and V-tube designs have been devised for particular applications. 
Photograph 1.e shows the "hair pin" design used as a regenerative heat 
exchanger in nuclear power plants. In this design, there are two tubesheets 
and the shell and tubes are in the form of broad V's. In the photograph, the 
shoulder of the broad V's is shown exposed. The unit is completed by 
welding on the other half of the transverse shell and the end caps. 
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Photograph I.e. Hairpin "regenerative" heat exchanger under 
fabrication. (Courtesy Joseph Oat Corporation.) 

(iii) Floating Tubesheet Heat Exchangers 

In this class of designs, one of the two tubesheets is free to move axially as 
the tubes expand or contract. The bundle is removable from the shell. There 
are four main styles in use, namely: 

a. Outside packed floating head (TEMA type "P" head*). 
b. Floating head with backing device (TEMA type "S" head). 
c. Pull through floating head (TEMA type "T" head). 
d. Packed floating head with Lantern Ring (TEMA type "W" head). 

a. Outside Packed Floating Head 

Figures 1.2.5 and 3.1.1 show the outside packed floating head heat ex­
changer design. A packed stuffing box seals the shellside chamber while 
permitting the floating tubesheet to move back and forth. A "split ring" 
flange seals the back end of the tubeside chamber. Since the packing seals 
the shells ide chamber against the atmosphere, any leakage does not cause 
mixing between the shell and the tubeside fluids. 

Care should be exercised in designing the floating head cylindrical skirt. 
Designing the skirt merely as a cylindrical shell under internal pressure 

'The designation of Tubular Exchanger Manufacturer's Standards (TEMA) are explained in 
Section 1.3. 
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Fig. 1.2.5. Outside packed floating head heat exchanger (TEMA type 
AEP). 

(tubeside pressure) is not sufficient since the external pressure of the 
packing may be the controlling load, especially if the shells ide pressure 
exceeds the tubeside pressure. It is also to be recognized that the tubeside 
inlet and outlet nozzles must be located on the stationary header in the 
outside packed floating head heat exchanger. Therefore, this style is limited 
to an even number of tube passes. 

It is necessary to protect the packing seating surface on the floating head 
from scratching while pulling the bundle out of the shell. For this reason, 
designers often require bundle runners in such units. The stationary 
tubesheet in the packed floating head design can be part of a three-element 
joint, or it may be truncated (shortened in diameter) in the manner shown in 
Fig. 1.2.5. The latter construction is cheaper, but removes the facility to 
unload bonnet and shellside gaskets independently of each other, as noted 
earlier in the context of U-tube exchangers. 

The most serious drawback of this floating head design lies in the un­
tubed outer annulus on the tubesheet. The outermost tubes must be inboard 
of the inside diameter of the floating tubesheet skirt. The outer diameter of 
the skirt must be less than the effective shell inside diameter (defined as the 
diameter of the largest perfectly straight cylinder that can be inscribed in the 
shell). This can mean as much as a 1 Yz" wide untubed annulus between the 
tube bundle and the shell. This untubed region can cause significant flow 
bypass. Sealing strips utilized to force the flow into the bundle often 
precipitate flow induced vibration in outer periphery tubes. The reader is 
referred to Section 16.10 for further details on this matter. 

b. Floating Head with Backing Device 

This arrangement (Fig. 1.2.6) employs a split ring flange to bolt the 
tubesheet to the floating head. Leakage at the floating head joint causes 
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mixing of shell and tubeside fluids and is a drawback of this construction. A 
special test ring is required to seal the shellside chamber (Fig. 22.7 . 1) if it is 
to be pressurized with exposed tube ends to detect leaky tubes. The untubed 
annulus is also a concern in thermal design of this style of heat exchangers. 

CROSS BAFFLE 

BACKING OEVICE 

LOATING 
HEAO 

Fig. 1.2.6. 
AES). 

Floating head heat exchanger with backing device (TEMA type 

c. Pull Through Floating Head 

In the pull through floating head design, the tubesheet itself acts as the 
flange (Fig. 1.2.7). However, valuable surface on the outer rim of the 
tubesheet which would contain tubes, is lost to make room for the flange, 
forcing an increase in the shell diameter. This increases equipment cost and 
also leads to untubed annular voids in the shell which produce undesirable 
flow bypass. The design is utilized in those situations where an ample open 
space in the shells ide is required for flow considerations, such as a kettle 
reboiler (Fig. 1.2.7). 

d. Floating Head with Lantern Ring 

Packed floating head with lantern ring, shown in Fig. 1.2.8, is another 
variation in the floating tubesheet design. Here the cylindrical edge surface 
of the tubesheet is machined to effect two separate seals for the shell and for 
the tubeside flanges. Vents in the lantern ring help locate any leak in the 
seals, and keep the leakage out of one joint from intruding into the other. 

Floating tubesheet designs have found some application in the chemical 
and petrochemical industries where their relatively greater initial cost is 
offset by the accessibility to the tube ends for cleaning and repair. 

In all of the design configurations discussed above, the tubesheet is the 
principal barrier between the two chambers. The joint between the 
tubesheet and the tubes is often the path of inter-chamber leakage. 
Designers resort to a "double tubesheet" configuration where mixing 
between the two flow streams is absolutely unacceptable for safety or for 
process dependent reasons. For example, if the shells ide fluid polymerizes 
below a certain temperature, then separating the cold channel from the shell 
through a double tubesheet device may elevate the shellside tubesheet 
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Fig. 1.2.7. Kettle reboiler; pull through floating head (,LEMA Type AKT). 

Fig. 1.2.8. Externally sealed floating head heat exchanger (TEMA type 
AEW). 

temperature sufficiently to arrest the polymerization process. Double 
tubesheet design permits the tubesheets to be made from dissimilar 
materials. Figure 1.2.9 shows a double tubesheet heat exchanger with an 
outside packed floating head construction. We note that in double 
tubesheet construction, the tubesheet skirt extends inwards rather than 
outwards as in the standard outside packed design (Fig. 1.2.5). This is done 

TUBE SHEETS TUBESHEETS 

Fig. 1.2.9. Double tubesheet with outside packed floating head. 
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to minimize the tube surface area inactive in heat transfer (the portion of 
the tubes between the tubesheets). Double tubesheet design can also be 
employed with other heat exchanger styles. We note, however, that the 
reliability of the inner tubesheet-to-tube joint is suspect since the fastening 
of the joint in the inner tubesheet must be made remotely. 

1.3 HEAT EXCHANGER NOMENCLATURE 

The Standards of Tubular Exchanger Manufacturers Association 
(TEMA) give a succinct scheme for designating heat exchangers. Table 
1.3.1 presents the TEMA notation. Three columns in Table 1.3.1 give 
alphabetic symbols for common front end (tubeside inlet header), shell, and 
rear end (tubeside return or outlet header) geometries. The designations for 
the front and rear headers help indicate the extent to which the unit can be 
disassembled. For example, an "A" type front head implies that the 
channel and channel cover can be detached from the heat exchanger either 
together or individually, furnishing complete access to tube-to-tubesheet 
joints. An "N" type channel provides somewhat restricted access to the 
tube ends since the channel is integrally welded to the tubesheet. The TEMA 
nomenclature does not address second level details, such as the number of 
tube passes, number of baffles and tie rods. Shellside flow arrangement is, 
however, indicated by the shell designation. For example, an "E" type shell 
implies that the shellside fluid traverses the shell length only once (one shell 
pass). 

In addition to the alphabetic symbols, the nominal inside diameter and 
tube length are furnished to indicate the overall exchanger size. Thus a 
"Size 16-120 AEP" heat exchanger implies that the shell inside diameter is 
approximately 16" , and the tube length is approximately 120" . The header 
and shell arrangement corresponds to Fig. 1.2.5. For V-tube construction, 
the tube length is equal to the length of the straight leg (from tube end to the 
V-bend tangent line). In a kettle reboiler, where both port and kettle 
diameters are meaningful to the unit designs, both diameters can be 
reported in the unit designation. 

Recently, HEI standards for power plant heat exchangers [1.2.6] have 
proposed an alternate nomenclature. Appendix 1.A presents their notation 
scheme. This notation is yet to gain widespread popularity. 

1.4 HEAT EXCHANGER INTERNALS 

The parts list in Appendix 1.A helps explain the components that con­
stitute the internals of a heat exchanger. The internals are required for 
thermal performance or for unit assembly. For example, the cross baffles 
shown in the preceding figures are required to guide the fluid flow of the 
shellside stream and to act as tube supports. The tie rods and spacers, on the 
other hand, are needed to position the baffles such that the tube bundle cage 
can be prepared and the tubesheet can be tubed conveniently. By and large, 
internals are not considered to support pressure or thermal loads. The 
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design codes treat them as non-pressure parts and hence beyond their 
purview. Providing guidelines for their sizing is left to the industry's own 
standards [l.2.1, l.2.2, l.2.6, l.2.7, l.2.8]. Nevertheless, many so-called 
"non-pressure parts" actively experience some pressure and thermal 

Table 1.3.1. TEMA Nomenclature* 
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loadings, and it may be perilous to ignore their presence in designing the 
pressure parts. A brief description of the so-called non-pressure parts is 
given in the following to complete our exposition of the tubular heat ex­
changer geometry. 

Tubeside pass partition plates: The number of tube passes is equal to the 
number of times the tubeside fluid traverses the length of the tubes. In 
multiple-tube pass heat exchangers, pass partitions are required in the inlet 
and outlet headers (in the outlet header only if the unit has more than two 
tube passes). 

The arrangement of tubeside pass partitions in a multi-pass heat ex­
changer depends on the number of tube passes and tube bundle type. Figure 
1.4.1 shows some typical pass partition arrangements for four-, six-, and 
eight-tube passes. While, in general, a wide variety of options in the 
arrangement of pass partitions exists, the choice is somewhat narrowed 
down for V-bundles. For example, the six-pass layout shown in Fig. 1.4.1.c 
cannot be used for V-tubes, since V-tube layout requires that each set of 
consecutive passes be mirror images of each other. 

The arrangement of tubeside pass partitions profoundly affects the heat 
transfer and mechanical behavior of the heat exchangers. The tube bundle 
has "slits" in the plane of the tubeside pass partition plates, which can be 
conduits of flow bypass in the shells ide stream if the shellside crossflow is 
aligned with the "slits". The arrangement of tubeside passes largely 
determines the orientation of the tubeside nozzles, and (as we will observe 
later) also shells ide nozzles. Photograph 1.f shows an eight-pass V-bundle 
(split flow shellside heat exchanger arranged in such a way that all nozzles 
point to within 30° of the vertical). The inter-relationship of the nozzle 
orientation to pass partition layout and cross baffle geometry will be 
discussed further after we introduce cross baffle shapes. 

Figures 1.2.3 and 1.2.5 show two common tubeside pass partition plate 
attachment details. The pass partition plate is welded to the channel wall 
and to the tubesheet and gasketed to the cover in Fig. 1.2.3. In Fig. 1.2.5, 
the pass partition plate is gasketed to both the tubesheet and the cover. It is 
apparent that the radial expansion of the channel shell will be resisted by the 
pass partition plate. Furthermore, the pass partition plate itself is subject to 
a certain lateral pressure caused by the pressure loss of the in-tube fluid due 
to its flow. The pass partition plate must be sufficiently strong to withstand 
this lateral pressure without yielding. Furthermore, the gasket at the bolted 
joint must have "ribs" to seal the pass partition plate against the tube sheets 
or the cover, as the case may be. The bolt load must be sufficient to "seat" 
the "rib" in addition to seating the gasket ring. The operating pressure 
causes the cover/tubesheet to flex, thereby creating a crevice between the 
pass partition and the abutting member. This crevice becomes a short circuit 
path for the tubeside fluid (see Chapter 4, Fig. 4.1.3). Quantification of 
deflection induced leakage is discussed in Chapters 4 and 12. Where the 
inter-tube pass leakage due to cover deflection must be entirely eliminated, 
an internal pass partition chamber concept can be used. As illustrated in 
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FRONT REAR 

(d) EIGHT TUBE PASS (NON-U-TUBE LAYOUT) 

FRONT REAR 

(e) EIGHT TUBE PASS 

Fig. 1.4.1. Typical pass partition layout. 

Fig. 1.4.2 for a two-tube pass design, the internal pass partition closure 
seals against the pass partition rib. The pressure drop from the inlet pass to 
the outlet pass acts to compress the cover plate gasket even further. The flat 
cover serves the sole function of pressure retention against the outside 
environment. 

Shellside pass partition plates: The longitudinal pass partition plate (also 
called "longitudinal baffle") in the shell is utilized to build multiple shell 
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Photograph I.f. Eight-tube pass horizontal heat exchanger with pass 
partition arranged to provide "near vertical" (about 30° from vertical) 
nozzle connections. 

passes· (Fig. 1.2.3). Its effect on the shellside chamber is similar to that of 
the tubeside plate on the tubeside chamber. It is desirable to weld the long 
edges of the shellside pass partition plate to the shell. However, it is not 
always possible to do so. For instance, if the V-bundle heat exchanger has 
two tube passes, as in Fig. 1.2.3, then welding the longitudinal pass par­
tition plate would trap the tube bundle in the shell. In such cases, the pass 
partition plate is equipped with suitable edge seals to prevent leakage across 
the pass partition plate. Figure 1.4.3 shows a typical edge seal detail. 

Heat exchangers are seldom designed with more than two shell passes, 
although units with as many as six passes have been successfully designed 
and fabricated. Photograph l.g shows the tube bundle of a six-shell 
pass-twelve-tube pass heat exchanger. 

Internal shrouds: Internal shrouds are used in some heat exchangers 
where the shellside fluid medium undergoes phase change. Figure 1.2.4 
shows a feedwater heater which has three distinct zones - desuperheating, 
condensing and subcooling - for cooling the inlet stream. The 
desuperheating zone is separated from the condensing zone by a 
desuperheating zone shroud. Similarly, the "drain subcooling zone" is 
equipped with its own enclosure. These shrouds are subject to severe 
thermal stresses, and failure of their welds is known to be a major culprit 
behind heater failures in power plants. 

Tube supports: The term baffle or tube support is used to indicate plates 
in the form of sector of a circle used to support tubes. In small condensers 

'Number of shell passes is equal to the number of times the shellside fluid traverses the full 
length of the shell. 



20 Mechanical Design oj Heat Exchangers 

(condensation on the shellside) the baffles do little more than provide the 
tube support function . In single-phase flow conditions, however, the baffle 
cut and type play an important role in establishing the total shellside 
pressure loss and heat transfer coefficient. Figure 1.4.4 shows the so-called 
"single segmental baffles" with horizontal cuts in a single-pass shell. Figure 
1.4.5 shows "double segmental baffles" with vertical cuts in a two-pass 
shell. Triple segmental baffles (Fig. 1.4.6) are used less frequently but are 
known to provide increased safety against flow-induced vibrations. Figure 
1.4.7 shows an idealized rendering of the flow pattern in one-half of the 
shell equipped with triple segmental baffles. 

In conventional heat exchangers, baffles and tube supports are not at­
tached to the shell. However, in large surface condensers, they are welded to 
the side walls to help support the walls of the shell (usually rectangular in 
cross section). In-plane thermal growth of the baffles stresses the tubes, and 
can lead to their failure due to fatigue and wear. 
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Fig. 1.4.2. Alternate pass partition arrangement (two pass). 
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Fig. 1.4.3. Typical longitudinal baffle edge seal detail. 
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Photograph I.g. Half-completed bundle of a six-shell pass, 12-tube pass 
heat exchanger. (Courtesy Joseph Oat Corporation.) 
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Fig. 1.4.4. Horizontal cut single segmental baffle layout. 
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Fig. 1.4.5. Double segmental baffles. 
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Fig. 1.4.6. Triple segmental baffle. 



1/ Heat Exchanger Construction 23 

Fig. 1.4.7. Flow visualization in a triple segmental baffle heat exchanger. 

1.5 TUBE LAYOUT AND PITCH 

The common tube layout patterns are: (a) 30° or triangular, (b) 60° or 
rotated triangular, (c) 90° or square, (d) 45° or rotated square. Figure 1.5.1 
shows the layout pitch, transverse pitch and longitudinal pitch for the 
different layout schemes. The relationship between the pitches and the gap g 
in the flow direction is defined in Table 1.5.1 for various layout angles. 

Table 1.5.1. Pitches and gap in terms of layout pitch P and tube O.D. do 

Layout Angle 

30° 
60° 
90° 
45° 

PI 

2Pcos60° 
2Pcos30° 
P 
2Pcos45° 

P, g 

P sin 60° Psin600-do 
Psin 30° Psin300-do 
P P-do 
Psin45° Psin45° -do 

The orientation of baffle cuts determines the plane of flow of the 
shellside fluid. Since the baffle cuts are half-moons at the edges 
(Photograph l.h) the gap g must be positive (preferably over 1/8") to 
avoid a ragged baffle cut edge. From Table 1.5.1 it is apparent that for a 
60° layout, P>2do to meet this condition. This fact limits the use of 60°, 
and to some extent 45 ° layouts, in practical designs. 

W G-Q Q 

"f~ 
¢:l (9---0 Q 'CD FLOW -0/ 

30· LAYOUT 60· LAYOUT 90· LAYOUT 45" LAYOUT 

Fig. 1.5.1. Tube layout schemes. 
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Photograph I.h. Views showing baffle cages and shells with expansion 
joints. (Courtesy Joseph Oat Corporation.) 

Square and rotated square layouts permit convenient cleaning of the tube 
external surfaces. For this reason, they are widely used in the petrochemical 
and dairy industries where fouling of the tube surface is an endemic 
problem. 

1.6 GENERAL CONSIDERATIONS IN PASS PARTITION 
ARRANGEMENT 

It is apparent from the foregoing that the designer has several options in 
the selection of the pass partition arrangement scheme. The best 
arrangement depends on a number of factors which must be given due 
consideration in order to arrive at the optimum design. Some of these are: 

(l) Orientation of cross baffles with respect to the pass partition lanes: 
The pass partitions should be arranged in such a manner that the plane of 
shellside flow is not aligned with the pass partition lanes. If pass partition 
lanes exist in two normal planes, then ones having the minimum lane width 
should be aligned with the shellside plane of flow. Rotating the cross 
baffles so that the flow plane is at 45 0 to both planes of the pass partition 
layout eliminates this source of shellside bypass entirely. 
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(ii) Pass Partition arrangement to avoid severe thermal gradient in the 
tubesheet: In multiple tube pass (more than two) exchangers involving a 
large temperature change of tubeside fluid, it is advisable to avoid arranging 
inlet and outlet passes contiguously. The temperature gradient across the 
pass partition rib in the tubesheet is directly proportional to the difference 
in the fluid temperatures in the two passes. Locating the inlet and outlet 
passes adjacent to each other maximizes the thermal gradient induced stress 
in the tubesheet. 

(iii) Pass Partition arrangement to minimize inter-pass leakage: As 
mentioned before, the crevice formed between the pass partition plate and 
tubesheet (or flat cover), due to the lateral deflection of the latter, can 
derate the exchanger thermal performance. For a given crevice size, the rate 
of leakage depends on the pressure difference between the two adjacent 
passes. The pressure difference will be maximum between the inlet and 
outlet passes. This is another reason why inlet and outlet passes should be 
geographically separated by as much distance as possible (recall the pass 
placement in Fig. 1.4.1). 

(iv) Tubeside pass partition plate vs. shellside longitudinal baffle: In 
designs utilizing a longitudinal baffle in the shell, it is obviously an efficient 
practice to align the tubeside diametral pass partition plate with the 
longitudinal baffle. This will minimize the loss of valuable tubed region to 
pass partition lanes. 

1.7 IMPINGEMENT PROTECTION 

The diameter of the piping leading to the shell inlet is selected to strike an 
optimum between pipe material cost and pumping costs. Usually, the flow 
velocity in the piping is on the order of 8 ft/sec for water (and other liquids) 
and 200 ft/sec for ambient condition steam and other vapors. Fluids, 
especially vapors, entering the shell in such a velocity range and impinging 
the front row tubes, can damage the tubes in front of the shell inlet. Tube 
wastage due to flow impingement may be due to erosive or vibration effects. 
Erosion is a mechanical action which is strongly dependent on the impact 
velocity of the fluid. The effect is particularly severe if the vapors or gases 
carry liquid droplets or particulate matter. Experiments suggest that the rate 
of erosion due to impact of liquid droplets varies roughly as the impact 
velocity raised to an expom:nt in the range of 2 to 5 [1.7.1]. As discussed in 
Chapter 16, vibration of long slender members, such as tubes, is also a 
strong function of the cross flow velocity. Therefore, any reduction in the 
velocity of fluid impinging on the tubes has a direct effect on retarding the 
rate of tube wastage. 

A solution frequently advanced to prolong the heat exchanger life is to 
use heavy walled tubes in the shell inlet and outlet regions. This concept is 
based on the fact that the flow distributes itself into the bundle quite well 
after having crossed two or three rows of tubes. 
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One way to attack the root of the problem itself, namely the nozzle line 
velocity, is to employ a conical shaped nozzle. However, laboratory tests on 
expansion of incompressible fluids indicate that the efficiency of the conical 
expander plummets if the angle of expansion (included angle) exceeds ISo. 
The extent to which large expansion angles are effective in expanding the 
flow is not known. The mechanical efficiency of expansion has been studied 
by numerous investigators [1.7.2]. Table 1.7.1 shows the variation of the 
efficiency 'Y/ of the conical expander (defined as the ratio of the actual 
pressure recovery to the ideal condition pressure recovery), as a function of 
the included angle and expander length. Since the plant design limits the 
nozzle length, the extent of velocity reduction attainable through the 
conical expander is quite modest, unless large expansion angles are used. 
However, as seen in Table 1.7.1, large expansion angles lead to severe 
pressure losses. 

In Table 1.7.1, r l is the small diameter of the conical expander and I is its 
length. Therefore, the area ratio is given by: 

I F 
Area ratio = 1 + 2-tan l' + 2 tan2 l' 

rj r l 

The velocity distribution is also an important factor. The velocity 
distribution can become quite skewed if the inlet piping has bends in the 
proximity of the heat exchanger inlet. Flow straighteners (Fig. 1.7.1) at the 
nozzle inlet are found to be quite effective in eliminating rotational flow 
components and in improving the profile of the velocity field. An effective 
device to reduce the bundle penetration velocity is the use of an annular 
distributor. Figure 1. 7.2 (Photograph 1. k) shows a typical distributor. The 
large shell is sized to provide the annular space for the fluid to spread out. 
Suitable slots are cut out in the shell to permit a uniformly diffused entry 
into the bundle. The main shell may be continuous or discontinuous. The 
latter arrangement, shown in Fig. 1.7.2, permits the (additional) use of the 
flow distributor dome as an expansion joint for absorbing axial movement 
of the shell. 

CROSS SHAPED 
FLOW 
STRAIG HTEN ER 

NOZZLE 

Fig.1.7.1. Flow straightener. 
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Table 1.7.1. Performance of Conical Expanders (Water Flow) 
[from Ref. 1.7.2] 

2-y Ilrl Area Ratio l'/ 
(degrees) 

2.0 16 1.63 0.74 
2.0 32 2.43 0.77 
4.0 4.0 1.30 0.83 
4.0 8.0 1.64 0.81 
4.0 16.0 2.43 0.80 
4.0 32.0 4.48 0.82 
8.0 4.0 1.64 0.81 
8.0 8.0 2.43 0.77 
8.0 16.0 4.48 0.79 
8.0 26.8 8.27 0.81 

15.8 2.0 1.64 0.67 
15.8 4.0 2.43 0.58 
15.8 8.0 4.48 0.57 
15.8 13.4 8.27 0.60 
31.2 2.0 2.43 0.40 
31.2 4.0 4.48 0.36 
31.2 6.7 8.27 0.36 

Special design features may be required in units which handle large 
quantities of vapors and steam, and where the primary shellside heat 
transfer is by condensation. In such units, it may be advantageous to 
arrange the flow distributor such that the shellside fluid enters the entire 
span of the tube bundle in a uniform manner. Figure 1.7.3 shows a 
distribution arrangement for a two-zone vertical feedwater heater with mid­
shell steam entry. The distributor system consists of two perforated plates 
with a small separation. The perforations in the two plates are laid out to 
prevent a direct normal "line of sight". 

Some innovative designs have been developed to handle problems of 
impingement induced tube wastage. The Type "ES" (a tradename of 
Basco, Division of American Precision Industries) intercooler, which is 
used to cool compressed gases between compressor stages, is an example of 
such an innovative design. Photographs l.i-l.j show some details of the 
patented "ES" intercooler. The tube bundle consists of a plate-fin surface 
which is covered on top and bottom by an integral shroud, forming a large 
horizontal flow passage. Hot gas enters a large inlet volume chamber which 
is formed by the shell and an internal welded partition plate. An annular 
plate divides the plenum into two distinct non-communicating inlet and 
outlet chambers. The gas is distributed over the shell length and flows in 
cross flow horizontally through the plate-fin core. The longitudinal seals 
between the bundle shroud and the shell internal partition plate inhibit any 
circumferential flow bypass. This design is characterized by low shell side 
pressure loss, high thermal effectiveness, flexible nozzle arrangements, and 
ease of tubeside maintenance while maintaining a removable bundle 
configuration. 
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Fig. 1.7.2. 

SHELL FLUID 
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A flow distributor concept. 

Photograph 1.i. "ES" intercooler. (Courtesy Basco Division of American 
Precision Industries Inc.) 
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Photograph l.j. Tube bundle and shell disassembled, "ES" intercooler. 
(Courtesy Basco Division of American Precision Industries Inc.) 

Photograph l.k. Heat exchanger with enlarged shells at nozzle entry and 
exit. (Courtesy Nooter Corporation, St. Louis, Missouri.) 
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Fig. 1.7.3. Vertical feedwater heater with full length distributor: two-zone 
two-phase head down. 
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Added expense of fabrication, despite the distributor's merits, has limited 
its use in heat exchangers. 

A cheaper, and somewhat less satisfactory alternative, is to use the so­
called "impingement plate". In its simplest form, an impingement plate is a 
solid plate (usually of square or circular plane form) placed in the path of 
the impinging shellside stream (Fig. 1.7.4). The impingement plate is 
somewhat larger than the nozzle opening. An impingement plate actually 
reduces the bundle entrance area even though it protects the tubes directly 
underneath it. As a consequence the tubes just beyond the edge of the 
impingement plate (shown by darkened circles) may experience even higher 
flow. Despite its arguable usefulness in many applications, the impingement 
plate has been widely used in the industry. Industry standards have long 
recognized the destructive effects of unimpeded impingements of shells ide 
fluid on the tube bundle. For example, the TEMA Standards [1.2.1] 
mandate impingement protection if the fluid is two phase or 
corrosive/erosive in nature. For other fluids the impingement protection 
requirement depends on the value of pv2 , where p is the local density of the 
shellside fluid and v is the nozzle line velocity. For non-corrosive, non­
abrasive, single-phase fluids pv2 < 1500; for a liquid at its boiling point and 
all other fluids, pv2 < 500. If these inequalities are not satisfied, then 
TEMA mandates that impingement protection be provided. Standards for 
Feedwater Heaters [1.2.7] have similar empirical limits. 

TEMA also places limits on the "shell entrance" and "bundle entrance" 
regions. The value of pv2 is required to be limited to 4000 in these areas. 
Shell entrance area is defined as the sum of frontal area A F and lateral area 
A L • Frontal area AF is the flow area between the tubes within the projection 
of the nozzle bore. AF is zero when a solid impingement plate is provided. 
AL is the lateral (radial with respect to the nozzle axis) flow area available 
between the tube bundle and the shell. These areas are best calculated by 
making a bundle layout. However, if an impingement plate is present then 
A L can be written in closed form, as shown below. 

Circular Impingement Plate 

The total lateral flow area, A L , is given by 

AL =4aI~/2[(r _a2 sin2 W12 -h]dO (1.7.1) 

where a, hand r are impingement plate radius, plate height from shell 
centerline, and shell radius, respectively (Fig. 1.7.4). Integrating the above 
expression, and rearranging terms gives the required plate height h 
corresponding to a specified area A L • 

4ar E(m)-A L 
h= (1.7.2) 

27ra 
In the above expression E(m) is the elliptic integral of the second kind, 
defined as 
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E(m)=J;I2 (1-msin2 0)1 /2dO (1.7.3) 

where 
a2 

m=72 (1.7.4) 

E(m) is tabulated as a function of m in mathematical handbooks. Figure 
1.7 .5 gives a plot of E(m) as a function of air. 

IMPINGEMENT PLATE 

Fig. 1.7.4. Solid impingement plate. 

Square Impingement Plate 

The radial flow area A L between the inside diameter of the shell at the 
nozzle 1.0. and the impingement plate can be calculated using the above 
equations. However, the radial area available at the outer edge of the 
impingement plate may be smaller. The radial velocity vector is not normal 
to the surface of square cylinder formed by projecting the impingement 
plate to the inside surface of the shell except at the four lines of symmetry. 
The equivalent radial area is therefore 

AI. = J dAL cosO (1.7.5) 
where 0 is the angle between the radial direction and normal to the surface 
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element dA L • It can be shown [1. 7 .3] that this expression reduces to 

(1. 7 .6) 

where 2a is equal to the side dimensions of the square impingement plate. 
Equation (1.7.6) yields 

AL = 4a(I + ln(l + v'2)[r2 - a2 f' - 2h]) (1. 7 .7) 
where 

i a (r2 - y2 ) 1/2 
1= -- dy 

o a2 + y2 
(1.7.8) 

Figure 1. 7.6 gives a plot of AL Ir vs. hlr with air as the parameter. 
An impingement plate is readily incorporated in so-called "no-tubes-in­

window" designs without sacrificing any tubes in the bundle. In other 
designs, impingement plates require removal of tubes near the nozzle inlet. 
This has the effects of increasing shell diameter and cost of the hardware. 
The window space left out for impingement is also a path for internal flow 
bypass of the shellside fluid, which the thermal designer must contend with 
in development of the equipment design. 
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Fig. 1.7.5. E(m) as a function of air. 
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Fig. 1.7.6. Effective radial flow area for square impingement plate. 

1.8 DESIGNING FOR THERMAL TRANSIENTS 

Mechanical design of heat exchangers and pressure vessels typically 
involves determining the thickness of pressure parts for pressure loadings. 
The thickness of non-pressure parts such as baffles, tie rods, pass partition 
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plates, is determined by reference to the industry standards and the owner's 
Design Specification. The general trend in the industry is towards per­
forming additional design checks for (mainly) local stresses at the 
vessel/nozzle interface due to transmitted loads from the interconnected 
piping and for stresses in the vessel due to postulated earthquake motions. 
Tall towers are also designed to withstand wind loads. 

Safe and trouble-free operation of a heat exchanger depends to a large 
measure on the care and accuracy brought to bear on the Design 
Specification. A Design Specification which faithfully describes all 
significant operating conditions goes a long way towards ensuring reliable 
hardware. The most significant of the operating conditions are those in­
volving unit start up and shutdown. Rapid fluctuation in the temperatures 
of the entering fluids is another source of potential trouble. 

As will be discussed in Chapter 2, the stresses produced by temperature 
fluctuations are self-limiting in that failure from one thermal application is 
not to be expected. However, repeated cycling can cause the material to fail 
in fatigue. A notable exception to the above statement is the tube-to­
tube sheet joint which, because of slenderness of the "leak path," may fail 
in even one application. The critical regions which behoove careful con­
sideration of thermal transient conditions are: 

(i) Tube-to-tubesheet joint: In fixed tubesheet heat exchangers, the tube­
to-tubesheet joint loads can reach high values (Chapter 9). An expansion 
joint is sometimes incorporated to mitigate the effect of differential axial 
growth of the shell and tubes on the tube-to-tubesheet joint. In V-tube heat 
exchangers, the joint is not loaded as severely. Inner bends, however, can 
experience unacceptably high axial loads due to differential expansion 
between the two legs of the V. Multiple-tube pass fixed tubesheet heat 
exchangers, in general, warrant careful consideration of temperature 
change from pass to pass. The design standards base the calculations on 
average pass temperature. In reality, the loads in some tubes can be sub­
stantially higher. 

(ii) Tubesheet, shell, channel junction: The tubesheet typically contains 
a perforated interior surrounded by a solid rim. The flow of tubeside fluid 
through the tubesheet coupled with the reduced metal mass of the per­
forated zone has the net effect of producing a temperature profile in the 
interior which is substantially different from the solid rim region. Variation 
in the temperature of the shellside fluid with time actuates changes in the 
metal temperature of the tube sheet. However, the perforated interior 
follows the fluid temperature variation much more closely than the outer 
rim due to the reduced thermal mass of the former. Different temperature 
change rates in the rim and in the interior of the tubesheet produce thermal 
stress variations. 

The effect of pulsations in the tubeside fluid temperature is usually far 
more severe. The perforated interior follows the temperature of the tubeside 
fluid even more closely due to the extensive surface contact between the 
tubeside fluid and the tube sheet (over the lateral surface, and inside surface 
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of perforations). Thus the temperature ramps of the perforated region and 
the untubed region can be significantly different. The resulting pulsations in 
the stresses can cause fatigue failure of the metal in the perforated zone, or 
in the rim, depending on the geometric dimensions of the tubesheet. If the 
tube sheet is integrally welded to the channel and (or) the shell, then these 
junctions may emerge as the most vulnerable spots. 

The remedy for the shellside transients is relatively simple. Placing a 
sacrificial liner plate on the shellside surface of the tubesheet would suf­
ficiently insulate tubesheet metal from shellside fluid temperature ramps to 
alleviate fatigue concerns. Such a remedy is not readily applied to the 
channel side. An effective method is to make the rim as narrow as possible. 
A narrow rim is structurally less constraining to the interior. Moreover, it 
has less thermal capacitance. However, for reasons stated before, the rim 
for floating head construction can not be narrowed. 

Where danger to the welded joints between the tube sheet and shell or 
channel exists due to thermal fatigue, consideration should be given to using 
a bolted joint instead. Alternatively, a radical procedure similar to the one 
illustrated by Fig. 1.8.1 may be used. Figure 1.8.1 shows the tubesheet­
channel-shell joint for the heat exchanger of Photograph I.e [1.8.1]. Here 
the tubesheet is made a segment of a spherical shell which introduces 
significant radial flexibility in the structure in the radial direction. The 
junction between the shell and the tubesheet also has a built-in expansion 
joint to reduce differential thermal expansion stresses. The "crotch" 
between the shell and the tubesheet further serves to produce a stagnant 
region with attendant low convective heat transfer coefficient. This further 
moderates the effect of shellside fluid transients. 

TUBESHEET 

U-TUBE 

TIE ROD 
AND SPACER 

CHANNEL 

Fig. 1.8.1. Integral tubesheet for severe thermal transients. 

(iii) Flange joints: Any region in the heat exchanger where significant 
metal mass is attached to thinner sections is a potential candidate for 
damage due to thermal transients. By virtue of their geometry, flanged 
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joints are prime locations for such problems. Use of a sacrificial liner sheet 
(thermal shield) is quite effective in such cases. 

(iv) Nozzle-shell/channel junctions: The thermal transient problem in 
nozzle penetration locations arises from the following reason: 

The sudden change in the geometric shape at the penetration produces 
high discontinuity stresses. Codes [1.8.2] and standards require that ad­
ditional metal be added at the locations for reinforcement. This increases 
the local "thermal capacitance" of the shell. The flow velocity through the 
nozzle, on the other hand, is usually in the turbulent region. Therefore, any 
fluctuations in the fluid temperature changes the nozzle wall temperature 
much more rapidly than the shell wall temperature. The thermal stresses 
thus produced are magnified by the presence of the structural discontinuity. 

Thermal sleeves have been used in combating the effects of nozzle 
thermal transients with success. 

Except in certain simple axisymmetric situations, a proper analysis of 
thermal transients is only possible through a Finite Element Analysis 
procedure. * Despite widespread availability of Finite Element computer 
codes, such analyses have remained expensive to conduct. Consequently, 
many units which really require a thermal transient evaluation are designed 
without such analysis with predictable loss of reliability. 

1.9 INTERDEPENDENCE OF THERMAL AND MECHANICAL 
DESIGN 

Designers and fabricators of heat exchangers often treat thermal design 
and mechanical design as two discrete and separable functions. Such an 
approach runs the risk of producing "tunnel view" designs. The interaction 
between thermal and mechanical design considerations can be quite 
significant in some cases. A designer, alert to the mutual influence of 
mechanical and thermal designs, can often devise a superior design without 
incurring any additional hardware cost. Some examples given below 
illustrate the interdependence of thermal and mechanical designs. 

(i) Thermal stresses in multiple-pass fixed tubesheet heat exchangers 

It has been stated in Section 1.2 that thermal stresses in the tubes and in 
the shell are endemic to fixed tubesheet heat exchanger designs. In multiple­
tube pass units, the thermal stresses are the highest in the tube bank 
associated with the inlet pass, and the lowest in the outlet pass. Arranging 
the tube passes such that the inlet pass is located in the central region of the 
tubesheet can alleviate axial tube thermal stresses and tube/tubesheet joint 
loads because of the local flexibility of the tubesheet. If the tubeside fluid is 
the heating medium then the tube thermal stresses will be generally com­
pressive. We show in Chapter 16 that compressive axial stress lowers the 

'The Finite Element Method is discussed briefly in the latter part of Chapter 10. 
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fundamental frequency of vibration of the tube, making it susceptible to 
flow-induced vibration at lower cross flow velocities. This reduction in the 
natural frequency can be counteracted by locating the inlet pass tube bank 
in the overlap region of the cross flow baffles. In the single segmental baffle 
construction, tubes in the overlap region have one-half of the span of those 
in the window region. Since the fundamental natural frequency of a tube is 
inversely proportional to the square of the unsupported span, * locating the 
most heavily loaded tubes in the overlap zone would secure them against 
flow-induced vibration. This arrangement can be accommodated in most 
shellside flow layouts without any loss in the indicators of the efficacy of 
heat transfer (such as the LMTD correction factor, or NTU). 

Finally, since the shellside nozzle entry and exit regions have high 
associated velocities, the designer should arrange the tube pass partitions in 
such a manner that the tubes possessing lowest natural frequencies are 
located away from the inlet and outlet sectors. 

(ii) Effect of flexing of the tubesheet 

As discussed before, deflection of the tube sheet in unstayed designs (such 
as U-tube construction) can cause significant flow bypass. In Chapter 4 a 
method to quantify this bypass is given. However, if the shellside operating 
pressure exceeds the tubeside operating pressure (Ps > PI)' then the 
tube sheet would not flex away from the tubeside pass partition gasket ribs 
and the inter-pass leakage path would not develop. Although the assign­
ment of flow streams to the shellside and tubeside is guided by a multitude 
of considerations, it is known that most designs are stream-symmetric; i.e., 
interchanging the two streams has no effect on the heat duty [1.9.1]. Thus, 
it may be feasible to eliminate tubeside interpass leakage by a suitable 
assignment of flow streams. 

(iii) Effect of shell bypass stream on tube stress 

Practical fabrication requires that the cross baffles be made slightly 
smaller than the shell to facilitate assembling of the tube bundle cage. This 
small baffle to shell diametral clearance provides a narrow annular cross 
section path through which a portion of the shellside fluid can bypass 
without any contact with the tube surface. This stream is referred to as the 
"E-stream" in the literature (refer to Section 16.10 for details). A large E­
stream ensures that the shell metal temperature would approximate the shell 
fluid inlet temperature. On the other hand, a well mixed shellside flow (with 
non-existent E-stream) would produce shell metal temperatures close to the 
shellside fluid bulk temperature. In most cases, the former condition is 
undesirable because it produces higher axial tube load due to differential 
expansion between the shell and the tubes (Chapter 9). 

"The reader is referred to Section 16.12 for a more comprehensive discussion of this matter. 
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(iv) Locating shellside nozzles in multiple pass heat exchangers 

If we jump ahead for the moment and examine Fig. 4.1.1, we see a two­
tube pass, one-shell pass heat exchanger. The shell inlet and outlet nozzles 
are located at the two extremities of the shell. We know from the heat 
transfer theory that switching the inlet and outlet nozzle locations has 
negligible effect on the heat duty. The effect of such a switch on the 
tubesheet stress field is not insignificant. The condition where the shell inlet 
is located near the tubesheet will produce the highest thermal gradient 
(Section 7.9) across the tubesheet. In units subject to thermal transients, 
and where tubesheet fatigue life is a concern, it is clearly preferable to locate 
the shell inlet nozzle at the far end. 

(v) Split flow (TEMA Type G) shells 

In many applications, a split flow shell design would produce a heat duty 
commensurate to an F-type shell. The split flow construction, however, 
may lead to a far less severe tube thermal stress field than the F-type shell. 
This fact should be explored in the design stage whenever the thermal 
stresses are high enough to impair equipment reliability. 

The split flow design has the disadvantage of creating two nozzle 
penetrations at the same location in the shell. This may be unacceptable in 
certain cases where the nozzle loads on the shell are excessive and/or the 
shellside design pressure is very high. Fortunately, in many cases, displacing 
the nozzles in the axial direction, with respect to each other, can even 
augment the heat duty [1.9.2]! 

The foregoing examples serve to illustrate the significance of an in­
tegrated approach to heat exchanger design which seeks to obtain the best 
symbiosis between thermal-hydraulic and structural considerations. 

The full measure of interaction between mechanical and thermal designs 
is illustrated by considering a heat exchanger which performs condensation, 
and sensible cooling in vapor and liquid phases, all in the same shell. Ex­
changers of this type, used in power plants, are referred to as "feedwater 
heaters." In the next section, we take up the design features of feedwater 
heaters to further elaborate on the preceding observations. 

1.10 FEEDWATERHEATERDESIGN 

Feedwater heaters are used in power generation plants to improve the 
thermodynamic efficiency of the Rankine cycle. The use of feed water 
heaters increases the efficiency by as much as 500/0 in some power plants. As 
its name implies, the feedwater heater heats the boiler feedwater using the 
steam drawn from selected port locations in the steam turbine. The boiler 
feedwater is at a higher pressure than the heating steam, and it is nearly 
always the tubeside fluid. Most modern heaters are of V-tube construction. 
The heating steam may enter the heater in a superheated or saturated state; 
The steam is desuperheated, condensed and subcooled in the heat exchanger 
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before exiting the unit. Such an exchanger is referred to as a "three-zone" 
heater (Fig. 1.2.4). A "two-zone" heater may consist of desuperheating and 
condensing zones, or of condensing and subcooling zones. Since the heat 
transfer mechanisms of the three zones are quite different, it is frequently 
necessary to build each zone with its own "shroud", and baffling scheme. 
Because of the diversity of the design imperatives in the three zones, the 
feedwater heater perhaps best epitomizes the interplay of the numerous 
factors governing heat exchanger design. We will briefly review some of the 
important considerations in the following: 

(i) Orientation: Plant architect-engineers prefer to mount heat ex­
changers vertically because they take up less floor space. Conventional 
wisdom in power plant design holds that economizing in plant floor space 
minimizes the cost of building the plant. Equipment orientation, however, 
profoundly affects the heat transfer characteristics of exchangers involving 
phase change (e.g., condensation). In the case of feedwater heaters, the 
effect is even more far reaching. This is best explained after exposing the 
reader to the standard orientations; viz. (a) horizontal, (b) vertical, channel 
down, and (c) vertical, channel up. 

The horizontal feedwater heater, equipped with a desuperheating zone 
and an integral drain cooler, is shown in Fig. 1.2.4. The tubeside inlet and 
outlet are arranged in such a manner that the feedwater temperature rise is 
countercurrent to the enthalpy loss of the heating medium. This 
requirement of countercurrency is a central requirement to the internal flow 
arrangement of the heater. The main design object in a heater is to elevate 
the temperature of the feedwater to the highest possible value. Whenever 
sensible heat transfer is involved, counter currency is essential in achieving 
this objective. 

The flow profiles in the condensing zone, however, are not as important 
from this viewpoint since the "Log Mean Temperature Correction Fac­
tor" - the best known index of performance - is unity (its maximum 
possible value) in this zone regardless of the flow arrangement. Therefore, 
the shell inlet nozzle in a heater containing a de super heating zone must be 
located near the tubesheet. However, if the incoming steam is saturated and 
therefore undergoes no sensible cooling in the vapor state, then there is 
considerable latitude in locating the shell inlet nozzle. In order to promote 
even distribution of the saturated steam, designers prefer to locate the inlet 
nozzle near the mid-span, or more precisely at the "Thermal Centerline" of 
the heat exchanger. The "Thermal Centerline" [1.2.7, p. 6] divides the 
heater condensing surface into two parts producing equal heat duty. Figure 
1.7.3 shows a vertical two-zone heater with mid-length steam entry. Erosion 
damage of the tubes due to impact of water droplets, entrained by the 
condensing steam, is the chief concern in the condensing zone. To avoid 
erosion induced tube wastage, designers should provide a large inlet plenum 
and flow distribution arrangement as discussed in Section 1.7. 
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The drains outlet nozzle must be located near the tubesheet to preserve 
counter currency of flows, unless condensate subcooling is not performed in 
the unit. 

Figure 1.10.1 shows a channel-down three-zone vertical feedwater heater. 
The integrity of the desuperheating shroud is very important in this type of 
construction, since intrusion of water from the inventory of water outside 
the desuperheating zone can severely harm the heat transfer rate in the 
desuperheating zone. Units which do not require a desuperheating zone 
must have a portion of the tube bank immersed in a relatively quiescent 
pool of water. This immersed tube surface is effectively lost to heat tran­
sfer. 
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Fig. 1.10.1. Channel- down, three zone vertical feedwater heater. 
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The vertical channel-up heater (Fig. 1.10.2) does not suffer from this 
drawback. The water inventory is conveniently located in the U-bend region 
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Fig. 1.10.2. Vertical feedwater heater three-zone two-pass channel up. 
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where high flow velocities are undesirable from a flow induced vibration 
standpoint (Chapter 16). The danger of flooding of the desuperheating zone 
does not exist. However, the piping must be routed to the top of the unit 
where the nozzle connections are located. For tube repair and cleaning 
purposes, a suitable well must be provided to remove the shell; alter­
natively, the header along with the tube bundle must be removed by raising 
from overhead. The channel-down unit lends itself to convenient shell 
removal from above. 

Both vertical designs suffer from the drawback of providing too little 
space for condensate inventory. Since the steam consumption rate in the 
heater fluctuates with time, the rate of condensate formation can be quite 
rapid in heaters installed in the power generation plants used to "trim" the 
power supply to match demand. The drains removal rate from the heater 
depends on the instantaneous pressures in other connecting drain lines, and 
on the effectiveness of the drain level control valve. An inadequate in­
ventory of condensate in the heater exposes the drain cooler to the hazard of 
steam intrusion should the level control not respond fast enough to rapid 
withdrawal of drains. The drop in the condensate level in a horizontal 
cooler is far more gradual since the bottom part of the entire shell length is 
available for condensate inventory. The control of condensate level in the 
heater is viewed as an important operational consideration in heater design. 
Most plant operators favor horizontal designs for this reason. 

(ii) Heater type: Depending on the pressures of the steam and the 
feedwater, heaters are typified as (a) high pressure, (b) intermediate 
pressure, or (c) low pressure. The focus of mechanical and thermal design 
concerns is different depending on the heater type. In a high pressure 
heater, the pressure parts are quite thick. The most serious concern centers 
around the material failure due to thermal transients. There are numerous 
reported cases of tubesheet cracking in high pressure heaters [1.10.1]. 

Although present in all heater types, the danger of flashing of the con­
densate is particularly severe in low pressure heaters. Flashing of the 
condensate in the drain cooler is known to actuate rapid tube failure. 
Flashing can be caused by intrusion of steam into the drain cooler, by 
reheating of the condensate across the drain cooling shroud via conduction, 
or by a drop in the static pressure of the condensate. If the drop in static 
pressure, due to hydraulic losses or altitude change, is excessive, then the 
water temperature may exceed the coincident saturation temperature, 
resulting in flashing. The danger of flashing is particularly severe in 
channel-up designs where the condensate must "climb up" the drain cooler. 
The pressure-saturation temperature plots of water/steam in Figs. 1.10.3-4 
illustrate the relative vulnerability of low pressure units to flashing. We note 
that the drop in saturation pressure corresponding to a two-degree drop in 
temperature is approximately 6 times in the 700-psi range compared to the 
70-psi range. Therefore, the low pressure heater designer must consider the 
pressure-enthalpy variation of water in the drain cooler carefully. 
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Efficient venting of non-condensibles is more vital in low pressure 
designs, since the heat transfer deterioration due to the presence of non­
condensibles can be severe in the low pressure range of the steam, 
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The foregoing discussion is intended to provide an overview of the major 
issues and considerations in heater design. The reader is referred to the 
EPRI Workshop Proceedings [1.10.1] for a more detailed exposition of this 
subject. In the following chapters, all of our discussion of design methods 
are applicable to feedwater heaters. 

1.11 CODES AND STANDARDS 

A resume of the codes and standards used in heat exchanger design and 
manufacturing is given in this section. 

(i) TEMA Standards 

The most wIdely used consensus standard for heat exchanger 
manufacture is the "Standards of Tubular Manufacturers Association" 
[1.2.1]; in short, the TEMA Standards. First published in 1941, this 
standard has evolved into something of an international document. Many 
countries have accorded it the status of their national codes. TEMA 
Standards specify three classes of construction, namely TEMA-R, TEMA­
C and TEMA-B. The formulas for determining thicknesses are the same for 
all TEMA classes; however, empirical guidelines for sizing non-pressure 
part items vary. TEMA-R, which specifies the most rugged construction, is 
widely used in refinery service and nuclear power plant applications. 
TEMA-C and TEMA-B are used in other industries. TEMA-B has been 
promulgated as an American National Standard (ANSI B-78). 

(ii) Heat Exchange Institute 

Several groups of U.S. manufacturers under the umbrella name of the 
Heat Exchange Institute (HEI) publish standards for special classes of heat 
exchangers. HEI Standards for closed feedwater heaters [1.2.7] and surface 
condensers [1.2.8] are generally quoted for the design and manufacture of 
such equipment. The HEI standard for power plant heat exchangers, 
written during the heady days of commercial nuclear power, has not yet 
acquired the recognition and authority of its sister standards. 

(iii) ASME Boiler and Pressure Vessel Codes 

The ASME Code is published in eleven major sections. Section VIII, Div. 
1 of the code, first published in 1914, is the premier document for pressure 
vessel design. This code contains formulas for determining the thickness of 
common pressure vessel shapes under pressure not exceeding 3000 psi. For 
higher pressues, complex shapes, or for conditions of service that warrant 
detailed stress analysis, the owner can specify Section VIII, Div. 2. Section 
III, Div. I of the code, presented in seven sub-sections, and one appendix is 
written specifically for pressure vessels in nuclear power plant service 
(Section III, Div. 2, pertains to reinforced concrete vessels). 
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In addition to the above, design codes, dealing with material specification 
(Section II), non-destructive examination (Section V), Welding 
Qualification (Section IX), and in-service inspection (Section XI) are 
required to complete the specification for fabrication and testing of 
pressure vessels. The ASME Codes have the force of law in the United 
States. 

(iv) ANSI Standards 

Several ANSI standards are frequently used to specify commercially 
available off-the-shelf items and standardized practice for welding, non­
destructive testing, machining, etc. 

a. American Standard for Pipe Threads, ANSI B2.1. 
b. American Standard for Steel Pipe Flanges and Flanged Fittings, 

ANSI B16.5. 
c. American Standard for Steel Butt Welding Fittings, ANSI B16.9. 
d. American Standard for Steel Welded Fittings, ANSI B16.11. 
e. American Standard for Butt Welding Ends, ANSI B16.25. 

(v) "Manual of Steel Construction" by the American Institute of Steel 
Construction 

(VI) Surface Preparation and painting requirements are usually specified 
by the publication of the" Structural Steel Painting Council." 

Reference [1.11.1] reproduced in [1.11.2] contains a summary of the 
pressure vessel codes and standards used in European countries. 
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APPENDIX I.A * 

TYPICAL SHELL AND CHANNEL ARRANGEMENTS AND 
EXCHANGER PARTS IDENTIFICATION 

1.A.1 SCOPE 

This appendix provides a detailed expression for describing the con­
struction of a heat exchanger in accordance with the notation of the Heat 
Exchange Institute. 

·This appendix is reproduced with minor changes with the courtesy of Heat Exchange In­
stitute, Cleveland, Ohio. 
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1.A.2 GENERAL EXPRESSION 

1 2 3 
VWSjYZ > V W Sj 

This expression breaks down as follows: 

4 5 
Y Z 

Term 1: V represents the front tube side closure 
Term 2: W represents the front tubesheet arrangement 
Term 3: Sj represents the shell side arrangement 
Term 4: Y represents the rear tubesheet arrangement 
Term 5: Z represents the rear tube side closure 

1.A.3 PARAMETERS 

The parameters for each term are described below: 

1.A.3.1 Term 1: V(See Fig. 1.A.1) 

V = B for an integral channel cover (Bonnet) 
= C for a bolted channel cover 
= R for a channel reducer 

I.A.3.2 Term 2: W (See Fig. 1.A.2) 

W = 1 for a tubesheet which is gasketed (bolted) on both sides 
= 2 for a tube sheet which is integral (welded) on the tube side and 

gasketed (bolted) on the shell side 
= 3 for a tubesheet which is gasketed (bolted) on the tube side and 

integral (welded) on the shell side 
= 4 for a tubesheet which is integral (welded) on both sides 

1.A.3.3 Term 3: Sj (See Fig. 1.A.3) 

S represents the shell 
Subscriptj represents the shell side arrangement 

j = 1 for a one-pass shell 
= 2 for a two-pass shell, etc. 
= d for a divided-flow shell 
= k for a kettle type 
= s for a split flow shell 

If the exchanger contains a one-pass shellj need not be given. 

1.A.3.4 Term 4: Y (see Figs. 1.A.2 and I.A.4) 

Y = 1, 2, 3, 4 for the tubesheet arrangements described in Paragraph 
l.A.3.2 above. 

= 5 for a tubesheet used with a pull-through floating head. 
= 6 for a tubesheet used with a floating head with a backing ring 
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= 7 for a tubesheet used with an outside packed floating head 
= 8 for a tubesheet used with a packed floating tubesheet 

1.A.3.5 Term 5: Z (See Figs. 1.A.l, l.A.4, and 1.A.5) 

Z=B, C, R for the tube side closures described in Paragraph A.3.1 
above. 

= F for a floating head 
= U for U-tubes 

l.A.4 PARTS LIST 

1. Bolted Channel Cover 21. Floating Head Flange 
2. Channel Cover Flange 22. Floating Head 
3. Channel Cylinder 23. Floating Head Split Backing 
4. Integral Channel Head (Bonnet) Ring 
5. Channel Reducer 24. Floating Head Gasket 
6. Channel Nozzle (Flanged or 25. Shell Rear Flange 

Weld End) 26. Shell Cover Flange 
7. Channel Cover Gasket 27. Shell Cover 
8. Channel Tubesheet Flange 28. Shell Rear Gasket 
9. Stationary Tubesheet 29. Packed Floating Head Cylinder 

10. Shell Tubesheet Flange 30. Packed Floating Head Flange 
11. Channel Tubesheet Gasket 31. Split Shear Ring 
12. Shell Tubesheet Gasket 32. Packed Floating Head Cover 
13. Shell Cylinder 33. Packed Floating Head Cover 
14. Shell Longitudinal Baffle Gasket 
15. Shell Nozzle (Flanged or Weld 34. Channel Packing Flange 

End) 35. Shell Packing Flange 
16. Shell Front Cylinder 36. Packing Gland 
17. Shell Front Reducer 37. Packing 
18. Shell Rear Reducer 38. Lantern Ring 
19. Shell Rear Cylinder 39. Tubes 
20. Floating Tubesheet 

These parts are identified in Figs. 1.A.l-1.A.5, wherein the notation 
scheme is also illustrated. 
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BOLTED CHANNEL COVER c 

INTEGRAL CHANNEL COVER (BONNET) B 

CHANNEL REDUCER R 

Fig. 1.A.1. Tube side closures (front and rear). 
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f 1 

INTEGRAL TUBE SIDE, GASKETED SHELL SIDE (Front Only) 2 

GASKETED TUBE SIDE, INTEGRAL SHELL SIDE (Front and Rear) 3 

f 

INTEGRAL BOTH SIDES (Front and Rear) 4 

Fig. l.A.2. . Stationary tubesheet arrangements. 



52 Mechanical Design of Heat Exchangers 

~ 6f 
1 f ~ 

ONE-PASS SHELL S10r S 

JTI ~ ~ 1 I 
~ I 

TWO-PASS SHELL S2 

1 
r ~ ! l 

f I LC@ 
SPLIT-FLOW SHELL S5 

1 
I ~ 

J S 15 l J 15 

DIVIDED-FLOW SHELL Sd 

Fig. 1.A.3. Shell side arrangements. 
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t 

KETTLE 

KETTLE 

Fig. 1.A.3 (cont'd.). Shell side arrangements. 
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PULL-THROUGH FLOATING HEAD 

OUTSIDE·PACKED FLOATING HEAD 

PACKED FLOATING TUBESHEET WITH LANTERN RING 
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Fig.l.A.4. Floating head and tubesheet arrangements (rear only). 
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13 

V-TVBE u 

Fig. I.A.S. U-Tube arrangement (rear only). 



2. STRESS CATEGORIES 

2.1 INTRODUCTION 

In a general three-dimensional continuum, the state of stress at any 
material point is characterized by six components of the stress tensor. * With 
reference to a set of orthogonal axes, three of these stress components are 
normal stresses and the remaining three are shear stresses. Linear theory of 
elasticity shows us that by suitably choosing the coordinate axes, the shear 
stress components can be made to vanish, and the state of stress can be 
defined solely in terms of the three normal stresses, referred to as "principal 
stresses". The corresponding coordinate axes are denoted as principal axes, 
and the planes formed by them are called principal planes. 

In the evaluation of the stress field in heat exchangers and pressure vessels 
the problem is considerably simplified. Nearly all pressure retaining 
members in a heat exchanger are surfaces of revolution. The primary 
mechanical loading is pressure loading which is spatially uniform. With 
little accuracy loss, we can assume that the meridional, tangential, and 
through-thickness directions are principal directions. Since the thickness of 
a pressure vessel is small compared to its other characteristic dimensions, it 
is customary to view the major components of the stress distribution 
through the thickness as consisting of an "average quantity" plus a 
"linearly varying quantity". Qualification of a pressure part is then made 
by comparing these quantities with specified stress limits. The reason for 
this approach is best understood by considering the deformation of a 
"beam type" structure beyond the elastic limit assuming a material stress­
strain curve similar to that given in Fig. 2.1.1. 

2.2 BEAM STRIP ANALOGY 

We consider a long strip of unit width and thickness t. If the strip is 
subjected to an axial tensile load N, distributed uniformly over its cross 
section, then the state of uniaxial stress in the strip is defined by 

N 
(J= -

t 
(2.2.1) 

If N is allowed to increase, the value of the axial tensile stress (J rises in 

"In exceptional cases involving body moments due to effects such as magnetism, nine 
components of the stress tensor are required to define the state of stress. 
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STRAIN .. 

Fig. 2.1.1. Stress-strain curve for an elastic perfectly plastic material. 

direct proportion to N until the yield strength of the material is reached. 
The load N = Ny, corresponding to the material yield strength cry, is the 
maximum load that the strip can withstand. An infinitesimally small in­
crease in N beyond Ny will cause the strain to increase without limit, 
resulting in failure. 

Next, we consider bending of this strip by two equal and opposite couples 
M applied at the two ends (Fig. 2.2.1a). From equilibrium, the moment at 
all locations is M. Assuming that plane sections remain plane (classical 
beam flexure theory) the longitudinal strain at a distance y from the cen­
troidal axis is 

Y 
E= -; lyl-:5.tl2 

R 
(2.2.2) 

and 

Emax = ±t12R at y= ±tl2 (2.2.3) 

R is the radius of the arc of the centroidal plane of the deflected strip. If Emax 

is less than E* (Fig. 2.1.1) then the corresponding stress distribution is also 
linear, given by 

Ey 
cr= -

R 
(2.2.4) 

and equilibrium of the cross section yields 

~ (/2 Et3 

M= aydy=--
-(/2 12R 

(2.2.5) 

Both strain and stress distributions are linear. From Eqs. (2.2.3) and 
(2.2.5), we have 
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6M 
E =-

max EP (2.2.6) 

As M is increased, Emax increases, and the general shape of the through­
thickness strain and stress distribution, resembles Fig. 2.2.1 (b) until Emax 

exceeds E*. When Emax reaches E*, the corresponding moment is 
Et2 

M=-E* 
e 6 

From the stress-strain curve we have 
(J = EE if E:$E* 

(2.2.7) 

= EE* if E>E* (2.2.8) 
Therefore, when the strain at the outer fibers reaches the elastic limit, any 
further increase in the moment results in the stress distribution of the shape 
shown in Fig. 2.2.1. (c). Notice the strain distribution still has to follow Eq. 
(2.2.2). As the moment is increased further, the flat portion of the stress 
diagram propagates inwards until, in the limit: 

(J = EE* for tl2~y~O 
= - EE* for - tl2:$Y:$ 0 (2.2.9) 

At this point the external moment balanced by the internal stress 
distribution is: 

t2 

M =EE*-
p 4 

Comparing Eqs. (2.2.7) and (2.2.10) we observe that: 

Mp = 1.5Me 

(2.2.10) 

(2.2.11) 

The moment Mp supported by a fully plastic rectangular section is 1.5 times 
the moment supported by the section when only the outer fibers reach the 
elastic limit. Since any attempt to increase M past Mp results in unlimited 
cross section rotation, Mp is the maximum moment that the beam strip can 
withstand. Thus, we conclude that for an elastic-perfectly plastic material 
that: 

(a) The collapse axial force under a pure tension or compression load 
corresponds to the point when the axial stresses reach the yield point 
of the material. 

(b) The collapse moment is 1 Yz times the moment corresponding to 
which the maximum fiber stress reaches the yield point for the section 
of the strip considered. 

Therefore it stands to reason that if the limit on the uniform stress is ITo, 
then the corresponding limit on a purely flexural stress should be 1.5 ITo. In 
reality, most materials workharden when strained beyond their elastic 
range, which makes the maximum moment that can be supported greater 
than 1.5 Me. 
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eM 

I 

(0) STRIP UNDER END COUPLES 

-I cmax. t-

(b) STRAIN DISTRIBUTION 
(cmax. <c*) 

c* f.-
(c) STRAIN DISTRIBUTION 

(€max. >€*) 

-{ Umax. r-

(b) STRESS DISTRIBUTION 
(€max. < c*) 

(e) STRESS DISTRIBUTION 
(€max. >c*) 

Fig.2.2.1. Pure bending of a beam strip. 

2.3 PRIMARY AND SECONDARY STRESS 

Stresses in pressure vessels can be divided into two broad categories: (i) 
primary; and (ii) secondary stress. 
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An essential attribute of a primary stress is that it is not self-limiting. We 
observed in the preceding section, with reference to an uniaxially loaded 
strip, that the strain grows indefinitely when the axial load reaches the value 
to produce the yield strain. If the material workhardens, then exceeding the 
yield point strain will not cause total collapse, but significant deformation 
would occur under small increases in applied force. 

Primary stresses are caused by externally applied mechanical loads and 
are required to be in equilibrium with the external loads. Secondary stresses, 
on the other hand, arise solely to satisfy compatibility and are self-limiting 
in nature. They are not required to satisfy equilibrium. To illustrate, let us 
consider a bar of unit cross-sectional area and length I held between two 
rigid platens. 

If the temperature of the bar is raised by an amount T, then the bar, in 
absence of the platens, would grow by an amount 

0= aT I (2.3.1) 

where a is the linear coefficient of expansion of the bar material. Since the 
platens are present, displacement compatibility requires that the rigid 
platens exert an axial force on the bar to compress it by the amount 0, 
producing a compressive strain E = - aT. If the bar material follows the 
stress-strain curve of Fig. 2.1.1, and if E > E*, then the bar will experience 
compressive yielding and develop an axial compressive force Ny = E E*. E 

can be permitted to become quite large compared to E*, but it is clear that 
no unbounded deformation results even though the yield load is reached. If, 
on the other hand, the load Ny was induced by a mechanical action, anyat­
tempt to load beyond Ny induces unbounded deformation. 

In the above discussion we have tacitly assumed that the material is 
sufficiently ductile so that plastic strain can be many times the elastic limit 
strain without causing failure. The concept of primary and secondary loads 
is not meaningful in brittle materials. 

The above example indicates that temperature differences in a structure 
produce secondary stresses. Another source of secondary stresses is the 
geometry of the structure itself. A simple example to illustrate this fact is 
shown in Fig. 2.3.1. Two shells of unequal sections are welded such that 
their midsurfaces are coaxial. When pressure is applied to the shell, the 
hoop stress and radial deflection are greater in the thinner shell as compared 
to the thicker shell, causing a mismatch at the girth seam. Thus there is a 
tendency for the material to try to separate at the girth seam. A structural 
geometry change which produces a mismatch of this nature is called a 
"gross structural discontinuity". Since the two shells cannot separate from 
each other, the deflection and slope at the weld seam must match. This 
induces a discontinuity moment Mo and shear Qo. These discontinuity loads 
produce additional membrane (through-thickness) and bending stresses in 
the two shell segments which attenuate rapidly along the axes of the shells. 
Strictly speaking, all of the discontinuity stresses are generated to satisfy 
internal compatibility and therefore should be classified as secondary stress. 
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However, high membrane stresses distributed over the entire circumference 
and cross section, even though localized in the axial direction and self­
limiting in nature, are a cause of concern. Design codes [2.3.1] place them in 
a special category of "local membrane stress", and prescribe special limits 
on their permissible magnitude. Any discontinuity bending stresses, 
however, are treated as "secondary stresses". 

Further subdivisions among primary and secondary stresses are made by 
considering the degree of threat that a particular stress type poses to the 
pressure vessel. In the next section, the commonly used classification in the 
pressure vessel industry is described and explained with the aid of examples. 

Mo Qo 
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X I X 
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(A)- UNDEFORMED SHAPE (B) - DEFORMED SHAPE 

Fig. 2.3.1. Cylindrical shell under internal pressure. 

2.4 STRESS CLASSIFICATION 

In the design codes, stresses are classified into five types, namely 

(i) primary membrane stress, Pm 
(ii) primary bending stress, P b 

(iii) local membrane stress, PL 

(iv) secondary stress, Q 
(v) peak stress, F 
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(i) Primary Membrane Stress 

The component of primary stress that is obtained by averaging the stress 
distribution through the thickness of the pressure vessel is referred to as the 
primary membrane stress. It is the most significant stress type. Design codes 
limit its value to the specified allowable material stress. An essential at­
tribute of a primary membrane stress is that if the yield point is reached, 
causing the material to yield, a redistribution of stresses in the structure 
does not occur. 

For example, let us consider a thick cylindrical shell of inner radius r l and 
outer radius r2 , under internal pressure. The Lame formulas [2.4.1] give the 
radial stress (Jr and tangential stress (Jt as a function of radius: 

prl2 r22 
(Jt = 2 2 ( --2 + 1 ) 

r2 -rl r 
(2.4.1) 

2 2 
_ -prl (~-) 

(Jr - 2 2 . .2 1 
r2 -rl r 

(2.4.2) 

where positive value of a stress means that it is tensile. The average value of 
(Jt, (Jtm, is obtained by integrating across the thickness of the vessel: 

1 ) r2 prl 
(Jt = (Jt dr = --

m (r2 -r l ) rl r2 -r l 
(2.4.3) 

We note that the expression for (Jtm derived above can be directly obtained 
by considering the overall equilibrium of a sector of the shell. This ex­
pression does not change even if plastic deformation occurs. 

The radial stress varies from -pat the inside surface to 0 at the outside 
surface. Strictly speaking, its average value across the thickness of the vessel 
is given by: 

1 ) r2 
(Jrm = 2 2 27r(Jrrdr 

7r(r2 - r l ) rl 
(2.4.4) 

However, (Jrm is usually taken as the arithmetic mean of its value at r=rl 
and r= r2; i.e., (Jrm = - 0.5 p. 

One important category of primary membrane stress arises in a heat 
exchanger or pressure vessel due to beam bending of the shell. Stresses are 
induced when the heat exchanger or pressure vessel is subject to external 
loadings which cause the shell to flex as a beam-type structure. The stresses 
vary across the entire cross section of the shell, with the entire thickness of 
the shell circumference located farthest from the neutral axis experiencing 
the maximum flexural stress. The stress is essentially constant through the 
shell thickness, and henc~ is considered as a membrane stress. It is arguable 
whether this stress should be treated as a primary membrane stress, since its 
maximum value is rather localized. Design codes [2.3.1], however, adopt 
the conservative approach and label this stress induced by gross bending as 
a primary membrane stress in the shell wall. 
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(ii) Primary Bending Stress 

Primary bending stress is produced in certain regions of a pressure vessel 
to resist externally applied loads. In contrast to a cylindrical shell, certain 
structural shapes cannot resist external loadings without bending. The most 
notable example is the case of a flat cover bolted to a flange with a raised 
face gasket in such a manner that the end of the cover simulates a simple 
support. The bending stress in the cover, developed due to lateral pressure, 
reaches its maximum value at the outer fiber in the center of the cover: 

3(3 + v) pa2 

(Ir = (It = --8- f (2.4.5) 

where v is the Poisson's ratio, p is the lateral pressure, t is the cover 
thickness and a is the cover radius. As discussed in the preceding section, 
since this stress varies linearly across the thickness, the metal is not in the 
plastic range except at the outer fiber when (Ir = (It = yield stress for the 
material. As a result, the cover can support additional loading after the 
outer fibers have reached the yield point. For this reason, in some codes 
[2.3.1] the maximum allowable primary bending stress limit is set higher 
than the primary membrane stress limit. The formula for cover thickness in 
one of the most widely used pressure vessel codes [2.4.2] is, however, based 
on the primary bending stress being set equal to the material allowable 
stress. 

Some other cases of primary bending stress are: 
a. Bending stress in the crown of a tori spherical head (Chapter 13) due to 

internal pressure. 
b. Bending stress in the tubesheets averaged across the ligament. Since 

the holes in the tubesheet of heat exchangers are closely spaced, the overall 
plate-type bending stress varies linearly through the thickness of the 
tubesheet, but varies sharply across the ligament width due to stress in­
tensification effects. Averaging the stress across the ligament width in­
corporates the integrated effect of the presence of perforations. Therefore, 
this stress is in the nature of a primary bending stress. 

c. Bending stress in the cover (integrally welded to a shell) produced due 
to edge restraint (gross structural discontinuity). The edge discontinuity 
moment and shear produce a bending stress throughout the cover. Nor­
mally, if this edge moment is not counted on to satisfy the primary bending 
stress limit in the cover in the central region then the developed edge stress is 
classified as secondary. However, if the developed moment helps to reduce 
the central region stress, then the edge stress must be considered as primary. 
The rationale behind this dual classification is appreciated by recognizing 
that the bending stresses arising due to discontinuity reactions in shells are 
classified as secondary stresses and therefore, subject to higher stress limits. 
Consequently, if the secondary stresses reach values above yield, some 
plastic deformation in the shell edge occurs, diminishing the edge restraint 
applied by the shell on the cover. Satisfaction of the primary bending stress 
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limit in the central region of cover should not be dependent on this un­
certain edge counteractive moment. If the edge restraint moment is counted 
on for reducing stress in the central portion of the cover, then the edge 
moment maximum value should be limited such that plastic strains at the 
shell-cover interface are not developed. 

Similar remarks apply to the effects of edge restraint of the shell on an 
integrally welded tubesheet. 

(iii) Local Membrane Stress 

Local membrane stress can be caused by one of three possible sources. 

a. Geometric discontinuity in the structure 
b. Locally applied external load on the structure 
c. Load discontinuity in a structure 

By definition a local membrane stress is a membrane type of stress limited 
to a small part of the structure. Typical examples of local membrane stress 
are: 

a. Membrane stresses developed in the shell or the knuckle at the joint of 
a torispherical head to cylindrical shell. (See Chapter 13 for details.) 

b. Stresses in the shell and the head due to ajoint between a flat head and 
shell subject to internal pressure. It is to be noted that the in-plane load in 
the cover due to the edge restraint produces a uniform state of stress 
throughout the cover and would normally be considered a primary mem­
brane stress. However, since its origin is in the internal reactions caused by 
geometric discontinuity rather than in support of an external loading, it is 
treated as a local membrane stress. 

c. Local membrane stresses in the shell due to an axial thrust or bending 
moment at a nozzle connected to the shell. 

Since a membrane stress is assigned to the local category if the stress 
region is localized, some definitions of a localized region are necessary. The 
ASME Code [2.3.1] gives the following rules for determining whether a 
local membrane stress qualifies as PL' 

a. The stressed region will be considered local if the distance, over which 
the membrane stress intensity exceeds 1.1 Sm, * does not exceed (rl) 1/2 , 

where r is the minimum mid-surface radius of curvature and t is the 
minimum thickness in the region considered. 

b. Regions of local primary stress intensity involving axisymmetric 
membrane stress distributions which exceed 1.1 Sm shall not be closer in the 
meridional direction than 2.5(rt)Y' , where r is defined as average of r l and r2 

and 1 is defined as average of II and 12 ; II and t 2 are the minimum 
thicknesses of each of the regions considered, and r l and r2 are the 
minimum mid-surface radii of curvature of these two regions where the 
membrane stress intensity exceeds 1.1 Sm. 

·Stress intensity Sm is defined in Section 2.6. 
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c. Discrete regions of local primary membrane stress intensity, such as 
those resulting from concentrated loads acting on brackets, (where the 
membrane stress intensity exceeds 1.1 Sm) shall be spaced so that there is no 
overlapping of the areas in which the membrane stress intensity exceeds 1.1 
Sm. 

If the stress intensity being considered does not meet the applicable 
conditions, then it should be considered as a primary membrane stress with 
lower allowable limits. 

(iv) Secondary Stress 

Secondary stress is a normal or shear stress arising because of the con­
straint of adjacent material or by self constraint of the structure. The basic 
characteristic of a secondary stress is that it is self-limiting. In other words, 
local yielding or minor distortions can relieve the conditions which lead to 
the development of these stresses and limit their maximum value. Failure 
from one application of such a stress is not to be expected. Examples of 
secondary stresses are: 

a. Stresses developed due to differential thermal growth in the structure. 
b. Bending stress at a gross structural discontinuity. 
c. Non-uniform portion of stresses across the vessel wall in a shell 

subjected to internal pressure. 

Since a thermal stress is a self-balancing stress produced by a non-uniform 
distribution of temperature or by different thermal coefficients of ex­
pansion, thermal stresses always belong to either the secondary or to the 
peak category. In order for a thermal stress to be qualified in the secondary 
category it has to actuate a distortion of the structure in which it occurs. 
Those thermal stresses which are very localized and are such that the dif­
ferential expansion is almost completely suppressed do not belong to the 
secondary category. They are called peak stresses. A discussion of thermal 
stresses which belong to the peak category is given in the next section. We 
see that secondary stresses can be sub-divided into two major categories: 
those that are actuated by mechanical loads, and those that are actuated by 
temperature distribution. Some examples of load actuated secondary 
stresses are given below: 

a. Any linear component of the stress distribution through the thickness 
of a shell subject to internal pressure and located away from a 
structural discontinuity. 

b. Bending stress in a shell where it is connected to a head or to a flange. 
c. Bending stress in a shell or a head due to nozzle loads. 
d. Bending stress in the knuckle or shell at a head to shell joint. 
e. Bending stress in a flat head due to edge restraint posed by shell to 

head joint when the local bending stress in the shell exceeds the 
material yield point. 
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f. Bending stresses in a nozzle at the nozzle-shell junction due to internal 
pressure. 

Temperature actuated secondary stresses are also found extensively in a 
pressure vessel. Some examples are: 

a. Stresses caused by axial temperature variation in a shell. 
b. Bending and membrane stresses due to a temperature difference 

between shell and attached head. 
c. Differential thermal expansion stress (both membrane and bending 

components) between two adjoining parts of a structure such as nozzle 
to shell or shell to head. 

d. Equivalent linear stress due to a radial temperature distribution in any 
shape pressure vessel. 

(v) Peak Stress 

Peak stress is that increment of stress which adds to the uniform plus 
linear stresses. Peak stresses are added to the primary and secondary stress 
to give the total stress at a point. The basic characteristic of a peak stress is 
that it does not cause any noticeable distortion and is objectionable only as 
a possible source of a fatigue crack or fracture. A structure which is subject 
to peak stresses requires evaluation of these stresses only when a fatigue 
analysis of the structure is performed. Some typical examples of peak 
stresses due to thermal loads are: 

a. Thermal stress in the cladding of a tubesheet. 
b. Certain thermal stresses which may cause fatigue but not distortion. 

For example, the non-linear bending part of thermal stress across a 
cylinder wall. 

c. The non-linear stress at a local structure discontinuity, such as small 
nozzles and couplings attached to thin shells, caused by thermal 
mismatches. 

d. Surface stresses produced by a thermal shock. 

All examples above belong to the temperature actuated category. 
Some examples of load actuated peak stresses for specific situations 
are given below: 

a. Additional stresses developed at the fillet between a nozzle to shell 
junction due to internal pressure or external loads. 

b. Peak stress in a ligament (uniform ligament pattern). Both the bending 
and membrane stresses in a typical ligament are evaluated by 
averaging the stresses across the width of the ligament. The peak stress 
is the additional stress above the membrane plus bending stress that is 
developed due to the stress concentration effect of the ligament. 

c. Bending and peak stresses near an isolated or atypical ligament. 
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2.5 GENERAL COMMENTS 

Depending on the thoroughness of the analysis required in the design of a 
particular pressure vessel, one or many of the stress categories has to be 
calculated. The most important stress category is the primary membrane 
stress and most formula based designs entail evaluating the membrane 
stresses in the pressure vessel. However, some pressure vessel components 
resist pressure or external loads only through bending. Typically, these are 
plate type members such as flat heads, a blind flange in a nozzle, etc. These 
elements develop mainly primary bending stresses and the design formula 
for these members are based on the bending stress limitation. Somewhat less 
important are the local membrane stresses. These are evaluated whenever a 
higher level of confidence in the pressure vessel design is required. The most 
commonplace application of a local membrane stress calculation is in the 
evaluation of allowable nozzle loads at heat exchanger connections (see 
Chapter 17). An excellent discussion of stress classification and design 
categories is found in [2.5.1]. 

There are, however, stresses in a heat exchanger which transcend all 
categories described in the foregoing. The most notable is the tube joint 
stress. The importance of a sound tube-to-tubesheet joint is so vital to the 
performance of a heat exchanger that conservative limits [2.4.2] are placed 
on this load even though much of the joint load may develop from tem­
perature differences. Similarly, buckling of tubes is another factor, 
especially in fixed tubesheet heat exchangers, which is not addressed by any 
of the stress categories. Another area of concern is the hoop stress 
developed in a tori spherical or ellipsoidal (typically two-to-one major-to­
minor diameter ratio of the generator ellipse) head. The stress is com­
pressive near the equator of the head and in large diameter vessels, can 
cause "wrinkling" of the head in its knuckle region. Despite the fact that 
these special areas are not addressed by the stress categories discussed in the 
preceding sections, the scheme of dividing the stresses into well defined 
classifications described in the foregoing is found to be extremely valuable 
in conducting detailed stress analyses of pressure vessel components. 

2.6 STRESS INTENSITY 

Stress intensity is defined as the difference between the algebraically 
largest and smallest principal stresses at a point. From Mohr's diagram of 
stresses, we recognize stress intensity to be twice the maximum shear stress. 
Some design codes [2.3.1] use the maximum shear stress theory, the so­
called Tresca criterion, as the governing theory of failure. Since the 
membrane stress is, by definition, the averaged stress across a section; the 
membrane stress intensity really pertains to the section rather than to a 
point. It is evaluated by first computing the three principal membrane 
stresses and then determining the maximum algebraic difference. 
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2.7 AN EXAMPLE OF GROSS STRUCTURAL DISCONTINUITY 

Evaluation of the stress field at gross structural discontinuities is essential 
for a complete stress analysis of a pressure vessel or a heat exchanger. We 
will encounter solutions of varied structural discontinuity problems 
throughout this work. The underlying concepts are introduced by treating 
the configuration of Fig. 2.3.1 in some detail. 

Unequal Thickness Welded Cylinders 

Consider two thin shells of thickness tl and tz respectively, under 
pressure p, welded together along the girth seam as shown in Fig. 2.3.1. The 
two ends of the closed pressure vessel are assumed to be at least 5 (atz)IIZ 
(assuming tz > t l ) from the junction. a is the common mid-surface radius 
of the two shells. The above restriction is imposed so that we may neglect 
the effects of the vessel ends (see our discussion of edge loading of a shell in 
Appendix A following Eq. (A.4.5». 

The membrane stress components in the two shells given by Lame's 
formula are listed below (tensile stresses are considered positive). 

Shell No.1 Shell No.2 
(thickness td (thickness tz) 

Hoop (tangential) pa pa 
membrane stress; al 
(direction No.1) t I tz 

Radial membrane stress -p -p 
(direction No.2); az -

2 2 
Longitudinal (meridional) pa pa 
membrane stress (direc-
tion No.3); a3 2tl 2t2 

Membrane stress intensity pa p pa p 
in 1-2 plane; lal - a21 -+- -+-

tl 2 t2 2 
Membrane stress intensity pa pa 
in 1-3 plane; lal - a3 I 

2tl 2t2 
Membrane stress intensity pa p pa p 
in 2-3 plane; laz - a3 I - +- - +-

2tl 2 21z 2 

The membrane stress intensity in the 1-2 plane (radial plane) is the highest 
and hence is the controlling stress intensity. 

The above stresses are valid in the region of the shell away from the ends 
and from the welded joint. At the welded joint location, the radial 
deflection Wi in the two shells (i = 1,2), if the shells were free to expand 
freely, is computed as follows: 

The circumferential strain is 
W 1 

Eo = ---'- = - [al - v(a2 + (3)] 
a E 
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where E is the Young's modulus of the shells i and the deflection Wi is 
positive if directed away from the centerline of the shell (in the 2-directions 
in Fig. 2.3.1). 

Substituting for 0"1 , O"z, and 0"3 we have 

wi=pa
z [1-~(~+1)]; i=1,2 (2.7.1) 

E;fi 2 a 

Since the deflections of the two shells are different, discontinuity shear 
force Qo and moment Mo are needed to establish displacement and slope 
continuity, when the actual system, induding the welds, is considered. 

Axisymmetric edge moment M and shear Q acting on the edge of shell of 
radius a, thickness t, (see Fig. 2.7.1) produce the following deflections and 
slopes (see Appendix A for derivation and note the direction changes for M 
and Q). 

U(x) 

dU 

dx 
dZU 

dr 
where 

Q t u (X) 

1 Gr----M ------l\ 
~x 

_.--4----
Fig. 2.7.1. Axisymmetrically edge loaded shell. 

1 
2{33 D [(3M1/t({3x) + QA({3X)] 

1 
- 2{3z D [2{3MA({3x) + Q¢({3x)] 

1 
(3D [(3M¢({3x) + Qrt{3x)] 

= [3(1- I'Z)] 0.25 
(3 aZ t2 

Et3 

D= -----:-
12(1- 1'2) 

U(x) is the radial deflection of the shell wall, and 

¢({3x) e - iJx (cos{3x + sin{3x) 
1/t({3x) = e - iJx (cos{3x - sin{3x) 

(a) 

(b) (2.7.2) 

(c) 

(d) 

(e) 

(a) 

(b) (2.7.3) 
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A({3X) = e - {3x cos{3x 

~(3x) = e- f3x sin{3x 

(c) 

(d) 

71 

Substituting {3i and Di for {3, and D, and Qo and Mo (with proper signs) for 
Q and M, we obtain 

ulx=o. Shell No. I 

1 o - -- ({3 M - Q ) (a) 
I - 2{31 3 DI I 0 0 

~~ Ix=o. Shell No.1 

1 
<XI = - -2- (2{3I Mo - Qo) (b) (2.7.4) 

2{31 DI 

Ulx=o. Shell No.2 
1 

O2 = 2{32 3 D2 «(32M O + QO) (C) 

~~ Ix=o. Shell No. 2 

1 
<Xz = - -2- (2{32 M O + Qo) (d) 

2{32 D2 

Compatibility of displacement and slope at the junction requires: 
WI +01 = Wz +02 

<XI = -<X2 

The above equations enable determination of Mo and Qo at the weld 
location. 

Substituting for Wi' 0i and <Xi(i = 1,2) from the above equations, and 
rearranging terms, we have 

where 

and 

where: 

Mo=CQo 

C= (l-p) 
2({31 + p{3z) 

{3I Z DI 
p= (3/ D2 

1 
m ----, 

i - 2{33 D.' 
I I 

i= 1,2 

(a) 

(b) (2.7.5) 

(c) 

(a) (2.7.6) 

(b) 

Equations (2.7.5) and (2.7.6) define the discontinuity stress resultants Mo 
and Qo. In keeping within the spirit of thin shell theory, tJ a + 1 =::: 1 may 
be used in all of the above equations. 

The additional stresses at the junction due to these discontinuity loads are 
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given below (setting i = 1,2, gives respective values on the two sides of the 
junction). 

Source Type of Stress Category Magnitude 

Qo Shear stress at mid- Secondary 3Qo 
section in 1-3 plane. 
(Fig. 2.3.1) 2t; 

Mo Longitudinal bending Secondary 6Mo 
stress at outer fibers 

t 2 in 1-3 plane. I 

Mo Circumferential bend- Secondary v6Mo 
ing stress at outer 

t 2 fibers in 1-2 plane. I 

0; Tangential stress Local Eo; 
(positive if tensile) Membrane 
in 1-2 plane. a 

These stresses are in addition to the primary membrane stresses computed 
before. 

2.8 DISCONTINUITY STRESSES AT HEAD, SHELL AND SKIRT 
JUNCTION 

As another illustration of a gross geometric discontinuity, let us consider 
the junction of a two-to-one ellipsoidal head, its straight flange which 
continues on as a channel of a heat exchanger, and a welded on skirt. This 
situation is encountered in vertical skirt mounted pressure vessels and heat 
exchangers, such as the one shown in Photograph 2.a. 

For simplicity of analysis, it is assumed here that the support skirt joins 
the head at its junction with the shell. The three surfaces are labeled 1, 2, 
and 3, as shown in Fig. 2.8.1. t;, M;, and Q; indicate the thickness, 
discontinuity moment and discontinuity shear, respectively, pertaining to 
element i. The shell is subjected to pressure p. 

The expansion of the equatorial radius (radius of the junction) of the 
cylindrical shell (element #1) due to pressurep is given by Eq. (2.7.1) (and 
also developed in Chapter 13) as 

pa2 

0, = -(1-0.51') (2.8.1) 
Et, 

Similarly, the radial expansion of the equatorial radius of the ellipsoidal 
head (element #2) is 

pa2 

02 = - -(1 +0.51') 
Et2 

(2.8.2) 
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Photograph 2.a. Skirt mounted heat exchanger with a three-element joint 
(TEMA type BEU). (Courtesy Joseph Oat Corporation.) 

Note that pressure causes a contraction of the head diameter if no restraint 
is present. 

The third element, the skirt, is not pressurized, and therefore undergoes 
no membrane expansion. The magnitudes of Q; and M; are determined by 
requiring continuity of slope and deflection at the junction (equator). A 
reasonably accurate solution can be obtained by assuming that the edge 
displacement solution for the ellipsoid, due to axisymmetric moment and 
shear loads, is equal to that of a thin cylinder of equal thickness and radius. 

j---SHELL (ELEMENT *1) 

~'--"'" ~M1 
91--- --01 
~:..-- ------. 02 
Mr ~M2 

~-M~ 
3 

HEAD (ELEMENT #2) 

KIRT (ELEMENT #3) 

JUNCTION 

Fig. 2.8.1 Shell, head, and skirt shown as freebodies. 
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The expressions for radial displacement and edge slope due to edge 
loadings are found from the preceding section. By matching displacements 
and slopes at the equator between the three structural elements Uunction of 
the three elements) four algebraic equations are obtained. Finally, a balance 
of edge shears and moments at the junction furnishes two additional 
equations (see Fig. 2.8.1): 

-M, +M2 +M3 =0 (2.8.2) 

Q, +Q2 +Q3 =0 (2.8.3) 
Six algebraic equations are thus assembled to solve for six unknowns, 

namely M;, Q; (i = 1,2,3). These equations can be written in the matrix form 

1 1 1 1 

{3,x, 
0 0 M, 

X, X2 {32X2 
1 1 1 1 

--- 0 0 Q, 
X, {3, X, X3 {33X3 
2{3, 1 2{32 1 

0 0 M2 
X, X, X2 X2 

2{3, 1 -2{33 1 
0 0 Q2 

X, X, X3 X3 

-1 0 1 0 1 0 M3 

0 0 1 0 Q3 

0, -02 

0, -03 

0 
(2.8.4) 

0 

0 

0 
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where Xi = 2/3/ D i ; i = 1,2,3. 
These equations are solved using a suitable Gaussian elimination scheme. 

Computer program HEADSKIRT listed in the following pages gives the 
necessary tool to perform the analysis. 

Having determined the discontinuity reactions, the corresponding 
discontinuity stresses are found. The following relations are derived in 
Appendix A: 

EU(x) 
a cm = 

a 

6D d2 u 
alb ±---

t2 dr 
acb valb 

where a cm is membrane stress, alb, is longitudinal bending stress, and acb is 
circumferential bending stress due to edge loads. 

U(x) and if Uldr are defined by Eqs. (2.7.2) with appropriate quan­
tities replacing M, Q, t, /3. For instance, to calculate stresses in element 1, 
replace Mby M I , Q by QI' t by t l , and /3 by /31 . 

These equations are computerized in the computer code "HEAD­
SKIRT". The listing of "HEADSKIRT" is given in this section. The 
following terms define the input data: 

Term 

Mean radius 
Pressure 
Thickness of element 1 (shell) 
Thickness of element 2 (head) 
Thickness of element 3 (skirt) 
Young's Modulus x 10-6 

Poisson's Ratio 

Mathematical 
Symbol 

v 

Fortran 
Symbol 

U 
P 
T(l) 
T(2) 
T(3) 
E 
PR 

Example: Let us consider the junction of a shell, a 2: 1 ellipsoidal head, and 
a skirt of mean radius 20" subject to an internal pressure 200 psi. The 
Young's Modulus and Poisson ratio of all materials are assumed to be 30 X 
106 psi and 0.3, respectively. We consider two cases. 

Case I: All three elements have equal thickness = 0.25" . 
Case II: tl = t2 = 0.25"; skirt thickness 0.001 " . 
(Case II numerically simulates the condition of no skirt.) 
The variations of a cm and alb with Xi (Xi = 0 at the junction) are plotted 

in Fig. 2.8.2 for the shell, in Fig. 2.8.3 for the head, and in Fig. 2.8.4 for the 
skirt. acb is not plotted since it bears a fixed ratio to alb. 

These plots clearly show the exponentially decaying nature of the stresses 
produced by edge loadings. The comparison between Cases I and II in­
dicates the effect of the skirt. 
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In order to obtain the complete state of stress in the shell and the head, 
these discontinuity stresses should be added to the membrane stresses 
produced by pressure. The stresses in the skirt are only due to edge loadings, 
since there is no pressure in that element. The method of obtaining mem­
brane stresses in pressure vessels is given in Chapter 13. 

PROGRAM HEADSKIRT 

DIMENSION A(6,6), B(6) , G(36), T(3),PSI(3), BETA(3) 
DIMENSION AM(3),AQ(3),SIGCM(3,60),SIGLB(3,60),SIGCB(3,60),XX(60) 
TH(X)= EXP(-X)*COS(X) 
ZETA(X)=EXP(-X)*SIN(X) 

R(X) = 1.0/X 
1 ACCEPT U, P,T(l) ,T(2), T(3) , E,PR 
2 E= E*1.0E6 

WRITE(6,700)P,T(1),T(2), T(3) ,E,PR,U 
PR2= 1.-PR*PR 
DO 100 1=1,3 
BETA(I) = (3.*PR2/(( U*T(I))**2))**.25 

100 PSI(I) = (BETA(I) **2) *E*(T(I)**3) 1(6.*PR2) 
DELI =P*U*U*(1.-.5*PR) I (E*T(l)) 
DEL2 = -P*U*U*(1.+.5*PR) I(E*T(2)) 
DEL3 = O. 
DO 200 1=1,6 
DO 300 J=1,6 

300 A(I,J) = 0.0 
200 B(I) =0.0 

A(l,l) = R(PSI(l)) 
A(1,2) = R( PSl(l)*BETA(l)) 
A(1,3) = R(PSI(2)) 
A(1,4) = R(PSI(2)*BETA(2)) 
B(l) = DELl-DEL2 

A(2,1) = A(1,l) 
A(2,2) = A(1,2) 
A(2,5) = R(PSI(3)) 
A(2,6) = R(PSI(3) *BETA(3)) 
B(2) = DEL1-DEL3 

A(3,1) = 2.*BETA(1) IPSI(l) 
A(3,2) = A(l,l) 
A(3,3) = -2.*BETA(2) IPSI(2) 
A(3,4) = -A(1,3) 

A(4,1) = A(3,1) 
A(4,2) = A(3,2) 
A(4,5) = -2.*BETA(3) IPSI(3) 
A(4,6) = -R(PSI(3)) 
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C 

C 

A(5,1) =-1-
A(5,3) = -1. 
A(5,5) = -1. 

A(6,2) = 1-
A(6,4) = -1-
A(6,6) = -1-

DO 400 J=1,6 
DO 410 1=1,6 
NDEX= (6*(J-1) +1) 
G(NDEX) = A( I ,J) 

410 CONTINUE 
400 CONTINUE 

CALL SIMQ(G,B,6,KS) 
B(l) =- B(l) 
B(2) = -B(2) 

IF(KS .NE. 0) GOTO 1000 
WRITE(6,710) (B(I),I=1,6) 

DO 500 J=1,3 
AM(J) = B(2*J-1) 

500 AQ(J) = B(2*J) 
ALIM=AMIN1(BETA(1),BETA(2)) 
XLIM=5./ALIM 
XINC = XLIM* .02 

DO 550 1=1,3 
DO 550 J=1,51 
X= XINC*(J-1) 
BX=X1NC*(J-1)*BETA(1) 
SIGCM(1,J)=(2.*U*BETA(1)/T(1))*(BETA(1)*AM(1)*(TH(BX)-ZETA(BX) 

/ )+AQ(l)*TH(BX)) 
SlGLB(l,J)= (6./(BETA(1)*T(1)**2))* (BETA(I)*AM(l)*(TH(BX)+ 

/ ZETA(BX))+AQ(I)*ZETA(BX)) 
SIGCB(l,J) = PR*SlGLB(I,J) 
XX(J)= X 

550 CONTINUE 
DO 650 J=1,51 

WR1TE(6,750)XX(J),«SlGCM(1,J),SlGCB(1,J),SlGLB(I,J)),1=1,3) 
650 CONTINUE 

750 FORMAT(10E13.4) 
1001 STOP 
1000 WRITE(6,720) 

STOP 
700 FORMAT(lH1,5X,"P,Tl,T2,T3=",4( F9.3)/,5X,"E,P01SSON RATIO = ", 

1 3X,E11.4,3X,F6.4,/, 5X, "A = ", 
2 3X,FlO.4) 

710 FORMAT(j,/ / / / ,5X, "M1 ,Q1=" ,2El2.4, 5X, "M2 ,Q2=" ,2El2.4 ,5X, "M3 ,Q3 =", 
1 2El2.4///) 

720 FORMAT(5X,"EQUATIONS LINEARLY DEPENDENT") 
END 

Note: Subroutine SIMQ is listed with computer program FLANGE in 
Chapter 3. 
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NOMENCLATURE 

M 
Me 
Mp 

M,Q 
Ny 

p 
r1,rZ 

R 
Sm 

U(x) 
Wi 

IX 

E 
E* 

arm 
at,ar 

atm 

= 

= 

Bending moment on section 
Bending moment to cause outer fiber to reach yield limit 
Plastic limit moment - Eq. (2.2.10) 
Generic edge moment and shear 
Uniform load on structural section causing section yielding 
Internal pressure 
Inner, outer radii of a thick-walled cylinder 
Radius of curvature 
Stress intensity 
Shell deflection shape due to edge loading - Eq. (2.7.2) 
Shell deflection, due to pressure, away from edges - Eq. (2.7.1) 
Coefficient of thermal expansion - Eq. (2.3.1) 
Strain measure 
Strain to cause yielding 
Average value of ar - Eq. (2.4.4) 
Tangential, radial stresses 
Average value of at - Eq. (2.4.3) 
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3. BOLTED FLANGE DESIGN 

3.1 INTRODUCTION 

Pressure vessels require flanged joints to permit their disassembly, in­
spection and cleaning. Bolted joints are also utilized to alleviate stresses at 
sections where sharp temperature changes occur, such as the joint between 
tubeside and shellside chambers in a heat exchanger (Fig. 3.1.1). From a 
conceptual standpoint, flanged joints may be subdivided into two major 
categories. 

(i) Bolted joints 
(ii) Pressure-actuated joints 

The so-called "bolted joint" is by far the most common type. Its un­
derlying principle is, in essence, brute force. "Pressure actuated joints" 
find application in the higher pressure range, typically over 2000 psi. The 
main difference between these two joint types lies in the manner by which 
the pressure load is resisted and leak-tightness is achieved. In a bolted joint, 
pre-load in the bolt provides initial pre-stress in the gasket. Upon in­
troduction of internal pressure, the normal surface load on the gasket 
drops. The objects in flange design are to ensure that the residual gasket 
load is sufficient to maintain the joint leak tight, and, to ensure that the 
stress levels in the flange during bolt pre-load, as well as during 
pressurization, do not exceed allowable values. Pressure actuated joints, on 
the other hand, exploit the header pressure force to compress and to seal the 
gasket. This chapter concentrates on the structural behavior of bolted 
joints. First, an outline of various types of flanges used in bolted joints is 
given, followed by a brief discussion on the significance of surface finish of 

STUB END TUBESHEET 

TUBESHEET SKIRT 
Fig. 3.1.1. Outside packed floating head heat exchanger. 
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flange facings, and of gasket characteristics on the joint performance. The 
concepts leading to the characterization of the sealing action of bolted 
joints are next developed. Conventional design methods and stress analysis 
procedures are also described. Similar concepts for pressure actuated 
closures are developed in Chapter 6. 

3.2 BOLTED FLANGE TYPES 

Bolted flanges may be subdivided into three major categories: 
(i) Ring flange (Fig. 3.2. 1. a) 
(ii) Tapered hub (or welding neck) flange (Fig. 3.2.l.b) 
(iii) Lap-joint flange (Fig. 3.2.l.c) 

The ring flange consists of an annular plate welded to the end of the 

(0) RING FLANGE WITH 
FLAT FACE 

BACKING (FLANGE) 
RING 

(b) WELDING NECK FLANGE 
WITH TONGUE FACING 

(PRESSURIZED CON.DITION LOADS) 

(el} LAP-JOINT (LOOSE) 
FLANGE (liAISED FACE) 

Fig. 3.2.1. Bolted flange types and typical facing details. 

cylindrical shell. A number of equidistant bolt holes (conventionally, a 
multiple of 4) are drilled on a uniform pitch on a circle (known as the bolt 
circle). The gasket is confined inside the bolt circle. This joint is utilized in 
low to moderate pressure applications. If the pressure is quite low (less than 
100 psi), wide gaskets which span the entire flange face (within and beyond 
the bolt circle) may be used. This construction is referred to as "full face 
gasket" design. A design method for flanges utilizing full face gaskets is 
presented in Chapter 5. The work in Chapter 5 also focuses on the effect of 
the non-linear material characteristics of the gasket. 

The tapered hub flange is shown in Fig. 3.2.l.b. The annular ring is 
integral with a short tapered hub. The small end of the hub is butt welded to 
the cylindrical shell. This class of flange is widely utilized where reliability 
and safety are major concerns. Tapered hub flanges have been used in 
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pressures as high as 5000 psi, although the flange becomes massive and 
unwieldy as pressure and diameter increase. Pressure actuated closures 
become more cost effective at pressures over 2000 psi in shell diameters 
exceeding 20 " . 

The lap joint flange finds extensive use in low pressure piping and in 
pressure vessel construction where economy of construction is an important 
consideration. The backing ring, shown in Fig. 3 .2.1.c, can be made from 
an inexpensive yet strong structural material (e.g., carbon steel), even 
though the internals of the pressure vessel including the "lap ring" may 
have to be made from expensive corrosion resistant alloys. Furthermore, 
lap joint construction facilitates alignment of bolt holes in matching rings in 
opposing pipe ends. In outside packed floating head heat exchangers, the 
flange at the rear end must be of the lap joint type. The backing ring shown 
in Fig. 3.1.1 is split into two or three segments to enable its removal before 
the tube bundle can be pulled through the shell. The backing ring can also 
contain a hub if added rigidity against rotation is desired. 

Some "off-the-shelf" lap joint flange rings are equipped with hubs to 
increase their rotational stiffness. Such joints are referred to as "hub bed lap 
joints" . 

3.3 FLANGE FACINGS 

The geometric detail of the flange surface on which the gasket sits is 
prepared to suit the gasket type, the kind of application, and the service 
conditions. The ability of a joint to maintain a seal depends on a complex 
interaction between a host of parameters, of which the gasket and facing 
details are perhaps the most important as well as the most intractable to 
analytical simulation. In the following, some common facing details and 
gasket types are described. The material presented here should provide the 
reader with the necessary background of the practical considerations in 
selecting flange facings. 

Generally speaking, flange facings may be divided into four categories: 

(i) Unconfined and pre-stressed 
(ii) Semi-confined and pre-stressed 
(iii) Confined and pre-stressed 
(iv) Self-equalizing 

(i) Unconfined and Pre-stressed 

In this construction, the gasket if free to expand outwards as well as 
inwards when the bolt load is applied. The flange facing may be either flat 
(Fig. 3.2.1.a); or raised face (Fig. 3.2.1.c). The gasket ordinarily extends to 
the inner edge of the bolt line (within a certain tolerance) so that bolts may 
serve to center it. Flat faced designs are used in low pressure applications. 
Raised face designs are somewhat superior to the flat faced type, because 
the raised face protects the mating flange rings from contacting each other 
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at the outer edges when the joint is pulled up. Neither of the two facings 
provide protection against gasket blow-out. 

(ii) Semi-Confined and Pre-stressed 

The "male and female" joint shown in Fig. 3.3.1 is a typical example of a 
semi-confined joint. The gasket is protected from blow-out; however, no 
protection is offered against extrusion on the inside. 

The semi-confined effect can also be produced in unconfined facing 
detail by equipping the gasket with a so-called "retainer ring". The retainer 
ring may be on the outside, inside or both locations; the last arrangement 
simulates a fully confined joint. 

(iii) Confined and Pre-stressed 

This detail is utilized in operating conditions subject to pressure and 
temperature fluctuations. The tongue and groove joint (Fig. 3.3.2), the 
double step joint (Fig. 3.3.3), and the ring joint (Fig. 3.3.4) are typical 
examples of confined joints. These joints are generally preferable for cyclic 
applications. The machining must be quite precise such that the mating 
parts fit properly. The tongue (Fig. 3.3.2) is specially susceptible to damage 
during handling and hence, is usually made on the part which is easier to 
handle. 

(iv) Self-equalizing 

Self-equalizing facing detail relies on the deformation of the gasket 
during pressurization to effect the joint seal. Figure 3.3.5 shows typical 
facing details. Such gaskets are usually made from an elastomeric material, 
e.g., rubber, or from hollow tubular (metallic) elements. 

GASKET 

BUTT JOINT 

Fig. 3.3.1. Male and female joint (semi-confined). 
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Fig. 3.3.2. Tongue and groove. 

~~~r---GASKET 

------TUBE SHEET 

Fig. 3.3.3. Double step confined joint. 

Fig. 3.3.4. Ring joint. 

OCTAGONAL 
RING 
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(0) ELASTOMER (b) METALLIC O-RING 

Fig. 3.3.5. Self-energizing facings. 

3.4 FLANGE FACING FINISH 

The type and texture of surface finish playa major role in the sealwor­
thiness of a flanged joint. The surface finish should have the correct quality 
(RMS or AA finish rating) and type. There are five distinct styles of surface 
finish which are commonly used in the industry to indicate the quality and 
type of finish. These are: 

(i) Rounded nose spiral finish 
(ii) Spiral serrated finish 
(iii) Concentric serrated finish 
(iv) Smooth finish 
(v) Cold water finish 

(i) Rounded Nose or Stock Finish 

The rounded nose or stock finish is a continuous spiral groove. For 
nominal sizes 12" and smaller, it can be generated by a 1/16" radius round 
nose tool at a feed of 1/32" per revolution. For sizes above 12" , the tool 
nose radius is increased to 1/8" and the feed rate is increased to 3/64" . This 
finish is mostly used with compressed asbestos, fiber, rubber and other 
organic gaskets. This finish is also referred to as "phonograph" finish. 

(ii) Spiral Serrated 

Continuous spiral groove is generated with a 90 0 included angle "V"­
tool. The groove is 1/64" deep and the feed is 1/32" for all sizes. 

(iii) Concentric Serrated 

The groove cross section detail is identical to (ii); however, the groove is 
made in concentric circles. 
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(iv) Smooth Finish 
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A finish produced with no visible tool markings to the naked eye. Final 
dressing up, using an abrasive material such as emery paper, is necessary to 
obtain such a finish. 

(v) Cold Water Finish 

This refers to the surface with mirror-like appearance. It is produced by 
using a wide tool at high speeds. This finish is seldom used due to its ex­
cessive cost and fragility. 

3.5 GASKETS 

A gasket is the heart of a bolted joint. It is essentially an elasto-plastic 
material which is softer than the flange face. Under the application of a bolt 
load, the gasket deforms, and fills up the irregularities on the flange face. In 
this condition, the gasket is considered to be seated. It is shown in a later 
section that when pressure is introduced in the pressure vessel, the flanges 
separate by a small amount at the gasket location. The gasket should 
possess the resilience to maintain a sufficient residual surface pressure to 
keep the joint from leaking. These qualities of plastic compliance and 
resilience are difficult to build into the same material and therein lies the 
challenge to the manufacture of a successful gasket. Gaskets are made out 
of a myriad variety of materials. The AS ME Codes [3.5.1-3] list some 
common types. Butcher [3.5.4] is another excellent source of information 
on this subject. The choice of the proper gasket material depends on 
operating conditions, on mechanical attributes of the flanged joint, and on 
metallurgical considerations. Some factors which should be considered in 
selecting the proper gasket material are described below: 

Pressure 

For a given pressure vessel diameter, the pressure determines the 
magnitude of the hydrostatic load that the bolts are required to resist. 
Therefore, the bolt load must at least exceed the hydrostatic load. In the 
seating condition (pre-load condition), this entire bolt load is borne by the 
gasket. The gasket must be strong enough to withstand the bolt pre-load 
without crushing or extruding out. Thus, soft materials, such as asbestos, 
organic fibers, etc., are ruled out for high pressure applications. 

Temperature 

Operating temperature of the fluid contained by the gasketed joint must 
be below the permissible temperature for non-metallic gasket materials. For 
example, an asbestos filled gasket is seldom used in joints in sustained 
contact with fluids over 800°F. 



88 Mechanical Design of Heat Exchangers 

Corrosion 

Oxidation, galvanic corrosion, dezincification, etc., are important 
considerations when selecting metallic gaskets. 

Cyclic Conditions 

Fluctuations in the internal pressure result in repeated loading and 
unloading of the gasket. Spiral wound, and hollow tubular gaskets are 
known to withstand such conditions quite well. 

We now discuss some of the classical aspects of loading a ring gasketed 
joint. The structural behavior of the gasket is customarily expressed in 
terms of two quantities: the so-called minimum seating stress y and gasket 
factor m. The minimum seating stress is the surface pressure which must be 
exerted on the gasket to make its surface completely conformal with the 
flange facing profile. The required bolt load to seal the gasket is then given 
as 

(3.5.1) 
where G is the effective gasket diameter and b is the effective gasket width. 
Recognizing that the rotation of the flange ring causes non-uniform 
pressure distribution in the radial direction, the ASME codes [3.5.1-3] give 
algebraic expressions to define the effective gasket diameter G and the 
corresponding gasket effective width b. These semi-empirical formulas are, 
by now, well entrenched in the industry. Their success attests to their 
general validity, although the minimum seating stress y, based on the above 
referenced definition of G and b, has been the subject of much controversy 
and speculation [3.5.5-9]. 

When the joint is pressurized, the total bolt load, W2 , must equal the 
pressure induced header load and the residual load acting on the gasket 
bearing area; i.e. 

(3.5.2) 

where P is the internal pressure. The integer 2 in the second term is 
essentially a factor of safety. The minimum value of m required to maintain 
the joint leak-tight is known as the "gasket factor" for the gasket material. 
According to the Code, a joint is leak tight if the surface pressure on the 
gasket (assuming it to be of width 2b) is at least m times the internal 
pressure. Of course, "leak-tight" is an imprecise term. All gasketed joints 
lose pressurized fluid, even if the loss is at an immeasurably small rate. 
Experiments [3.5.6] show that the leakage rate A (gms/day) is related to the 
actual seating stress Ys (psi X 10 -3) (based on width b) by a relationship of 
the form 

A=K1y;n1 (3.5.3) 

where the exponent n 1 is of the order of 10 for spiral wound gaskets. 
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Likewise, the leakage rate correlates with the calculated value of m by a 
similar relationship; 

A=K2m- n2 (3.5.4) 

where n2 varies from 2 to 9 depending on the gasket material. The above 
relationships indicate that the greater the values of Ys and m, the lower the 
leakage rate A. This is, however, true only so long as the load is not so high 
as to crush or to extrude the gasket. Design codes [3.5.1-3] and gasket 
manufacturers' technical bulletins give recommended values for y and m. 
We should remember that these values are meaningful only if the flange 
facing finish is in accord with the finish required for the particular gasket 
being used. 

Considerations become quite involved in applications where cyclic 
conditions are present. Pulsations in pressure cause the compressive load on 
the gasket to fluctuate. Therefore, the unloading and reloading moduli of 
the gasket become very important. Figure 3.5.1 shows a typical compression 
curve for a spiral wound gasket (stainless steel strips with compressed 
asbestos filler). Referring to this compression curve, the following ob­
servations warrant attention: 

(i) Upon first loading and unloading, the uncompressed thickness of the 
gasket is less than its original thickness by over 2511,10. This implies that the 
bolt load after "hydrotest" will drop. To reestablish the bolt load to the 
required design value, the bolts must be retightened. 

(ii) The "gasket recovery" 0" upon unloading is less than 0.014 inch. 
Therefore, the additional joint separation at the gasket location upon 
application of pressure, os, must be less than or if any residual force is to 
remain on the gasket surface. It is incumbent on the flange designer to 
ensure that the separation is sufficiently less than or; so that the required 
residual force on the gasket for leak tightness is retained. 

(iii) The increase in load during the first compression is slow and non­
linear with a "boss" in the middle of the curve. This boss is prevalent in 
spiral wound gaskets. 

(iv) The stress (load) drops sharply during decompression, and rises 
sharply during recompression. 

Experimental observations by Bazergui [3.5.7] indicate that if recom­
pression is carried above the value reached during the first cycle, then the 
curve is resumed practically as if the intermediate loading-unloading loop 
had not occurred (Fig. 3.5.2). Bazergui conducted extensive testing of spiral 
wound gaskets made from stainless steel windings (0.007" thick) and 
asbestos filler; and correlated the data for the decompression modulus Eg , 

and gross area seating stress ag in terms of two parameters: 
(i) Winding density, Pw = 1Jw/Nw; where 1Jw is number of turns, andNw 

is gasket width (Fig. 3.5.3). The winding density varies from 30 to 70 turns/ 
inch in commercial spiral wound gaskets. 

(ii) Extent of initial gasket compressive strain; Eg = oc/tg; where tg is 
initial gasket thickness. In this correlation, the modulus of decompression is 
defined as: 
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!:lag 
Eg = - (3.5.5) 

!:lEg 
where !:lag is the drop in compression stress, based on the gross gasket 
bearing area, corresponding to a decompression of 0.003" , and !:lEg is 

0.003 
!:lE = (3.5.6) 

g tg - Oc 
According to [3.5.7], the gross area seating stress ag is related to the strain 
Eg during initial loading by: 

a g =47 Pw e(7.26 'g) (psi) 

and during the unloading, the decompression modulus is 

EgXlO -6=0.OOl64~ +0.057(psi) (3.5.7) 
Pw 

It is to be noted that the AS ME code seating stress y is proportional to a g; 
Nw 

y=a -
g b 

Bazergui's gasket width N w is the gross gasket width less winding bead 
height (::: 1116") as shown in Fig. 3.5.3. Spiral wound gaskets are 
characterized by high values of y and decompression modulus Eg. Large Eg 
implies that the gasket decompression due to joint pressurization should be 
minimized. 

-2 
2 

• --
! 
t 

Fig. 3.5.1. Typical compression curve (01: spiral wound gasket. 
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(a) 

(c) 
Fig. 3.5.2. Spiral wound gasket loading-reloading shapes. 

I WINDING BEAD = 1/16" 

Fig. 3.5.3. Drawing of a spiral wound gasket. 

Tightness Factor 

As stated before, the minimum gasket seating stress y, and gasket seating 
factor m have been the subject of much disagreement and discussion 
[3.5.8-9] in the literature. Investigators generally agree, however, that y and 
m are somehow related. A systematic evaluation of the gasket charac­
teristics by Bazergui and coworkers has provided some useful insight along 
with design data of practical use. Bazergui, et al. [3.5.10-11] proposed the 
term "tightness factor", L p' defined as the internal pressure required to 
produce unit leak rate from the joint. L p correlates to P by a relationship of 
the form 
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where P is the pressure (psi), and LR is leak rate in cubic cm/sec. The ex­
ponent x ranges from 0.58 to 0.64. By conducting tests on primarily spiral 
wound gaskets and correlating data, Bazergui observed that: 

(i) When a new gasket is compressed for the first time, the surface stress 
ag to produce a required leak tightness factor Lp is substantially greater 
than the residual surface stress ag ' required for Lp when the gasket is 
decompressed. This is illustrated schematically in Fig. 3.5.4 wherein the 
solid line represents the first compression cycle and the dotted lines 
represent decompression from stress levels corresponding to points Band C 
on the loading curve. Figure 3.5.4 shows that a seating stress equal to the 
ordinate AD is required to produce leak tightness equal to OD. 

The required gasket surface stress is only DB' if the gasket is loaded to 
point B and then decompressed (by pressurizing the joint). The required 
surface stress is even lower (DC') if the gasket is orginally compressed to 
point C. 

Thus if ag corresponds to CF, then 

(CF)Nw 
y= 

b 
and the corresponding gasket factor is given by 

2bmP=(C'D)Nw 

(C'D)Nw 
or m =----

2bP 
Similarly, if ag (initial seating stress) is to the point B, then 

(BE)Nw 
y= 

b 

and 
(B'D)Nw 

m=-----
2bP 

It is noted that y varies in an inverse manner to m. At the present time, 
unfortunately, leak tightness charts similar to Fig. 3.5.4 are not available 
for most gasket materials. 

One effective means of reducing the joint separation, 0s , is to employ the 
concept of "controlled compression." In this concept, we compress the 
gasket to a pre-determined thickness to develop the required pre-stress y. 
An additional increment of bolt load is then applied to produce a contact 
(metal-to-metal) load on a "land" region inside the bolt circle (Fig. 3.5.5). 
The axial force equilibrium (Eq. 3.5.1), now has an additional term: 

WI = 7r b G y +Rc (3.5.8) 

Rc is the contact force on the "land". During pressurization, this contact 
force must be overcome by the header pressure before gasket unloading can 
initiate. In this manner the residual force on the gasket is increased and the 
range of fluctuation of the gasket residual force due to header force cycling 
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is reduced. The advantage of pre-loading the "land" is mathematically 
proved in Section 3.14. 

First Compression ~ C 

B I I 
------------------ A / I /: 

I Zl5-+1 I Ii I Subsequent 
: 1/, i DecompreSSion 
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-- ------.,fB' / , I 
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, : /: i 

I / I I 
1/ I I 

------- -------------;tc' \ : 
I ' ' I 

I : I 

: 1 : 

: i : , , , , , , 
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'D F 

o Log Lp 

Fig. 3.5.4. Leak tightness vs. gasket surface stress during initial loading 
and unloading. 

LAND-X~~...J 

Fig. 3.5.5. Controlled compression joint. 

In subsequent sections, the mechanics of the flanged joint is explored in 
some detail, and the implications of concepts such as controlled com­
pression are analyzed in mathematical terms. It is, however, obvious that 
successful exploitation of such a concept hinges on the precise knowledge of 
the gasket loading/unloading curve. Unfortunately, such information is 
frequently not available. 

Among self-equalizing gaskets, some reliable data on hollow metallic 
tubing can be found in the commercial literature. Tables 3.5.1 and 3.5.2 
give excerpts of design data from ref. [3.5.12] for Inconel 718 tubing for 
0.375" , 0.5" and 0.625" O.D. tubing gaskets. 
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Table 3.5.2. O-Ring and Groove Dimensions, inches (mm) (Fig. 3.3.5) 

0 Xc X F 
Nominal Nominal Groove Depth Groove Width 
Tubing Tube Wall '1'.005" '1'.010" 
O.D. Thickness ('1'0.1270) ('1'0.2540) 

.375 .0375 .300 .445 
(9.525) (0.9525) (7.620) (11.303) 

.500 .050 .420 .645 
(12.700) (1.2700) (10.668) (16.383) 

.625 .0625 .525 .780 
(15.875) (1.5875) (13.335) (19.812) 

3.6 BOLT PRE-TENSIONING 

As stated earlier, pre-load in the bolts is required to pre-stress the gasket. 
This load can be developed in one of the following ways: 

(i) Thermal pre-tensioning 
(ii) Mechanical pre-tensioning 
(iii) Torque application 

(i) Thermal Pre-Tensioning 

Thermal pre-tensioning involves heating the stud to a pre-determined 
temperature, placing the nut in snug contact with flange faces, and sub­
sequently allowing the stud to return to room temperature. For this pur­
pose, an axial hole in the stud is drilled extending from one end to the point 
where the far end will be engaged in another nut (or into tapped holes in the 
flange). Electric heater rods are inserted in the axial slots. An approximate 
expression for computing the required temperature rise t b , for a desired 
preload, can be derived as follows: 

If we assume that the studs are raised to a temperature tb above the 
ambient and that the end nuts are set in snug contact with flange faces, then 
the total axial force in the studs upon return to ambient temperature is given 
by: 

(CXbtblo - 01 - (2)A b 'Eb n 
WI = (3.6.1) 

10 
where CXb, E b, A~ and 10 denote the average coefficient of linear expansion 
of the stud material in the applicable temperature range, the Young's 
modulus, root area (Table 3.7.1), and free length of the stud, respectively, 
and n is the total number of bolts. 

01 and O2 denote the deflections of the mating flange rings at the bolt 
centerline location. Formulas to compute 01 and O2 in terms of oc' the 
compression of the gasket due to WI' are derived in a later section. Oc is 
expressed in terms of the applied load by the gasket loading curve (such as 
Fig. 3.5.1). The required temperature rise to develop a certain bolt pre-load 
WI can be computed from Eq. (3.6.1) if the gasket loading diagram is 
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available, and if the appropriate equations for 01 and O2 are employed. 
Caution should be observed in applying Eq. (3.6.1) if the bolt force is to 

be developed in more than one thermal step. As noted in the preceding 
section, the gasket unloading curve seldom follows the loading curve. 
Reheating the bolt in the second step may unload the gasket (Fig. 3.5.1) 
along a path different from its loading curve. The reloading during cooling 
of the bolt after the second heating may follow yet another curve. Unless 
the gasket loading, unloading and reloading characteristics are precisely 
known, it may be impossible to obtain the required pre-load accurately 
using a multiple heating-cooling procedure. 

(ii) Mechanical Pre-Tensioning 

As the name implies, mechanical pre-tensioning is accomplished by 
elongating the stud using a suitable stretch device, placing the end nuts in 
snug contact, and withdrawing the axial pull. The elongation is obtained 
using a hydraulic tensioner, such as the one shown in Fig. 3.6.1. As shown 
in this figure, the stud tensioner consists of a hydraulic cylinder, a stud 
puller bar, and a nut socket with turning mechanism. 

If 0; is the initial bolt elongation, then the final bolt preload is given by 
(0; - 01 - (2)EbA b 

WI = (3.6.2) 
10 

where A b = nA ~ and 01 and O2 are functions of the applied load WI' flange 
stiffness and gasket compliance. The method to calculate 01 and O2 is given 
in a later section. Like thermal pre-tensioning, the simple formula for WI 
given above is not valid if the mechanical pre-tensioning is performed in 
more than one step. 

(iii) Torque Application 

This is the most common way of pre-stressing bolts. The nut is turned 
using a manual, pneumatic, or hydraulic wrench. The torque required to 
produce a preload Fax in one bolt can be computed as follows: 

Refering to Fig. 3.3.2, the required torque consists of three components, 
namely 

(a) 

(b) 

(c) 

Torque 71 

interface. 
required to overcome friction between nut and flange 

Torque 72 required to overcome friction between the turning nut 
and stud. 
Torque 73 required to propel the nut on the stud thread. 

7= 71 + 72 + 73 (3.6.3) 
We let d; and do denote the inner and outer diameters of the annular 
bearing surface (see Table 3.7.1) of the nut. * Assuming uniform pressurep 

'The cross section of the nut utilized in flanged joints is actually hexagonal. The bearing surface can be 
approximated by an annulus where the 1.0. is the stud diameter and the 0.0. is the dimension across the 
flat sides of the nut (Table 3.7.1). 
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= 4 Fax/(7r(do2 -d/» on this bearing surface, and a surface static coef­
ficient of friction, 111' we have: 

8Fax 11 I ~ O.5do 
7 = r2 dr 

I (do 2 - d/) O.5di 

or 

or 

(3.6.4) 

The axial force Fax gives rise to a bearing load between the nut and the 
thread, and hence to a friction load on the stud thread. 72 is given by 
calculating the moment due to the friction force between the nut and the 
stud thread. Assuming the coefficient of friction to be 112, 

112 Fax dp 
72 = (3.6.5) 

2 cos Or 
where dp is the pitch diameter of the stud thread (Table 3.7.1) and Or is the 
angle of the thread helix, Or = sin -I (11 7rdp nt ). Finally, the torque required 
to propel the nut, 7 3 , can be computed by using the principle of con­
servation of energy. The work done by the external torque in turning the nut 
through one revolution must be equal to the work done against the axial 
force Fax which is moved axially by lint unit of length in the process. nt 
represents the number of threads per unit length in the bolt. 

Hence: 

or 

73=---
2 7r nt 

Therefore, the torque required to turn the nut is given by: 
Fax 11 I (do 2 + di 2 + dido) . 

7= 71 + 72 + 73 = --------
3(do +di ) 

(3.6.6) 

112 Fax dp Fax + + - (3.6.7) 
2 cos Or 27rnt 

We emphasize that the above formula is, at best, a good estimate of the 
required torque. The coefficients of friction, 111 and 112 can vary widely 
depending on the material, surface finish, presence of lubricants, etc. The 
assumption of uniform pressure on nut/flange interfaces is simplistic, and 
rigorously speaking, incorrect. 
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Torquing is used to produce pre-tension in the bolt. But it also produces 
shear stress due to the torque 72 which is directly applied to the stud. For 
this reason, bolts subject to critical operating conditions are pre-stressed 
using one of the previously described pre-tensioning methods which do not 
induce shear stress in the bolt. Nevertheless, the majority of commercial 
heat exchangers and pressure vessel flanges are pre-stressed using the 
torquing method, presumably, due to its ease of application, economy, and 
a well established history of usage. 

3.7 FLANGE SIZING 

The geometric dimensions of a flange must be established before its 
stresses can be evaluated. Typically, the process of deciding the geometric 
details of the flange proceeds in the following order: 

(i) Select a flange type. 
(ii) Select facing detail and finish. 
(iii) Select a suitable gasket. 
(iv) Establish required bolting. 
(v) Determine bolt circle diameter and outer ring diameter. Choose 

appropriate hub dimensions (for hubbed flanges). 
(vi) Compute flange thickness to meet stipulated stress limits; or 

conversely, determine flange ring thickness for a given set of stress 
limits. 

Steps (i)-(iii) have been discussed in some detail in the preceding sections. 
Empirical guidelines to complete steps (iv) and (v) are now described. 

Required Bolt Cross-Sectional Area 

The axial stress in the bolt should not exceed the allowable stress limit for 
its material of construction under both seating and pressurized conditions. 
Assuming all bolts to be uniformly loaded, the required total bolt root area 
Ab should be greater than or equal to the larger of Abl and A b2 ; where: 

WI 
A bl =-

Sbl 

W2 
A b2 =- (3.7.1) 

Sb2 

Loads WI and W 2 are defined by Eqs. (3.5.1) and (3.5.2), and Sbl and Sb2 

are allowable bolt material stress limits at temperatures corresponding to 
seating (ambient) and to pressurized conditions, respectively. 

The bolt area A b is provided through n bolts arranged uniformly on the 
bolt circle. n is customarily an integral multiple of 4. Table 3.7.1 gives 
recommended bolt pitch Pb for a wide range of bolt sizes. The recom­
mended radial offset Rh or Rr of the bolt circle, and edge distance e (Fig. 
3.2.1) are also given in Table 3.7.1. 
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Establishing Important Radial Dimensions of Flange 

The values given in Table 3.7.1 are sufficient to establish all in-plane 
dimensions of a ring or lap joint flange. However, the welding neck flange 
requires two additional decisions; namely the length and taper of the hub. 
As a rule, the hub is made as short as possible to economize the material 
cost of the flange. Shortening the hub, however, reduces the overall rigidity 
of the flange and makes radiographic or volumetric examination of the 
shell-to-hub butt joint (Fig. 3.3.1) less convenient, and consequently less 
precise. The (tangent) slope of the hub taper is usually selected in the range 
of 1/3 to 1/4. The slope directly affects the location where the maximum 
bending stress in the hub occurs. 

3.8 FLANGE MOMENTS 

As stated earlier, under the seating condition, the bolt pull WI is balanced 
by the axial compression load on the gasket in raised face designs (no metal­
to-metal contact elsewhere on flange face). In a ring joint (Fig. 3.2.1a) or 
welding neck (Fig. 3.2.1b) design these two coaxial forces, at an offset hG' 
generate a moment. This moment produces a stress field in the flange. To 
minimize stresses, it is advisable to minimize the offset hG between these 
opposing forces. This is accomplished by placing the gasket as close to the 
bolt circle as is practically feasible. In the lap joint flange (Fig. 3.2.1c) the 
situation is somewhat different. The bolt pull induces a contact force 
between the lap ring and the flange ring. It is reasonable to assume that the 
rotation of the flange ring would push the resultant of the contact pressure 
towards the bolt center line. However, the design codes [3.5.1-3] require 
this resultant to be assumed at the mid-circumference of the nominal an­
nular contact patch. It should be noted that any eccentricity between this 
contact force and gasket force resultant will produce a twisting moment on 
the lap ring. Sound engineering warrants that this moment be minimized or 
eliminated if possible. 

Clearly, the axial load WI need not be limited by the minimum gasket 
seating stress (Eq. 3.5.1) specially if Ab is much greater than A bl . Since the 
bolt tightening techniques can be quite imprecise, some codes require WI to 
be suitably increased wherever a possibility of overtightening exists. 

When the joint is pressurized, the longitudinal pull on the header, Hd 
(Fig. 3 .2.1 b), alters the axial force equilibrium on the flange ring. The 
initial bolt load WI may change to a new load W2 which may be viewed as 
resisting three discrete loads (Fig. 3.2.1 b): 

(i) Axial load Hd due to hydrostatic force on the area bounded by the 
inside of flange diameter. 

(ii) Axial load H T due to the pressure acting on the annular area 
between effective gasket diameter G and inside flange diameter B. 

(iii) Residual gasket load, H G' 
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It is important to note that Hd is zero in those designs where the 
pressurization of the joint does not produce an axial pull in the shell. The 
shellside of the three-element flanged joint shown in Fig. 3.1.1 belongs to 
this category. Flange designers often overlook this important fact. 

The four coaxial loads under the pressurized condition produce a cir­
cumferentially distributed moment which is readily computed by 
multiplying the opposing forces by their offsets and summing them. The 
design codes [3.5.1-3] give detailed procedures for computing the total 
moment. Replacing discretely spaced equal and opposite axial loads by 
resultant couples is an approximation which is justifiable as long as the 
flange ring can be structurally analyzed as a "ring" rather than as an 
"annular plate." This assumption introduces small errors in commercial 
flange designs. 

From the above discussion, we see that an understanding of the structural 
behavior of axisymmetric ally loaded annular rings is essential in analyzing 
the mechanics of flange action. 

3.9 CIRCULAR RINGS UNDER DISTRIBUTED COUPLES 

We consider an elastic circular ring of mean radius r m' radial width b, 
and thickness t, (Fig. 3.9.1) subject to a uniformly distributed couple m, per 
unit circumference at mean radius r m' Due to axisymmetry, every cross 
section of the ring rotates in its own plane about its centroid through an 
angle 0,. The physical state of strain in the ring can be visualized by noting 
that any point located to the right at distance y from the central plane in 
Fig. 3.9.1b will move in towards the center by an amount yO,. This radially 
inwards motion reduces the circumference of the circle on which this point 
is located producing compressive stress. Similarly, a point located to the left 
of the plane of symmetry will experience tensile stress. 

Figure 3.9.1c shows the equilibrium of a small sector of projected angle 
dOl. From symmetry, the internal moments M( on the two cut-away sections 
of the sector must be equal. Requiring moment equilibrium between in­
ternal ring moments M( and the total external moment due to m, yields: 

dOl 
2 sinZM(=m"mdOl; or M(=m,rm (3.9.1) 

This bending moment Mp acting on the ring cross section of area b, tro 
produces a flexural stress distribution in the ring; the maximum magnitude 
of this stress occurs at the top or bottom surface. Referring to Fig. 3.9.1 b, a 
point P located at coordinate (x,y) with respect to the origin of the cen­
troidal planes of the ring cross section, moves radially outwards by an 
amount yO,. Since the point P is located on a circle of radius (r m +x), the 
circumferential strain due to this radial movement is y O,/(rm +x). 
Therefore, the circumferential stress Sis 

S=~O 
(r m +x) , 

(3.9.2a) 
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(a) RING UNDER DISTRIBUTED 
COUPLE 

(b) 
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(c) EQUILIBRIUM OF 
A SMALL SECTOR 
OFANGLEda 

Fig. 3.9.1. Axisymmetric couple loading on a thin ring. 

where Er is the Young's modulus of the ring material. 
The first moment of S about the y = 0 axis must equal the internal 

momentM/. 

) 
+0.5/r ) +0.5br 

M/= Sydxdy 
-0.5/r -0.5br 

Substitution for S from above and integrating yields 

M=Ertr3elnk' K= 1+brl2rm 
/ 12 r' 1- brl2r m (3.9.2b) 

From Eq. (3.9.2a), we note that the maximum S will occur at y= ±0.5tr 
(either of the two lateral surfaces of the ring), and x= -0.5br ; thus, the 
maximum stress is 

Therefore 

Ertrer 
Smax= ----

2~m- ~) 

6M/ 
S =­

max t/¢ 

(3.9.2c) 

(3.9.2d) 

where ¢ has the dimensions of length 
(l+br!2rm) 

¢=rm(1-br!2rm) In (3.9.3) 
(1-br/ 2rm) 

We note that assuming brl2r m small compared to unity leads to ¢ ~ br. The 
rotation of the ring, er> is obtained from Eq. (3.9.2b) by noting that 
M/ =mrrm: 
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12 (r mmr) 
Or= --3 ----

Ertr InK 
(3.9.4a) 

We will use this equation again in Chapters 8 and 9. For our purposes 
herein, we can define Ir as the area moment of inertia of the ring cross 
section about its neutral axis (i.e., I, = b r t,3 112); then for b r 12r m < < 1, Eq. 
(3.9.4a) can be rewritten as 

mrrm 2 
0=---
r E,Ir 

Finally, from Eq. (3.9.2c) we note that 

(3.9.4b) 

Or=2SmaxrmlErtr (3.9.5) 
Equations (3.9.1), (3.9.2d), and (3.9.4) completely characterize the elastic 

behavior of the ring. It is noted that the cross section of the ring has been 
assumed to be non-deformable in the above derivation. The radial bending 
effect can be included in the analysis if Kirchoff's plate bending equations 
are used. This is discussed further in a later section. For our purposes, the 
foregoing relationships furnish the necessary tools to examine the essential 
characteristics of a bolted joint as long as one is willing to assume that the 
ring width br is much smaller than the ring I.D. and that tr is of the same 
order as br. 

3.10 DEFORMATION OF A FLANGED JOINT 

To gain some insight into the mechanics of flange deformation, it is 
instructive to examine, in detail, the deformation characteristics of a bolted 
joint consisting of a pair of identical ring flanges. The connecting shells are 
assumed to be so thin that their contribution to the rigidity of their 
respective flanges can be neglected without much error. The connecting 
bolts are assumed to be of free length 10 and cross-sectional area A b • Under 
the seating condition the total bolt pre-load WI is balanced by an equal and 
opposite gasket reaction located at an offset hG (Fig. 3.10.1). This 
produces, on each flange, an axisymmetric couple of magnitUde 

WlhG 
m=--

r 27fr m 

per unit circumference. r m denotes the mean radius of the flange ring. 
Therefore, the rotation Or of each ring is given by Eq. (3.9.4) as 

O = mrr m 2 = WlhGr m (3 10 ) 
r • .1 

ErIr 27fE,Ir 
Figure 3.10.2 shows the pressurized joint. The gasket compression is 
reduced to HG I, and the flange ring rotation acquires a new value Or I. The 
total header load Hp is assumed to act at a distance hp from the bolt center 
line. Note that Hp =Hd +HT (recall Fig. 3.2.1b). 
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Jl. 

o 

BOLT CIRCLE-~I-. 

o 

Fig. 3.10.1. Pair of ring flanges under seating condition . 

.Q.I 

~, 
\ 

Fig. 3.10.2. Pair of ring flanges under pressurized condition. 
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Axial equilibrium now yields: 
Ha'=WI +AWI-Hp (3.10.2) 

where A WI is the increase in bolt load. As before, the relationship between 
ring rotation and applied moment yields: 

Or' = 
(Ha'ha+Hphp)rm 

or 

(3.10.3) 
27rEJr 

Let Kb and Ka define the spring stiffnesses 
(unloading modulus), respectively. Hence; 

of the bolt and gasket 

AWl =Kb(/'-1) (3.1O.4a) 
where 

AbEb 
Kb = -- (3.10.4b) 

10 
and I and I' are the bolt length during preloading and pressurized con­
ditions, respectively. Referring to Figs. 3.10.1 and 3.10.2, the total 
relaxation of the gasket, Og' is given by 

Og = (I' -I) + 2(Or' - 0r)ha (3.10.5) 
Furthermore, since H a = WI , then 

Ha -H6 Hp -AWl 
Og = (3.10.6) 

Ka Ka 
In Eq. (3.10.5), substituting for Og from Eq. (3.10.6), Or and Or' from Eqs. 
(3.10.1) and (3.10.3), respectively, we have, after some manipulation, 

Let 

then: 

1- hdhp -hdrmKa 

7rErl r --=------'--':--
Ka h a2Karm 1+--+-----"'-
Kb 7rErl r 

Ka 
(a) --=al 

Kb 

Karmha 2 

7rErl r 
=a2 (b) 

hp-ha 
(c) --- =a3 

ha 

(3.10.7) 

(3.10.8) 
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Hp 1 +al +a2 
(3.10.9) 

Equation (3.10.9) gives the fractional increase in bolt load with respect to 
the pressure load. It is noted that if: 

a2a3 > 1 
then ~WI will be negative. This is clearly undesirable since, from Eqs. 
(3.10.2) and (3.10.3), the drop in the gasket load is given by 

mG = Ha - Ha ' = Hp - ~ WI 
Thus, a negative ~WI serves to increase m a , which may be written using 
Eqs. (3.10.8) and (3.10.9) as: 

[ a I + a2 + a2 a3 ] mG=H 
p al +a2 + 1 

(3.10.10) 

From the above equation it can be deduced that the design goal should be to 
minimize a I' a2' a3. Ideally, a 3 should be made zero; although in practical 
designs, this is usually not achievable. The following additional deductions 
from the above equations give useful guidelines in flange design: 

a. Small al is a desirable design goal. Thus a gasket of small unloading 
modulus is preferable to one with a larger modulus. However, there are 
'manufacturing limitations on how small Ka can be made for a particular 
application. On the other hand, the bolt stiffness Kb usually can be in­
creased substantially by increasing total bolt tensile stress area. Thus, a 
flanged joint with a greater bolt cross-sectional area and lower pre-stress 
(to produce a given preload) is better than one with a smaller sectional area 
which is pre-stressed to a proportionately larger value. Stiffness can also be 
increased by reducing bolt effective length 10 • This can be accomplished by 
using tapped holes in one of the flanges instead of an end nut. 

b. Reduction in a2 can be accomplished by reducing ha . Designers, 
however, try to minimize hG to reduce flange moment. A further reduction 
is usually not feasible. Also, increasing the flange ring moment of inertia, 
I r , decreases a2 and hence helps increase ~ WI . 

c. The results show clearly that large diameter flanges are harder to seal 
than small diameter units, since a2 increases linearly with r m • 

We have deduced the above results from a simplified ring flange model. 
The behavior of more complex flange geometries, such as a tapered hub 
design, is more involved. Nevertheless, the qualitative remarks stated above 
give some valuable insight into all raised face external flange designs. 

Example: To illustrate some of the concepts derived in this section, let us 
consider a ring flange 27" O.D. by 22" I.D., 3" thick, bolted to an iden­
tical flange with 24 bolts of 5/8" diameter. Assuming 25,000 psi pre-stress 
in bolts, we have WI = 121,200 lb. The flange ring moment of inertia, Ir is 
5.63 in.4; and the material Young's modulus is 30 x 106 psi. We assume a 
gasket unloading modulus 8.08 X 106 lb/in. Finally ha = 1" and 
hp = 1.25". 

Results computed from Eqs. (3.10.7)-(3.10.10) for Kb =20.8 X 106 

lb/in. (7" long bolt); and Kb = 32.4 X 106 lb/in. are given below. 
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Kb 
(X 10 - 61b/in.) 

20.8 
32.4 

0.39 
0.25 

0.19 
0.19 

0.25 
0.25 

0.60 
0.66 

0.40 
0.34 

We see that, in both cases, the increase in bolt load is a substantial fraction 
of the imposed pressure load. The fractional increase is greater for the 
stiffer bolt geometry. 

3.11 WATERS, ROSSHEIM, WESSTROMANDWILLIAMS' 
METHOD FOR FLANGE DESIGN 

Waters, et al. [3.11.1] are generally credited with having first developed a 
consistent treatment for tapered hub flanges. Reference [3.11.1] gives an 
abbreviated account of their analysis. Unabridged details were published in 
booklet form in 1949 by Taylor Forge & Pipe Works [3.11.2]. Their work 
has received widespread acceptance in the American pressure vessel in­
dustry. Even at this date, design rules for raised face flanges in the AS ME 
Codes [3.5.1-3] are almost entirely based on this work. In view of its 
unarguable importance, we will present the analysis in the following in 
sufficient detail to enable the reader to obtain full appreciation of the 
approach and the method of analysis. 

The freebody of the tapered hub flange to be analyzed herein is shown in 
Fig. 3.11.1. Waters, et al. sought to solve this problem in such a manner 
that the computations could be carried out manually with the aid of charts 
and tables. Accordingly, several assumptions were made to render this 
possible. The important assumptions are: 

(i) Ring: The flange ring is modelled as an annular plate; Kirchoff's 
plate bending equations are used to characterize its behavior. Why 
Waters, et al. did not use the simpler ring equations (Section 3.9) is 
not clear. Perhaps concern regarding accuracy in the small diameter 
range (when flange ring radial width to mean diameter can get as 
high as 0.4) prompted them to use the annular plate equations. 

(ii) Bolts: The bolt load is, of course, applied at discrete bolt locations. 
However, for the purpose of analysis, this load is assumed to be 
"smeared" uniformly over the bolt circle circumference. 

(iii) Ring Moment: The overturning moment due to non-concentricity 
of bolt load and gasket load is replaced by two equal and opposite 
forces Weq at the inner and outer circumference of the ring such 
that the overall moment is unchanged. This assumption implies that 
the annular plate is narrow which makes it somewhat incongruous 
with the emphasis to model the flange ring using "plate" equations. 

(iv) Point 0 in Fig. 3.11.1 is assumed to have zero radial displacement. 
This assumption is made strictly for the sake of simplification. 

(v) Hub: The hub is modelled as a thin shell of varying thickness. The 
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inside radius r l of the hub is used interchangeably with the shell 
mean radius in the shell equations to simplify the analysis. Local 
pressure acting on the hub surface is neglected. 

(vi) Shell: The shell, like the hub, is assumed to be thin and local 
pressure on the shell wall is neglected. The shell is assumed to be 
sufficiently long such that the effect of edge loads Po and MhO are 
not felt at the other extremity of the shell. (See our comments on 
shell boundary layer effects in Appendix A). 

The anatomy of the flange as articulated above leads to a standard 
problem in stress analysis near geometric discontinuities (see Chapter 2). 
The object is to compute the discontinuity shear Po and moment MhO at the 
shell/hub interface, and the shear PI and moment Mhl at the hub/ring 
interface due to the imposed load on the ring. This is done by writing the 
governing equations for each structural element, and requiring that the edge 
loadings take on values so as to maintain compatibility of geometry at the 
interface boundaries. We proceed to develop the structural relations for 
each element in a form suitable for algebraic manipulation. Detailed 
derivation of these relations from first principles is not given here. Readers 
interested in the background derivations should consult the references cited 
at appropriate locations in the text below. We have also provided, in Ap­
pendix A, some background on the development of the shell equations in 
order to give the interested reader some insight into the development of 
structural theories. 

TAPERED"HUB 
(ELEMENT 2,1 PI 

RING ., 
(ELEMENT I) 

B (DIAMETER) 

• (RADIUSL 
x ( SHEL~ ---xtHUB) .. Z (RING) 

Fig. 3.11.1. Three element model of an integral tapered hub flange 
(seating condition). 

3.11.1 Flange Ring (Element #1) 

The governing differential equation for small deflection of an axisym­
metrically loaded thin plate is given by the so-called Poisson-Kirchoff 
equation [3.11. 3] . 

1 d r d [( 1 d dz )]] q 
'7 dr I! dr '7 dr r dr = D 

(3.11.1) 
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where z denotes the lateral deflection of the plate in the direction of the 
applied load q. D is the flexural rigidity of the plate, defined as: 

Et3 

D= (3.11.2) 
12(1- ,,2) 

The solution of Eq. (3.11.1) consists of a homogeneous solution containing 
four undetermined constants of integration, and a particular solution which 
depends on the form of q(r). 

Thus, as shown in Appendix A and in Ref. [3.11.4], the general solution 
can be written as 

(3.11.3) 

where C; (i = 1,2,3,4) are constants of integration, and f(r) is the particular 
solution appropriate to the given loading q(r). The solutions for C; are 
found by applying the appropriate boundary conditions. Having deter­
mined C; and f(r), the internal stress resultants are then found using the 
relations: 

Mr D( d 2z + ~ dZ) 
dr r dr 

(a) 

M/ (1 dz d 2z ) D - - +,,--
r dr dr 

(b) (3.11.4) 

Q -D~[~~~ dZ)] 
dr r dr dr 

dMr Mt-Mr 
(c) ---+ 

dr r 

In the foregoing equations, M" MI' and Q denote the radial bending 
moment, tangential bending moment, and radial shear per unit length, 
respectively. The sign convention used here is shown in Fig. 3.11.2. 

The four boundary conditions for the ring are: 

At r= r2, the radial bending moment is zero, i.e., Mr2 = O. 
At r = r 2, the shear Qr2 is given by 

- Weq 
Qr2 = -2--7rr2 

In order to fix the structure in space, the z direction deflection (axial 
movement) of one point must be specified. For convenience the deflection 
of point 0 in Fig. 3.11.1 is set equal to zero (3rd boundary condition). For 
the remaining boundary condition, let the slope of the ring at r = r 1 be given 
by (J, i.e. 

dz 
- =(J at r=r1 
dr 

We emphasize here that (J is at present unknown. We will determine (J by 
requiring geometric compatibility of the ring with the adjoining structure. 
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Fig. 3.11.2. Sign convention for stress resnltants. 

Finally, since there is no lateral loading on the ring (Fig. 3.11.1), (recall that 
the line load Weq has been accounted for in the boundary condition) the 
functionf(r) is identically zero. We see that the assumption that Weq acts at 
the ring boundary leads to the elimination of the particular solution in the 
plate solution. 

The four constants of integration are evaluated using the above boundary 
conditions as follows: 

Weq 

87rD' 

- Weq C3 () 
---"'-(2Inr1 + 1)- - +-

167rD 2r12 2rl 

[ Weq [2(1 + v)lnK +2] + 1 + v ()1 x 
87rD r1 J 

[(1 + V);Z2: (1 + v) ] 

C 4 = - C1 r/lnr1 - C2r1 2 - C3lnrl 

whereK=AIB=r2 Ir1 

(a) 

(b) 

(c) 

(d) 

From Eqs. (3.11.4) and (3.11.3) the stress resultants are given as: 

(3.11.5) 

M, D[2C 1 (1 + v)lnr+ (3 + v)C1 + 2(1 + v)C2 - (1- v) ~ ] (a) 

M t = D[2C1(1+v)lnr+(3v+1)C1+2(1+v)C2-(v-l) ~;] (b) 

(3.11.6) 
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Substituting, for C i from above, and letting r = rl yields the values for the 
radial and for the tangential moments of the ring at the inner radius. After 
the necessary algebraic manipulations, the following results are obtained: 

l-K2 2D() W 1 
M" ~ (1+,) , [(1+,)s + 2; h-

-- K +1 
I-v 

(a) (3.11.7) 

K2 + 1 W (1 - v) K2 
Mtl = 2 Mrl __ eq_[ __ +0+v)(-2-)lnK] (b) 

(1 - K ) 2'lr 2 K - 1 
where subscript 1 appended to the M rand M t indicates that they are 
evaluated at r= rl , and K =AI B (see Fig. 3.11.1). 

We note that for a loose ring flange, Mrl =0. For this case Eq. (3.11.7a) 
gives the rotation () and Eq. (3.11. 7b) determines the tangential moment 
Mtl . It can be shown that in the case of a loose ring flange, Mt reaches its 
maximum value at r = r I' The maximum moment Mt(max) is given by: 

- Weq [(1 - v) ( ~) ] Mt(max) = -- -- + (1 + v) -2 - InK 
2'lr 2 K -1 

- Weq - Weq(A -B) -Mext Y 
= !"2(K-l)Y= 12B Y= 6B (3.11.8) 

where Yis the well known "Yfactor" in the ASME Codes [3.5.1,2,3] 

6 [0- v) ~] Y= -- + 1+1' InK 
'lr(K - 1) 2 ( ) (K2 ,- 1) 

and M ext is the applied moment on the flange ring; 
Weq(A -B) 

M ext = 2 

3.11.2 Tapered Hub (Element #2) 

(3.11.9) 

The tapered hub is the second element shown in Fig. 3.11.1 which needs 
to be analyzed. Its thickness at the small end Goint to shell) is denoted by go; 
the thickness increases linearly to gl in a distance h. The "taper factor" of 
the hub is defined as 

gl -go 
a= --- (3.11.10) 

go 
This dimensionless factor appears repeatedly in the course of the flange 
analysis. It should not be confused with the slope of the taper. 

The hub is modelled using thin shell equations for axi-symmetric bending 
[3.11.3, p. 468]. As in the case of the flange ring, the deflectionYh is given 
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in terms of a fourth order linear differential equation with x as the in­
dependent coordinate (Fig. 3.11.1). 

cf r 3 cfYh ] 12(1- p2)g _ 
dr Lg dr + '12 Yh -0 (3.11.11) 

The r .h.s. is zero in the absence of any lateral loading. The inner radius, 1 is 
substituted in place of the mean radius to simplify analysis. The 
longitudinal moment Mh at any location is given by 

cfYh 
Mh =Dh dr (3.11.12) 

where D h is the shell flexural rigidity, defined as 
Eg3(X) 

Dh = 12(1-p2) (3.11.l3) 

Similarly, the radial shear Ph is defined as 
-dMh 

Ph = -- (3.11.14) 
dx 

Equation (3.11.11) is cast into dimensionless form by redefining the 
dependent and independent variables as follows: 

~ = xlh (a) 

W = Yhl'l (b) (3.11.15) 
Then we have: 

cf r. cfw ] de L(1 + a~)3 dr + K(1 + a~)w=O 

Egoh 2 d2 w 
M = --(1+a~)3_-

h 'IK de 
where K is referred to as the "hub modulus" 

12(1- p2)h4 

K= 
'12go2 

K will be encountered repeatedly in further analysis. 

(3.11.16) 

(3.11.17) 

(3.11.18) 

A similar expression for Ph is obtained using Eqs. (3.11.14) and (3.11.17) 

-Egoh ~ d3w d 2 w] P h =-- (1+a~)3-3-+3a(1+a~)2~ (3.11.19) 
'IK d~ dt; 

Equation (3.11.11) can be solved using standard procedures, and the 
solution may be obtained in terms of four undetermined constants (see, for 
example, Hildebrand [3.11.5]). The solution, as seen later, involves Bessel 
functions. A solution involving transcendental functions would thwart the 
objective of develqping a manual computation procedure. For this reason, 
Waters, et al. devised an approximate solution. This approximate solution 
is constructed by assuming a certain polynomial function for w which is 
compatible with the boundary conditions, and which contains six un­
determined parameters. Three of these parameters are evaluated by 
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requmng that the boundary conditions be satisfied. The other three 
parameters are evaluated by using energy principles. The potential energy of 
the hub, in terms of the assumed polynomial function for w, its derivatives, 
and the externally applied loads, is written out. The optimal values of the 
three floating parameters are those that make the potential energy function 
stationary [3.11.6]. Thus, the vanishing of the partial derivatives of the 
potential energy with respect to the three parameters gives three additional 
algebraic equations to determine them. Waters, et al. proposed the 
following sixth-order polynomial for w. 

( 5 4 3 5) (4 9 5 4 6) 
W = (1 - ~)a 1 + ~ - 2 ~ + 2 ~ a 2 + ~ - 5 ~ + 5 ~ a 3 

( 5 1 2 1 4) ( 1 1 4) ( 1 1 3 1 4) - -~- -~ +-~ A - -~--~ A - -~- -~ +-~ B 
12 2 12 0 12 12 1 12 6 12 0 

(3.11.20a) 

The rationale for this polynomial function is given in Appendix 3.A. It 
should be added here that a higher (say seventh) order polynomial could 
have been selected. It would have merely required that the potential energy 
function be differentiated with respect to one additional parameter, 
resulting in one additional algebraic equations to be solved. Similarly, 
selecting a lower order polynomial would have reduced the number of 
equations. Waters, et al. settled on the sixth order by striking a compromise 
between the level of accuracy and the tedium of algebra. 

From Eq. (3. 11.20a) we have: 

( 5 1 3) ( 1 1 3) -Ao --~+ -~ -A ---~ 
12 3 1 12 3 

( 1 1 2 1 3) -B - - -~ +-~ 
o 12 2 3 

d2 w 
-- =a2 ( -30e +30e)+a3(12e -36e +24e) de 

-Ao(e -1) +Al e -Bo(e -~) 
Substituting ~ = 0 and ~ = 1 in the above equations yields: 

~wl di2 ~=o =Ao 

~~~ I~=l =Al 

(3.11.20b) 

(3. 11.20c) 

(3.11.21) 
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Similarly, we have: 

d3 w I dr ~=o =Bo 

115 

Referring to Eq. (3.11.17) and Eq. (3.11.19), A o, Al and Bo may be 
defined as "curvature factor at the small end", "curvature factor at the 
large end", and "shear factor at the small end", respectively. Substituting 
for the derivatives of w in Eqs. (3.11.17) and (3.11.19) gives: 

Egoh2 

Mho = --Ao (a) 
rlK 

(1 + a)3 Egoh2 
Mhl = Al (b)(3.11.22) 

rlK 

-Egoh 
Po = -- (3aA o + Bo) (c) 

rlK 
where the subscripts 0 and 1 on the quantities on the l.h.s. indicate that they 
are evaluated at ~ = 0 and ~ = 1, respectively. The above equations for the 
edge moments and shear will be needed to write moment and shear com­
patibility at the interfaces of the hub with the ring and with the shell. It 
should be noted that the edge moments and shear only involve three of the 
six parameters; aI' a2 , and a3 do not occur in these expressions. Thus linear 
equations arising from boundary compatibility will not involve aI' a2 , and 
a3 • This strategy is pivotal in reducing the equations to a form amenable to 
manual computations. 

Minimization of Potential Energy 

The potential energy function, <1>, is defined as 

<1>= v*-r (3.11.23) 
where V* is the strain energy due to deformation of the elastic body and r is 
the sum of the product of the external forces and their displacements. The 
strain energy of the hub is due to the curvature in the longitudinal plane 
produced by the longitudinal moment Mh and by the stretching of the hub 
centerline due to radial deflection Yh. The bending strain energy per unit 
circumference of the hub is given by 

h Mh 2 

VI=I -dx 
Jo 2Dh 

Substituting for Dh and Mh from Eqs. (3.11.12) and (3.11.13) and non­
dimensionalizing as before we have: 

Eg h j I [ d 2 w ] 2 VI = _0_ (1 + a~)3 -2- d~ 
2K 0 d~ 

The strain energy per unit circumference due to stretching of the mid-plane 
is given by: 
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~ h EYh 2g Egoh ~ I 
U2 = --2 dx= -- (1 + anw2d~ 

o 2rl 2 0 

Therefore, the net strain energy per unit circumference is given by: 

U* = U I + U2 = Egoh r I (1 + a~)3 [ d 2 ~ ] 2 d~ + Egoh r I (1 + anw2 d~ 
2K Jo d~ 2 Jo 

(3.11.24) 

The external forces sustaining displacement in the hub are Po, Mho' and 
M hJ • Referring to Eq. (3.11.20) it is observed that w=o at ~= 1, which 
satIsfies the zero displacement condition assumed for point 0 (Fig. 3.11.1), 
and also implies that the shear PI does no work. Hence, we have, by using 
Eq. (3.11.22), 

r=-Mh dYh I +Mh dYh I -PoYhl = Egoh [(1+a)3 A I dw I 
o dx x=O I dx x=1 x=O K d~ ~=I 

-Ao dw I ] + Egoh (3aA o + Bo)w I 
d~ ~=O K ~=O 

(3.11.25) 

Substituting the derivatives of w in the above expressions, and per­
forming the necessary integrations give expressions for U* and r in terms 
of the six parameters A o, A I' Bo' ai' a2 and a3. The theorem of "minimum 
potential energy" requires that for w to most closely approximate the true 
solution, the partial derivatives of <I> with respect to ai must vanish, i.e., 

a <I> 
-a =0; i= 1,2,3 

ai 

The details of the algebra are quite cumbersome. The three resulting 
equations can be written in the form 

cllal +Cl2a2 +c l3 a3 =cl4A o +clsA I +cl6Bo 
c21 a l +c22 a2 +c23 a3 =C24A o +c2s A I +C26Bo 
C31 al + c32 a2 + c33 a3 = C34A O + c3sA I + C36 BO 

(3.11.26) 

The coefficients cij (i = 1,2,3; j = 1,2, ... 6) are functions of only a and 
K. These are defined as follows: 

Cll = 113 + a/12 
c l2 =5/42+ 17a/336 

cl3 = 1I2lO+a/360 
C I4 = 111360+ 59a/5040+ (1 +3a}/K 
CIS = 1190 + 5a/lOOS - (1 + a)3 / K 

CI6 = 11120+ 17a/5040+ 11K 

C21 = C I2 

C22 =215/2772 + 51al1232 + (60/7 + 225a/14 + 75a2 /7 + 5a3 /2)/K 
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C23 = 3116930+ 128a/45045 + (6/7 + 15a/7 + 12a2/7 + 5a3 Ill)/K 
C 24 = (533/30240) + 653a!73920 + (112 + 33a/14 + 39a2 /28 + 25a3 /84)/ K 
c2S =29/3780 + 3a/704-(1/2+ 33a/14+ 81a2 /28 + 13a3 /12)/K 
C 26 = 3116048 + 1763a/665280+ (1I2+6a/7 + 15a2 /28 +5a3 /42)/K 
C31 =C13 

c32 =C23 

c33 = 1/2925 + 71a/300300 + (8/35 + 18a/35 + 156a2 /385 +6a3 /55)/K 
C 34 = 7611831600+ 937a/1663200 + (1135 + 6a/35 + lla2 /70+3a3 /70)/K 
c3S = 1971415800+ 103a/332640-(1I35 +6a/35 + 17a2 /70+ a3 /10)/K 

C 36 =233/831600+ 97a/554400+ (1135 + 3a/35 + a2 /14+2a3 /105)/K 
Using Cramer's rule [3.11.7], the three linear algebraic equations can be 

solvedfora i (i = 1,2,3)intermsofAo,AI ,andBo· 
We note that the determinant of the coefficient matrix in Eq. (3.11.26) is: 

r=CU(C22C33 -C23C32)-C21(C12C33 -C13C32)+C31(CI2C23 -C22 C 13 ) 

Thus, the solution can be written formally as 

where 

1 I C I(i+3) 
Ai = -;:- C2(i+3) 

~ C3(i+3) 

a l = AIAo + A2A I + A3Bo 

a2 = A4A o + AsA I + A6Bo 

a3 = ~Ao + AsAI + ~Bo 

i= 1,2,3 

;=4,5,6 

Ai = ~ I ~~: ~~~ ~~~=:: I ; i=7,8,9 
~ C31 c32 C 3(i-3) 

(3.11.27) 

Equation (3.11.27) gives a I' a2 and a 3 as linear functions of the three 
parameters Ao, Bo, and AI' We recall that only the latter set occurs in the 
edge load expressions (Eq. 3.11.22). Furthermore, since the cij are only 
functions of a and K, the Ai'S become uniquely known if K and a are 
specified. Since both K and a depend entirely on the flange geometry and its 
material properties, it follows that the Ai (i = 1,9) are entirely known for a 
given flange. 

At this point, save for the unknown edge conditions, the displacements 
and stress profile of the hub are completely characterized. We need similar 
relations for the shell (element #3 in Fig. 3.11.1) before the interface 
conditions can be applied. 
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3.11.3 Shell (Element #3) 

Equation (3.11.11), for axisymmetric bending of thin shells by edge 
loadings which are symmetrical about the shell axis, simplifies if the shell 
thickness does not vary with x. The local x-coordinate for the shell is 
directed away from the hub with its origin located at hub-shell interface (see 
Fig. 3.11.1). Let y* denote the radially outward deflection of shell; then Eq. 
(3.11.11) can be written as: 

d4y* 12(1- p2) 
-- + y* =0 (3.11.28) 
dx4 g/r l 2 

The solution of this fourth order differential equation is given in terms of 
four constants of integration, Cs ' C6 , C7 and Cs : 

y* =e- J3x (Cs sin {3x+C6 cos (3x) +eilx (C7 sin {3x+Cs cos (3x) (3.11.29) 

where: 
(3= [3(1- p2)] 1/4 = _(0_._2_5_K)_1/_4 

r12g02 h 
(3.11.30a) 

Since the shell is assumed to be infinitely long in the positive x-direction, a 
physically admissible solution requires that C7 = Cs = O. The moment Ms 
and shear Ps at any location x are given by Eqs. (3.11.12)-(3.11.14) 
(Yh-Y*)' with the shell flexural rigidity Ds replacing Dh in the equations. 
Ds is defined in an identical manner to D h. 

E g 3 
D = 0 

s 12(1 _ p2) 
(3.11.30b) 

Differentiating Eq. (3.11.29), and substituting the moment and shear ex­
pressions gives Ps and Ms in terms of the undetermined constants Cs and 
C6. If Mho and Po denote the moment and shear at x = 0, then it can be 
shown that (see Ref. 3.11.3, p. 469, or our Appendix A): 

-Mho 
C -----:-­

s - 2 {32 Ds 

1 
C6 = 3 (Po + (3 Mho) 

2 {3 Ds 
In this manner, the deflection y* is expressed solely in terms of the edge 
moment Mh and the edge shear Po. In particular, the edge deflection and 
slope (at x =0 0) are given by: 

1 
y* 'x=o = 2 {33 Ds ({3 Mho +PO)=C6 

dy* I -1 
- = 2 (2{3MhO+PO)={3(Cs-C6) 
dx x=O 2 {3 Ds 

(3.11.31) 

3.11.4 Compatibility Between Shell and Hub 

The edge moment Mho and shear Po are assumed to be equal at the shell-



3/ Bolted Flange Design 119 

hub interface (Fig. 3.11.1). To maintain complete geometric compatibility, 
the slope and deflection at the interface must also be equal. 

Referring to Eq. (3.11.20), deflection of the hub at x = 0 is: 

wlx=o =al 
or Yh Ix=o =al'l 

Substituting for a I from Eq. (3.11.27) we have: 

Yh I x=o ='1 O\IAo + A2A I + A3 BO) 
Similarly, the slope of the hub at x = 0 is 

dw I = - a + a - 2. A - ~ A - ~ B 
d~ x=O I 2 12 0 12 I 12 0 

or dy hi' I ( 5 )' I ( 1 ) - =-A -A --+A +-A -A +A--
dx x=O hOI 12 4 h I 2 s 12 

'I ( 1 ) +-B -A +A--h 0 3 6 12 

(3.11.32a) 

(3.11.32b) 

(3.11.33) 

In the foregoing, a i have been replaced by their Lh.s. equivalents from Eq. 
(3.11.27). 

Geometric compatibility between the hub and shell requires 

y* Ix=o (Eq. 3.11.31)=Yh Ix=o (Eq.3.11.32) 

_ dy* I (Eq. 3.11.31)= dYh I (Eq.3.11.33) 
dx x=O dx x=O 

Therefore, we obtain the two equations: 

al'l = C6 

( 5 1 1) 
-al+a2-12Ao-12AI-12Bo'llh={3(C6-CS) 

(3.11.34) 

Using Eqs. (3.11.31-33), substituting for Mh and Po from Eq. (3.11.22), 
and rearranging terms, yields two equations in~olving A 0' Bo, A I 

PllAo + P12 BO = A2A I 

P21 A O + P22BO = - (As - A2 - /2)A I 

where 
0.5 3a 

P ll = (0.25K) 112 - 2(.25K)3/4 - Al 

0.5 
P12 = - A3 - (.25K)3/4 

P21 = -(0.25K)-O.25 + 1.5a(0.25K)-o.s + (A4 - Al - 152) 
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(0.25K) -112 
P22= 2 +(A6 -A3 -1I12) 

Therefore: 

Ao=A~ [A2P22+(As-A2-112)PI2] 

Bo= -:1 [PII(As-A2-112)+P2IA2] 

(3.11.35a) 

(3.11.35b) 

t:.. = Pll P22 - P12P21 (3.11.36) 
Thus Ao and Bo are expressed in terms of Al and the two geometric 
parameters K and a. 

At this point in the analysis, ai' a2 , and a3 are expressed as linear 
combinations of A o' A I and Bo (Eq. 3.11.27). Furthermore, Ao and Bo are 
expressed in terms of A I (Eq. 3.11.35). Thus, the expression for the hub 
deflection w (Eq. 3.11.20) is now expressed in terms of one parameter, A I' 

3.11.5 Compatibility Between Hub and Ring 

Geometric compatibility between the hub and ring requires that the 
displacement and slope at point 0 (Fig. 3.11.1) between the two bodies must 
match. Recall that point 0 has been assumed, a priori, to undergo zero 
displacement in the radial direction, and that the assumed displacement 
functions for the hub (Eq. 3.11.20) and the ring (by virtue of no stretching 
of the neutral axis and small deformation theory) automatically satisfy this 
condition. Continuity of slope, however, is not automatically satisfied. 
Therefore, we enforce the following condition: 

dz I [ring] = dy h I [hub] 
dr r=rl dx x=h 

or ()-~ dw I 
h d~ H 

dw 
~is obtained from Eq. (3. 11.20b). 

Thus, the ring rotation () shown in Fig. 3.11.1 becomes 

r l ( 3 1 1 1 1) 
()=- -a - -a - -a + -A + -A +-B h I 2 2 5 3 4 0 4 I 12 0 

(3.11.37a) 

Equation (3.11.27) gives ai' a2 and a3 as linear combinations of A o' AI' 
and Bo' Further, Eq. (3.11.35) gives Ao and Bo in terms of AI' Making 
these substitutions in the above equation, we have, in symbolic form: 

r l 
{)=-,;fl(K,a)A I (3.11.37b) 

wherefl (K,a) is an explicit function in the two geometric parameters K and 
a. 



3 I Bolted Flange Design 121 

Performing the required algebra, we can show that: 

11 (K, ex) = [ + [ A2P22 + (AS - A2 - /2) P 12] ( - Al - ~ A4 - ~ A7 + l) 
+ (- A - ~ A - ~ A + ~) - _1 [p (A - A - ~) + P A] 2 2 5 5 8 4 ..:l II 5 2 12 21 2 

(-A3-~A6-~A9+ 112 )] (3.11.38) 

Let us define V( K,ex) as 

(3.11.39) 

We note that V is uniquely defined for a given set of values of K and ex (and 
Poisson's ratio v). 

Finally, moment continuity at the hub-ring interface implies that the ring 
is subject to a radial bending moment, at its central plane at radius r = r I' 

given by: 

(3.11.40) 

where t is the ring thickness and PI is the interface shear. M and Mh are 
'I I 

defined by Eqs. (3.11.7) and (3.11.22), respectively. An expression for PI in 
terms of A I and the geometric parameters K and ex, is required. This could 
be accomplished by using Eq. (3.11.19) which gives P in terms of derivatives 
of w. However, since the assumed function for w (Eq. 3.11.20) is an ap­
proximate one, the derivatives are likely to be even more in error. An 
equally expeditious, and more accurate procedure, used by Waters, et aI., is 
to represent P as an integral of w. This is accomplished by writing the 
equilibrium relationship for the hub in the radial direction. If we consider a 
thin slice of the hub of thickness dx in the x-direction, the circumferential 
stress s due to the net shear dP can be shown to be given by: 

rldP 
s=--

gdx 
where g is the local thickness of the hub. 

or 

Since the circumferential strain in the slice is given by y hlrl' we have 
r dP 

s=Ey/r l = _1_ 

gdx 

dP= EYh g dx 
r 2 

I 

Integrating this expression between x = 0 and h yields 
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(3.11.41) 

Proceeding as before, we replace a I , a2 , a3 , Ao and Bo by functions of A I , K 

and a. Therefore, we have 
Ego h 

PI =f2(K,a)A 1-- (3.11.42) 
r l 

For convenience, let us define F, such that: 

- f 2(K,a) 
F=-------

[ K ] 1/4 (1 + a)3 

3(1-v 2) K 

(3.11.43) 

Returning now to Eq. (3.11.40), and substituting M'I and Mhl and PI from 
Eqs. (3.11.7), (3.11.22) and (3.11.42) we have: 

(I-K2) [ 2D8 Weq [1 (1+v) ( K2) JJ (l+v)--+ - -+-- -- InK 
[ (1+V) ] B 271" 2 (1-v) 1(2-1 
--K2+1 
(1- v) 

(1 + a)3 2 t [ K ] 114 (1 + a)3 Egoh 
=--EgohA I +- --FA I --

r l K 2 3(1 - v2 ) K r l 

Substituting for 8 from Eqs. (3.11.37b), (3.11.39) and simplifying, yields 

[ 
K2 1 ] A - BK Weq 

I = - 1 + V 2 [(1 + a)3 E gOh2 ] 4; • 
--K +1 
I-v 

[ 1 I+V(K2) J -+-- -- InK 
2 I-v 1(2-1 

(3.11.44) 

At this point all unknowns, including A I and the interface loads, are 
defined in terms of the geometric parameters, the elastic constants, and the 
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applied loading, Weq. We recall that the externally applied moment Mexi on 
the ring is defined after Eq. (3.11.9) as 

Weq(A-B) 
Mexi = 2 (3.11.45) 

We can therefore eliminate Weq from Eq. (3.11.44), and obtain 
2(1 - ,/)h2 

Al = - 3 M X (3.11.46) 
E gl r l 

where: 

and: 

MeXI 
M=­

B 

1 

3K2 (1 + 2(1 + II) In K) - 3 

(3.11.47) 

(a) 

T= (1-v) 

[ (1 + v) ] 
(b) (3.11.48) 

7I"(K-l) 1+--~ 
(1- v) 

3K2 (1 + 2_1_+_v In K) - 3 
I-v 

U = -----c:------
71"(1 + v) (~ -1)(K -1) 

(c) 

All quantities of interest are now determined. For a given flange 
geometry and applied ring moment loading, MexI' the solution for the 
displacement field for the three elements and their interface discontinuity 
moments and shears are computed by the following steps: 

(i) Evaluate basic quantities; K = A/B, a (Eq. 3.11.10), K (Eq. 
3.11.18). 

(ii) Compute cij (i = 1,3; j = 1 ... 6), t, Ai (i = 1 ... 9) (Eq. 
3.11.27), Pij (i,j = 1,2)(Eq. 3.11.35)and.1(Eq. 3.11.36). 

(iii) Evaluate!l (K, a)(Eq. 3.11.38) and then V(Eq. 3.11.39). 
(iv) Evaluate!2 (K, a) using Eqs. (3.11.41-42) and then evaluateF(Eq. 

3.11.43). 
(v) Determine the ring factors T, U (Eq. 3.11.48) and Y (Eq. 3.11.9). 
(vi) DetermineX(Eq. 3.11.48a) and thenA 1 (Eq. 3.11.46). 
(vii) Compute Ao and Bo (Eq. 3.11.35) and aI' a2 and a3 using Eq. 

(3.11.27). 
(viii) Compute the discontinuity longitudinal moments and shears from 

Eq. (3.11.22) and Eq. (3.11.42). 
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(ix) Displacements, if required, can also readily be obtained. The hub 
displacement w follows from Eq. (3.11.20), and rotation of the 
flange ring at the inside radius follows from Eq. (3.11.37). 

Having determined the internal stress resultants, the next step in the analysis 
is to compute the important stresses in the flange. The appropriate 
procedure for this, following Waters, et al. is given below. 

3.11.6 Longitudinal Stress in the Hub 

The longitudinal moment at the small and large ends of the hub are given 
by Eq. (3.11.22). The corresponding maximum longitudinal hub stresses 
follow from the classical thin shell theory: 

6MhO 6Eh2 
(JhO = ± --2- = ± ---Ao 

go r1goK 
6Mh1 6(1+a)3Ego h2Al 

(Jh 1 = ± --2- = ± 2 
gl r1Kgl 

(3.11.49) 

where (Jhp and (Jh 1 are the longitudinal hub bending stresses at the small and 
large enos, respectively. 

The equation for (Jhl can be further simplified by substituting for A I 

from Eq. (3.11.46) and cancelling out terms: 
XM 

(Jh 1 = =F -2-
gl 

(3.11.50) 

In design work, it is sufficient to evaluate (JhO and (Jh 1 ' and use the larger 
of the two as the limiting hub bending stress. Detailed parametric studies by 
Waters, et al. [3.11.1] indicate that the maximum hub stress is "nearly" 
always at one of the two extremities of the hub. Thus, if a stress 
magnification factor fis defined as 

f=Max(l, (JhO) 
(Jhl 

then the maximum hub stress is given by: 
fMX 

(Jh (max) = --2-

gl 
(3.11.51) 

The detailed distribution for the longitudinal hub stress can be obtained by 
using Eq. (3.11.17), which gives: 

6Mh 6E go h2(1 + a~)3 d2w 6E(1 + aOh2 2 
(Jh = ± -2- = 2 2 --2- = ± [30~ (~- l)a2 + 

g r1 K go (1 + a~) d ~ r1 Kgo 
+ 12ea3(1- 3~ +4e) + (1- e)Ao + e A I -Bo~ (~-1)] (3.11.52) 

3.11.7 Longitudinal Stress in the Shell 

The radial displacement of the shell as a function of x is given by Eq. 
(3.11.29) where the constants Cs and C6 are defined in the preceding 
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subsection 3.11.3. The longitudinal shell bending stress at location x is given 
by: 

6Ds cfy* 
(1x= ± go2 dr (3.11.53) 

whereDs is defined by Eq. (3.11.30b). 
Waters, et al. found that (1h(max) (Eq. 3.11.51) almost always exceeds (1x 

for any value of x. In other words, the bending stress in the shell does not 
control the design of the flange. 

3.11.8 Radial Stress in the Ring 

The radial stress in the flange ring consists of two components: (i), the 
bending stress caused by the radial bending moment M,; and (ii) the 
membrane stress caused by the in-plane surface load Pion the inside 
diameter. PI is assumed to be uniformly distributed through the thickness t 
of the ring for the purpose of computing the membrane stress. 

The bending stress at the inside diameter is given by: 
6M'I 

(1,b= ± -2-
t 

Using Eqs. (3.11.40), (3.11.22) and (3.11.42) yields: 

(1'b=±~(Mh _ Plt)=±~[(I+a)3Egoh2AI _ ~ AIEgo hf2] 
t2 I 2 t2 'I K 2'1 

Substituting for A I and simplifying yields: 

MX[ t/go J (1,b = =F -2- 1 + 112 F 
t (B/go) 

The membrane stress at the inside diameter is: 
PI f2(K,a)A IEgoh 

(1 - - - ------,m - t -
'It 

Substituting for A I andf2' as before yields: 

(1,m = t/go MXF 
3t2 (B/gO)112 

Therefore, the maximum magnitude of the radial stress is 

(1, = I (1,m I + I (1,b I 

MX[ 4 t/go J 
(1=- 1+- F 
, t2 3 (B/gO)112 

(3.11.54) 

(3.11.55) 

(3.11.56) 

Waters, et al. shows that the maximum radial stress in the ring always 
occurs at the inside diameter. 

3.11.9 Tangential Stress in the Ring 

The tangential stress in the flange ring also consists of two components: 
(i), a bending stress due to the circumferential bending moment; and (ii), a 
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circumferential stress due to PI assumed to be applied at the inner cir­
cumference uniformly through the thickness. 

The bending stress at the inner radius is 
6MII 

(JIb = ± -2-
t 

The expression for MIl (Eq. 3.11.7b) in conjunction with Eq. (3.11.8) and 
Eq. (3.11.9) gives: 

where: 

_ ~[_ _ W eq (K-l)Y] 
(JIb - ± 2 Z Mrl 

t 12 

~+1 
Z = ------::---­

K2-1 
(3.11.57) 

Substituting for Weq from Eq. (3.11.45) and Eq. (3.11.47), we have: 

(JIb = ± ~ [-Z Mrl - ~Y] (3.11.58) 

Substituting for Mrl in the manner of the preceding subsection, and sim­
plifying we have: 

(Jlb==F[~Y _~~Z[I+ (::~O)II2FJ] (3.11.59) 

The hoop stress due to stretching caused by PI acting at the inner cir­
cumference of the ring is given by the classical results for thick shells under 
internal pressure. At the inner radius, we have: 

K2 + 1 PI 
(JIm = - K2-1 

Substituting for PI as before, we have: 

(JIm = - tlgo Z M X F 
3t2 (Blgo)112 

Combining (JIb and (JIm we have: 

(3.11.60) 

(J1=«(Jlm+(Jlb)max=~Y - M:Z[I+~ (::~O)II2F] (3.11.61) 

Waters, et al. concluded that the maximum tangential stress occurs at the 
inner diameter of the ring, and therefore evaluation of stresses at other 
locations in the ring is not required. 

3.12 COMPUTER PROGRAM FLANGE 

In the preceding section, a detailed exposition of the method of Waters, 
et al. (the so-called Taylor Forge Method) has been given. The apparent 
success of this work lies in the casting of the solution of a problem involving 
two locations of gross structural discontinuity into a series of algebraic 
expressions. The computational problems can be drastically reduced if the 
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function V (Eq. 3.11.39) and F (Eq. 3.11.43) are plotted for the practically 
significant range of ex and K, the latter treated as a parameter. Indeed, such 
charts were prepared by Waters and his co-workers [3.11.1], and appear in 
essentially unaltered form in codes and standards [3.5.1-3] to this day. In a 
computer program, however, it is more expedient to solve the algebraic 
equations directly. Computer program FLANGE, based on the method of 
Waters, et al. is described below. Prior to presenting its input data, it is 
useful to discuss its general attributes. 

The program is arranged to accept the complete geometric details of the 
hubbed flange, the bolts and the gasket. The gasket seating stress y, factor 
m, flange and bolt material, nominal allowable stresses at ambient and 
design temperatures (temperature corresponding to the pressure loading) 
are also input to the program. Five types of flange configurations can be 
specified by the parameter MFLG (MFLG = 1, welding neck, MFLG = 2, 
slip-on hubbed flange, MFLG = 3, Lap Joint flange, MFLG = 4, hubbed 
Lap Joint flange; MFLG = 5, Ring Joint flange). The program can be 
operated in two modes: 

(i) Flange ring thickness, THIK is specified-compute the maximum 
hub stress (Jh' maximum ring radial stress (J" and the maximum tangential 
ring stress (Jt. 

(ii) Determine the flange ring thickness such that the following stress 
limits are satisfied under both seating and operating conditions [3.5.1-3] 

(Jh < 1.5Sa 

(J" (Jt <Sa 
Max [.5«(Jh + (Jt); O.5«(Jh + (J,)] <Sa 

where Sa is the allowable flange material stress at the appropriate tem­
perature. 

The last two stress limits are in fact stress intensity limits. The quantities 
112 «(Jh + (Jt) and 112 «(Jh + (J,) represent upper bounds on the two largest 
stress intensities at the hub-ring junction. We observe that (Jh is a bending 
stress produced by discontinuity moment and shear; therefore, it is a 
secondary stress. The code, however, specifies a lower stress limit for the 
hub bending stress than for other secondary stresses for reasons of flange 
performance rather than flange safety. Control of the rotation of the flange 
is important for the joint sealing function. Allowing (Jh to attain values 
above the material yield point would cause permanent set in the hub and 
could adversely affect the sealworthiness of the joint. 

The gasket seating load is computed for the specified gasket data. 
However, the seating phase axial load is taken as the average of the gasket 
seating load, and the axial bolt pull based on the nominal bolt allowable 
stress, as recommended in the design codes. 

The operating load is computed in terms of its three constituent loads 
(Section 3.8) and the corresponding moment arms are calculated following 
the guidelines in the ASME Codes [3.5.1-3]. In this manner, the external 
moments for seating and operating conditions are determined. We recall 
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that since local pressure effects on the hub and in the shell have been 
neglected, the configuration loading is given solely by the value for Weq. 

To evaluate the flange factors F and V; seven simultaneous linear 
equations (3.11.26)-(3.11.31), with MhQ and Po replaced via Eq. (3.11.22), 
and (3.11.34) in seven unknowns, namely 

are solved using Gaussian elimination. 
Next, 9/Al follows directly from Eq. (3. 11.37a) which in turn yieldsfl(K, 

a) via Eq. (3.11. 3 7b). The factor V follows directly from Eq. (3.11. 39). F is 
computed in a similar manner from Eq. (3.11.43). The number of 
simultaneous equations is reduced to five if MFLG = 2 or 3, since in these 
cases Ao = Eo = 0 (no shear or moment at the hub/shell interface). Having 
evaluated the factors F and V, the remaining quantities X, T, U, etc., follow 
directly. The hub stress intensification factor f is evaluated using empirical 
relations based on the original chart developed by Waters, et al. [3.11.1]. 

In addition to computerizing the theory presented in the preceding 
section, this program permits the user to specify the dimensions of an in­
ternal gasket containing the pass partition ribs and an outer ring. Where the 
pass partition ribs are directly attached to the main gasket, the outer ring 
dimensions of the rib gasket are set equal to zero. This feature permits 
incorporation of partition rib seating loads which may become significant in 
multiple pass units. Figure 3.12.1 shows both configurations. The required 
bolt load needed to seat the gasket then includes the additional load to seat 
the rib or the inner gasket. 

Another useful feature available in the program is the capability to 
calculate the thickness of a flat cover bolted to the flange in accordance with 
TEMA rules (input data lines 6 and 7 in the program). 

The design guide published by Gulf & Western (previously by Taylor 
Forge Company) suggests increasing the flange moment by the factor 
(BS/BSN)1/2 whenever the actual bolt spacing BS is greater than the normal 
bolt spacing BSN. The normal bolt spacing BSN is defined as 

BSN=2 dB+t 
Computer program FLANGE includes the above correction factor on the 

flange moment. The most recent issue of the Taylor Forge design guide 
[3.12.1] gives other semi-empirical rules for considering the effect of bolt 
spacing on joint leakage. The program is listed after the input data 
described below. 

Input Data: Eight lines of input data are required to run the program. 

Line 1: Pressure and allowable stress data 
Pressure; allowable flange material stress at design temperature; 
allowable flange material stress at ambient temperature; allowable bolt 
material stress at design temperature; allowable bolt material stress at 
ambient temperature. 
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Gasket shape 

Pass Partition Plate ~ 

Fig. 3.12.la. Conventional gasket with a diametral rib; tubesheet to 
channel flange joint. 

OUTER GASKET 

PASS PARTITION 
PLATE~ 

OUTER GASKET 

INNER GASKET 
WITH RIB 

TUBESHEET 

Fig.3.12.lb. Double gasket arrangement for a tubesheet/flange joint. 



130 Mechanical Design of Heat Exchangers 

Line 2: Gasket data 
Gasket width, N; gasket minimum seating stressy; gasket factor m. 

Line 3: Ring geometry data 
Flange ring 1.0. (B); Flange ring 0.0. (A); Effective gasket diameter G; 
Bolt circle diameter; Nominal bolt diameter; number of bolts; Flange 
type (1 = weld neck, 2 = slip-on, 3 = lap joint, 4 = unhubbed lap joint, 
5 = slip on ring flange); IBT (specify 0 if the program should determine 
bolt diameter, 1 if bolt diameter is specified). 

Line 4: Flange data 
Shell thickness go; maximum hub thickness g; hub length h; flange ring 
thickness (specify 0 if the thickness is to be determined by the program). 

Line 5: Rib and inner gasket data: 
Total length of rib segments; rib width; inner ring width; effective ring 
diameter; rib design seating stress; inner ring design seating stress. 

Line 6: Cover Calculation: 
Input 1 if cover calculation is required, 0 if it is not required. 

Line 7: Delete this line if 0 is entered in line 6; otherwise enter. 

Cover material allowable stress at design temperature; cover material 
allowable stress at ambient temperature; mean cover gasket diameter. 

Line 8: 
Run again; input 1 for yes, 0 for no. 

The program also prints out the required thickness if the flange were of 
the loose ring type. This information is strictly of advisory nature. 

To illustrate the application of program FLANGE, we consider the 
design of a welding neck flange, defined by the following data: 

Line 1: Pressure and allowable stress data 
Pressure = 600 psi; flange material allowable stress at ambient and 
design temperatures = 17,500 psi; bolt material allowable stress at 
ambient and design temperatures = 35,000 psi. 

Line 2: Gasket data 
Gasket width = 0.75"; minimum seating stress 9,000 psi; gasket 
factor = 3. 

Line 3: Ring geometry data 
Flange 1.0. = 44.75"; 0.0. = 53"; effective gasket diameter = 47.84"; 
bolt circle diameter = 50.5"; bolt nominal diameter = 1.25"; number of 
bolts = 52; flange type = 1; IBT = 1 

Line 4: Flange data 
Shell thickness = 0.88"; maximum hub thickness 
= 1.25"; THIK = O. 

1.13 "; hub length 
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Lines 5, 6 and 7 have all inputs = 0 (no inner ribs, no cover calculation 
required). 

The program output is given in the pages following the program listing 
for this case, and the case where the ring thickness is specified and the 
corresponding stresses are required to be evaluated. This example problem 
will be used to illustrate the differences between the classical method of 
Waters et al. and modern stress analysis techniques. 

PROGRAM FLANGE 

COMMON YFLG, T,U,Z,E,D,SFO,SFA, G1,B,GO,Q,MFLG,W 
COMMON/ONE/FS 

C PROGRAM FOR CALCULATING THE THICKNESS OF HUBBED FLANGES AND THE 
C NECESSARY BOLTING BY THE METHOD OF SECTION 3.11 
C THREE TYPES OF HUBBED FLANGES MAY BE USED: l=WELD NECK, 2=SLIP ON, 
C 3=LAP JOINT. 

DIMENSION BTD(25),BTS(25) 
DATA BTD/.126,.202,.302,.419,.551,.728,.929,1.155,1.405,1.68,1.98, 

+ 2.304,2.652,0.0,3.423,0.0,4.292,0.0,5.259,0.0,6.324/ 
1001 ACCEPT P,SFO,SFA,SB,SA 

ACCEPT FN,Y,FMG 
ACCEPT B,A,G,BC,BOLT, BN, MFLG, IBT 
ACCEPT GO,G1,Q,THIK 
ACCEPT RL,FNR,FNC,GR,YRRIB,YRCIR 
ACCEPT MCOVER 
WR lTE (6,19) P 

19 FORMAT(lHl ,6X, "DESIGN PRESSURE(PSI)=" ,F10.2) 
WRITE(6,12)SFA,SFO,SA,SB 

12 FORMAT(lHO,6X,"ALLOW.STRESSES(PSI)",/,25X, 
+"ANBIENT TEMP.OF",20X,"DESIGN TEMP.OF"/lX,"FLANGE",12X,FlO.2,25X, 
+F10.2/7X,"BOLTING",11X,F10.2,25X,F10.2) 

WRITE(6,13)B,A,G,BC,GO,G1,Q 
13 FORMAT(lHO,6X, "FLANGE GEOMETRY DATA( INCH) "/lX, 

+"INNER DIA-----------=",FlO.4,10X,"OUTER DIA--------=",FIO.4/lX, 
+"EFFECTIVE GASKET DIA=" ,F10.4,10X,"BOLT CIRCLE DIA--=" ,FlO.4/lX, 
+"SHELL THICKNESS-----=" ,FlO.4,10X,"MAX HUB THICKNESS:" ,FlO.4/lX, 
+"LENGTH OF HUB-------=",FlO.4) 

WRITE(6,14)FN,Y,FMG 
IF(FNR+FNC .LT •• 0001) GOTO 315 
WRITE(6,15) RL,FNR,FNC,GR,YRRIB,YRCIR 

15 FORMAT( ix, "RIBS + INNER GASKET DATA" ,I, 7X, "TOTAL LENGTH OF" 
+" RIB SEGMENTS (INCH) =" ,FlO.1, 1,7X, "RIB WIDTH" ,9("--") ,"=", 
+ F10.4,1, 7X, "RING WIDTH ---------------- =", 
+ F10.4,1,7X, "EFFECTIVE RING DIAMETER (INCH) ----- =",F10.3,1, 
+ 7X, "DESIGN SEATING STRESS (RIB) (PSI)----- =" ,F10.0,1, 
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+ 7X, "DESIGN SEATING STRESS (RING) (PSI)---- =" ,FlO.O,1) 
14 FORMAT (lHO, 6X, "GASKET DATA"I7X, "WIDTH (I NCH) ---- -----------=" , 

+FlO.2/7X,"DESIGN SEATING STRESS(PSI)=",FlO.0/7X, 
+"GASKET FACTOR-------------=",FlO.1,1) 

315 GO TO (320,330,340,345,346),MFLG 
320 WRITE (6,360) 
360 FORMAT(7X,"FLANGE IS A WELD NECK",/) 

GO TO 350 
330 WRITE (6,370) 
370 FORMAT(7X,"FLANGE IS A HUBBED SLIP ON") 

GO TO 350 
345 WRITE(6,375) 

375 FORMAT(7X,"LAP JOINT FLANGE") 
GO TO 350 

340 WRITE (6,380) 
380 FORMAT(7X,"FLANGE IS A HUBBED LAP JOINT") 

GO TO 350 
346 WRITE(6,385) 

385 FORMAT (7X,"RING JOINT FLANGE",/) 
350 BO=FN/2. 

BG=BO 
IF(BO.GT •• 25) BG=SQRT(BO) *.5 
BR=AMIN1(.5*FNC,.5*SQRT(.5*FNC)) 

WM2R=RL*FNR*YRRIB + GR*3.1416*BR *YRCIR 
WM2G=BG*3.l4l6*G*Y 
WRITE(6,356) WM2R,WM2G 

356 FORMAT( 7X,"RIB AND INNER RING SEATING FORCE= ",FlO.O,/, 
+ 7X,"GASKET SEATING FORCE ----------- =",FlO.O,/) 

WM2=WM2R+WM2G 
HP=2.*BG*3.l4l6*G*FMG*P 
H=(G*G*3.l4l6 * P)/4. 
WMI = HP+H 
AM = AMAXl( WM2/SA, WM1/SB) 
BDM = .5 
DO 40 1= 1,21 
BTS(I) = BDM 
IF (BOLT +.000001 .GT. BTS(I) .AND. BeLT-.OOOOOl .LT. BTS(I)) 

+NBT =1 
BDM =BDM + .125 

40 CONTINUE 
IF (IBT .NE. 0) GO TO 78 

400 DO 50 K=NBT,17 
AB =BTD(K)*BN 
IF(AB .GE. AM) GO TO 75 

50 CONTINUE 
60 WRITE (6,70) 

70 FORMAT(" CALCULATION GONE AWRY") 
GO TO 1000 

78 THEBLT = BTS(NBT) 
AB = BTD(NBT) * BN 
IF(AB+.OOOOOOI .GT. AM) GO TO 80 
WRITE (6,79) 
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79 FORMAT(" THE BOLT IS TOO SMALL ,CALCULATIONS TERMINATED" 
GO TO 1000 

75 THEBLT = BTS(K) 
80 GASKET = AB*SA / (2.0*Y*3.l4l59*G) 

IF(FN .GE. GASKET) GO TO 82 
81 FORMAT(" FOR RAISED FACE, THE MIN. GASKET WIDTH =", 

+F7.4,//) 
WRITE(6,8l) GASKET 

82 WRITE(6,17) BN,THEBLT 
17 FORMT (lHO, 6X, " BOLTING DATA" j7X, "NUMBER-------=" , F5 .0j7X, 

+"NOM DIA(INCH)=",F5.3 ) 
WR ITE (6,85) AM, AB 

85 FORMAT(lHO,5X, 
+" THE NECESSARY TOTAL CROSS SECTIONAL AREA =",F9.4,/,6X, 
+" THE ACTUAL TOTAL CROSS SECTIONAL AREA----=",F9.4) 
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C IT IS NOT CONSIDERED THAT RIB FORCES CONTRIBUTE TO SEATING MOMENT 
AM = AMAXl((WM2-YRRIB*RL*FNR) /SA ,WMI/SB) 
W= .5* ~AM+AB)*SA 

C LOAD 
HD = 3.l4l59*B*B*P/4. 
HT=H-HD 

C LEVER ARM 
HDLA = (BC-B) * .5 
IF(MFLG .EQ. 1) HDLA=HDLA-(Gl/2.) 
HGLA = (BC-G) * .5 
HTLA = .5*((BC-B)/2. + HGLA) 
IF(MFLG .EQ. 3 .OR. MFLG .EQ. 4)HTLA=HGLA 

C MOMENT 
890 CONTINUE 

FMl =((HD*HDLA)+(HP*HGLA)+(HT*HTLA))/B 
FMll=FMl 
FM2=(W* (BG*Y*HGLA + BR*YRCIR*.5*(BC-GR))/(BG*Y +BR*YRCIR))/B 
FM22 = FM2 
FFMl = B*FMl 
FFM2 = B*FM2 
WRITE(6,888) WMl,WM2,FFMl,FFM2 

888 FORMAT(lHO,6X, "OPERATING LOAD=" ,FlO.2j7X,"SEATING LOAD--=", 
+FlO.2j7X,"OPERATING MODE MOMENT=" ,ElO.2j7X, 
+"SEATING MODE MOMENT--=",ElO.2/) 

FK=A/B 
ALOGK = ALOGlO(FK) 
YFLG=(((5.7l69*FK*FK*ALOGK)/((FK**2)-1.0))+.66845)/(FK-1.0) 
IF(MFLG .EQ. 4)GO TO 9998 
IF(MFLG .EQ. 5)GO TO 9998 
CALL FACT(F,V) 
CALL FAC2(FS) 
IF(MFLG .NE. l)FS=l.O 
WRITE(6,605)F,V,FS,W 

605 FORMAT(lHO,6X," INTEGRAL FLANGE FACTORS"j7X, "QUANTITY" ,lOX," 
+FIG(APPENDIXll)" ,UX, "VALUE"/llX, "F" ,24X, "3240-2" ,18X,FlO. 5/11X, 
+"V" ,24X, "3240-3" ,18X,FlO.5/11X, "FS" ,23X" "3240_6" ,18X,FlO.5/11X, 
+"H/HO" ,20X," ",18X,FlO.5/) 
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T=((FK*FK)*(1.0+(8.55246*ALOGK))-1.0)/((1.04720+ 1.9448 *(FK**2)) 
+*(FK-1.0) ) 
U=(T*(1.0472+(1.9448*FK*FK)))/(1.36136*((FK*FK)-1.0)) 
Z= ((FK*FK)+1.0)/ ((FK**2)-1.0) 
HO= SQRT(B*GO) 
E=F /HO 
D=U*HO*GO*GO/V 
IF(THIK .LT . . 0001) GO TO 120 
INT = 2 
CALL WELD(THIK,SCRD,INT,FM1,FM2) 
GOTO 999 

120 THK1= SQRT(FM1/(1.5*SFO)) 
THK2 = .95*THK1 
INT=l 
CALL WELD (THK1,SCRD1,INT,FMl,FM2) 
DO 610 J=1,100 
CHECK = (2.* THEBLT)+THK2 
BSP = BC* 3.1416/BN 
IF(BSP.LE.CHECK) GO TO 660 
FM1=FM11*SQRT(BSP/CHECK) 
FM2=FM22*SQRT(BSP/CHECK) 

660 CALL WELD (THK2,SCRD2,INT,FM1,FM2) 
IF(ABS(SCRD2) .LT. 5.0) GO TO 650 

C ITERATION SCHEME 
SLU=(SCRD2-SCRD1)/(THK2-THK1) 
THK3=THK2-(SCRD2/SLO) 
THK1=THK2 
THK2=THK3 
SCRD1 = SCRD2 

610 CONTINUE 
615 WRITE (6,620) 
620 FORMAT(" TRIAL WILL NOT CONVERGE, DO BY HAND") 

GO TO 1000 
650 INT = 2 

CALL WELD (THK2,SCRD2,INT,FM1,FM2) 
9998 THK1=SQRT(FM1*YFLG/SFO) 

THK2=SQRT(FM2*YFLG/SFA) 
BSP=BC*3.1416/BN 
DO 9995 J=1,4 
CHECK =AMIN1(BSP, 2.*THEBLT + AMAX1(THK1,THK2) 
THK1=((FM1*YFLG/SFO)**2 *(BSP/CHECK))**.25 
THK2=((FM2*YFLG/SFA)**2 *(BSP/CHECK))**.25 

9995 CONTI NUE 
WRITE(6,9997)THK1,THK2 

9997 FORMAT(lHO,6X, "RING FLANGE THICKNESS(OPERATING MODE)=" ,F5.2 
+!7X, "RING FLANGE THICKNESS(SEATING MODE)--=" ,F5.2//) 

999 IF(MCOVER.EQ. 0) GOTO 1000 
ACCEPT SFO,SFA,G 
HGLA=(BC-G)/2. 
TCGV1=G*SQRT(.3*P/SFO + 1.78*WM1*HGLA/SFO/(G**3)) 
TCUV2=SQRT(1.78*FFM2/SFA/G) 
TCOV3=(5.7*P*((G/100.)**4) + 2.*HGLA*AB*G/100./SQRT(THEBLT))**.333 
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WRITE(6,1202) TCOVl,TCOV2,TCOV3 
1202 FORMAT(lHO,6X, "COVER CALCULATIONS"/7X, 

+"OPERATING COVER THK=" ,FlO.5,/7X, 
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+"GASKET SEATING THK=" ,FlO.5,/7X, "TEMA MULTI-PASS THK=" ,FlO.5, 
+"CUBE ROOT(25.E6/E))") 

1000 ACCEPT IRUN 
IF(IRUN .EQ. 1) GO TO 1001 
STOP 
END 
SUBROUTINE WELD (THK,SCRD,INT,FMl,FM2) 
COMMON Y,T,U,Z,E,D,SFO,SFA, Gl, B,GO,H,MFLG,W 
COMMON/ONE/FS 
ALP = THK*E +1.0 
BET = 1.3333*THK*E +1.0 
GAt'1 = ALP/T 
DEL= (THK**3)/D 
FLAM = GAM+ DEL 
SHC = FS*FMl /(FLAM*Gl*Gl*1.5) 
SHCR = 1. 5*SHC 
SRC = BET*FM1/(FLAM*THK*THK) 
STC = ((FM1*Y)/(THK**2))-(Z*SRC) 
SGRC =.5*(SHCR+AMAXl(STC,SRC)) 
SHG = FS*FM2 /(FLAM*G1*G1*1.5) 
SHGR = 1.5* SHG 
SRG = BET*FM2/(FLAM*THK*THK) 
STG = ((FM2*Y)/(THK**2))-(Z*SRG) 
SGRG =.5*(SHGR+AMAX1(STG,SRG)) 
SCRC = AMAX1(SHC,SRC,STC,SGRC) 
SCRG = AMAXl(SHG,SRG,STG,SGRG) 
SCRD = AMAX1(SCRC-SFO,SCRG-SFA) 
IF (INT .EQ. 1) GO TO 50 
WRITE (6,10) THK,SHCR,SRC,STC,SGRC,SHGR,SRG,STG,SGRG 

10 FORMAT(7X, "MIN. THK.OF HUBBED FLANGE=" ,F7 .4,/ ,7X, 
+"STRESSES" ,/,7X,"HUB",7X,"RADIAL",5X,"TANGENL" ,4X,"AV ERAGE" , 
+/,14X,"CCNDlTIONS",/5X,4FlO.2,/,13X,"GASKET LOADING",/5X,4FlO.2) 

50 RETURN 
END 
SUBROUTINE FAC2(F) 
COMMON YFLG, T,U,Z,E,D,SFO,SFA, Gl,C,GO,H,MFLG,W 
XX= G1/GO 
W=H/ SQRT(C*GO) 
X=ALOG(XX) 
TT=.25 - .12*W/.5 
SLOPE = 2.00 +TT*W/.5 
IF(W .GT •• 5) SLOPE = 2.10 + .23*(W-.5)/.3 
IF(W.GT •• 8) SLOPE = 2.32 + .32*(W-.8)/ .2 
YY = SLOPE* (X-W*(1.15 + .095*W- .020*W*W) 
F=AMAXl( 1.0,EXP(YY)) 
RETURN 
END 
SUBROUTINE FACT (F,V) 
COMMON YFLG, T,U,Z,E,D,SFO,SFA, Gl,C,GO,H,MFLG,W 
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DIMENSION A(7,7),B(7),G(49) 
E=28.6E6 
Al =.01 
N=7 
DO 10 I=l,N 
B(I) = 0.0 
DO 10 J = 1,N 
A(I,J) = 0.0 
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10 CONTINUE 
IF(MFLG .NE. 1) N=5 
R1 = C/2. 
ALPHA =(G1-GO)/GO 
PSI = 10.92*(H**4) / (R1*R1*GO*GO) 
BETA = (2.73/(R1*R1*GO*GO})**.25 
A(l,l) = .333333 + ALPHA /12. 
A(1,2} = .1190476 + .0505952 * ALPHA 
A(1,3) = .0047619 + ALPHA/360. 
A(1,6} = -(.03055556 +59. *ALPHA/5040. + (1. + 3. *ALPHA)/PSI) 
B(l) = (.01111111 +5. * ALPHA/1008. -((1.0 + ALPHA}**3}/PSI}*A1 
A(1,7) =-(.00833333 + .003373015 * ALPHA + 1.0/PSI) 
A(2,1) = A(l,2} 
A(2,2} = .07756133 + .0413961*ALPHA + (60./7. + 225.*ALPHA/14.+ 

+7S.*ALPHA*ALPHA/7. +5.*ALPHA**3/2.)/PSI 
A(2,3) = 31./6930. + 128.*ALPHA/45045. + (6./7. + 15.*ALPHA/7. 

++ 12.*ALPHA*ALPHA/7. + 5.*ALPHA**3/11.}/PSI 
A(2,6) = -(533./30240. + 653. * ALPHA / 73920. +(.5 +33. *ALPHA 

+/14. + 39.*ALPHA**2/28. + 25. * ALPHA**3/84.)/PSI} 
B(2) = (29./3780. + 3.*ALPHA/704. -(.5 +33.*ALPHA/14. + 

+81.*ALPHA**2/28. + 13.*ALPHA**3/12.)/PSI) * Al 
A(2,7) = -(31./6048. + 1763.*ALPHA/665280. + (.5 +6.*ALPHA/7. 

++15.*ALPHA**2/28. +5.*ALPHA**3/42.)/PSI) 
A(3,1) = A(1,3) 
A(3,2) = A(2,3) 
A(3,3} = 1.0/2925. + 71.*ALPHA/300300. + (8./35. + 18.*ALPHA 

+/35. + 156.*ALPHA**2/385. + 6. *ALPHA**3/55.)/PSI 
A(3,6) = -(761./831600. +937.*ALPHA/1663200. + (1./35. + 

+6.*ALPHA/35. + 11. *ALPHA**2/70. +3.*ALPHA**3/70.)/PSI) 
B(3) =(197./415800. + 103.*ALPHA/332640.-(1./35. + 6.*ALPHA 

+/35. + 17.*ALPHA*ALPHA/70. + .1*ALPHA**3)/PSI) *A1 
A(3,7) = -(233./831600. + 97.*ALPHA/554400. + (1./35. + 3.* 

+ALPHA/35. + ALPHA**2/14. + 2.0*ALPHA**3/105.)/PSI) 
A(4,1) = R1 
A(4,5) = -1.0 
A(5,1) = -R1/H 
A(5,2) = R1/H 
A(5,7) = -.08333333333 * R1/H 
A(5,6) = -.416666666 *R1/H 
A(5,4) = -BETA 
A(5,5) = -BETA 
B(5) = .083333333*A1* R1/H 
IF(MFLG .NE. 1) GO TO 444 
A(6,6) = E*GO*H*H/R1/PSI 
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A(6,4) = -E*(GO**3) * (BETA**2)/ 5.46 
A(7,7) = -E*GO*H/R1/PSI 
A(7,6) = 3.0 * ALPHA * A(7,7) 
A(7,4) = E*(GO**3) * (BETA**3)/ 5.46 
A(7,5) = -A(7,4) 

444 CONTI NUE 
DO 30 J=l,N 
DO 30 1= 1,N 
NDEX=(N*(J-1)+I) 
G(NDEX)=A(I,J) 

30 CONTINUE 
CALL SIMQ(G,B,N,KS) 
IF(KS.EQ.O) GO TO 100 
WR ITE ( 6 ,40) 

40 FORMAT(5X,"EQUATIONS ARE NOT LINEARLY INDEPENDENT") 
STOP 

100 CONTI NUE 
C B(l) = A SUB 1 
C B(2) = A SUB 2 
C B(3) = A SUB 3 
C B(4) = C5 
C B(5) = C6 
C B(6) = AO 
C B( 7) = BO 
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PI = E*GO*H/R1* ((.5 + ALPHA/6.) * B(l) + (.25+11.*ALPHA/84.) 
+*B(2) + (1./70. + ALPHA/105.)*B(3) - (7./120. + ALPHA/36. + 
+3.*ALPHA/PSI)*B(6) - (1./40. + ALPHA/72.)*A1 - (1./60. + ALPHA 
+/120. + 1.0/PSI) * B(7) ) 

C 

THETA =(-B(1)-1.5*B(2)-.2*B(3) + .25*B(6) + .25*A1 + .08333333* 
+B(7)) * Rl/H 
F=-Pl/Al/(E*GO*H/R1*2.0*H/SQRT(C*GO)*((1.0+ALPHA)**3)/PSI) 
V= THETA /Al/(Rl/H*SQRT(C*GO)/(2.*H)*(1.0+ALPHA)**3) 
RETURN 
END 
SUBROUTINE SIMQ(A,B,N,KS) 
DIMENSION A(49),B(7) 

C FORWARD SOLUTION 
C 

C 

TOL=O.O 
KS=O 
JJ=-N 
DO 65 J=l,N 
JY=J+l 
JJ=JJ+N+1 
BIGA=O 
IT=JJ-J 
DO 30 I=J,N 

C SEARCH FOR MAXIMUM COEFFICIENT IN COLUMN 
C 

IJ=IT+I 
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IF(ABS(BIGA)-ABS(A(IJ))) 20,30,30 
20 BIGA=A(IJ) 

IMAX=I 
30 CONTINUE 

C TEST FOR PIVOT LESS THAN TOLERANCE (SINGULAR MATRIX) 
C 

C 

IF(ABS(BIGA)-TOL) 35,35,40 
35 KS=l 

RETURN 

C INTERCHANGE ROWS IF NECESSARY 
C 

C 

40 Il=J+N*(J-2) 
IT=IMAX-J 
DO 50 K=J, N 
Il=Il+N 
I2=Il+lT 
SAVE=A( 11) 
A(Il)=A(I2) 
A(I2)=SAVE 

C DIVIDE EQUATION BY LEADING COEFFICIENT 
C 

C 

50 A(Il)=A(Il)/BIGA 
SAVE=B(IMAX) 
B(IMAX)=B(J) 
B(J)=SAVE/BIGA 

C ELIMINATE NEXT VARIABLE 
C 

C 

IF(J-N) 55,70,55 
55 IQS=N*(J-l) 

DO 65 IX=JY,N 
IXJ=IQS+IX 
IT=J-IX 
DO 60 JX=JY,N 
IXJX=N*(JX-l)+IX 
JJX=lXJX+lT 

60 A(IXJX)=A(IXJX)-(A(IXJ)*A(JJX)) 
65 B(IX)=B(IX)-(B(J)*A(IXJ)) 

C BACK SOLUTION 
C 

70 NY=N-l 
IT=N*N 
DO 80 J=l,NY 
IA=lT -J 
IB=N-J 
IC=N 
DO 80 K=l,J 
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B(IB)=B(IB)-A(IA)*B(IC) 
1A=IA-N 

80 1C=IC-1 
RETURN 
END 
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Note: Subroutine SIMQ is adapted from the scientific subroutine package, 
system 360-CM-03X, by the Courtesy of the IBM Corporation, White 
Plains, New York. 

OPTION I: DETERMINE RING THICKNESS 
DESIGN PRESSURE(PSI)= 
ALLOW.STRESSES(PSI) 

600.00 

AMBIENT TEMP.OF 
FLANGE 17500.00 
BOLTING 35000.00 

DESIGN TEMP.OF 
17500.00 
35000.00 

FLANGE GEOMETRY DATA(INCH) 
INNER DIA-----------= 44.7500 
EFFECTIVE GASKET DIA= 47.B400 
SHELL THICKNESS-----= .BBOO 

OUTER DIA--------= 
BOLT CIRCLE DIA--= 
MAX HUB THICKNESS= 

53.0000 
50.5000 
1.1300 

LENGTH OF HUB-------= 1.2500 
GASKET DATA 
WIDTH(INCH)---------------= 
DESIGN SEATING STRESS(PSI)= 
GASKET FACTOR-------------= 

FLANGE IS A WELD NECK 

.75 
9000. 

3.0 

RIB AND INNER RING SEATING FORCE= O. 
GASKET SEATING FORCE ----------- = 414162. 

BOL TI NG DATA 
NUMBER-------= 52. 
NOM DIA(INCH)=1.250 
THE NECESSARY TOTAL CROSS SECTIONAL AREA = 35.5479 
THE ACTUAL TOTAL CROSS SECTIONAL AREA----= 4B.30BO 
OPERATING LOAD=1244175.25 
SEATING LOAD--= 414162.00 
OPERATING MODE MOMENT= .27E+07 
SEATING MODE MOMENT --= .20[+07 

INTEGRAL FLANGE FACTORS 
QUANTITY 

F 
V 
FS 
H/HO 

FIG (APPENDIXl!) 
3240-2 
3240-3 
3240-6 

MIN.THK.OF HUB BED FLANGE= 5.3986 
STRESSES 
HUB RADIAL 

CONDITIONS 
TANGENL AVERAGE 

22960.23 1969.52 12042.41 17501.32 
GASKET LOADING 

16697.95 1432.34 8757.91 12727.93 
RING FLANGE THICKNESS(OPERATING MODE)= 6.29 
RING FLANGE THICKNESS(SEATING MODE)--= 5.37 

+ REFERENCE (3.5.3) 

VALUE 
.B9791 
.45b36 

1.03680 
.19919 
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OPTION 2: COMPUTE STRESSES FOR A GIVEN RING THICKNESS 

DESIGN PRESSURE(PSI)= 600.00 

ALLOW.STRESSES(PSI) 
AMBIENT TEMP .OF 

FLANGE 17500.00 
BOLTING 35000.00 

DESIGN TEMP.OF 
17500.00 
35000.00 

FLANGE GEOMETRY DATA(INCH) 
INNER DIA-----------= 44.7500 
EFFECTIVE GASKET DIA= 47.8400 
SHELL THICKNESS-----= .8800 

OUTER DIA--------= 
BOLT CIRCLE DIA--= 
MAX HUB THICKNESS= 

53.0000 
50.5000 
1.l300 

LENGTH OF HUB-------= 1.2500 

GASKET DATA 
WIDTH(INCH)---------------= .75 
DESIGN SEATING STRESS(PSI)= 9000. 
GASKET FACTOR-------------= 3.0 

FLANGE IS A WELD NECK 

RIB AND INNER RING SEATING FORCE= O. 
GASKET SEATING FORCE ----------- = 414162. 

BOLTING DATA 
NUMBER-------= 52. 
NOM DIA(INCH)=1.250 

THE NECESSARY TOTAL CROSS SECTIONAL AREA = 35.5479 
THE ACTUAL TOTAL CROSS SECTIONAL AREA----= 48.3080 

OPERATING LOAD=1244175.25 
SEATING LOAD--= 414162.00 
OPERATING MODE MOMENT= .27E+07 
SEATING MODE MOMENT--= .20E+07 

+ INTEGRAL FLANGE FACTORS 
QUANTITY 

F 
V 
FS 
H/HO 

FIG(APPENDIXll) 
3240-2 
3240-3 
3240-6 

MIN.THK.OF HUBBED FLANGE= 6.0000 
STRESSES 
HUB RADIAL 

CONDITIONS 
TANGENL 

18728.39 1374.10 11063.99 
GASKET LOADING 

13620.32 999.32 8046.35 

+REFERENCE (3.5.3) 

AVERAGE 

14896.19 

10833.34 

VALUE 
.89791 
.45536 

1.03680 
.19919 
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3.13 STRESS ANALYSIS OF THE WELDING NECK FLANGE 

The method of Waters, et al. described in the preceding sections provides 
a complete stress analysis of a tapered hub flange. However, the assump­
tions made in the solution process have been subject to a great deal of 
critical inquiry [3.13.1-2]. Practical and experimental evidence suggests that 
flanges designed using this method are structurally safe; however, difficulty 
is frequently encountered in achieving leak tightness in large diameter 
flanges operating at high pressures. The simplified analysis for a pair of ring 
flanges (Section 3.10) points up the significance of bolt! gasket interaction 
effects on the stress level in the flange. Therefore, a stress analysis 
procedure which eliminates the important limitations of the Waters, et al. 
method can be a valuable design and analysis tool. The method proposed by 
Murray and Stuart [3.13.1] is quite adequate in these respects. A brief 
outline of this method is presented in the following. The reader is referred 
to Rose [3.13.2] for a lucid and concise presentation on this matter. 

Assumptions: 

(i) The flange hub and shell are modelled by thin shell theory 
equations. 

(ii) The flange ring is modelled by ring theory rather than plate theory. 
(iii) Mean diameters of the shell and hub are assumed to be equal to the 

mean shell diameter. 

The flange is composed of its three constitutent elements, namely the 
shell, hub and ring. It is assumed here that the external loading consists of: 
(i), a circumferentially distributed radial couple of magnitude M exl ; (ii), an 
axial force W on the shell; (iii), internal pressure p on all inside surfaces. 
The solution procedure consists again of writing the structural relationships 
for the three elements in terms of unknown constants, which are sub­
sequently evaluated by imposing displacement and traction compatibility at 
element interfaces. 

i. Shell: Referring to Fig. 3.13.1, the radial deflection (positive if 
directed away from the center) of a long thin shell subject to internal 

rtr I 
F. 

Po •• P_ ------' L 
p;m..-1ruT~========~o ~ 

Om ~ W ,,-J 
X Lx 

w 

P, 

Fig.3.13.1. Stress analysis model. 
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pressure p, and edge loads Po and MhO is given by (see Appendix A for 
derivation). 

e- f3x p a 2 

Ys = -3 - [~Mho (-sin ~x+cos ~x) +Po cos ~x] + __ m_ (1-0.5v) 
2~ Ds Ego 

(3.13.1) 

where am is the mean shell diameter, and ~ and Ds are defined by replacing 
r 1 by am in Eq. (3.11. 30). The last term in the above equation is due to the 
dilatation effect of internal pressure. It is to be noted that the term 0.5v 
should be set equal to zero in designs where the longitudinal force H = 
p am 12 is absent (such as the shell flange in Fig. 3.1.1). Note here that in 
contrast with Waters analysis, the local pressure on the shell wall is in­
cluded. 

ii. Hub: For the hub, Murray and Stuart employ the solution for an 
axisymmetrically loaded thin cylindrical shell with linearly varying 
thickness. The radial displacement, Yh, (positive if directed away from the 
center) is expressed in terms of the longitudinal coordinate measured from 
the point of zero thickness. Thus, the thickness of the hub at the small end 
(equal to the shell thickness) is 

go ='YXI 

where l' is the rate of taper. We have: 

Yh = -X- I12 [C I 1/;1 '(E) +C21/;2 , (E) +C31/;3 '(E) 
pa 2 

+ C41/;4 , (E)] + _m-(1-0.5v) 
E'Yx 

where: 

and: 
p= [12(1- ;)] 114 

1'2 am 2 

(3.13.2) 

(3.13.3) 

(3.13.4) 

(3.13.5) 

Ci (i = 1-4) are constants of integration and the 1/;'s are the so called 
Schleicher functions, akin to the well known Kelvin functions. The series 
expansion for these functions is given in Appendix 3.B. The bending 
moment Mx and shear force P follow by successive differentiations of Eq. 
(3.13.3). We obtain: 

E 1'3 p2x l12 

P= - 2 [C1S2 (E) +C2 S 1 (E) +C3S4(E) +C4S3(E)] 
24(1- v) 

(3.13.6) 

E lXI12 
M = [C1S5 (E) -C2S6 (E) +C3S7 (E) -C4Ss (E)] 

x 48(1- v2 ) 

pam 21'2 
+ 2 (1-0.5v) (3.13.7) 

6(1- v ) 
The functions Si (E) are combinations of Schleicher functions and their 

derivatives. These are defined in Appendix 3.B. 



3/ Bolted Flange Design 143 

We recognize that revolving the hub middle surface about the axis of 
revolution gives the frustum of a cone; therefore conical solutions 
[3.13.3-4) would have been more appropriate for this purpose. However, 
the error introduced due to the use of a tapered cylindrical shell assumption 
is negligible in most cases. 

iii. Ring: Referring to Fig. 3.13.1, the flange ring is subject to a net 
radial couple M given by: 

( Plt,)(fm-am) M=Mext + Mhl --- ---
2 fm 

(3.13.8) 

where M ext is the external couple due to the combined effect of bolt pull, 
gasket reaction, and header pressure load and other effects (such as reaction 
due to any metal-to-metal contact Fe on an annular portion of the ring 
surface). The rotation of the centerline of the flange ring, 8" is given by 
(Eq.3.9.4): 

Mf 2 
O - m ,-

E,I, 
(3.13.9) 

where: 

f m mean ring radius 
Er Young's modulus of the ring material 
I, == moment of inertia of the ring cross section 

(I, = b,t, J 112) 

The radial displacement of the ring centerline due to in-plane loads is given 
by: 

( PI) fm 2 
W,m= p- -t- bE 

r ,r 
(3.13.10) 

Thus, the radial displacement of the ring at its junction with the hub is 
given by: 

0, t, 
W=W,m+-

2 
(3.13.11) 

By matching the displacement, slope, shear force, and bending moment 
at the two locations of discontinuity, eight linear algebraic equations are 
obtained, which may be written in subscript notation as: 

B 

Emijcj=n;; i==1,2, ... 8. 
j=1 

(3.13.12) 

The unknown vector cj consists of the four constants of integration in 
Eq. (3.13.3) and four discontinuity reactions with the notation, 

CS =MI' C6 == -Po, C7 ==M2' C8 == -PI 

The non-zero element of mij and n; are defined as follows: 
2p 

m(2;_I)=-I/;/(E;); ;=1,2; j==1,2,3,4 
J E; 
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where 
E; =2pX;II2; i= 1,2 

XI and X2 are shown in Fig. 3.13.1 (hub end coordinates): 
1 -1 

m --- m ---
IS - 2{32 Ds 16 - 2{33 Ds 

_ '+1 4 p3 • 
m2iJ-(-I)' -3 Sj(E;), i=I,2; j=I,2,3,4 

E; 
1 

m25 = - m26 = -m 15 
(3Ds 

m 4 +2;,j =Sj_1 (E;); 
- 48(1- v2 ) 

E,,¥3 PEl 

- 48(1- v2 ) 

i = 1,2; j = 1,3 
i= 1,2; j=2,4 

96p(I-I,z) 
m77 = ----:---

E,"'/E2 
pam 2(1-0.5v) 

m88 = n2 = 
E,"l PE2 E,'¥XI 2 

pam2(1-0.5v) prm2 6rm2MexI 
n3 = - -- - ------,,-

E,'¥x2 b,E, E,b,t,2 

-pam2(1-0.5v) 12rm2MexI 
n4 = -----=2--+ 3 

E,'¥X2 E,b,t, 

16pam 2p(1-0.5v) , 
n3+2;= ; 1=1,2 

E ,¥E; 

Equation (3.13 .12) can be solved using a standard linear equation solver 
subroutine. Having determined the discontinuity moments and shears, the 
stress fields in the three elements are readily evaluated. The above equations 
are programmed in subroutine, FLO, which is utilized in Chapter 4 to 
perform a flange-tube sheet interaction analysis. The listing of FLO can be 
found in Section 4.8. We delay further discussion of this analysis until 
Chapter 4. 

3.14 CONTROLLED COMPRESSION JOINT 

In illustrating the deflection characteristics of a pair of identical ring 
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flanges (Section 3.10), we assumed that the bolt load was completely reacted 
by the gasket. In practical designs, it is advisable to provide protection 
against overcompressing the gasket, since in most joints the gasket will be 
crushed or extruded before the studs will fail in tension. However, in order 
to maintain a leak tight joint at the operating pressure, the bolts must be 
preloaded to such an extent that the bolt force exceeds the sum of the 
required gasket residual load and the header load. For an otherwise suitable 
gasket, such a magnitude of bolt preload may exceed its optimum "seating 
load." This difficulty can be overcome by using the concept of "controlled 
compression." This concept entails machining the mating flange faces in 
such a manner that the gasket can only be compressed to a preset value. 
Upon application of additional bolt preload, the two flanges develop metal­
to-metal contact over a suitable region, henceforth referred to as the 
"land" (Fig. 3.5.5). The contact force generated on the land can 
significantly modify the deflection characteristics of the flange and its 
attributes of leak tightness. We will presently explore the merit of this 
concept by treating a pair of identical flanges in some detail. 

It is noted that the moment on the flange ring a/ways increases as the 
pressure is increased. This is because the load line of the pressure load is 
always farther than the effective gasket circle from the bolt load line. 
Therefore, the maximum ring stress corresponds to the condition of 
maximum pressure. The central design goal lies in selecting a land location 
and contact load in such a manner that the residual gasket load, Hb, under 
maximum internal pressure, is maximized, while the corresponding ring 
rotational moment does not exceed the value for the standard geometry 
(treated in Section 3.10). Thus, our analysis will compare the performance 
of a ring flange with and without a controlled contact land. At the design 
pressure, the unit equipped with a contact land is required to develop an 
identical moment to the one without a land. When the condition of 
maximum pressure is reached, the load on the contact land should vanish, 
thus maximizing the residual gasket load. The initial bolt pull (under seating 
condition) is to be adjusted for each design in such a manner that the above 
requirements are met. The initial contact load on the land is another 
variable which can be suitably adjusted by machining the flange facings 
appropriately. With the problem formulated in this manner, we wish to 
compare the variation in gasket pressure and bolt load as the internal 
pressure in the joint is varied. To simplify the analysis, the gasket loading 
and unloading moduli are assumed to be equal to the same constant value of 
KG· 

Under the seating condition, axial force equilibrium yields (Fig. 3.14.1): 

WI =HG+He 
where He is the contact load on the effective circle of the land region 
assumed to be located at an offset he from the bolt circle. 

The rotation of the flange rings is given by Eq. (3.9.4): 
(3.14.1) 
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Fig. 3.14.1. Deflection of one of pair of identical flanges. 

where: 
rm x= -- (3.14.2) 

27rErlr 
As the internal pressure is applied, the bolt load, gasket compression load 

and contact load change. Let Hb, H; and 0: represent the new gasket 
compression load, contact load and flange rotation (with reference to the 
undeformed condition), respectively. Referring to the ring moment-rotation 
relationship, we have: 

O:=x(Hphp +Hbhe +H;he) (3.14.3) 

If H; > 0, i.e., contact at the land is not lost, then geometric com­
patibility at the land location requires: 

..1 WI 
- +2(O:-Or)he =0 
Kb 

where ..1W1 is the increase in the bolt load. Since ..1 WI = Hp + Hb + H; -
He - He, we have 
~+m+~-~-~ I I 

--"----''------'----'-- +2Xhe (Hph p +Hehe +Hehe -Hehe -Hehe) =0 
Kb (3.14.4) 

Let dBe and dB e denote the drops due to Hp in the contact load and gasket 
load respectively, i.e. 
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Equation (3.14.4) yields: 

where: 

MIe=He- H ; 

MIe=He-H~ 

pz = J( he>hp ) I J( he>he ) 

PI = J(he>he) IJ(he>he) 

The functionJin the foregoing is defined as: 
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(3.14.5) 

(3.14.6) 

(3.14.7) 

1 
J(x,y) = - +2Xxy (3.14.8) 

Kb 
Proceeding in a similar manner, geometric compatibility at the effective 
gasket circle gives: 

MIe Hp -MIe-MIe 
-- = + 2Xhe (Hphp - MIehe - MIJ'le) 
Ke Kb 

Substituting for MIe from Eq. (3.14.6), and rearranging terms, we obtain: 

where 

[f(hp ,he) - pz/(he>he)] 
~=------------------

1 
-- + J(he ,he) - pd(he ,he) 
Ke 

(3.14.9) 

(3.14.10) 

It is desirable to have ~ < < 1, since the smaller the value of ~, the smaller is 
the change in gasket compression load due to fluctuations in the internal 
pressure. 

For a given contact preload He> contact at the land is lost at Hp = Hp *t . 
We have from Eq. (3.14.6): 

or 

Let 

(3.14.11) 
then 

(3.14.12) 

tAil quantities with' superscript imply that they pertain to the design pressure condition. 
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Equation (3.14.12) defines the required contact load at the land under the 
seating condition. If the pressure is further increased, an analysis analogous 
to the above yields: 

MfG = P3 Hp-P4H e 

P3 = f(hp,h G) I[;G + f(ho,h o )] (3.14.13) 

P4 = f(ho,he)/[;o +f(ho,ho )] 

The case for no contact at the land, i.e., He = 0, follows directly from 
Eq. (3.14.13). The expression for Mfo becomes: 

(3.14.14) 

We can now compare the controlled compression and uncontrolled com­
pression designs under the condition that both develop identical gasket 
compression load, H'G, when the pressure load reaches H;. Identical gasket 
compression load means that the bolt loads will be equal. The overturning 
couple and hence maximum ring stresses will also be equal. 

Uncontrolled Compression: 

Hb=Ho-Mfo 

=HO-P3H p 
Therefore: 

H'G =Ho -P3 H; 

Hb =H'G +P3(H;-Hp) 
The bolt load under the seating condition is: 

WI =Ho =H'G + P3H; 
Similarly the bolt load at Hp is given by: 

WI +.1Wl = H/;+Hp 

Controlled Compression: 

= H'G+p3 H;+(I-P3)Hp 
= WI +(I-P3)Hp 

Gasket compression load at pressure load Hp is given by: 

Hb=Ho-1/;Hp; Hp<H; 

From Eq. (3.14.9), Mfo = 1/;Hp - Mf'G = 1/;H; 

Hb =H'G +1/;(H; -Hp) 

(3.14.15) 

(3.14.16) 

(3.14.17) 

(3.14.18) 
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Similarly, the bolt load at the seating (unpressurized) condition is: 

WI =HG+He 
or WI =H'G + (if;+cp)H; 

The bolt load under the pressurized condition is: 

or 
WI +AWI = WI-AHG-AHe+Hp 

WI +AWI = WI +(1- if;-cp)Hp 
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(3.14.19) 

(3.14.20) 

Figure 3.14.2 shows a schematic representation of the residual gasket load 
and bolt load as a function of pressure loads for the two constructions. A 
qualitative comparison of the joint performance can be made by con­
sidering the numerical example of Section 3.10. 

Table 3.14.1 gives the values of the bolt load and gasket load at the two 
end points and the slopes of the bolt load and gasket load lines for three 
conditions: (i) no land contact, (ii) land contact at he = 0.75" , and (iii) land 
contact at he = - 1 " . 

The last case corresponds to metal-to-metal contact outboard of the bolt 
circle, whereas case (ii) pertains to contact loading between the gasket and 
bolt center lines. 

o « 
o 
-' tu ..... _--
><:: 
Ul « 
(!l 

a: 
o 
o 
C§ 
-' 
~ 
o 
m 

LEGEND: 
0: NO CONTACT AT "LAND" 
lID: CONTACT AT "LAND" 

SLOPE = 1 - if,-</> 

SLOPE = -if, 

Fig. 3.14.2. Gasket load and bolt load plotted as a function of Hpo 
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Table 3.14.1 is constructed on the assumption that the contact load is set 
such that it vanishes as the pressure load reaches its maximum design value 
H;. Thus, the final gasket pressure H'G and bolt load are the same in all 
cases, resulting in identical ring stress under the condition of maximum 
pressure. The gasket load at pressures below the design pressure varies in a 
markedly different manner for the three cases. The variation in gasket load 
is the minimum in case (ii), and maximum in case (i). This indicates that 
case (ii) best protects the gasket from deterioration due to frequent load 
variation caused by pressure changes in the pressure vessel. The initial 
gasket load (Hp = 0) is much less in case (ii) compared to the other cases. 
This is consistent with the seating requirements of soft and hollow metal 
(tubular) type gaskets. The designer should select the joint construction 
which yields the most compatible seating load for the gasket. 

The bolt load increases for increasing Hp in cases (i) and (iii); and 
decreases in case (ii). The rate of variation of bolt load is also found to be 
most moderate in case (ii). 

This example problem illustrates the relative merits of controlled and 
uncontrolled metal-to-metal contact constructions. The central objective in 
the design process is to select a joint design which produces maximum 
protection against leakage under the condition of maximum pressure, and 
protects the gasket from load cycling during pressure fluctuations. The 
concept of "controlled compression" appears to be an excellent vehicle 
towards such an_ objective. 

The foregoing analysis treats a highly simplified structure, that of two 
identical bolted ring flanges. The analysis is much more involved when the 
bolted members are of more complicated variety (e.g., welding neck type) 
and dissimilar in construction. 

In the next chapter we will present a detailed analysis of one such com­
mon construction in heat exchangers to illustrate the significance of the 
"controlled compression" concept. 

NOMENCLATURE 

am 
Al 

al ,a2 ,a3 

B 
Bo 

b 
br 

flange ring O.D. 
total root area of body bolts 
root area of one bolt 
hub curvature factor at small end 
required total bolt root area for seating and pressurized 
condition, respectively 
mean radius of shell (Fig. 3.13.1) 
hub curvature factor at large end 
coefficient in hub deflection equation (Eq. 3.11.20) 
flange ring I.D. 
shear factor at small end 
effective gasket width (Eq. 3.5.1) 
radial width of ring 
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cij = 

C; 
D 

Dh 
dB 

d;,do 

do = 
dp 
d w 

E = 
Eb 
Eg 
Er 

e 

F 
Fax 
j= 

G 
g 

go 
g. 

Hd 

Ho 
Hb 
HT 

He 
Hp 

h 
ho 
hp 
Ir = 

K 
Kb 
Kg 

K.,K2 = 
I = 

I' 
10 

Mex( 
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functions of CJ. and K (Eq. 3.11.26) (i = 1,2,3), U = 
1,2,3,4,5,6) 
constants of integration (i = 1,2 ... 8) 
flexural rigidity of flange ring 
flexural rigidity of hub (Eq. 3.11.13) 
nominal bolt diameter 
inner and outer diameters of the nut bearing surface (Eq. 
3.6.4) 
dimension across flats in heavy hex nut (Table 3.7.1) 
pitch diameter (Table 3.7.1) 
wrench diameter (Fig. 3.3.2) 
Young's modulus of hubbed flange material 
Young's modulus of bolt material 
decompression modulus of gasket (Eq. 3.5.7) 
Young's modulus of ring material (Eq. 3.9. 2a) 
minimum radial distance between bolt circle and O.D. of 
flange (Table 3.7.1) 
hub large end shear coefficient (Eq. 3.11.43) 
axial load in one bolt 
hub stress magnification factor 
effective gasket diameter (Eq. 3.5.1) 
hub thickness at axial coordinate x (Fig. 3.11.1) 
shell thickness (Fig. 3.11.1) 
hub thickness at the large end (Fig. 3.11.1) 
end header load on the area bounded by flange inside 
diameter 
seating condition gasket load . 
residual gasket load under pressurized condition 
axial pressure load in the annulus between effective gasket 
diameter and flange I.D. 
contact load on the land under seating condition 
total header end load (Section 3.10) 
hub length 
gasket line offset from bolt circle 
moment arm of the header load Hp 
moment of inertia of flange ring cross section in Fig. 
3.9.1 b about the radial axis of symmetry (y = 0) 
flange ring O.D./I.D. 
bolt (spring) stiffness (Eq. 3.10.4b) 
spring stiffness of gasket in unloading 
coefficients in the leakage rate equation (Eq. 3.5.3) 
effective bolt length under seating 
effective bolt length under pressurized condition 
free bolt length 
total external moment on the flange ring (Section 3.11) 
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Mh hub longitudinal bending moment at coordinate x (Fig. 
3.11.1) 

MhO = longitudinal moment per unit circumference at the small 
end of the hub 

Mhl = longitudinal moment per unit circumference at the large 
end of the hub 

Mr radial bending moment in flange ring 
M rl ,Mr2 radial bending moment per unit circumference at the inside 

and outside radius of flange ring, respectively 
Ms shell longitudinal moment at coordinate x 
M t tangential bending moment in flange ring 

m gasket factor (Eq. 3.5.2) 
mr distributed couple per linear length of circumference (Fig. 

3.9.1) 
n number of bolts on the bolt circle 

Nw gasket width (Fig. 3.3.3) 
nt = number of threads per inch (Table 3.7.1) 
P internal pressure in the flanged joint 

Ph radial shear in the hub (Eq. 3.11.14) 
Po shear at hub/shell junction (Ph at ~ = 0) 
Ps shell radial shear at coordinate x 
PI shear at hub/ring junction (Ph at ~ = 1) 
Pb = circumferential bolt pitch (Table 3.7.1) 
Qr = radial shear in flange ring at radius, 
Rh minimum radial distance between bolt center line and 

outer hub diameter (Fig. 3.2.1 b) 
Rc contact force on the land (Eq. 3.5.8) 
Rr minimum radial distance (Fig. 3.2.1a) 

'm mean radius of circular ring 
'I = inside radius of shell ('I = 0.5B) 

'2 outside radius of flange ring 
Smax maximum flexural stress in the circular ring (Eq. 3.9.2) 

t flange ring thickness in Section 3.11 
tr ring thickness (Fig. 3.9.1) 

WI total bolt load (seating condition) 
Weq = equivalent ring load in Water's, et al. model (Section 3.11) 

Y AS ME Code Seating Stress 
Yh = radial deflection of the hub (positive if radially outwards) 

ex = hub taper factor 
exb = mean coefficient of linear thermal expansion of bolt 

material 
{3 shell attenuation coefficient (Eq. 3.11. 30a) 
~ = hub coordinate, dimensionless 
il = coefficient determinant (Eq. 3.11.36) 

ilW increase in bolt load from seating to pressurized condition 
L\WI = increase in the bolt load due to joint pressurization 
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APPENDIX 3.A 

DERIVATION OF THE POLYNOMIAL EXPRESSIONS FOR HUB 
DEFLECTION (Eq. 3.11.20a) 

A polynomial expression for w in terms of ~ is sought which satisfies the 
following conditions: 

cPw d3 w 
At ~=O, de =Ao, and de =Bo 

cPw 
At ~= 1, w=O, and de =AI 

where A o, Bo and A I are specified quantities. 
Let: 

n 

w= Ek;~; (3.A.l) 
;=0 

where k; are the coefficients of the polynomial. If n 5 is selected, then 
four coefficients can be determined in terms of the fifth by utilizing the four 
conditions mentioned above. 

We note that: 

dw n-I 

= E i k; ~(i-I) 
d~ ;=1 

(3.A.2) 
cP n-2 

---;- = E i(i-l)k; ~(i-2) 
d~ ;=2 

Setting n = 4, and using the above conditions, we have: 
5 1 1 

kl = -ko - -Ao - -Bo - -AI 
12 12 12 
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1 
k2 = -Ao 

2 

1 
k3 = -Bo 

6 

1 1 1 
k4 =--A --B +-A 

12 0 12 0 12 I 

Thus the fourth-order polynomial expression for w becomes: 

(I) ( 5 1 2 1 4) 1 3 4 
w =ko(1-0-Ao 12~-2~ + 12~ -12Bo(~-2~ +~) 

1 4 
- 12AI(~-~) 
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(3.A.3) 

where ko is an adjustable parameter, and the superscript "1" indicates 
"first approximation" for w. 

Two such additional adjustable parameters are required in the expression 
for w. In this manner, a total of 3 parameters will be available to be selected 
in such a way that w most closely approximates the true displacement field. 
In order to obtain the additional parameters, let us superpose on the above 
expression for w (Eq. 3.A.3), another 5-term polynomial starting with the 
first power of ~, i.e. 

(3.A.4) 
where: 

(3.A.5) 

This expression for w should also satisfy the foregoing four conditions. 
However, since WI satisfies them identically, the polynomial with coef­
ficients I must satisfy homogeneous conditions, i.e. 

This gives: 

and we can write 

~P2 d3P2 
At ~=O, de =0, de =0 

~P2 
At~=1,P2=0' de =0 

(3.A.6) 
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where II is the second adjustable parameter, and the superscript on w in­
dicates that it is the second approximation. A third approximation for w is 
obtained by assuming an expression of the form: 

W(3) = W(2) + P3 

where: 
P 3 =m2e +m3e +m4~4 +m5e +m6~6 

Proceeding as before, we have: 
9 4 

m2 =m3 =0, m5 = - Sm4, m6 = Sm4 

(3.A.7) 

Equations (3.A.3), (3.A.6) and (3.A.7) give the required polynomial in 
three parameters ko, II, and m 4. These are redesignated as ao, al and a2, 
respectively, in the main text (Eq. 3.11.20a). 

It should be noted that this process of generating additional parameters 
can be continued ad infinitum. However, each relaxable parameter implies 
that the expression for w will be optimized with respect to it. Therefore, a 
compromise between the level of accuracy and quantity of algebra has to be 
made. For Waters, et al. the optimal number was three. 

APPENDIX 3.B 

SCHLEICHER FUNCTIONS 

The Schleicher functions used in Section 3.13 are directly related to Ber 
and Bei functions [3.11.5]. In the interest of completeness, their series 
expansions are given below 

'" Z4k 
1/;1 (x) = ber(x) = E (-ll --2 

k=O [(2k)!] 

where z = O.5x 

lk+2 
1/; (x) = -bei(x) =E( -1)k+1 -----,-

2 [(2k+1)!]2 

2 
1/;3 (x) =0.51/;1 (x) - - [RI (x) + 1/;2 (x)oln {3z] 

7r 

where {3= 1.78108 and 

'" Sf 
RI (x) = E (-ll 2k+1 .Z4k+2 

k=O [(2k+ 1)!]2 
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where 

n 1 
S' = '" -n i.J. 

j=] J 

R2= f; (_I)k(2k+2)S'2k+2 Z4k+3 
k=O [(2k+2)W 

Finally the S-functions are defined as follows: 

S] (x) =Xtf2(x)-2tf] '(x) 

S2 (x) =Xtf] (x) + 2tf2 ' (x) 

S3 (x) =Xtf4(X) - 2tf3 ' (x) 

S4(X)=Xtf3(X)+2tf4' (x) 

S5 (x) = ~ tf2 ' (x) - 4Xtf2 (x) + 8tf] , (x) 

S6 (x) =~ tf] , (x) - 4xtf] (x) - 8tf2 ' (x) 

S7 (x) = ~ tf4 ' (x) - 4Xtf4 (x) + 8tf3 ' (x) 

S8 (x) =~tf3 '(X)-4Xtf3(X)-8tf4 '(x) 
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For small values of x, the series for Schleicher functions converge rapidly. 
For large values (x;?: 6), asymptotic approximations given in Ref. [3.11.3, 
p. 496] are sufficiently accurate. 



4. TUBESHEET SANDWICHED BETWEEN 
TWO FLANGES 

4.1 INTRODUCTION 

Three element bolted joints consisting of an un stayed tubesheet, sand­
wiched between two tapered hub flanges, find extensive use in the heat 
exchanger and pressure vessel industries. For example, removable bundle 
U-tube heat exchangers, denoted as "BEU" in the lexicon of the heat ex­
changer trade [4.1.1] utilize this joint detail (Fig. 4.1.1). Figure 3.1.1 shows 
another application of this joint in a "pull through externally packed" 
construction. In view of its widespread use, we focus our attention on this 
joint in some depth and present a technique for performing a detailed stress 
analysis. The need to evolve a comprehensive solution for this class of joints 
is particularly important, since a standard application of the code design 
methods may produce grossly erroneous results for the low pressure side 
flange. The 1983 issue of the ASME Code [4.1.2] recognizes the quirks in 
the structural behavior of such joints, but offers no detailed solution. 

The motivation for a comprehensive stress analysis stems from structural 
as well as heat transfer considerations. This can be explained by referring to 
the heat exchanger of Fig. 4.1.1. As shown in Fig. 4.1.2, a set of common 
studs provide the necessary compression load on the two gaskets. The non­
colinearity of the bolt line and gasket compression load line on each flange 
causes the flanges to rotate (in the plane of the paper in Fig. 4.1.3). Thus, 
under the prestressed condition (denoted as the "seating condition" in 
reference [4.1.2]), the flanges are subject to some rotation as indicated in 
Fig. 4.1.3. The tubesheet may also experience a net axisymmetric moment if 
the shell and channel gasket circles are not colinear. When the two 
chambers are pressurized (operating condition), the bending moment on the 
flanges increases further, causing the flanges to rotate even more. If the 
tubes ide pressure significantly exceeds the shellside pressure then the 
deflected tubesheet surface will be concave to the tubeside chamber. Such a 
situation is quite common in nuclear installations. For example, in the 
Pressurized Water Reactor system, the exchangers used to transfer heat 
between the reactor cooling water circuit and the component cooling water 
circuit are subject to large differential pressures, since these independent 
circuits operate in quite different pressure ranges. 

The crevice formed between the pass partition plate and tubesheet surface 
due to "cupping" of the tubesheet and inadequate spring-back of the pass 
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Fig. 4.1.2. Bolted joint under seating condition. 

partition rib is quite small. However, the associated leakage stream (Fig. 
4.1.3) can become significant in exchangers with high interpass pressure 
drops and multiple tube passes. This tubeside leakage stream is the coun­
terpart of shells ide baffle-to-shell bypass stream, designated as the E-stream 
by Tinker [4.1.3]. In addition in lowering the tubeside film coefficient, it 
also reduces the effective "Log Mean Temperature Difference (LMTD)" , 
thus derating the overall heat duty. The tubeside leakage stream is con­
sidered to be a veritable nuisance in those process applications where the in­
exchanger tubeside fluid temperature is sought to be closely regulated. 
When a considerable leakage stream is present, the downstream gages are 
not really monitoring tubeside temperature since a portion of the flow has 
bypassed the tubes. Therefore, these downstream gages cannot be used to 



4/ Tubesheet Sandwiched Between Two Flanges 163 

Ii BOLT 

BONNET SHELL 

SHEll FlAN GE 

PASS PARTITION PLA TE 

Fig. 4.1.3. Tubeside leakage mechanism in a bolted tubesheetjoint. 

Photograph 4.a. U-tube heat exchanger with two flanges sandwiching a 
tubesbeet 

reliably determine the tubeside temperature profile inside the heat ex­
changer. Furthermore, with the rapid recent advances in the quality of the 
correlations for the shellside film coefficient [4.1.4-5], previously unim­
portant imprecisions in tubeside heat transfer coefficient predictions are 
beginning to acquire added significance. Heuristic reasoning suggests that 
providing metal-to-metal contact at the outer edge between the bonnet 
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flange and the tubesheet would produce a counteracting moment on the 
tubesheet which would reduce its lateral deflection and, therefore, decrease 
the area available for the tubeside leakage stream. Metal-to-metal contact at 
the outer edge may be effected during the seating condition by suitably 
machining the flange faces so that contact occurs prior to reaching the 
specified bolt pre-stress. If contact is desired during pressurization, then a 
certain edge gap, fo, may be prescribed under the seating condition (Fig. 
4.1.2) which diminishes to zero and further develops an edge contact load as 
the internal joint pressure is applied. This latter case as will be referred to as 
a "controlled" MTM (metal-to-metal contact) condition. 

The analysis to be presented here can be readily utilized for determining 
the "maximum allowable working pressure" for tubeside and shellside 
chambers. The "maximum allowable working pressure" is the highest 
pressure that all pressure parts in a pressure chamber can withstand without 
exceeding the relevant ASME Code stress limits. 

The foregoing statements suggest the need for a convenient analysis tool 
which would enable rapid evaluation of the effect of flange/tubesheet 
facing detail, gasket material, available bolt pull, flange geometry 
(thickness, shape of hub, etc.), tubesheet thickness, etc., on the stress levels 
in the elements of the joint, and on the size of the inter-pass leakage area. 
The computer program that will be developed to meet the above goals 
should also permit analysis of more specialized joints such as flange-to­
flange, flange-to-flat cover, etc. These design objectives are achieved by the 
solution procedure described in this chapter. 

The solution procedure developed herein enables the study of the effect 
of variation of design variables (flange and tubesheet geometric details, bolt 
pre-stress, etc.), on the following principal quantities of interest: 

i. Change in bolt tensile stress due to joint pressurization 
ii. Residual bonnet and shell gasket surface pressures (ring gaskets only) 
iii. Maximum tubesheet stress 
iv. Bonnet flange hub and ring bending stresses 
v. Shell flange hub and ring bending stresses 
vi. Leakage area 

Structural relations to characterize the behavior of tube sheet and flange 
type members are first outlined, and the solution procedure to determine 
their interaction is described. A typical numerical example is then utilized to 
demonstrate the usefulness and limitations of the "controlled MTM" 
concept. The computer program "TRIEL" based on this method is also 
presented. 

Study of a typical "three element joint" presented in this chapter reveals 
some aspects of the joint behavior which are not apparent from a direct 
application of code rules. The most recent edition of the ASME Code 
[4.1.2, p. 412] recognizes the hidden peculiarities of the structural behavior 
of the' 'three element joint" . 
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As stated before, although the analysis described in this chapter focuses 
on the three element joint, solution for other cases, such as two bolted up 
flanges, or a flange bolted to a flat cover, can be obtained using TRIEL. 
The procedure for solving such specialization of the general solution is 
explained in Sections 4.8 and 12.8. 

4.2 THE STRUCTURAL MODEL 

Figure 4.1.2 shows the structural model of the bolted joint. The tubesheet 
is sandwiched between two flanges, which are henceforth referred to as the 
"Channel (Bonnet) Flange", and "Shell Flange", respectively. The bolts 
pass through clearance holes in the tubesheet. We assume that there are n 
bolts, each of root areaA b , prestressed to a certain known stress level, (To. It 
is further assumed that the channel flange bears against the gasket on the 
tubesheet groove, and it may have an initial edge gap Eo under the "seating 
condition" , * or it may develop an edge contact load Fe. The edge gap Eo or 
edge contact load Fe are design options which can be easily adjusted in a 
joint assembly by properly machining the flange/tubesheet surface. The 
shell flange, however, is assumed to bear totally against the gasket, i.e., it 
does not make metal-to-metal contact during either the seating or the 
pressurized stage of joint loading. 

The model is equally valid for the case where the shellside design pressure 
exceeds the tubeside pressure, and the designer seeks to evaluate the effect 
of "controlled metal-to-metal" contact in the shellside of the joint. The 
analysis is fully applicable once the terms "shellside" and "tubeside" are 
interchanged. 

The formulation presented here assumes the contact load to be exerted at 
the outer edge (radius b). The case of a "land" at a radius, 'L, to produce 
controlled metal-to-metal contact (at radius 'L) can also be treated using 
this formulation by merely replacing the quantity b associated with Fe bY'L 
throughout the analysis. The effect of varying'L is treated in Section 3.14. 
We fix 'L (equal to b) in the present analysis to reduce the number of 
parameters. This will help maintain our focus on the variables mentioned in 
the foregoing. 

In Chapter 5, a parallel analysis of this problem is developed which treats 
gaskets of arbitrarily non-linear loading/unloading curves, and finite 
widths. The behavior of a joint containing full face gaskets and gaskets with 
controlled "MTM" can be studied by following the joint response to in­
cremental increase (or decrease) of pressure. This time step analysis, 
however, is considerably more computation intensive than the one 
presented in this chapter. 

As noted in Section 3.5, the mathematical model for the gasket presents 
the greatest problem. A typical spiral wound gasket possesses highly non-

·Used in Ref. [4.1.2] to indicate the condition of bolt prestress. 
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linear and non-conservative loading, unloading and reloading charac­
teristics [4.2.1]. Furthermore, the minimum surface pressure on the gasket 
to maintain a leak-tight joint depends on a host of parameters, such as 
surface finish, groove clearance, gasket strip material, filler material, 
loading history, etc. Strictly speaking, if the stress-strain relationship of the 
gasket is known, then the "exact" pressure distribution on the gasket can be 
determined as a function of the rotation of the mating surfaces. Since the 
rotation of the mating flanges themselves will depend on the gasket surface 
pressure distribution, an iterative or incremental solution will have to be 
devised. Assuming that the gasket is narrow in the radial direction, we 
borrow the assumption of the ASME Code [4.1.3] that the gasket pressure 
resultant acts at the "effective gasket diameter", irrespective of the flange 
rotations. However, the loading and unloading stiffnesses are allowed to be 
an arbitrary (known) function of the compression and decompression 
history. The case where the gasket is relatively wide, so that the gasket 
resultant force moves during the joint loading, is treated in the next chapter. 

4.3 TUBESHEET 

The tubesheet contains a perforated interior in which the tube holes are 
arranged in a geometric pattern on a specified pitch, P. Following the 
AS ME Code [4.1.2], we define the outer radius a of the perforated interior 
as: 

P-hp 
a=rmax + -4- (4.3.1) 

where r max is the radius of the outermost tube center, and hp is the ligament 
width. The ligament efficiency, 11, of the perforations is defined as: 

(4.3.2) 

We note here that hp mayor may not incorporate some of the tube wall. 
We discuss the concept of effective ligament width further in the chapters 
dealing specifically with tubesheet design (Chapters 8 through 11). 

It is well known [4.3.1, 2, 3] that the perforated region may be idealized 
as a homogeneous, isotropic plate with modified elastic constants. The 
modified elastic constants are given as function of 11 and the elastic con­
stants of the plate material for any given tube layout pattern. Thus, the 
tubesheet is modeled as a composite plate consisting of two concentric 
circular plates bonded at the interface radius a. The inner plate is the 
perforated region, while the outer annular plate is the "untubed rim" which 
is loaded by pressure and gasket loads. 

The following major assumptions are made to simplify modeling and 
analysis of the tubesheet: 

i. The resistance offered to the bending of the tube sheet by the tubes 



4/ Tubesheet Sandwiched Between Two Flanges 167 

due to their restraint at the baffle location is neglected. Gardner 
[4.3.4] has considered this effect and delineated its significance in 
practical design applications. 

ii. The strengthening effect of the pass partition lanes in the tubesheet is 
neglected. 

iii. The weakening effect of the bolt holes in the tubesheet is neglected. 

A complete analysis of tubesheets for V-tube heat exchangers is found in 
Chapter 8. The discussion presented in this section, however, suffices for 
analyzing a "three element joint" in V-tube heat exchangers. We begin by 
treating the outer plate as an elastic ring. In Fig. 4.3.1, FI and F2 denote 
the tubeside and shellside gasket reaction resultants, respectively. Fe 
denotes the potential edge contact load between the channel flange and the 

~DEn)~OTTOrnn 

t---- ----I.}JI 
~SIDE) Q, 

w 

.8 __ A ......... _ 

.. 
a---..... 

Fig. 4.3.1. Freebody of the tubesheet. 

Fe 

tubesheet. PI and P2 are tubeside and shells ide pressures, assumed to act up 
to radii T j and T2 , respectively, where TI and T2 are the effective gasket radii. 
The mean radius of the rim (point A in Fig. 4.3.1) is given by: 

a*=O.5(a+b) 

and the width of the ring h is given by: 

h=(b-a) 

Let the pressure difference across the tubesheet be defined as P; 

P=PI -P2 

(4.3.3) 

(4.3.4) 

(4.3.5) 

Then the shear force Qo at the rim-perforated plate interface follows from 
equilibrium: 

pa 
Qo=--

2 
(4.3.6) 
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Furthermore, the net ring moment about point A (positive if clockwise in 
the plane of the paper) is given by: 

MIa Qoh r l b 
M= -- + - -FI (a* -rl ) - +Fe (b-a*)-

a* 2a* a* a* 

P (r 2 -a2)(2a* -r -a) 
I I I +F2(a*-r2 ) 

4a* 

(4.3.7) 

Thus 

a*M= - (Mo + x)a (4.3.8) 

where: 

pa2 h 
ax= - -4- +FI(a* -rl)rl -F2(a* -r2)r2 -Fe (b-a*)b 

PI (r12 - a2)(2a* - r l - a) P2(r/ - a2)(2a* - r2 - a) 
+ 4 - 4 (4.3.9) 

The rotation of the rim, Os, due to M, follows from elementary strength-of­
materials theory [see Section 3.9]: 

o = _-_12_a_*_a_(M._o_+_x_) 
s E 2ht/ 

(4.3.10) 

Next we set up the governing equations for the perforated interior modeled 
as an equivalent solid plate in the manner described before. The governing 
differential equation for axisymmetric deflection of circular plates is well 
known* [4.3.4]: 

( cf 1 d)(cf 1 d) P 
dr + -;: dr dr + -;: dr W = DI 

where the plate flexural rigidity is defined as: 
E lts 3 

D - ---'---'-----::-
1- 12(l-VI2) 

with E I , VI representing the modified elastic constants. 

(4.3.11) 

(4.3.12) 

The general solution ofEq. (4.3.11) is shown in Appendix A at the end of 
the text to be 

(4.3.13) 

·The circular plate equations utilized in this section have been derived from first principles in 
AppendixA. 
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where 'Yi (i = 1,4) are arbitrary constants of integration. For a solid plate 
(no hole in the center), finiteness of deflection and slope yield 'Y3 = 'Y4 = o. 
'YI and 'Y2 are determined by the boundary conditions. By appealing to 
continuity of slope, and traction (radial moment) at r = a, and performing 
the necessary algebra, the following results are derived: 

- 6a*a(Mo + X) pa2 
---

E2 hats 3 32DI 
'Y2 = (4.3.14) 

(4.3.15) 

where: 

12a*aDI (l + 1'1) 
p= (4.3.16) 

The details of matching conditions of slope and moment at r=a are 
discussed fully in Chapter 8 where we deal specifically with the tubesheet 
analysis. 

From Eq. (4.3.13), the deflection of the inside edge of the rim is 

pa4 

Wa ='YI +'Y2 a2 + --
64D I 

Therefore, the deflection of the tubesheet with respect to the inside edge of 
the rim is given by: 

w* ='Y2(r _a2)+ ~ (r4 _a4) 
64D I 

(4.3.17) 

Similarly, the deflection of point B (r=rl) with respect to the inside edge of 
the rim is Os (rl - a). 

Thus, the deflection of the tubesheet at a radius r with respect to point B 
(r = r l ) is given by: 

w = - (rl - aWs + w* r'5,a 

= - (r l - r)Os 

The radial bending moment M, is given by: 

r?!a 

(l +31'1)pr 
Mo = 2'Y2DI (l + I'd + 16 r'5,a (b) 

(4.3.18) 

(4.3.19) 

The maximum bending stress in the perforated plate, averaged across the 
ligament width, is given by [4.1.2]: 
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k' 6M 
(4.3.20) a---

1- t 2 
TJ s 

where k' is the "stress multiplier" given in Ref. [4.1.2] as a function of the 
radial to tangential stress ratio and M is the larger of the radial and cir­
cumferential bending moments. 

4.4 FLANGE 

The stress analysis method described in Section 3.13 is utilized to model 
shell and channel flanges. It was shown that the stress and displacement 
fields in a flange are completely described for given external moment Mex! 

and pressure p. To start, generic variables will be used without subscripts in 
this section. In later sections, wherever a distinction is necessary, subscripts 
1 and 2 are appended to the variables to indicate the quantities pertaining to 
the channel and shell flanges, respectively. As noted previously, we assume 
that the shellside of the unit is the lower pressure side. 

For a given bolt load B' per unit circumference, force equilibrium yields 
(Fig. 4.4.1): 

pr 
rbB' -bF -rF- - =0 

e 2 (4.4.1) 

We assume that the edge contact load Fe is zero for the flange on the lower 
pressure side (shellside). The external moment on the flange ring Mex! (Eq. 
3.13.8), per unit circumferential length at the bolt circle radius, is given by 

- Fe b (b - r b ) Fr pa' 2 d 
Mex! = + - (rb -r)+--

rb rb 2rb 

p(r -a,2)(2rb -r-a') 
+ (4.4.2) 

4rb 

Thus, if the bolt load B' , the edge contact load Fe, and the pressure pare 
specified, then the gasket linear pressure F follows from Eq. (4.4.1) and the 
external ring moment Mex! from Eq. (4.4.2). The solution procedure of 
Section 3.13 can then be used to evaluate the stress and displacement fields 
in the flange. 

4.5 METHOD OF SOLUTION 

The physical dimensions of the bolted joint and its elements are assumed 
to be known. The bolts, n in number of root area Ab each, are assumed to 
be pre-stressed to a desired value ao. The object is to determine the service 
bolt stress a, maximum hub and ring stresses in the bonnet and shell flanges, 
maximum stress in the tubesheet, and finally, the leakage areas formed by 
the deflection of the tubesheet and the bonnet flange when the channel and 
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shell chambers are sUbjected to pressures Pi and P2' respectively. Within the 
framework of the available data, two design parameters can be varied; 
namely the pre-stress (Jo, and the "initial edge gap" Eo, between the outer 
edges of the bonnet flange and the tubesheet, under the seating condition. Eo 
can be varied by properly machining the faces of the bonnet flange and/or 
the tube sheet beyond the gasket seating surface. The influence of these 
parameters on the aforementioned quantities of interest can now be 
examined. 

The force equilibrium Eq. (4.4.1) for the bonnet flange during seating 
yields the lineal gasket force Fi 0 on the bonnet gasket*: 

o n(JoA b bFe 0 
Fi =-----

27fri r i 

(4.5.1) 

Fe 0 is the initial edge contact force per unit circumference. Note Fe 0 = 0 if 
the initial gap Eo > O. Equation (4.5.1) determines the lineal force on the 
bonnet gasket. The lineal compression force F2 0 on the shell gasket follows 
from force equilibrium: 

o n(JoA b 
F2 =--

27fr2 

(4.5.2) 

The con:esponding gasket compressed thicknesses under Fi 0 and F2 0 are 
denoted by 0i 0 and 02 0 , respectively. 

Using the method described in Sections 3.13 and 4.3, the rotations of the 
bonnet flange 0i 0, shell flange 02 0 , and tube sheet Os can be determined 
(positive values of 0i 0, 02 0 imply a movement of the outer edge of the 
respective flange towards the tubesheet ring): 

RING 
, 9 

r­
I 

(4.5.3) 

Fey 
, b 

TB (BOLT LOAolf 
C r b 

F (GASKET FORCE) 

Fig. 4.4.1. Flange stress analysis model. 

'Recall that we attach subscripts 1 and 2 wherever necessary to distinguish between the 
channel and the shellside of the unit. 
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The superscript "0" is appended to the quantities to indicate that these 
pertain to the seating condition. Thus the effective bolt length under the 
prestress condition 10 (Fig. 4.1.2) is given by: 

10 = s +11 sec()1 0 +12 sec()2 0 + tssec()s 0 - (rb - rdsin()1 0 - (rb - r2)sin()2 0 

+ (r2 - rl )sin()/ + 01 0 + 02 0 (4.5.4) 

For small values of ()I 0, ()2 0 and ()s 0, Eq. (4.5.4) can be further simplified: 

10 =s+ II +12 + ts +01 0 +02 0 -(rb -rl)()1 0 +(r2 -rl)()s 0 

(4.5.5) 

where the term s represents the total effect of any difference between the 
joint thickness at the bolt center line and at the gasket locations. 

Equation (4.5.5) defines the quantity 10. We further note that the initial 
edge gap Eo is given by: 

(4.5.6) 

where Sl represents the term due to the face machining of the mating 
elements. As stated before, Eo can be set equal to a small positive quantity 
(by adjusting Sl). Further, Eo can be zero, and an initial edge contact load 
Fe 0 may be developed on the channel flange-tubesheet outer edge. In short, 
the initial condition at the outer edge can be suitably prescribed. The object 
now is to investigate the behavior of the flanged joint and its constituent 
elements when the two chambers are pressurized. If fJ and Fe denote the 
"correct" bolt stress and edge load, respectively, under this condition, then 
the channel gasket residual lineal force FI follows from force equilibrium 
(Eq.4.4.1): 

nfJA b bFe PI rl 
FI =--- - -- (4.5.7) 

27l"rl rl 2 

Similarly, the residual lineal forceF2 on the shell gasket is given by: 

nfJA b P2 r2 
F2 = -- - - (4.5.8) 

27l"r2 2 

Let 01 and 02 denote the channel and shell gasket thicknesses corresponding 
to FI and F2, respectively. The magnitudes of 01 and 02 depend on the 
gasket stiffness characteristics, as described in Chapter 3. 

The solution procedure to determine fJ and Fe, and other field quantities 
of interest consists of two major steps which may be stated as follows: 

Step I: It is assumed a priori that there is no edge contact under the 
pressurized condition; i.e., EI > 0, and Fe = O. The appropriate bolt stress 
fJ, under this assumption, is calculated as follows: 

(a) Assume a value of fJ and evaluate FI and F2 using Eqs. (4.5.7) and 



4/ Tubesheet Sandwiched Between Two Flanges 173 

(4.5.8), respectively (Fe = 0 in Eq. (4.5.7}). We note that in the first 
step, a= ao is a natural choice. 

(b) Compute the bonnet flange ring rotation 81 , shell flange ring rotation 
82 , and tubesheet rotation 8s by computing the appropriate net ring 
moment and using relations between ring rotation and net ring 
moment: 

81 ~I (FI ,a,Fe ) 

82 ~2 (F2 ,a) (4.5.9) 

8s = t(FI ,F2 } 

For example, 8s follows from Eqs. (4.3.10), (4.3.9), (4.3.15), and (4.3.16). 

(c) Evaluate 01 and 02, corresponding to FI and F2, using the gasket 
loading-unloading diagram. 

(d) The "effective length of the joint" I under this assumed condition is 
given by Eq. (4.5.5): 

The' 'length of the joint" is defined as the distance between the back ends 
of the two flanges at the bolt circle radius. 

(e) Next, assume another value of a (close to the value assumed in (a», 
say a'; and, following the steps (a) through (d), compute the 
corresponding bolt length I'. 

(f) The "joint stiffness" K is then defined as: 

a-a' 
K=--

I-I' 
(4.5.11) 

(g) The correct bolt stress is one for which the "joint length" and "bolt 
length" are equal. Let (/0 + A) denote the correct value of bolt and 
joint lengths. The corresponding bolt stress is 

ac = ao + AKb 

Since bolt stress a corresponds to joint length I, the bolt stress 
corresponding to 10 + A is 

ac' = (/0 + A -I)K + a 

ac ' must equal ac for convergence. Hence ao + AKb = a + K (10 + 
A-I) 
or 

K(lo-/)+a-ao 
A=----­

Kb-K 
(4.5.12) 
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where the bolt stiffness Kb is defined by: 

Eb 
K b =-

10 
Thus the corrected bolt stress, (Jc is given by: 

(Jc =(Jo +Kb A 

(4.5.13) 

(4.5.14) 

If the gaskets behave as (or are modeled as) linear springs, then Eq. (4.5.14) 
gives the correct bolt stress. If, however, the gasket load-deflection 
relationship is non-linear, then further iteration is necessary. In the latter 
case, (J is set equal to (Jc in step (a) above, and the procedure is repeated. 
Convergence is obtained when the assumed bolt stress (J (step a) equals the 
corrected stress (Jc (step g) within a prescribed tolerance. 

We can describe qualitatively our procedure by referring to Fig. 4.5.1 
which shows bolt stress (J plotted against joint length I and bolt length lb' As 
(J increases, the joint length I decreases, while the bolt length Ib increases 
(linearly). The procedure in Step I simply provides a quantitative approach 
to finding the intersection of the two curves. 

Having determined the correct bolt stress, (J, the remaining quantities of 
interest, such as 01 , O2 and Os follow from the ring rotation equations which 
are given symbolically in Eq. (4.5.9). 

The edge gap EI under the service condition can now be determined by 
writing 

EI = Eo + 01 - 010 - (b-rl)(OI -Os -010 +0.0) 

where Eq. (4.5.6) determines EO' 

t 

I. 

X-----Solution 
pOint 

Bolt stress ---

(4.5.15) 

Fig. 4.5.1. Variation of bolt length and joint length with bolt stress. 

If EI > 0 then the assumption for zero edge load made in the beginning is 
verified, and the results obtained above from Step I are established to be 
correct. However, if EI < 0, then the edge force Fe and corresponding bolt 



41 Tubesheet Sandwiched Between Two Flanges 175 

stress u have to be determined to satisfy the edge condition of zero 
penetration (i.e., E) = 0). The method to obtain this is described in Step II. 

Step II: As determined above, the bolt stress u may correspond to a 
negative edge gap E). We imagine now that the edge gap E) is an implicit 
function of u and Fe and that we will change the negative edge gap E) by 
"adding" an increment .dE) obtained by a change in u and Fe. Therefore, it 
(E) is written symbolically as 

E) = (j) (u,Fe ) (4.5.16) 

then 

(4.5.17) 

Since we wish to determine .du, ..1Fe to enforce the requirement that E) + 
.dE) = 0, then the incremental changes must satisfy the equation 

o{j) I .du+ o{j) I llF = - E) (4.5.18) 
ou a oFe Fe=O e 

Similarly, the "joint length" I is an implicit function of u and Fe (via Eqs. 
(4.5.9) and (4.5.10». Hence: 

1= {j2 (u,Fe) (4.5.19) 

The bolt length lb corresponding to bolt stress uis 

(4.5.20) 

Hence: 

(4.5.21) 

At the solution point, the joint length must equal the bolt length; i.e., 
7=0. 

Thus the increments in u and Fe required to make 7 zero must satisfy the 
equation: 

_ 7= (O{j2 _ ~) .du+ O{j2 l..1Fe (4.5.22) 
ou Eb oFe Fe=O 

Equations (4.5.18) and (4.5.22) are solved for .du and ..1Fe• Then the 
corrected value of u and Fe are: 

(4.5.23) 

Fe = ..1F. 

If E) and 7 are zero (within a specified tolerance) corresponding to the 
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corrected values of bolt stress and edge load, then convergence is achieved. 
Otherwise, this process is repeated, until convergence is obtained. The rate 
of convergence depends on the non-linearity of the gasket stress-strain 
curve. 

4.6 LEAKAGE AREA 

The gasket ribs compressed by the pass partition plates relax when the 
tube sheet and the channel flange undergo additional rotations due to the 
effect of pressure loadings. The ribs, however, possess limited resilience, 
usually in the order of a few thousands of an inch. If the channel pressure is 
sufficiently greater than the shells ide pressure, then as stated before, a 
narrow gap between the pass partition plate and the gasket surface may be 
formed. The mathematical expressions to evaluate the leakage area and 
magnitude of the associated leakage stream are formulated in the following. 
We assume that the flange rotations and the tube sheet displacement have 
been determined for the seating condition and for the service condition. 

It can be readily verified from Fig. 4.6.1 that the rib thickness under the 
seating condition at radius r is given by: 

AO(r)=oI0+wo(r)+(rl-r)0Io; r2!a{-0.5tl 

(4.6.1) 

where wO(r) is the tubesheet deflection with respect to the gasket at r=r1 , 

and 01 ° is the rotation of the channel flange. These quantities are defined by 

DEFORMED 
BONNET 
FLANGE 

RIB 
THICKNESS 

BOLT CENTER LINE 

DEFORMED 
TUBESHEET 

Fig. 4.6.1. Rib thickness under seating condition. 

Eqs. (4.3.18) and (4.5.3), respectively. It is to be noted that the superscript 
"0" is appended to indicate that all these quantities are evaluated for the 
seating condition. The distance of the pass partition plate from the gasket 
rib seating surface, A(r) under the operating condition is also represented 
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by Eq. (4.6.1) with the superscript "0" deleted. Thus the net gap rat radius 
r is given by: 

~r) Ll(r) - LlO(r) - cf>(r), if r>O 

o if r<O (4.6.2) 

where cf>(r) is the rib "spring back" at radius r. We note that cf> is usually a 
rather complex, and often unknown, function of Llo, rib width, filler 
material, etc. 

Having established the gap width r as a function of r, the net gap area, 
A L , under any pass partition plate is given by direct integration. Simpson's 
formula for numerical quadrature [4.6.1] is found to yield quite accurate 
results with relatively few (11 to 21) nodal points. 

Once the leakage area A L is determined, the leakage rate QL is given by: 

(4.6.3) 

where VL is the bulk leakage velocity. VL depends on the pressure drop 
across the gap, the shape of the flow constriction, etc. Its magnitude can be 
estimated as follows. 

The total pressure drop across the pass partition lane may be viewed as 
consisting of three components, namely: (i) friction loss; (ii) contraction 
loss; and (iii) expansion loss. Thus; 

tlP = [1fFL +K +K] VL 2 

P Dee 2g 
(4.6.4) 

where p is the density of the fluid, D is the characteristic gap dimension 
(maximum width) and L is the length of the constriction. For a tube sheet 
without pass partition grooves, L is equal to the pass partition plate 
thickness. iF denotes the friction factor. Recognizing that the ratio of the 
constriction flow area to the channel flow area will be a very small quantity, 
the values of Ke and Ke can be defined by simple expressions. Kays [4.6.2] 
has shown that for high Reynolds number and for very small area ratio, the 
coefficient Ke approaches unity regardless of the shape of the gap. Ke may 
be approximately defined as: 

1- 2Ce + Ce 2 ( 2Kd -1) 
Ke = 2 (4.6.5) 

Ce 

where, for small area ratios, the jet area ratio Ce is equal to 0.6. Sub­
stituting for Ce in Eq. (4.6.5) yields: 

Ke=2Kd-1.56 (4.6.6) 

The momentum distribution coefficient Kd is defined by a semi-empirical 
relationship [4.5.2] in terms of the friction factor iF; the relation is 

Kd =0.75(4iF) +0.024(4iF)O.S + 1 (4.6.7) 
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Substituting for Kd in Eq. (4.6.6) yields for Kc> the result 

Kc =0.44+ 1. 5 (4IF) +0.048(4IF)0.S 

Finally, the friction factor I may be estimated by the expression 

IF = 0.049Re -0.2 

(4.6.8) 

(4.6.9) 

where Re is the Reynolds number associated with the leakage stream. We 
note that sincelF and Ke in Eq. (4.6.4) depend on the flow velocity via the 
Reynolds number, the computation of VL requires a trial-and-error 
procedure. 

4.7 TWO EXAMPLE PROBLEMS 

The aforementioned design procedure has been computerized for ef­
ficient design computation. The program is discussed in Section 4.8. Here 
we show application of the method to two joint configurations. 

4.7.1 Classical Three Element Joint 

Consider a typical two-pass U-tube heat exchanger designed in ac­
cordance with conventional codes. The flanges, shell and channel are 
designed using the ASME Code Method (Section 3.11) and the tube sheet is 
designed in accordance with the TEMA standards [4.1.1]. The following 
design data is relevant to the analysis (refer to Figs. 4.3.1, 4.4.1, to the 
necessary design equations in the previous sections, and to the nomen­
clature at the end of the chapter): 

(a) Channel flange: SA182-F304 material, ai' = 22.81" al = 0.2, XI = 
4.38",x2 = 5.63",11 = 6",b l '= 4.13",d l = 2.3125",b = 26.5", 
E'I = 30 X 106 psi, "I' = 0.3, CI = 1.33", tl = 0.88", rl = 
23.92". We note that this flange was used for illustration of the 
AS ME Code Method in Section 3 .11. 

(b) Shell flange: SA105 material, a2' = 22.81", a2 = 0.22, XI = 1.69", 
X2 = 2.81",12= 4.75", b2' = 3.88", d2 = 2.3125", E 2 ' = 30 X 

106 psi, ,,' 2 = 0.3, C2 = 1.33", t2 = 0.375" ,r2 = 23.92" . 
(c) Bolts: n = 52, Ab = 0.929 sq. in., rb = 25.25". The bolt seating 

stress ao is taken equal to 35,000 psi. Bolt material Young's modulus 
is 30 x 106 psi. 

(d) Tubesheet: SA515-Gr70, a = 22.3", EI = 6.4 X 106 psi, "I = 0.39, 
E2 = 29 X 106 psi, "2 = 0.3. Allowable stress S for the tubesheet 
material = 16,940 psi. 

The effective elastic constants E and " are taken from the ASME Code 
[4.1.2] and are based on a ligament efficiency equal to 0.283. (0.6718" 
(expanded) tube 1.0. on 0.9375" pitch). 

The TEMA [4.1.1] rule for calculating thickness (for TEMA R, C, or B) 
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for this tubesheet gives ts = 1.25'1 (Pl/S)'h = 5.625". The tubesheet will 
be assumed to be 5.625" thick in both perforated and solid rim regions. 

(e) Gaskets: Both gaskets have an effective width of 0.354", and are 
compressed to 0.125" under the seating condition. The unloading 
stiffness is based on unloading the gasket linearly to zero stress in 
0.01". The rib relaxation range ¢ (Eq. 4.6.2) is also assumed to be 
0.01" . 

(f) Miscellaneous: PI = 600 psi, or P2 = 150 psi, f¥J = 20 psi. Thickness 
of pass partition plate, L = 0.5", p = 62.4 lb/fe, fJ, = 0.517 cen­
tipoise. 

The solution procedure described in Sections 4.2-4.6, and implemented 
in the computer code TRIEL, yields a maximum tubesheet moment at r = 
0, equal to 43,440 lb inch/inch. Using Eq. (4.3.20), the bending stress in the 
tubesheet is found to be 29,100 psi. This indicates that the TEMA designed 
tubesheet may be overstressed for this class of problems. 

Table 4.7.1 gives the longitudinal hub stresses and tangential ring stresses 
in the channel and shell flanges for 0"0 = 35,000 psi using the Taylor Forge 
Method (ASME Code). The gasket seating stress y and gasket factor mused 
to quantify the gasket characteristics are assumed to be 9000 psi and 3, 
respectively. The longitudinal hub membrane stress due to internal pressure 
is purposely not included in the stress analysis results since the ASME Code 
Method does not include it. We note that for 0"0 = 35,000 psi, the channel 
flange stresses given by the Taylor Forge Method (ASME Code) are 
generally unconservative, but within a tolerable range of error. 

The results for the shell flange, however, show a startling discrepancy 
between the two solutions. The results of the AS ME Code calculation 
appear to be serious under-predictions. The reasons for this lie in the basic 
assumptions made in the Code flange design practice. The main cause of the 
-discrepancy in the seating condition stresses is due to the AS ME code 
sanctioned practice of computing the seating condition moment based on 
the average of the required gasket seating load and the available bolt load. 
It should be added here that the designer is urged to use the "full available 
bolt load" in computing the seating mode moments whenever the con­
ditions so warrant. Unfortunately, this suggestion is generally unheeded in 
the industry, understandably for reasons of economy. 

The aforementioned discrepancy under the pressurized condition is 
ascribed to a more fundamental reason. The ASME code assumes that the 
gasket surface pressure drops to m times the hydrostatic pressure under the 
pressurized condition. In a three element joint, this assumption may be 
completely untrue for the low pressure gasket (shellside). As a matter of 
fact, the shell gasket surface "residual" pressure may even exceed the 
seating condition pressure. This is demonstrated by numerical results later 
in this section. 

Corresponding to 0"0 = 35,000 psi, the diametral leakage area AL is 
computed to be 1.65 sq. in. Following the method given in Section 4.6, the 
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leakage velocity VL is calculated to be approximately 40 ftlsec which yields 
a leakage rate equal to 0.11 X 106 pounds per hour. This leakage rate 
represents 6070 of the total tubeside flow rate in the heat exchanger. The 
significance of a leakage ratio of this proportion should not be lost on a 
heat exchanger designer. Depending on the degree of co-currency of the 
heat exchanging media, traditionally measured by the so-called "tem­
perature correction factor" , a leakage rate of this magnitude can drastically 
lower the effective log mean temperature difference, and affect the ex­
changer heat duty. Evidently, the quantity of the leakage as well as its 
damaging effect will be more aggravating in multiple tube pass exchangers 
containing several pass partition lanes. 

Table 4.7.1. Comparison of ASME Code Method with Stress Analysis 
Method for a Three-Element Joint 

Channel Flange Shell Flange 

Bolt Hub Long. Flange Hub Long. Flange Method of 
Condition stress bending ring bending ring Computation' 

Seating ] 35,000 16,580 6,360 31,030 15,690 I 
Condition 35,000 13,620 8,046 14,600 9,990 II 
pressurized] 38,470t 21,900 12,090 34,920 20,050 I 
Condition 35,000 18,728 1l,063 9,900 6,780 II 

, Computation Method I means results are obtained using the stress analysis technique 
described in this chapter; more specifically, using computer program TRIEL. Com­
putation Method II means the results are obtained using The ASME Code Method as 
programmed in the code FLANGE (Chapter 3). 

t Recall that The AS ME Code Method assumes that the bolt load remains unchanged when 
the joint is pressurized. 

4.7.2 Controlled Metal-to-Metal Contact Joint 

The foregoing observations illustrate the inherent weaknesses in the 
current formula-based design methods for flanges and tubesheets. We will 
next explore the relative advantages and disadvantages derived by allowing 
"controlled" metal-to-metal (MTM) contact, beyond the bolt circle, 
between the mating surfaces on the high pressure side (channel side). 
Physical reasoning suggests that the edge contact force generated by MTM 
will reduce the tubesheet deflection, maximum tube sheet stress, and also 
channel flange stress. Its effect on the residual bonnet gasket pressure, 
however, is not readily surmised. To derive the maximum benefit from the 
MTM condition on the high pressure side, the mating surfaces on the low 
pressure side (shell side) are assumed to be machined such as to preclude any 
metal-to-metal contact beyond the bolt circle. 

To fix ideas, we investigate the impact of varying 0'0 and Eo (edge gap 
under the seating condition) on the following field quantities: 

(i) Service bolt stress 0', and edge load, Fe 
(ii) Residual bonnet and shell gasket pressures 
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(iii) Tubesheet stress 
(iv) Channel flange hub and ring bending stresses 
(v) Shell flange hub and ring bending stresses 
(vi) Leakage area 
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(i) Service bolt stress (J, and edge load Fe: The computation of the service 
bolt stress is important in the calculation of the fatigue life of the bolts; this 
is especially true in the units subject to a high frequency and amplitude of 
fluctuations in their operating pressures. Figure 4.7.1 shows the variation of 
the bolt service stress with the bolt prestress for the example problem. 
Results for different values of the edge gap Eo are reported. It is observed 
that the service bolt stress (J may exceed the prestress (Jo by over 200/0 for Eo 

= O. The increase is smaller for Eo > 0, the minimum increase corresponds to 
the no "MTM" condition (not plotted in Fig. 4.7.1). The relationship 
between (J and (Jo for a given EO is almost linear. This linear result is, 
however, due to the piecewise linear gasket stiffness characteristics assumed 
in this problem. 

These results indicate that the range of bolt axial stress variation is more 
severe for the controlled MTM condition than for the no edge contact 
condition. 

(ii) Residual bonnet and shell gasket pressures: The residual gasket 
pressures are the key variables which determine the leakage potential. 
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Fig. 4.7.1. Variation of u with Uo for various Eo. 
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Figures 4.7.2 a, b show the bonnet gasket lineal force F I , and the shell 
gasket lineal force F 2 , respectively, plotted against the edge clearance Eo, 
with (To as the parameter. FI is seen to decrease as the gap Eo is decreased, 
and FI asymptotically approaches the value corresponding to the "no­
MTM" condition as Eo is increased. These asymptote values are denoted in 
Fig. 4.7.2 a,b. Thus the MTM condition reduces F I ; this is a disadvantage 
of the concept since FI directly affects the joint leakage. However, this 
decrease in FI can be mitigated if (To is increased. F2 , however, is a weak 
function of Eo. F2 increases with decreasing EO, and may indeed exceed the 
seating condition value, F20 , in some cases. Thus, although there is no 
possibility of leakage past the shell gasket, there may be a possibility of 
crushing it due to excessive surface pressure, specially for high (To and small 
Eo· 

(iii) Tubesheet: The maximum moment in the tubesheet (equivalent 
plate) under the pressurized condition is always found to occur at the center 
(r = 0) in the example considered, indicating that the edge constraint 
provided by Fe is not strong enough to simulate a built-in edge condition. 
Figure 4.7.3 shows that the radial moment Mr(max) decreases rapidly in a 
linear manner with Eo. For (To = 35,000 psi, the tube sheet maximum 
moment is reduced by approximately 20070 from the no-MTM condition to 
the condition of zero edge gap, Eo = O. Increasing (To is also seen to reduce 
Mr(max)' 

(iv) Bonnet flange stresses: The maximum longitudinal hub moment, 
M h , and the ring tangential bending stress (Tr are plotted in Fig. 4.7.4 a, b for 
the pressurized condition. As witnessed in the case of the tubesheet, the 
bonnet flange stresses reduce rapidly with reduction in Eo. For (To = 35,000 
psi, the bonnet flange ring and hub stresses are reduced by nearly 25% and 
36%, respectively, from the no-MTM condition to the zero edge gap 
condition (Eo = 0). Increasing (To, however, increases the flange stresses. 

(v) Shell flange stresses: The shell flange hub moments, and ring stresses 
under the pressurized condition, are plotted in Fig. 4.7.5 a, b. These plots 
show that the shell flange stresses increase with decreasing Eo. However, the 
increase is moderate. For example, for (To = 35,000 psi, the hub moment 
and ring stress increase by under 7% for Eo = 0, over the no-MTM con­
dition. 

(vi) Leakage Area: The diametralleakage area is plotted in Fig. 4.7.6. AL 
is seen to decrease rapidly with Eo. It reaches a minimum at Eo = O. 

The foregoing observations are based on the numerical study of a typical 
bolted joint. Therefore, the conclusions are at best qualitative, since the 
joint response is strongly predicated on the physical dimensions of its 
elements, and the gasket stress-strain relationships. the inferences derived 
herein should not be construed to be of universal applicability, although 
they represent the typical behavior of bolted joints used in the current in­
dustrial practice. The important fact is that with the use of the computer to 
carry out the various computations, examination of the characteristics of 
any joint configuration becomes a routine design effort. 
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Fig. 4.7.2a. Variation of bonnet gasket residual pressure with edge 
clearance (pressurized condition) for various 0'0 • 
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4.7.3 Observations 
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The following main conclusions can be derived from the preceding 
example problem [4.7.1,4.7.2]. 

i. The tubeside leakage stream can be a cause of deterioration in the 
exchanger performance. In addition to lowering the tubeside film 
coefficient, it also drives down the effective Log Mean Temperature 
Difference (LMTD). 

ii. The flange for the low pressure chamber (shell side flange in our 
model) may be grossly overstressed if sized using the Taylor Forge 
Method (see Section 3.11). 

iii. The stresses in the high pressure side flange are also generally higher 
than those predicted by the AS ME Code. The underdesign is more 
pronounced if higher (than customary) values of bolt prestress are 
assumed. 

iv. Increasing the bolt prestress increases the stresses in the flanged joint 
elements. It, however, has a minor effect in reducing the leakage 
area. 

To alleviate the state of overstress in the flanged joints, and to reduce the 
leakage area, the concept of controlled metal-to-metal contact can be 
utilized [4.7.1-2]. Under the seating condition, a deliberate gap, Eo, between 
the bonnet flange (high pressure side) and tubesheet at their outer edge is 
prescribed. Upon pressurization, this gap diminishes. Depending on the gap 
size prescribed and on the applied pressures, this gap may diminish to zero, 
and an edge contact force may even be developed. This edge contact force 
exerts a counter moment on the tube sheet and on the channel flange, and 
thus reduces the stress levels in these members. By suitably adjusting EO, the 
edge contact force may be generated at just the right stage of pressurization. 
The MTM condition, however, does reduce the bonnet gasket residual 
pressure. This deficiency can be overcome by employing a higher bolt 
prestress, or more bolts. The shell flange stresses, however, sustain a 
moderate increase as the bolt prestress is increased. The major gain is 
registered in drastically reducing the leakage area. The leakage area is found 
to be the minimum at Eo = 0 in the sample problem studied. 

In short, the concept of a "controlled" metal-to-metal contact beyond 
the bolt circle in conjunction with a high bolt prestress may be utilized to 
mitigate the tubes ide interpass leakage and to reduce the stress levels in the 
bonnet flange and the tubesheet. 

The main theme of the utilitarian aspects of the "MTM" concept for 
three element joints hinges on the fact that the channel pressure is much 
higher than the shell pressure, i.e., PI »P2' However, if the converse is 
true (P2 > PI), then tubeside leakage is obviously not a problem. In this 
latter case, the motivation of the analyst will be to reduce tube sheet and 
shell flange stresses by examining "controlled" MTM between these two 
members. The analysis procedure will remain unchanged (with subscripts 1 
and 2 now representing shellside and tubeside flange parameters, respec­
tively). 
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PROGRAM TRIEL 

COMPUTES STRESSES AND DEFLECTIONS IN A THREE ELEMENT JOINT 
(TWO FLANGES AND TUBESHEET) 

FORTRAN VARIABLES: 
***INPUT LIST : INPUT ALL DATA IN CONSISTENT UNITS*** 

TITLE: TITLE FOR PROBLEM; ANY ALPHANUMERIC-80 CHARACTERS LONG 

••• FOR BOLT DATA ••• 
MCOND: LOADING OPTION; =1 FOR SEATING CONDITION ONLY, 

>1(SAY 2) FOR SEATING AND OPERATING CONDITONS 
N NO. OF BOLTS 
SIG: INITIAL PRESTRESS IN BOLTS 
AROOT: ROOT AREA OF EACH BOLT 
RB BOLT CIRCLE RADIUS 
DSC: OFFSET OF CHANNEL HUB CENTER W.R.T. BOLT CENTERLINE 
DSS: OFFSET OF SHELL HUB CENTER W.R.T. BOLT CENTERLINE 
EB : YOUNG'S MODULUS OF BOLT MATERIAL 
••• FOR GASKET DATA ••• 
R1 EFFECTIVE CHANNEL GASKET RADIUS 
ES1 : EFFECTIVE GASKET WIDTH (CHANNEL SIDE) 
S1 MEAN SHELL GASKET RADIUS 
GS1 : EFFECTIVE GASKET WIDTH (SHELL SIDE) 
STIF1: CHANNEL GASKET STIFFNESS 
STIF2: SHELL GASKET STIFFNESS 
DELC : THICKNESS OF CHANNEL GASKET UNDER SEATING CONDITION 
DELS : THICKNESS OF SHELL GASKET UNDER SEATING CONDITION 
.•• FOR CHANNEL FLANGE DATA •.• 
EC : CHANNEL FLANGE YOUNG'S MODULUS 
ASC: CHANNEL MEAN RADIUS 
ALFAC: HUB SLOPE(CHANNEL) 
XOC: DISTANCE OF SMALL END FROM THE POINT OF ZERO THICKNESS 
XHUBC: DISTANCE OF LARGE END II 

TC : CHANNEL THICKNESS 
FC : RING THICKNESS 
••• FOR SHELL FLANGE DATA •.. 
ES : SHELL FLANGE YOUNG'S MODULUS 
ASS: SHELL MEAN RADIUS 
ALFAS: HUB SLOPE(SHELL) 
XOS: DISTANCE OF SMALL END FROM THE POINT OF ZERO THICKNESS 
XHUBS: DISTANCE OF LARGE END II II II II II II 

TS : SHELL THICKNESS 
FS : RING THICKNESS 
••• FOR TUBESHEET DATA ••• 
A INTERFACE RADIUS 
B OUTER RADIUS 
T TUBESHEET THICKNESS 
E1 EQUIVALENT YOUNG'S MOD. OF PERFORATED REGION 
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E2 YOUNG'S MOD. OF TUBESHEET MATERIAL 
PRI: EQUIVALENT POISSON'S RATIO OF PERFORATED REGION 
PR2: POISSON'S RATIO OF TUBESHEET MATERIAL 
••. FOR PRESSURE DATA .•. 
PC : TUBES IDE PRESSURE 
PS SHELLS IDE PRESSURE 
... FOR MISCELLANEOUS DATA .•. 
UNLOAD:GASKET UNLOADING RANGE; ALSO A SENTIN~L IF NEGATIVE 
EPSO : EDGE SEPARATION IN SEATING CONDITION 
FED : EDGE LOAD UNDER SEATING CONDITION 

OTHER PRINCIPAL VARIABLES: 
BRC : CHANNEL FLANGE RING WIDTH 
BRS : SHELL FLANGE RING WIDTH 

191 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

CSC :RADIAL DISTANCE OF BOLT CENTER LINE FROM EFF. BONN. GSKT CIRCLE 
CSS :RADIAL DISTANCE OF BOLT CERTER LINE FROM SHELL GSKT EFF. CIRCLE 

C 
C 
C 

***RESULTS HAVE UNITS CONSISTENT WITH THOSE OF INPUT DATA*** 
******************************************************* 

DIMENSION DISP(20),GAP(20),RT(20),THICK(20),TITLE(20) 
COMMON/KPS/JPAR 
COMMON/MJH/DISP 
COMMON/FOUR/CEO 

C ********************************************************** 
C .•• STATEMENT FUNCTIONS •.. 

FF(SIGMA,P,RAD,FEDGE)=(SIGMA*AROOT*N-3.14159*P*RAD*RAD) 
I /(6.283185*RAD) -FEDGE *B/RAD 

ELEN(THI,TH2,THT,DELI,DEL2) = FC+FS+T -CSC*THI -CSS*TH2 + 
I (Sl-RI)*THT + DELI +DEL2 

EPS{DEL,THI,THT) =EPSO + DEL-DELC-(CED+CSC)*(THI-THT-THAI+THAT) 
C ********************************************************** 
C ••. SET THE FOLLOWING .•• 

TaL = 100. 
PRC = .3 
PRS = .3 

C ********************************************************** 
C .•• GIVE HEADING FOR PROBLEM •.• 

READ{5,5) (TITLE(I),I=I,20) 
5 FORMAT{20A4) 

C ***INPUT DATA*** 
C .•. FOR BOLTS .•• 

READ(5,*) MCOND,N,SIG,AROOT,RB,DSC,DSS,EB 
C •.. FOR GASKET .•• 

READ{5,*) Rl,ESl,Sl,GSI,STIFl,STIF2,DELC,DELS 
C •.. FOR CHANNEL FLANGE .•• 

READ(5,*) EC,ASC,ALFAC,XOC,XHUBC,TC,FC 
C ... FOR SHELL FLANGE DATA 

READ{5,*) ES,ASS,ALFAS,XOS,XHUBS,TS,FS 
C ..• FOR TUBESHEET ••• 

READ{5,*) A,B,T,El,E2,PRI,PR2 
C •.. FOR PRESSURES ••• 



192 Mechanical Design of Heat Exchangers 

IF(MCOND .NE. 1) GO TO 40 
PS = 0.0 
PC = 0.0 
GO TO 43 

40 READ(5,*) PC,PS 
43 CONTINUE 

C ••. MISCELLANEOUS DATA •.• 
1 READ(5,*) UNLOAD,EPSO,FED 

C •.• SET SENTINEL FOR END OF RUN •.. 
IF(UNLOAD.LT.O.) GO TO 1001 

C ********************************************************** 
C ... COMPUTE OTHER DIMENSIONS ... 

CEO = B-RB 
BRC = B-ASC+0.5*TC 
BRS = B-ASS+0.5*TS 

c= B-.5*BRC 
RMS=B-.5*BRS 
CSC = RB-Rl 
CSS = RB-Sl 

C ********************************************************** 
C •.. PRINT HEADING ..• 

WRITE(6,6) (TITLE(I),I=1,20) 
6 FORMAT(lHl,5X,20A4) 

C ••. PRINT INPUT DATA ••. 
WRITE(6,2l) MCOND,N,SIG,AROOT,RB,DSC,DSS,EB,Rl,ESl,Sl,GSl, 

+ STIFl,STIF2,DELC,DELS 
21 FORMAT(lHO,15X,"***************INPUT DATA***************"// 

+20X," BOLT DATA "/ 
+6X,"LOADING OPTION •••.....••..••..•••••••••.•.•.•. =",IlO/ 
+6X,"NO. OF BOLTS •••.•..•••..•...•...•••....•...••• =",110/ 
+6X,"BOLT PRESTRESS .•......••.•••.•••••••••••.•••.• =" ,FlO.l/ 
+6X,"ROOT AREA PER BOLT .•••••••••••...••..•....•... =",FlO.3/ 
+6X,"BOLT CIRCLE RADIUS ..•.••.•••.••..••••..••..••. =",FlO.3/ 
+6X,"CHANNEL HUB CENTER OFFSET W.R.T BOLT CENTERLINE =",FlO.4/ 
+6X,"SHELL HUB CENTER OFFSET W.R.T BOLT CENTERLINE. =",FlO.4/ 
+6X,"YOUNG'S MODULUS OF BOLT MATERIAL •..••.•.•...•. =",ElO.3// 
+20X," GASKET DATA "/ 
+6X,"EFFECTIVECHANNEL GASKET RADIUS ...••.••...••.. =",FlO.3/ 
+6X,"EFFECTIVE CHANNEL GASKET WIDTH ••.•.••••••..... =",FlO.3/ 
+6X,"EFFECTIVE SHELL GASKET RADIUS ..••••••••..••• =",FlO.3/ 
+6X,"EFFECTIVE SHELL GASKET WIDTH ...••.•••....•.• =",FlO.3/ 
+6X,"CHANNEL GASKET STIFFNESS •...•........•..••..... =",ElO.3/ 
+6X, "SHELL GASKET STIFFNESS ••.••.••...•••.••..•...• =" ,ElO.3/ 
+6X,"CHANNEL GASKET THICKNESS UNDER SEATING CONDITION=",FlO.3/ 
+6X,"SHELL GASKET THICKNESS UNDER SEATING CONDITION=",FlO.3/) 
WRITE(6,22) EC,ES,ASC,ASS,ALFAC,ALFAS,XOC,XOS,XHUBC,XHUBS, 

+ TC,TS,FC,FS 
22 FORMAT(15X," CHANNEL AND SHELL FLANGE DATA "/ 

+6X,"FLANGE YOUNG'S MODULUS: CHANNEL, SHELL •• ::-:-:-:- =",2ElO.3/ 
+6X,"MEAN RADIUS CHANNEL, SHELL ....•.•.•••... =",2FlO.3/ 
+6X,"HUB SLOPE: CHANNEL, SHELL .••....•....•. =",2FlO.3/ 
+6X,"DISTANCE OF SMALL END OF HUB FROM POINT OF "/ 
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C 

+6X,"ZERO THICKNESS: CHANNEL, SHELL •...•••••.••••• =",2FIO.31 
+6X,"DISTANCE OF LARGE END OF HUB FROM POINT OF "I 
+6X,"ZERO THICKNESS: CHANNEL, SHELL •.•....•..•...• =" ,2FIO.31 
+6X,"THICKNESS : CHANNEL, SHELL •.•••..•...••. =",2FlO.31 
+6X,"RING THICKNESS: CHANNEL, SHELL •••••..••.•••. =",2FIO.3/) 

WRITE(6,23) A,B,T,El,E2,PRl,PR2,PC,PS,UNLOAD,EPSO,FED 
23 FORMAT(20X," TUBESHEET DATA "I 

+6X,"INTERFACE RADIUS ..••.••.......•••.••••••.•.••• =",FlO.31 
+6X,"OUTER RADIUS •••.••.....••••••.••.••••.••.•...• =",FIO.31 
+6X,"THICKNESS ..••.....•...•...••.•....••.•.....••• =",FIO.31 
+6X,"EQUIVALENT YOUNG'S MOD. OF PERFORATED REGION •• =",EIO.31 
+6X,"YOUNG'S MODULUS OF TUBESHEET MATERIAL •...••••. =",EIO.31 
+6X,"EQUIVALENT POISSON'S RATIO OF PERFORATED REGION =",FIO.31 
+6X,"POISSON'S RATIO OF TUBE SHEET MATERIAL •......•• =",FIO.311 
+20X," PRESSURES "I 
+6X,"TUBESIDE PRESSURE .••...•.....••.••.•••....•..• =",FIO.ll 
+6X,"SHELLSIDE PRESSURE ..••••••..••...•..••.•..•••. =" ,FIO.lll 
+20X," fY'IISCELLANEOUS DATA "I 
+6X,"GASKET UNLOADING RANGE .~ •••••••••..••....• =",FIO.31 
+6X,"EGDE SEPARATION UNDER SEATING CONDITION .•..... =",FlO.31 
+6X,"EDGE LOAD UNDER SEATING CONDITION ••••.•......• =",FIO.lll 
+6X,"*********************************************************") 

JPAR= 0 
WRITE(6,6) (TITLE(I),I=1,20) 

C CALCULATE ROTATION OF BONNET FLANGE 
WR ITE ( 6 , 51 ) 

51 FORMAT(lHO,15X,"***************RESULTS***************" II 
+21X,"+++++++++++++++++++++++++"1 
+21X, "+++ SEATING CONDITION +++"/21X, "+++++++++++++++++++++++++"/ I) 

WR ITE (6,52) 
52 FORMAT(lHO,5X,"(A) BONNET FLANGE"/IOX,"============="/) 
45 FFCO = FF(SIG,O.,Rl,FED) 

CALL FLG(EC,PRC,ASC,O.O,ALFAC,XOC,XHUBC,TC,BRC,FC,CSC,FFCO 
1 ,DSC,THAl,FED,RMC,RB) 

C CALCULATE ROTATION OF SHELL FLANGE 
WRITE(6,61) 

61 FORMAT{lHO,5X,"(B) SHELL FLANGE"/lOX,"============"/) 
FFSO = FF(SIG,O.,Sl,O.) 
CALL FLG( ES,PRS,ASS,O.,ALFAS,XOS,XHUBS,TS,BRS,FS,CSS,FFSO,DSS, 

1 THA2,0.,RMS,RB) 
C CALCULATE TUBESHEET ROTATION 

CALL TSHEET(0.,0.,FFCO,FFSO,A,B,Rl,Sl,T,El,E2,PRl,PR2,THAT,FED) 
C COMPUTE SEATED GASKET THICKNESS 

RCI = ASC-.5*TC 
DELCO = (RI-RCI)*(THAI-THAT)+DELC 
WR ITE (6 ,72) 

72 FORMAT(lHO,lOX,"THICKNESS PROFILE OF GASKET"I 
+ llX,"---------------------------"1 
+ 11X," RADIUS", 9X, "GASKET THICKNESS") 

DO 70 1=1,11 
RT(I) = (I-l)*.l*A 
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THICK(I)= DELCO +DISP(I) 
70 WRITE(6,71) RT(I),THICK(I) 
71 FORMAT(2E20.6) 

C CALCULATE BOLT LENGTH FOR SEATING CONDITION 
ELO = ELEN(THAl,THA2,THAT,DELC,DELS) 
WRITE(6,62) ELO 

62 FORMAT(lHO,5X,"SEATING CONDITION BOLT LENGTH=" ,F15.6) 
C ELO IS ORIGINAL BOLT LENGTH 
C COMPUTE OPERATING CONDITION LENGTH (BY ITERATION) 

IF(MCOND .EQ. 1) GO TO 1000 
1=0 
WRITE(6,81) 

81 FORMAT(lHl,lOX,"+++++++++++++++++++++++++++++++++++++++++++++++"/ 
+llX,"+++PRESSURIZED CONDITION:UNCHANGED EDGE LOAD+++"/ 
+llX,I+++++++++++++++++++++++++++++++++++++++++++++++") 

AKB = EB/ELO 
C ESTABLISH PRELIMINARY K 

JPAR = 1 

C 

SIGMA= .9*SIG 
FFC = FF(SIGMA,PC,Rl,FED) 
FFS = FF(SIGMA,PS,Sl,O.) 
CALL FLG (EC,PRC,ASC,PC,ALFAC,XOC,XHUBC,TC,BRC,FC,CSC,FFC,DSC,THI, 

/ FED,RMC,RB) 
CALL FLG(ES,PRS,ASS,PS,ALFAS,XOS,XHUBS,TS,BRS,FS,CSS,FFS,DSS,TH2, 

/ O. ,RMS,RB) 
CALL TSHEET(PC,PS,FFC,FFS,A,B,Rl,Sl,T,El,E2,PRl,PR2,THT,FED) 

CALL GASKET(FFC,FFCO,UNLOAD,DELC,STIFl,ESl,DEL1) 
CALL GASKET(FFS,FFSO,UNLOAD,DELS,STIF2,GSl,DEL2) 

EL = ELEN(TH1,TH2,THT,DEL1,DEL2) 
FUNC = EPS(DEL1,TH1,THT) 
SIGMAP = SIGMA 

SIGMA = SIG 
100 1= 1+1 

IF (I .GT. 10) GO TO 1000 
102 CONTINUE 

FFC = FF(SIGMA,PC,R1,FED) 
FFS = FF(SIGMA,PS,Sl,O.) 
IF(JPAR.EQ.O) WRITE(6,52) 
CALL FLG (EC,PRC,ASC,PC,ALFAC,XOC,XHUBC,TC,BRC,FC,CSC,FFC,DSC,THI, 

+ FED,RMC,RB) 
IF(JPAR.EQ.O) WRITE(6,61) 
CALL FLG(ES,PRS,ASS,PS,ALFAS,XOS,XHUBS,TS,BRS,FS,CSS,FFS,DSS,TH2, 

+ O. ,RMS,RB) 
CALL TSHEET(PC,PS,FFC,FFS,A,B,R1,Sl,T,E1,E2,PRl,PR2,THT,FED) 

CALL GASKET(FFC,FFCQ,UNLOAD,DELC,STIF1,ES1,DEL1) 
CALL GASKET(FFS,FFSO,UNLOAD,DELS,STIF2,GS1,DEL2) 
IF(JPAR .NE. 0) GO TO 106 

DELCC = (R1-RCI)*(TH1-THT)+ DELI 
WRITE(6,101) 

101 FORMAT (l HO , 18X, II GAP PROF ILE II /19X, "-----------" / 
+ 12X,IRADIUSI ,15X,"GAPI) 
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C 

DO 105 J=l,l1 
GAP(J)= DELCC +DISP(J)-THICK(J)-.Ol 
IF(GAP(J) .LT. 0.) GAP(J)=O. 
WRITE(6,71) RT(J),GAP(J) 

105 CONTINUE 
CALL ALEAK(RCI,A,GAP) 

106 IF(JPAR .EQ. 0) GO TO 875 

ELL= ELEN(THl,TH2,THT,DELl,DEL2) 
FUNCC= EPS(DELl,THl,THT) 
AK = (SIGMA-SIGMAP)/(ELL-EL) 
DELTA= (AK*(ELO-ELL)+SIGMA-SIG)/(AKB-AK) 
EL = ELL 
FUNC = FUNCC 
SIGMAP = SIGMA 
ELL = ELO+DELTA 
SIGMA = SIG+AKB*DELTA 

DEV=ABS((ELL-EL)/EL)*EB 
IF(DEV-TOL)205,205,100 

205 IF(FUNC.LE.O.) GO TO 875 
JPAR=O 
GO TO 102 

875 CONTINUE 
C DETERMINE IF THE EDGE GAP IS POSITIVE 

IF(FUNC.GT.O •. AND. JPAR.EQ.O) GO TO 900 
C OTHERWISE DETERMINE EDGE LOAD FED AND BOLT STRESS SIGMA 

FEDP = .01*FFC+FED 
220 WRITE(6,221) 
221 FORMAT(lHO,15X," •..•• THERE IS EDGE CONTACT. •... "1) 

SIGMAP = 1.01*SIGMA 
C ESTIMATE DERlVATIVES 

ITIME = 0 
TAU = O. 
EL = ELL 

225 ITIME = ITIME +1 
FFC = FF(SIGMA,PC,RI,FEDP) 
FFS = FF(SIGMA,PS,Sl,O.) 

JPAR = 1 
CALL FLG (EC,PRC,ASC,PC,ALFAC,XOC,XHUBC,TC,BRC,FC,CSC,FFC,DSC,THI, 

+ FEDP,RfvlC,RB) 
CALL FLG(ES,PRS,ASS,PS,ALFAS,XOS,XHUBS,TS,BRS,FS,CSS,FFS,DSS,TH2, 

+ O.,RMS,RB) 
CALL TSHEET(PC,PS,FFC,FFS,A,B,Rl,SI,T,El,E2,PRl,PR2,THT,FEDP) 

CALL GASKET(FFC,FFCO,UNLOAD,DELC,STIFl,ESl,DELl) 
CALL GASKET(FFS,FFSO,UNLOAD,DELS,STIF2,GSl,DEL2) 

ELL= ELEN(THl,TH2,THT,DELI,DEL2) 
FUNCC= EPS(DELl,THI,THT) 

A12 = (FUNCC-FUNC)/(FEDP-FED) 
A22 = (ELL-EL)/(FEDP-FED) 
FFC = FF(SIGMAP,PC,Rl,FED) 
FFS = FF(SIGMAP,PS,Sl,O.) 
CALL FLG (EC,PRC,ASC,PC,ALFAC,XOC,XHUBC,TC,BRC,FC,CSC,FFC,DSC,THI, 
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+ FED,RMC,RB) 
CALL FLG(ES,PRS,ASS,PS,ALFAS,XOS,XHUBS,TS,BRS,FS,CSS,FFS,DSS,TH2, 

+ O. ,RMS ,RB) 
CALL TSHEET(PC,PS,FFC,FFS,A,B,RI,SI,T,EI,E2,PRI,PR2,THT,FED) 

CALL GASKET(FFS,FFSO,UNLOAD,DELS,STIF2,GSI,DEL2) 
CALL GASKET(FFC,FFCO,UNLOAD,DELC,STIFI,ESI,DELI) 

ELL= ELEN(THI,TH2,THT,DELI,DEL2) 
FUNCC= EPS(DELI,THI,THT) 

All = (FUNCC-FUNC)/(SIGMAP-SIGMA) 
A21 = «ELL-EL)/(SIGMAP-SIGMA))- (EL/EB) 

240 DETER = AII*A22 - A21*A12 
DELSIG = (-FUNC*A22-TAU*AI2)/DETER 
DELF = (A21*FUNC +AII*TAU)/DETER 

SIGMAC = SIGMA+DELSIG 
FEDC = FED+DELF 
FFC = FF(SIGMAC,PC,RI,FEDC) 
FFS = FF(SIGMAC,PS,SI,O.) 

250 CONTINUE 
IF(JPAR.EQ.O) WRITE(6,52) 
CALL FLG (EC,PRC,ASC,PC,ALFAC,XQC,XHUBC,TC,BRC,FC,CSC,FFC,DSC,THI, 

+ FEDC,RMC,RB) 
IFtJPAR.EQ.O) WRITE(6,61) 
CALL FLG(ES,PRS,ASS,PS,ALFAS,XOS,XHUBS,TS,BRS,FS,CSS,FFS,DSS,TH2, 

+ O.,RMS,RB) 
CALL TSHEET(PC,PS,FFC,FFS,A,B,RI,SI,T,EI,E2,PRI,PR2,THT,FEDC) 

CALL GASKET(FFS,FFSO,UNLOAD,DELS,STIF2,GSI,DEL2) 
CALL GASKET(FFC,FFCO,UNLOAD,DELC,STIFI,ESI,DELI) 
FUNCC= EPS(DELI,THI,THT) 
IF(JPAR .NE. 0) GO TO 306 
DELCC = (RI-RCI)*(THI-THT)+ DELI 
WRITE(6,101) 
DO 305 J=l,ll 
GAP(J)= DELCC +DISP(J)-THICK(J)-.Ol 
IF(GAP(J) .LT. 0.) GAP(J)=O. 
WRITE(6,71) RT(J),GAP(J) 

305 CONTINUE 
CALL ALEAK(RCI,A,GAP) 

306 CONTINUE 
IF(JPAR .EQ. 0) GO TO 800 

ELL= ELEN(THI,TH2,THT,DELI,DEL2) 
ELLB = ELO +(SIGMAC-SIG)*ELO/EB 
TAU = ELLB-ELL 
DEV = ABS(AKB*TAU) 

C WRITE(6,750) ITIME,ELL,EL,FUNCC,FUNC,SIGMA,SIGMAC 
C 750 FORMAT(IHOI4,6EI7.8) 

DEVFUN = ABS(AKB*FUNCC) 
IF(DEVFUN .LT. TOL .AND. DEV .LT. TOL) JPAR = 0 

IF(JPAR .EQ.O) GO TO 250 
EL = ELL 
FUNC = FUNCC 
SIGMA = SIGMAC 
FED = FEDC 
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FEDP = FED*1.01 
SIGMAP = 1.01*SIGMA 

IF(ITIME .GT. 20) GO TO 1000 
GO TO 225 

800 WRITE(6,801) ELL,SIGMAC,FEDC,DEL1,FFC,DEL2,FFS 
801 FORMAT(lHO,5X,"FINAL RESULTS ARE:"/6X,"BOLT LENGTH =",E15.8, 

1 6X,"BOLT STRESS =",E12.5,6X,"CONTACT LOAD =",E12.5/6X, 
2 "COMPRESSED BONNET GASKET THICKNESS =",El2.5,6X, 
3 "COMPRESSED BONNET GASKET LOAD =",El2.5/6X, 
4 "COMPRESSED SHELL GASKET THICKNESS =",E12.5,6X, 
5 "COMPRESSED SHELL GASKET LOAD =",E12.5) 

GO TO 1000 
900 WRITE(6,901) 

901 FORMAT(lHO,6X," .•••. NO EDGE CONTACT .•••. ") 
1000 GO TO 1 

1001 STOP 
END 

C ******************************************************************** 
C 

SUBROUTINE TSHEET(P1,P2,F1,Gl,A,B,R1,Sl,T,E1,E2,PR1,PR2,THETA,FED) 
C CALCULATES DEFLECTION PROFILE OF U TUBESHEET IN A 3 ELEMENT JOINT 

DIMENSION DISP(20) , AMR(20) 
COMMON/KPS/JPAR 
COMMON/MJH/DISP 
COMMON/FOUR/CEO 

AM(R) = -D1*2.*BETA*(l.+PR1) -P*R*R*(3.+PR1)/16. 
W(R) = BETA*(R*R - A*A) + P*(R**4-A**4) /(64.*01) 
P = P1-P2 
H = B-A 
ASTR = .5*(B+A) 
ZI =.25*P*A*H + (F1*(ASTR-R1)*R1-G1*(ASTR-S1)*Sl+.25*(R1**2-A**2)*P1* 

1 (2.*ASTR-R1-A)-.25*(Sl**2-A**2)*P2*(2.*ASTR-S1-A)-FED*(B-ASTR) 
1 *B)/A 

01 = E1*T**3 /(12.*(1.-PR1*PR1)) 
RO = 12.*ASTR*D1*(1+PR1)/(E2*H*T**3) 

AMO = (RO*ZI - .125*P*A*A) /(1. + RO) 
BETA = 6.*(AMO -ZI) *ASTR/(E2*H*T**3) - (P*A*A/(32.*D1)) 
THETA = 12.*ASTR*A*(AMO-ZI) /(E2*H*T**3) 

AMRI=AMO-ZI 
IF(JPAR .EQ. 1) GO TO 95 

WRITE(6,110) F1,G1 
110 FORMAT{lHO,5X," (C) TUBESHEET"/10X, "========="/ / 

+6X,"BONNET SIDE UNIT GASKET FORCE =",F10.2/ 
+6X,"SHELL SIDE UNIT GASKET FORCE =",F10.2) 

WRITE(6,120) THETA,AMRI 
120 FORMAT{lHO,5X,"RING ROTATION = ",ElO.4,5X,"RING MOMENT =",ElO.2!) 

WR I TE ( 6,130) . 
130 FORMAT(1HO,8X,"DEFLECTION PROFILE OF TUBESHEET"/ 

+ 9X,"-------------------------------"/ 
+6X, "RADIUS", 3X, "DISPLACEMENT", 3X, "RADIAL MOMENT") 
DO 100 1=1,11 

R= (1-1) *.1*A 
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DISP( I) = W(R) 
AMR(I) = AM(R) 
WRITE(6,30) R,DISP(I) , AMR(I) 

100 CONTINUE 
95 CONTINUE 

30 FORMAT(lX,FlO.2,2E15.4) 
RETURN 
END 

C *********************************************************** 
C 

SUBROUTINE GASKET(F,FO,UNLOAD,DELO,STIF,ES,DEL) 
C LINEAR LOADING AND UNLOADING MODULI 

IF(F .GT. FO) GO TO 20 
AMOD = FO/(UNLOAD*ES) 
DEL = DELO+(FO-F)/(AMOD*ES) 
GO TO 30 

20 DEL = DELO-(F-FO)/(STIF*ES) 
30 RETURN 

END 
C ********************************************************** 

SUBROUTINE FLG(E,PR,AS,P,ALFA,XO,XHUB,T,BR,F,CS,FF,DS,THETA 
1 ,HD,RM,RB) 

DIMENSION A(8,8), B(8),G(64) 
COMMON/ONE/S1,S2,S3,S4,S5,S6,S7,S8 
COMMON/TWO/SIl,DSI1,SI2,DSI2,SI3,DSI3,SI4,DSI4 
COMMON/THREE/B,PRES 
COMMON/KPS/JPAR 
COMMON/FOUR/CEO 
EPS(X) = 2.*RO*X**.5 

C SHELL PARAMETERS 
D= E*T**3/(12.*(1.-PR*PR)) 
BETA = (3.*(1.-PR*PR)/(AS*AS*T*T))** .25 
RO =(12.*(1.-PR*PR) /(ALFA*ALFA*AS*AS))**.25 

C INITIALIZE MATRIX ELEMEMTS 
DO 100 1=1,8 
B(I) = o. 
DO 100 J=1,8 

100 A(I,J) =0. 
C DEFINE MATRIX ELEMENTS 

XA= EPS(XO) 
CALL SERIES(XA,6) 
A(l,l) = 2.*RO*DSII/XA 
A(1,2) = 2.*RO*DSI2/XA 
A(1,3) = 2.*RO*DSI3/XA 
A(1,4) = 2.*RO*DSI4/XA 
A(1,5) = 1./(2.*BETA*BETA*D) 
A(1,6) = -1./(2.*BETA**3*D) 
A(2,1) = 4.*RO**3*Sl/XA**3 
A(2,2) =-4.*RO**3*S2/XA**3 
A(2,3) = 4.*RO**3*S3/XA**3 
A(2,4) =-4.*RO**3*S4/XA**3 
A(2,5) = l./(BETA*D) 
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A{2,6) = -A{1,5) 
A{3,7) =( 6.*RM*RM/{E*BR*F*F))*RM/{RB-DS) 
A{3,8) =( 4.*RM*RM/(E*BR*F))*RM/{RB-DS) 
A{4,7) =( -12.*RM**2/ (E*BR*F**3))*RM/{RB-DS) 
A{4,8) =( -6.*RM*RM/{E*BR*F*F))*RM/{RB-DS) 
A{5,1) = S5 
A(5,2) = -S6 
A{5,3) = S7 
A(5,4) = -S8 
A(5,5) = 96.*RO*{1.-PR*PR) /(E*ALFA**3*XA) 
B(5) = 16.*P *AS*AS*RO*(1.-.5*PR)/(E*ALFA*XA) 
A(6,1) = S2 
A(6,2) = S1 
A(6,3) = S4 
A{6,4) = S3 
A(6,6) = -48.*(1.-PR*PR)/{E*ALFA**3*RO*XA) 

C REDEFINE XA 
XA = EPS(XHUB) 
CALL SERIES(XA,6) 

A(7,7) = 96.*RO*(1.-PR*PR) /(E*ALFA**3*XA) 
A(8,8) = -48.*(1.-PR*PR) /(E*ALFA**3*RO*XA) 
A(3,1) = 2.*RO*DSI1/XA 
A{3,2) = 2.*RO*DSI2/XA 
A(3,3) = 2.*RO*DSI3/XA 
A(3,4) = 2.*RO*DSI4/XA 
A(4,1) = 4.*RO**3*S1/XA**3 
A(4,2) =-4.*RO**3*S2/XA**3 
A(4,3) = 4.*RO**3*S3/XA**3 
A(4,4) =-4.*RO**3*S4/XA**3 
A(7,1) = S5 
A{7,2) = -S6 
A(7,3) = S7 
A{7,4) = -S8 
B(7) = 16.*P *AS*AS*RO*(1.-.5*PR)/(E*ALFA*XA) 
A(8,1) = S2 
A(8,2) = S1 
A{8,3) = S4 
A(8,4) = S3 
PRES = P*AS*AS*(1.-.5*PR)/(E*ALFA) 
B(2) = -PRES/(XO*XO) 

C ADD THE ANNULAR PRESSURE TERM TO GASKET LOAD 
AMEX=(FF*CS*(RB-CS)/RM)+.5*P*«RB-CS)**2-(RB-DS)**2)/RM 

1 -FED*CED*{RB+CED)/RM+(.5*P*AS*AS*DS/RM) 
B(3) = (PRES/{XHUB)) - (P*RM*RM/(E*BR)) 

1 -(6.*RM*RM* AMEX/ (E*BR*F*F)) 
B(4) = -(PRES/(XHUB*XHUB)) + 

1 (12.*RM**2. *AMEX /(E*BR*F **3)) 
C CONVERT A TO A COLUMN VECTOR 

DO 200 J=1,8 
DO 200 1=1,8 

200 G{{J-1)*8+I) = A(I,J) 
CALL SIMQ{G,B,8,KS) 

199 
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IF(JPAR .EQ. I} GO TO 95 
WRITE(6,20} BR,FF 

20 FORMAT(6X,"RING WIDTH =",F10.3,5X,"GASKET LOAD =",F10.2//// 
+10X,"SOLUTION FOR FLANGE CONSTANTS"/ 
+6X,"-----------------------------------"} 

WRITE(6,250} (B(I},I=1,8) 
250 FORI'lIAT(6X,"C1=" ,El2.4,5X,"C2=" ,El2.4,/ ,6X,"C3=" ,E12.4,5X, 

+"C4=" ,E12.4,/ ,6X, "MO=" ,E12.4,5X, "QO=" ,El2 .4,/ ,6X, "M3=" ,El2.4, 
+5X,"Q3=",El2.4,/6X,"-----------------------------------"/) 

CALL HUB(RO,XO,XHUB,ALFA,AS,P,E,PR} 
95 CONTINUE 

CALL RING(DS,F,BR,AS,THETA,AMEX,P,E,PR,RM,RB} 
RETURN 

END 
C ********************************************************** 
C 

SUBROUTINE HUB(RO,XO,XHUB,ALFA,AS ,P,E,PR} 
C COMPUTES DEFLECTION AND STRESSES IN THE HUB 

DIMENSION B(8} 
COMMON/ONE/S1,S2,S3,S4,S5,S6,S7,S8 
COMMON/TWO/SI1,DSI1,SI2,DSI2,SI3,DSI3,SI4,DSI4 
COMMON/THREE/B,PRES 
EPS(X} = 2.*RO*X**.5 

WRITE(6,10} 
10 FORMAT (lHO, 20X, "HUB DEFLECTION AND STRESSES" / 

+ 21X,"---------------------------"/ 
+4X,"LOCN OF POINT",2X,"DISPLACEMENT",5X,"ROTATION", 
+5X, "SHEAR FORCE" ,2X, "BENDING f'iIOMENT" ,2X, "LONG.BEND. STRESS"/) 

XLEN = XHUB-XO 
DO 30 1=1,6 
X= XO+(I-1) *XLEN*.2 
ES = EPS(X} 
THIK=ALFA*X 
CALL SERIES(ES,6} 
DEFF = E*ALFA**3/(48.*(1.-PR*PR}} 
DISP = ((B(l) *DSI1 + B(2} *DSI2 + B(3} *DSI3 + B(4}*DSI4}*X**(-.5 

1 })-(PRES/X} 
ROTN = ((B(l) *Sl-B(2}*S2 + B(3}*S3 -B(4}*S4}* .5* 1.O/(X**1.5) 

1 +(PRES/(X*X)} 
AMX = -DEFF*X**.5*(B(1}*S5 -B(2} *S6+B(3)*S7-B(4} *S8} 

1 +P*AS*AS*ALFA*ALFA*(1-.5*PR)/(6.*(1.-PR*PR}} 
QX = DEFF*2.*RO*RO*X**.5*(B(1)*S2 + B(2)*Sl +B(3}*S4 + B(4)*S3} 
BENSTR=6.*AMX/(THIK*THIK} 
WRITE(6,20} X,DISP,ROTN,QX,AMX,BENSTR 

20 FORMAT(6E15.5} 
30 CONTINUE 

RETURN 
END 

C ********************************************************** 
C 

SUBROUTINE RING(DS,F,BR,AS,THETA,AMEX,P,E,PR,RM,RB) 
DlMENSION B(8} 
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C COMPUTES STRESSES IN THE RING 
COMMON/THREE/B,PRES 
COt<iMON/ KP S/ J PAR 

W= P*AS*.5 
AM =( B(7) + B(8)*.5*F)*RM/(RB-DS)+AMEX 
THETA = 12.*RM*RM*AM/(E*BR*F**3) 
SIGTB = 6.*AM*RM/(BR*F*F) 

IF(JPAR .EQ. 1) GO TO 95 
WRITE(6,10) AM,THETA,SIGTB 
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10 FORMAT(lHO,/,6X,"TOTAL RING MOMENT = ",5X,E15.5,/,6X,"RING ", 
+"ROTATION =" ,lOX,E15.5,/ ,6X, "MAX CIR BENDING STRESS = ",El5.5,/ /) 

95 CONTINUE 
RETURN 
END 

C ********************************************************* 
C 

SUBROUTINE ALEAK(RCI,A,GAP) 
C CALCULATES NET FLOW AREA AVAILABLE ACROSS A DIAMETRAL LINE 

DIMENSION GAP(20) 
H= .1*A 
SUM = O. 
DO 10 1=2,8,2 

10 SUM = SUM +4.*GAP(I)+2.*GAP(I+1) 
SUM = ((SUM+GAP(1)+GAP(11)+4.*GAP(10))*H/3.) +GAP(11)*(RCI-A)*.5 
SUM = SUM*2. 
WRITE(6,100) SUM 

100 FORMAT(lHO,6X," ..... DIAMETRAL LEAK AREA ..... =" ,E15.5) 
RETURN 
END 

C ********************************************************** 
C 

SUBROUTINE SERIES(X,NTERM) 
EXTERNAL ASUM,FCTL 
DIMENSION C(4,50) , R(4) 
COMMON/ONE/S1,S2,S3,S4,S5,S6,S7,S8 
COMMON/TWO/SI1,DSI1,SI2,DSI2,SI3,DSI3,SI4,DSI4 
PII= .392699 
IF(X .GT. 6.) GO TO 400 

XP= .5*X 
CALL BESSEL(X,BERO,BER1,BEIO,BEI1) 

C EVALUATE R FUNCTIONS 
DO 10 1=1,4 
R(I) = O. 
DO 10 J=l,NTERM 

lOC(I,J) =0.0 
DO 100 J=1,NTERM,2 
M=J-1 
FS= FCTL(2*M+1) 
FSS = FCTL(2*M+2) 
C(l,J) = (ASUM(2*M+1) -XP**4 *ASUM(2*M+3) /((2*M+3) 

1 *(2*M+2))**2)*(XP**(2*M+1)/FS)**2 
C(2,J) = (ASUM(2*M+2) -XP**4*ASUM(2*M+4) / 
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1 ((2*M+4) * (2*t''l+3) )**2) *(XP**(2*M+2)/FSS)**2 
C(3,J) = ((ASUM(2*M+1) *(2*M+1)) - ASUM(2*M+3) *XP**4 

1 /((2*M+3) *(2*M+2) **2)) *(XP**(2*M+.5)/FS)**2 
C(4,J) = ((ASUM(2*M+2) *(2*M+2)) -ASUM(2*M+4)*XP**4 

1 /((2*M+4)*(2*M+3) **2)) *(XP**(2*M+1.5)/FSS)**2 
100 CONTINUE 

DO 200 1=1,4 
DO 200 J=1,NTERM,2 

200 R(1) = R(1) +C(1,J) 
S13= .5*BERO - .6366197*(R(1) -ALOG(XP*1.78108) *BE10) 
S14 = -.5*BEIO + .6366197*(R(2) + ALOG(XP*1.78108)*BERO) 
OSI3 = .5*BER1 -.6366197 *(R(3) -BEI1*ALOG(XP*1.78108) -(BEIO/X )) 
OS14 = -.5*BEI1 + .6366197 *(R(4) + BER1 *ALOG(1.78108*XP) 

1 +(BERO/X)) 
SI1 = BERO 
OSI1 = BER1 
SI2 = -BElO 
OSI2 =-BEil 

GO TO 450 
400 XS= .7071067*X 

FAC= 1./SQRT (6.283185 *X) 
ES= EXP(XS) 
ESI= EXP(-XS) 
S11 = FAC*ES*COS(XS-PI1) 
S12 =-FAC*ES*S1N(XS-PII) 
OSI1 = FAC*ES*COS(XS+PII) 
OSI2 = -FAC*ES*SIN(XS+PII) 
SI3 = 2.*FAC*ESI*SIN(XS+P1I) 
SI4 = -2.*FAC*ESI*COS(XS+PII) 
OSI3 = -2.*FAC*ESI*SIN(XS-PII) 
OSI4 = 2.*FAC*ESI*COS(XS-PII) 

450 CONTINUE 
Sl = X*SI2 -2.*OSI1 
S2= X*SI1+2.* OSI2 
S3= X*SI4-2.* OSI3 
S4= X*SI3+2.* OSI4 
S5 = X*X*OSI2 - 4*X*SI2 + 8*OSI1 
S6 = X*X*OSI1 - 4*X*SI1 - 8*OSI2 
S7 = X*X*OSI4 - 4*X*SI4 + 8*OSI3 
S8 = X*X*OSI3 - 4*X*SI4 - 8*OSI4 

RETURN 
ENO 

C ********************************************************** 
C 

SUBROUTINE BESSEL(XP,BERO,BER1,BEIO,BE11) 
OIMENSION G(4),A(4),B(4),C(4) 
EXTERNAL CALC 
X=XP*.5 
X4=X**4 
F=1.0 
00 100 J=1,4 

100 G(J)=O.O 
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DO 200 1=1,51,2 
K=I-1 
CALL CALC(K,A,F) 
F=F*(2*K+1)*(2*I) 
CALL CALC (I ,B,F) 
DO 300 J=1,4 
C(J) =(X4**K)*(A(J)-X4* B(J)) 

300 G(J)=G(J)+C(J) 
DO 301 J=1,4 

301 C(J)=ABS(C(J)/G(J)) 
IF(AMAX1(C(1),C(2),C(3),C(4)) .LT •• 00001) GO TO 400 

200 F=F*(2*I+1)*(2*I+2) 
400 BERO=G (1) 

BER1=-G(2)*(X**3) 
BEIO=G(3)*X*X 
BEIl=G(4)*X 
RETURN 
END 

C ********************************************************** 
C 

SUBROUTINE CALC(K,A,F) 
DIMENSION A(4) 
A(l)=1.0/(F*F) 
A(2) = 2.*(K+1)/ ((F*(2*K+1)*(2*K+2))**2 
A(3)=1.0/ ((F*(2*K+1))**2) 
A(4) =(2.* K+1)*A(3) 
RETURN 
END 

C ********************************************************** 
FUNCTION ASUM(N) 
ASUM =0. 
DO 10 l=l,N 

10 ASUM = ASUM + 1./FLOAT(I) 
RETURN 
END 
FUNCTI ON FCn (N) 

C COMPUTES FACTORIAL 
SUM = 1.0 

DO 10 l=l,N 
10 SUM = SUM*I 

FCTL=SUM 
RETURN 
END 

203 

Note: Subroutine SIMQ used in this program is listed with program 
FLANGE in Chapter 3. 
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4.8.2 Two Flanges Bolted Together 

Two flanges are often utilized to connect two piping runs. TRIEL can be 
used to compute the stress and deflection in these flanges by making the 
following provisions in the input data. 

(i) Input the geometric data for the two flanges by treating them as bonnet 
and shells ide flanges, respectively. 

(ii) Set shell and tubeside pressures equal to the joint pressure. 
(iii) Specify the shellside and tubeside gasket effective widths equal to the 

joint gasket effective width. Specify their loading and unloading 
stiffness equal to twice the joint gasket loading and unloading stiffness, 
respectively. 

(iv) Set the tubesheet to be very thin (say, 0.1") and set the seating con­
dition gap EO large enough to simulate a raised face condition (no MTM 
condition). 

Following the above procedure, the stress field in bolted raised face hubbed 
flanges can be found using computer program "TRIEU'. 

4.8.3 Other Applications 

"TRIEL" can be used to analyze a bolted joint consisting of a flat cover 
and a welding neck flange. The appropriate input data provision to simulate 
such joints is described in Section 12.8. 

Ring flanges wherein the flange ring is welded to the shell (Fig. 3.2.1.a), 
are a special case of tapered hub flanges with the hub slope a == O. To avoid 
computational difficulties, slope should be input as a very small quantity 
(say, a==O.Ol). 

In the next chapter, the three element bolted joint is analyzed for the 
more general case of gaskets which are too wide to be modelled as narrow 
rings. In particular, the condition of full face gaskets with or without 
compression stops is treated. The gaskets are allowed to have non-linear 
loading and unloading properties. The gasket compression and decom­
pression history is followed using an incremental technique. The solution 
process sacrifices speed for the ability to predict the entire gasket defor­
mation history. 

NOMENCLATURE 

a Tubesheet interface radius 
a; I Mean radius of (i == 1, channel side; 1 == 2, shell side) 
Ab Root area of body bolts 
a* Mean radius of tubesheet rim 

AL Diametralleakage area, square inch 
A L I Leakage area under a pass partition plate 

B I Bolt load per unit circumference 
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b 
b;' 

c; 

hp 
h 
K 

Kb 
k' 
Kc 
Kd 
Ke 
L 
10 
m 

Mo 
Mrmax 

Mex! 

Mh 
n 
p 

P 
PI 
P2 
Qo 

Outer radius of the tubesheet and flanges 
Width of channel (i = 1), and shell flange (i = 2) rings 
Radial distance between bolt centerline and gasket reaction 
line (i = 1), channel flange; (i = 2, shell flange) 
Jet area ratio 
Flexural rigidity of channel (i = 1), and shell (i = 2) 
Radial distance beteen bolt centerline and hub centerline at 
large end (i = 1, channel flange; i = 2, shell flange) 
Equivalent Young's modulus of perforated tubesheet region 
Young's modulus of tube sheet material 
Young's modulus of channel (i = 1), and shell material (i = 
2) 
Young's modulus of bolt material 
Fanning Friction factor 
Flange thickness (i = 1), channel; i = 2, shell) 
Channel gasket surface pressure resultant 
Shell gasket surface pressure resultant 
Edge contact load per unit circumference between the 
channel flange and tubesheet 
Ligament width 
Width of tubesheet untubed rim 
J oint stiffness 
Bolt stiffness 
Stress mUltiplier 
Contraction loss coefficient 
Momentum distribution coefficient 
Expansion loss coefficient 
Pass partition plate thickness 
Bolt length under prestress (unpressurized condition) 
Gasket factor 
Radial bending moment at tubesheet interface radius a 
Maximum radial bending moment in tubesheet 
External ring moment (Eq. 4.4.2) 
Maximum longitudinal moment in the flange hub 
Number of bolts 
Tube layout pitch 
Net pressure on the tubesheet (p = PI - P2) 
Channel side pressure 
Shell side pressure 
Shear force per unit circumference at the interface between the rim 
and the perforated interior (Eq. (4.3.6)) 
Reynolds number 
Effective channel gasket radius (rl = rb - CI) 

Effective shell gasket radius (r2 = rb - c2) 
Bolt circle radius 
Radius of the outermost tube hole center in the tubesheet 
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Term representing the cumulative contribution of machining 
of the bolted joint elements 
Term representing the total contribution of machining of the 
channel flange-tubesheet mating surfaces 
Thickness of channel (i = 1) or shell (i = 2) 
Thickness of the tube sheet 
Leakage velocity 
Deflection of tubesheet with respect to r = r l 

Distance of small and large end of the hub from the point of 
zero thickness 
AS ME Code gasket seating stress 
Slope of flange hub 
Thickness of gasket (i = 1 channel side, i = 2, shell side) 
Thickness of channel gasket rib at radius r 
Tubeside pressure drop across the pass partition lane 
Initial edge gap 
Edge gap between channel flange and tubesheet under 
pressurized condition 
Gasket spring-back at radius r 
Ligament efficiency 
Tubeside fluid viscosity 
Poisson's ratio of perforated tubesheet region 
Poisson's ratio of tubesheet material 
Poisson's ratio of shell and channel materials, respectively (i 
= 1,2) 
Rotation of channel flange ring (i = 1) and shell flange ring (i 
= 2), respectively 
Rotation of tube sheet rim 
Density of tubeside fluid 
Service bolt stress 
Prestress (seating stress) in bolts 
Maximum bending stress in the perforated plate 
Flange ring bending stress 
Gap at radius r 
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5. BOLTED JOINTS WITH FULL FACE 
GASKETS 

5.1 INTRODUCTION 

In the preceding two chapters, several topics concerned with flanges have 
been discussed. The previous analyses have considered the gasket as a lineal 
element located at a particular radial position. For the most part, the effect 
of non-linear gasket material behavior has been neglected in all previous 
analyses. This chapter focuses on development of an analysis method which 
can be applied to flanges with either full face gaskets or ring type gaskets. 
The proposed method also permits inclusion of non-linear gasket material 
behavior. The procedure assumes use of a computer to effect the solution; 
as such, the method may not be directly suitable for inclusion in any design 
code that is intended to supply simple formulas for the designer's use. 
However, we will show that it certainly has value as a design tool. 

We have already noted that proper design of a flanged joint is not 
complete unless both structural integrity and joint leak tightness are 
assured. Most analyses used in practice tend to emphasize structural in­
tegrity (joint components are designed to experience preload and service 
stress levels below some specified value). It is generally inferred that 
maintenance of some preset stress level assures a leak-tight joint; however, 
there is no guaranteed relationship between flange stress level, bolt preload, 
and leak tightness since gasket material characteristics have an important 
effect. For example, we can demonstrate that a correct characterization of 
gasket material behavior is essential to the correct characterization of a 
bolted joint having full face gaskets. 

In the previous chapter, the complete analysis of a circular flange with 
ring gasket-tubesheet-bolted joint connection was considered and we 
demonstrated how to predict service stresses in the various components as 
well as to predict deformations and residual pressure in the gasket region. A 
simplified ring type gasket model was adopted which modeled the gasket as 
a piecewise linear elastic spring with different spring rates for loading and 
unloading. We also assumed that the ring type gasket pressure force acted at 
a known, constant location on the flange. 

This chapter focuses on a bolted flange joint sealed by either a full face 
gasket or a ring type gasket having a general non-linear loading and un­
loading behavior. We note that full face gaskets find their application in 
large, low pressure units with one of the most widely used applications in 
the rectangular shaped water box-tubesheet-condenser connection in power 
plants. A theory is developed for a three element joint connection having 
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two flanges and a spacer, together with a bolt and two gaskets with non­
linear material behavior. Figure 5.1.1 shows the typical configuration 
studied; the bolted joint is sealed by full face gaskets having nonlinear 
material characteristics. 

5.2 GENERAL EQUATIONS 

In this section, we focus on the general analysis and algebra necessary to 
develop an approximate method of analyzing the joints in question. We 
discuss configurations of circular plan form common to large commercial 
heat exchangers; the formulation is, however, directly applicable to power 
plant condenser configurations of rectangular plan form. Figure 5.2.1 
shows the overall geometry of one of the elements between two bolt 
locations. The flange section is assumed to be an annular section extending 
over the radial region - a :::; x :::; b. 

Loading and geometric symmetry permits focusing only on the portion of 
the joint between two bolt holes. The gasket between any two elements is a 
thin nonlinear elastic layer; for the purposes of this simulation the gaskets 
are modelled as discrete springs with strain dependent spring rates. For full 
face gaskets, the discrete non-linear springs are positioned at known 
locations within the annular plate segment; for ring type gaskets, the 
discrete non-linear springs are concentrated near the desired radial location. 
The springs are positioned radially to model the compression behavior of a 
specified area of the gaskets between two bolt holes. 

Because of the non-linear character of the gaskets, an incremental for­
mulation for simulation of loading and unloading is suggested. In the 
following description, certain approximations to reduce algebraic com­
plexity are introduced: 

1. Circumferential variations of flange displacement and loading be­
tween bolt holes are neglected. 

2. Only large diameter flanges are modelled such that a + b < < R b. Rb 
is the bolt circle radius. 

3. The flange is modelled using ring theory. 
4. In-plane (radial) movements are neglected. 

The foregoing assumptions provide sufficient accuracy for design work; 
they may easily be lifted at the expense of formulation and computational 
complexity. 

The complication in analyzing flanged joints accounting for a finite width 
gasket (having width comparable to the flange radial width L) stems from 
the non-linear loading, unloading, and reloading characteristics of the 
gasket material. When such a joint is pressurized, the separation and 
rotation of the flange rings produces wide variation in the distribution of 
the gasket surface pressure in the radial direction. Indeed, as the joint in­
ternal pressure is increased, one portion of the gasket may be loading (rising 
surface pressure) while another portion is unloading. The loading and 



5/ Bolted Joints with Full Face Gaskets 

p, 

p, 

STUD 

SPACER OR 
TUBESHEET 

Fig. 5.1.1. Bolted joint with full face gaskets. 
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unloading of portions of the gasket may undergo several reversals as the 
joint pressure is increased. Different loading, unloading, and reloading 
gasket moduli require that the stress and deformation behavior of the joint 
be followed in a step-by-step manner as the joint is pre-loaded and then 
pressurized. This step-by-step analysis of the joint is the easiest way to keep 
track of the extent of the different loading and unloading regions of the 
gasket. The step-by-step solution method is also described as an "in­
cremental" procedure. 

The study of the joint behavior begins from the unstressed state. As the 
bolts are tightened (seating condition), the variations in the gasket surface 
compression and pressure distribution, and the flange and tubesheet rim 
rotation (in a three element joint) are computed for small increments of bolt 
pre-tension. At the end of the bolt pre-loading step, the deformation of the 
joint is thus completely characterized. Similarly, the process of joint 
pressurization is assumed to occur in an incremental manner. The variations 
in the gasket pressure distributions, and the kinematics of the joint elements 
are charted by computing the joint response for small increments of 
pressure rise. Therefore, it is natural to think in terms of stress and strain 
rates in formulating the governing equations. The required equations to 
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Fig. 5.2.1. Geometry of joint element between bolt holes showing positive 
directions of bending moments and displacements. 

characterize the joint response can be written directly from equilibrium 
considerations of each element. It is, however, more convenient to utilize 
the principle of Minimum Potential Energy which has also been used in 
Section 3.11 to develop the tapered hub load-deformation equations. The 
potential energy of the flanged joint in Fig. 5.2.2 is defined as the sum of 
the strain energy of its flanges, tubesheet (if present), bolt, and gaskets, less 
the product of the external loads and their associated movements. The 
Theorem of Minimum Potential Energy states that of all candidate 
deformation states, consistent with the boundary and compatibility con­
ditions in the joint, the one state which makes the potential energy a 
minimum will produce a stress field in equilibrium with the external loads. 
The external loads in the flanged joint are the bending moments and shear 
forces on the inner edge of the elements due to the presence of the 
remainder of the structure not modelled; e.g. the tubesheet interior to the 
middle element, or the shell or channel connected to the flanges. 

The governing incremental equations for analyses are obtained by ap­
plication of the Theorem of Minimum Potential Energy applied to the rate 
deformation variables of the problem. Since the problem being considered 
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Fig. 5.2.2. Model of three element bolted joint. 
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Vi, 

assumes non-linearity only in the stress strain behavior of the gaskets, it is 
easily demonstrated that a deformation based variational principle carries 
directly over to a variational principle for incremental changes. Considering 
the three layer joint shown in Fig. 5.2.2, the following variational equation 
can be employed to obtain the equations governing incremental behavior of 
the joint. 

3 2 

E oEi + E oUj +oUb =oWe (5.2.1) 
i=l j=l 

In Eq. (5.2.1), 0 is the variational operator. 
It is not our intent to digress here on the theoretical foundations of the 

applications of energy principles to structural mechanics problems. For the 
interested reader, Refs. '[5.2.1, 5.2.2] contain excellent presentations of 
variational principles in mechanics, and of application of these principles in 
incremental form. For our purposes in this chapter, we simply state that 
correct application of the variational principle results in balance of the rate 
of working of the internal incremental forces, with the rate of working of 
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the external forces applied to the joint. At this point, we accept Eq. (5.2.1) 
as a valid equation and proceed to develop an approximate analysis 
technique. The intent of our presentation here is to show that by starting 
from the energy principle and by making certain assumptions on the flange 
deformation pattern, we can evolve a set of linear algebraic equations to 
solve for the flange deformation parameters during each increment of 
loading and unloading. With the flange deformation pattern determined at 
all "times" during the cycle, it becomes a straightforward exercise to check 
gasket leakage, bolt load, and flange stress at all "times". Since the intent 
here is to develop a method which relies on machine computation, there is 
no need to pursue algebraic simplifications; we will show that the ap­
proximate analysis results in five linear algebraic equations, valid at each 
increment of the loading or unloading process, which are solvable on the 
computer for five unknown flange deformation parameters. The non-linear 
aspect of the problem is felt through the modification of the coefficients of 
these five equations at each stage in the process. This Section 5.2 develops 
the general equations. Section 5.3 provides a discussion of the simulation of 
non-linear gasket stress strain relations, while Sections 5.4 and 5.5 discuss 
bolt modelling and flange stress calculations. Section 5.6 presents some 
application of the modelling and analysis procedure to a typical con­
figuration. 

Ei in Eq. (5.2.1), (i = 1,2,3) represent incremental energy contributions 
from each elastic element (flanges or spacer), written in terms of in­
cremental displacement variables. OJ U = 1,2) are energy contributions 
from the discrete springs modelling the non-linear gaskets; Obis the in­
cremental bolt strain energy, and We is the incremental external work done 
by edge forces and internal pressure. Although the flange deformation 
certainly varies with both radial position and location between bolt holes, 
only the average value from the analysis is sought; therefore, as noted 
previously, all deformation rates are assumed independent of cir­
cumferential position ¢ in Fig. 5.2.2. Therefore, we can represent the 
deformation rate, normal to the gasket plane, for each flange or spacer, as 

Wi (x,¢) = Vi (x) i = 1,2,3 (5.2.2) 

We assume that the flange and spacer deformation rates are in the form 

Vi (x) = Wi + /;iJi (5.2.3) 

where: 

/; (x) = (x+a) (5.2.4) 

The above choice for the deformation rates implies that Wi is the lateral 
deformation rate of the ith element at X= - a, and iJi are the element cross 
section rotation rates at x = -a. Equations (5.2.3), (5.2.4) reflect our ring 
theory assumption that the flange cross section rotates like a rigid body. 

Without loss of generality, we may fix one point in the joint assembly and 
measure all deformation relative to that point. We choose to fix the interior 
edge of element 2 against displacement so that 
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(5.2.5) 

Thus, the deformation of the three element flanged joint is expressed in 
terms of the five quantities: WI' 01 for element one, O2 for element two, and 
W3 , 03 for element three. These five unknowns will be concisely represented 
by th~ vect<?r {2} with elements 21 = WI' 22 = 01,23 = O2 , 24 = W3 , 

and Z5 = ()3' 
Assuming that all variations between bolt holes can be neglected, the 

incremental strain energy for the ith element of subtended angle ¢ is: 

_ D· ) b [(. [;.' ) 2 2(1- v). .] E.=--.!.. U."+-' - U·" 0.' dx 
, 2 -0 'Rb Rb" 

(5.2.6) 

where 
E§h 2 

D·= ' 
, 12(1- v/) 

(p= dU; 
, dx 

Note that in our case, the ring theory assumption eliminates contributions 
from all but the second term in Eq. (5.2.6). § is the circumferential arc 
length between adjacent bolt centers. 

Referring to Fig. 5.2.2, we assume that the gaskets are subdivided into N 
annular subregions having plan-form area approximately § (1 + xl R b ) 

(a + b) IN. The loading and unloading behavior of the subregions of each 
gasket is characterized by a discrete spring with spring rate K}/,> (i= 1,2). 
Then the total contribution to Eq. (5.2.1) from the ensemble of gasket 
springs is: 

2 __ N K~I> . . 2 E Uj - E [- [U2 (Xm ) - UI (Xm )] 
j=1 m=1 2 

(5.2.7) 

The spring rates K}/,> are specified non-linear functions of the current 
gasket strain which represents the behavior of the particular gasket 
material. 

The spring rates of the bolt in extension and bending are denoted as K b , 

Ko, respectively; the contribution from the bolts in Eq. (5.2.1) becomes: 

Ub = Kb [U3 (0) - UI (0) + .1]2 + Ko [U;(O) - U{(OW (5.2.8) 
2 2 

Note that in Eq. (5.2.8) we assume that the bolt strain is explicitly 
dependent only on the characteristics of the two flanges and on the initial 
preload parameter A of the bolt. In the case of a two element joint [;3 - [;2' 

Finally, contributions to oWe in Eq. (5.2.1) are considered. Since the 
flanges are attached to a shell and channel in the usual structural con­
figuration, and since the intermediate element may represent a tubesheet, 
the free body being analyzed (Fig. 5.2.2) requires consideration of external 
shear and moment rates applied at the boundary edges x = - a, as shown in 
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Fig. 5.2.3. If V;*, Mt, are the external rates, with units of force/length and 
force-length/length, respectively, then for i = 1,2,3: 

V• * - C(i) W· + C(i) O· + C(i) . 
; - II ; 12; 13 P; 

. ("). (') . ( ') 
M;* = C2; W; + C22 0; + C23 P; (5.2.9) 

Note that because of our choice of reference point for measurement of 
deformation (recall Eq. (5.2.5», CW will not enter into any subsequent 
analyses. Also, for element 2, the last terms are replaced by C\~) (p I - P2), 
C~~(jJ1 -P2)' respectively. For element 3,P3 =P2. 

In keeping with earlier assumptions, boundary loads are assumed to 
depend only on the average displacement and rotation. The term involving 
P; gives the contribution of any explicit dependence of the boundary forces 
on the local pressure rates. -'" 

The contribution of the term oWe in Eq. (5.2.1) can now be written as 
follows: 

3 

oWe =s(1-a/Rb) E (V;*oW; +M7oe;) (5.2.10) 
;=1 

The above general expressions for the various incremental terms are 
substituted into Eq. (5.2.1) with the form of Ui (x) given by Eq. (5.2.2) 
used to explicitly evaluate the terms. For example, 

so that 

- DI j b • 2 D I · 2 EI = - (U{/Rb) dx= --2 01 L 
2 -a 2Rb 

_ L.. 
oEI =Dl -201 Del 

Rb 

(5.2.11) 

(5.2.12) 

The contribution of the bolt strain energy increment is likewise computed 
as 

i = 1,2,3 

Fig. 5.2.3. Edge loading on element at x = - a. 
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oUb =Kb[W3 - WI +a(03 -(1) + ~]0[W3 - WI +a(03 -(1)] 

+ Ke [03 - Odo[03 - Od 

which can be rewritten in the form 
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(5.2.13) 

oUb = (Kb (W3 - WI +a(03 - O l )+~) }oW3 - (Kb (W3 - WI +a(03 - 01) 

+~) }OWI + (Ko (03 - Od +aKb (W3 - WI +a(03 - O l )+~) } 003 
- (Ke (03 - 01) +aKb ( W3 - WI + a (03 - 01) +~) } 001 (5.2.14) 

or finally, as 

oUb = (Kb WI +aKbOI -Kb W3 -aKb03 -Kb~}OWI 
• 2· • 2· •• 

+ (aKb WI + (Ke +a Kb) 91 - aKb W3 - (Ke +a Kb) 93 -aKbA}MI 
+ (-Kb WI -aKbOI +Kb W3 +aKb03 +Kb~}OW3 

• 2· • 2· •• 
+ ( - aKb WI - (Ke + a Kb)9 1 + aKb W3 + (Ke + a Kb)93 + aKbA} 093 

(5.2.15) 

Expressing the incremental contributions from each gasket spring, and 
from the edge loads Vi*' Mi*' in a similar form, we can collect all of the 
contributions and write Eq. (5.2.1) in the general form 

(5.2.16) 

In the case of a two element joint, the gasket springs K~) = 0, W3 , 03 are set 
to zero, and edge loads Vt, M3* are neglected. 

Since the variations oZj are independent, Eq. (5.2.16) requires that Xj =0 
for allj, leading to linear algebraic equations for the rate coefficients of Eq. 
(5.2.3) in the symbolic form: 

(5.2.17) 

The terms in the stiffness matrix [al are functions of the current con­
figuration, and the number of unknowns Z in Eq. (5.2.17) is given by the 
expression NU = 2i - 1 where i is the number of elements in the joint. 
Equation (5.2.17) may be solved to find the flange deformation as a func­
tion of applied loadings by incorporation of a suitable incremental in­
tegration scheme to determine the configuration state at "time" t + At 
(knowing the configuration state at "time" t). The use of "time" here 
represents a means of counting the number of increments to be taken to 
describe a given load and deformation history. At each point in the in­
cremental process, the elements of the stiffness matrix [0] and of the vector 
(iJ} are computed using current values of the deformation and load 
parameters; Eq. (5.2.17) can then be solved for (Z), the current rates. The 
determined values of (Z} lead directly to evaluation of the new con­
figuration at time t + At. For the usual flange, the loading consists initially 
of a specified bolt displacement rate ~ to impose a given bolt preload after a 
number of increments. (The number of increments chosen depends on the 
non-linear character of the gaskets. It is desirable to choose small enough 
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increments so that the loading curves for the gaskets are accurately 
followed.) At the same time, the gasket springs acquire, in an incremental 
manner, compressive loading dependent on joint geometry. The second 
stage of the loading process imposes appropriate pressure increments on the 
various components, while holding the initial bolt preload constant until 
desired operating conditions are obtained, or until "failure" of a com­
ponent occurs. 

The expanded form of Eq. (5.2.17) is, for i = 1,2, ... 5 

5 

E liijZj =B; 
1=1 

where 

ZI = WI' Z2 = (JI , Z3 = (J2' Z4 = W3, Z5 = (J3' and au = aj ;. 

If we let Cij = .5(1- a/Rb)Cij, then the elements aij' B; are: 

all =Kb + EKW - CW; a l2 =aKb + E(xm +a)K~) - c'\Y 
£113 = - E(xm +a)KW - 112aKb; £1 14 = 113Kb 
- _ •• _. -(1) • 
a l5 - - 113 aKb' BI -PI C13 +Kb A 

£1 22 =DIL/Rb 2 - qg +Ko +a2Kb +E(xm +a)2K~) 

£123 = - 112 (Ko +aKb) - E(xm +a)2 K~) 

G24 = - 113aKb; £125 = - 113 (Ko +a2 Kb) 

B2 = PI q~ + aKb.:l 

a33 =D2L/Rb 2 - Ci~ + 112(Ko +a2 Kb) + E(xm +a)2(K~) +K~» 

G34 = -E(xm +a)K~); a35 = -E(xm +a)2K~) 

B3 = <PI - P2)q~ - 112 aKb.:l 

£144 = 113 Kb + EK~) - CW 
ii45 = 113aKb + E(xm +a)K~) - cW 

• • - 3) • 
B4 =P2 Cb -113KbA 

a55 =D3L/Rb 2 - q~ + 113(Ko +a2 Kb) + E(xm +a)2 K~) 
• _. -(3) • 

B5 -P2 C23 -113 aKbA 

(5.2.18) 

(5.2.19) 

(5.2.20) 

(5.2.21) 

(5.2.22) 

(5.2.23) 

In the above equations for a three element joint, 112 = 0, 113 1. For a 
two element joint, P2 = 0, K~) = 0, 112 = 1, 113 = 0. The proper setting of 
these parameters has the effect of reducing the five equations to a solution 
of three non-trivial equations for Wj' 01 , O2 in a two element joint, and the 
effect of properly attaching the bolt to either elements 1 and 3, or to 
elements 1 and 2. 

We point out that the final Eqs. (5.2.18) simply reflect overall 
equilibrium requirements for the various elements of the joint. The first 
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equation is force equilibrium for element 1, while the second equation is 
simply the fulfillment of the moment equilibrium requirement for element 
1. The third equation is the moment equilibrium equation for element 2, 
while the remaining two equations ensure satisfaction of force and moment 
equilibrium requirements for element 3. No force equation is necessary for 
element 2 since we have already ensured satisfaction of this condition by 
fixing one point of the element against any displacement. 

5.3 NON-LINEAR ANALYTICAL EXPRESSIONS SIMULATING 
GASKET BEHAVIOR 

The previous incremental solution procedure assumes that each gasket 
spring, representing compressive behavior of a local region of the annular 
gasket, be represented by an incremental force-deformation rate expression 
having the form, 

Pp =Kt) Bij (5.3.1) 

where P/) is the rate of change of gasket spring force and Bij is the rate of 
change of gasket spring length. The i superscript refers to the gasket, and 
the subscript is the particular sub-region. If the spring is to be nonlinear, the 
spring rate K/) is a function of the current local deformation oij. The 
necessary one-dimensional rate parameter K/) is developed by starting with 
a general stress strain law and matching with gasket test data. We assume 
the form 

a=a(E) (5.3.2) 

so that if ( . ) represents an incremental change, then: 

(5.3.3) 

Therefore, if P = iT A, where A is the gasket sub-region area, and E = Bit g' 

then a spring rate parameter K is: 

(5.3.4) 

where tg is the undeformed gasket thickness. 
The explicit form of the functional relationship in Eq. (5.3.2) depends on 

the gasket material. In the following, we indicate a method to develop 
suitable analytical functional forms for a rubber or an asbestos gasket. To 
simulate any gasket behavior, one needs only to establish aa/aE as a func­
tion of current strain by fitting an analytical representation to specific 
experimental data. Figure 5.3.1. shows test results obtained by loading and 
unloading a sheet of a typical neoprene material (1/8" , durometer 35-45). 
During a single load-unload cycle, it appears that Eq. (5.3.2) is nicely fit to 
the experimental results by an exponential function during loading and by 
two straight lines during unloading. The approach here is to establish 
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appropriate analytical formulations for datdE containing sufficient 
parameters to enable duplication of any experimental gasket data with the 
simple Eq. (5.3.2). To that end, during loading in Fig. 5.3.1, the following 
equations are used to model the stress strain behavior of the gasket 

a=EE; E~El 

(5.3.5) 

The parameters ao, E are chosen to fit the experimental data during the 
initial portion of the loading curve. A single non-linear analytical ex­
pression capable of closely approximating the two nearly straight lines in 
a- E space is suggested to simulate unloading behavior in Fig. 5.3.1. If we 
assume that unloading begins from a specified state of stress and strain af , 

Ef; then during unloading, we propose using the stress strain relation: 

8.0 EXPERIMENTAL RESULTS ..... .. UNLOADING FROM E, = 0.63 

/II .. ", ~ ~ ~ UNLOADING FROM E, = 0.425 

7.0 
CHOOSING da/dE), and K 

•••• •• UNLOADING FROM" 

6.0 
CHOOSING da/d,), and n 

5.0 

g 
b 4.0 

3.0 

2.0 

1.0 

.1 .3 .4 .5 .6 
GASKET COMPRESSIVE STRAIN 

Fig. 5.3.1. Neoprene gasket stress strain relation (Experimental and 
Numerical Results). 
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to simulate the gasket 
unloading is given as: 

af [E ( E) n ] a--- - +K -
1 + K Ef Ef 

behavior. The stress strain 
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(5.3.6) 

curve slope during 

da af [ (E)n-I] 
dE = Ef(1+K) l+nK ;;. (5.3.7) 

It remains to choose K and n to fit the details of the particular unloading 
relationship. For example, we may directly match the data for: 

dalde)e_o 

by choosing the parameter K to satisfy 

K= aflEf -1 
dal da) e-O 

(5.3.8) 

The parameter n can then be chosen as a sufficiently large number to 
capture the details of the knee of the unloading stress strain data. Alter­
natively, evaluating Eq. (5.3.7) at the state af' Ef leads to an expression for n 
in terms of af' Ef' dalde)'f and K: 

n = ~ [daldE)ff(l+K) -1] 
K afl Ef 

(5.3.9) 

K can be chosen from Eq. (5.3.8) or by attempting to match the stress level 
at the knee of the unloading curve using the approximate relationship 

aknee "" afl (1 + K) (5:3.10) 

The utility of any of the above approximations of course depends on the 
accuracy of fit to specific experimental data for gasket materials. It is likely 
that the above illustrative examples cannot reflect the gasket behavior 
during subsequent reloads. We should also note that many gasket materials 
indicate significant permanent set after a load cycle. The importance of the 
previous discussion is not to indicate that Eqs. (5.3.5)-(5.3.6) represent 
gasket behavior under all conditions; rather it is to indicate that it should 
always be possible to develop reasonably accurate models for the spring rate 
defined by Eq. (5.3.4) that reflect the important characteristics of the gasket 
behavior during the current load cycle. This is extremely critical to the 
simulation of a joint with one or more full face gaskets, since during a single 
cycle at a given pressure, one portion of the gasket may be loading while 
another region may be experiencing unloading. 

To evaluate the calculation procedure for the gasket material whose 
behavior is reflected in Fig. 5.3.1, it is noted that the exponential behavior 
of the loading data of Fig. 5.3.1 is easily ascertained by a re-plot of the 
given data onto semi.:log paper. An excellent fit of a-E data during loading 
above 100 psi is obtained using the exponential relationship: 

a=aoe6.5e ; ao=100psi (5.3.11) 

Then EI = 0.154 and 
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u=EE; E= 1765 psi for U:$; Uo. 

From the experimental data in Fig. 5.3.1, the unloading slope for small 
strain is estimated as: 

(5.3.12) 

If one considers unloading from the state uf = 60 UO, Ef = 0.63, then Eq. 
(5.3.8) yields K = 7.729. If we choose n = 30, then the unloading stress 
strain curve given by Eq. (5.3.6) becomes: 

u=687.36[_E- + 7.729 (_E_rO ] (5.3.13) 
0.63 0.63 

Figure 5.3.1. shows some simulation points computed using Eq. (5.3.13). 
The larger the value employed for n, the sharper the knee of the unloading 
curve becomes. However, the larger the value of n, the smaller the upper 
limit on increment step size becomes to retain good accuracy in any 
numerical solution. Using the same philosophy for choosing K and 
examining unloading from the state uf = 16uo, Ef = 0.425, with n = 30 
yields K = 2.451 and the stress strain relation for unloading 

u=463.68[_E- +2.451 (_E_) 30 ] (5.3.14) 
0.425 0.425 

to be used for unloading from Ef = 0.425. Calculated points from Eq. 
(5.3.14) are also shown in Fig. 5.3.1. 

Alternatively, one could choose K = 9 based on an assumption of the 
ratio Uknee/ uf' and then evaluate n from Eq. (5.3.9). This avoids the need to 
evaluate du/dE)e_o. Using the data from Fig. 5.3.1 and unloading from uf 
= 60uo, Ef = 0.63, then if one estimates the unloading slope at Ef as: 

du/dE)e_ef=140,000psi (5.3.15) 

then Eq. (5.3.9) yields n "'" 16.22 and 

[ E (E) 16.22 ] u=600 -- +9 --
0.63 0.63 

(5.3.16) 

If unloading occurs from the point uf = 16uo, Ef = 0.425; then, using Eq. 
(5.3.15) for the unloading slope and K=9, Eq. (5.3.9) now gives n "'" 41.21 
so that the stress strain relation becomes: 

[ E (E) 41.21 ] u=160 --+9 --
0.425 0.425 

(5.3.17) 

Equations (5.3.16) and (5.3.17) are also shown on Fig. 5.3.1. For the data 
shown, the first approach for unloading seems to provide the best fit. The 
purpose of the above exercises simply illustrates that the choice of analytical 
representations for non-linear material behavior of the gaskets is certainly 
not unique. The analytical representation should reflect, in the simplest 
manner possible, the best efforts of the user to simulate the behavior of the 
real material as noted from the experimental data available. In any com-



5 I Bolted Joints with Full Face Gaskets 223 

puter simulation, the calculation of K or n is done using the (Jf, Ef results for 
each gasket spring when it begins to unload. 

We must emphasize that the above relations give only variations on one 
suggested set of constitutive equations. Other gasket materials may require 
more complex representations to capture the essence of the non-linear 
behavior. The key point, however, is that a(JlaE is always obtained from 
experimental results and coded for computer modelling. 

To conclude this section, we note that an appropriate definition of gasket 
leakage at any location is 

(5.3.18) 

where F m is the current compressive gasket load in the discrete spring 
representing the gasket at location m, p is the current pressure (either PI or 
P2), Am is the gasket area at location m, and Jt is the gasket seating factor. 
For full face gaskets, we assume that joint failure due to leakage occurs 
when all gasket springs inboard of a specified location (either the bolt circle 
or the inboard edge of the bolt hole) satisfy Eq. (5.3.18). For a short, ring 
type gasket, inboard of the bolt circle, leakage occurs when all spring 
elements satisfy Eq. (5.3.18). 

5.4 SIMULATION OF BOLT EFFECTS 

The current stiffness matrix [a] needed to solve for the incremental 
deformation parameters at each stage in the unloading process, involves 
bolt spring rates Kb , Ko (see Eq. (5.2.8». The simplest idealization for the 
bolt in extension and bending suggests that if E B, A B, I B, L B are the 
Young's Modulus, bolt tensile area, bolt area moment of inertia, and ef­
fective bolt length, respectively, then K b , Ko have the form: 

(5.4.1) 

As long as the bolt stress remains below yield, we consider that the above 
representation adequately models the effect of bolting on joint deformation 
behavior. 

We note that many bolted flange joint analyses presume that the bolt acts 
only as a single tension-compression member, and that the bolt stress level 
remains essentially at its preload value during pressurization. In the analysis 
set forth in this chapter, the elementary effects of bolt bending are included; 
since this analysis is incremental in nature, the opportunity to examine 
effects of bolt overstress on integrity of the entire bolted joint configuration 
is provided. What is proposed in the following is a rudimentary simulation 
of overstress effects; by its very simplicity, however, it clearly demonstrates 
the weakening of the joint caused by bolt overstress. The representation of 
bolt overstress is based on the concept that as yielding of the bolt occurs 
(due to combined axial force and bending moment), the values for Kb , Ko 
should be reduced from their initial elastic values given by Eq. (5.4.1). For 
the purposes of this model, we formulate a parameter IX, a function of the 
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Equation (5.4.2) leads directly to the conclusion that in accordance with 
these assumptions, the spring rates should vanish when ex = -0.412M/My. 
This completes the justification for Fig. 5.4.1 and provides a simple 
mechanism to study bolt yielding effects on flange deformation. 

5.5 CALCULATION OF FLANGE STRESS 

We have assumed that the ith flange element behaves as an elastic annular 
ring-like element and have neglected all circumferential variations between 
bolt holes. In keeping with the treatment of only large diameter flanges, the 
relations between average circumferential bending moment rates and 
average element deformation rates are: 

. E h 3 dU . 
Mo' (x):::::: -'- --' + I'M· (x) (5.5.1) 

, 12Rb dx rt 

Since the assumed form used for U; (x) contains only the rigid body 
rotation component, Mr; (x) can only be computed by direct appeal to the 
equilibrium of the ith flange element. To illustrate the computation of 
Mr; (x) directly from equilibrium, consider the free body of a typical flange 
element shown in Fig. 5.5.1. Assuming that the flange is of sufficient 
diameter so that the replacement sin( 1>12) :::::: 1>12 is valid, then the bending 
moment Mr (x) at radial location x can be obtained from the moment 
equation: 

S[(I+ x )Mr (X)+M*(I- ~ )-(1- ~ )(x+a)V* 
Rb Rb Rb 

_~rx Mo(X)dX]+E(o;-P;)(X-XG(i»-Mb+TbX=O (5.5.2) 
Rb J -a ;=1 

where Mb, Tb only enter if x > O. G;, F; represent the equivale~t gasket 
reactions discussed in Section 5.2. The integral containing Mo (x) is 
eliminated using Eq. (5.5.1) and yields: 

)
x • E h3 • • 

Mo (x)dx= --[U(x) - U( -a)] 
-a 12 Rb 

(5.5.3) 

where we have here neglected the Poisson's ratio effect for the purposes ~f 
evaluating the integral. Using Eq. (5.5.3) in Eq. (5.5.2) and solving for Mr 
= s Mr (x) yields 

- NG 

(1 + !..- )Mr = E (p; - 0;) (x-XG(i» +Mb - TbX+ (1- ~ )sv* (x+a) 
Rb ;=1 Rb 

sh/ .. . + --2 E[ U(X) - U( -a) J -sM*(I-a/Rb) 
12Rb 

(5.5.4) 

NG :s; N includes all gasket regions inboard of X. The bolt force and 
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Equation (5.4.2) leads directly to the conclusion that in accordance with 
these assumptions, the spring rates should vanish when ex = -0.412M/My. 
This completes the justification for Fig. 5.4.1 and provides a simple 
mechanism to study bolt yielding effects on flange deformation. 

5.5 CALCULATION OF FLANGE STRESS 

We have assumed that the ith flange element behaves as an elastic annular 
ring-like element and have neglected all circumferential variations between 
bolt holes. In keeping with the treatment of only large diameter flanges, the 
relations between average circumferential bending moment rates and 
average element deformation rates are: 
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Mo' (x):::::: -'- --' + I'M· (x) (5.5.1) 

, 12Rb dx rt 

Since the assumed form used for U; (x) contains only the rigid body 
rotation component, Mr; (x) can only be computed by direct appeal to the 
equilibrium of the ith flange element. To illustrate the computation of 
Mr; (x) directly from equilibrium, consider the free body of a typical flange 
element shown in Fig. 5.5.1. Assuming that the flange is of sufficient 
diameter so that the replacement sin( 1>12) :::::: 1>12 is valid, then the bending 
moment Mr (x) at radial location x can be obtained from the moment 
equation: 

S[(I+ x )Mr (X)+M*(I- ~ )-(1- ~ )(x+a)V* 
Rb Rb Rb 

- ~ rx Mo(X)dX] + E (O;-p;) (x-XG(i» -Mb+Tbx=O (5.5.2) 
Rb J -a ;=1 

where Mb, Tb only enter if x > O. G;, F; represent the equivale~t gasket 
reactions discussed in Section 5.2. The integral containing Mo (x) is 
eliminated using Eq. (5.5.1) and yields: 

)
x • E h3 • • 

Mo (x)dx= --[U(x) - U( -a)] 
-a 12 Rb 

(5.5.3) 

where we have here neglected the Poisson's ratio effect for the purposes ~f 
evaluating the integral. Using Eq. (5.5.3) in Eq. (5.5.2) and solving for Mr 
= s Mr (x) yields 

- NG 

(1 + !..- )Mr = E (p; - 0;) (x-XG(i» +Mb - TbX+ (1- ~ )sv* (x+a) 
Rb ;=1 Rb 

sh/ .. . + --2 E[ U(X) - U( -a) J -sM*(I-a/Rb) 
12Rb 

(5.5.4) 

NG :s; N includes all gasket regions inboard of X. The bolt force and 
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moment rates Tb , Mb , are included only if x > O. With 
Mr (x) computed using Eq. (5.5.4) and Me (x) computed from Eq. (5.5.1), 
the bending stress increments at the extreme fiber of the flange are com-
puted from the relations. . 

6 M ( -) 6 M ( -) 
• (_) _ r X. . (_) e X 
(Jr X - -t 2 ' (Je X = t 2 

S I I 

(5.5.5) 

Note that Mr(x) has the units of lb.-in.!sec., while Me has the units of lb.­
in.!(in.-sec). 

An appropriate limiting flange stress criteria can be employed to qualify a 
given joint configuration. 

5.6 APPLICATION OF THE METHOD 

A computer code, based on the philosophy discussed in this chapter, and 
incorporating an incremental solution scheme, is easily developed. For a 
given joint configuration and a specified initial bolt direct tensile stress, the 

----
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Fig. 5.5.1. Free body diagram used for calculation of Mr{i). 
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preload stress distribution in both the gasket elements and in the flange 
elements is computed by incrementally applying the bolt preload. Sub­
sequent to this initial stage, pressure increments are applied and the field 
equations updated after each step based on the current gasket strain at each 
location XG (i). The solution proceeds until the desired pressure is reached, 
or until all of the gasket springs inboard of the bolt line experience leakage. 
A user's manual and a source listing of the code for a general three element 
flange joint is presented in Appendix 5.A. The complete equations for a two 
element symmetric joint, including some elastic plate effects, are presented 
in [5.4.1] along with some typical results. The computer code listed at the 
end of this chapter, for three element joints, and the additional numerical 
results presented in this text, have been developed during the course of a 
sponsored research program [5.4.2]. Note that the method set forth in this 
chapter simulates a single load cycle of pressure application; it should be a 
relatively straightforward task to extend the simulation to pressure cycling 
of the joint once reasonable relationships are developed for the gasket 
constitutive equations under repeated cycling. That extension is not, 
however, discussed here. 

5.6.1 Gasketed Joint Model 

To illustrate the application of the joint analysis method, we first con­
sider a configuration for a two element symmetric joint (no spacer or 
tubesheet) connecting two pipes. The joint layout is shown in Fig. 5.6.1. 
The following data is used in the analysis. 

Number of bolts 20 
Bolt length 7.25" 
Bolt diameter (nominal) 1.25 " 
Flange, bolt Young's Modulus - 29 x 106 psi 
a (Fig. 5.2.2) 3.125" 
b(Fig.5.2.2) 1.125" 

Thickness of flanges hi = h2 
Desired bolt pre-stress 

1.818" 
4371 psi 

Because of the many parameters involved in a flanged joint simulation, 
we will be quite detailed in our description of the model and in the 
development of the computer input; we do this to make it easier for the 
potential user to gain some insight into the applicability and utility of the 
computational model. 

In the course of "building" a simulation input file, we need to choose the 
number of gasket springs, establish the bolt pre-stress level, determine the 
parameters that are used to model the edge forces and moments, establish 
the magnitude of the applied loading, quantify the non-linear properties of 
the gasket material, and decide on a gasket seating factor (i.e., the criteria 
for leakage). For the flange geometry just set forth, we will now go into 
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each of these items in turn and illustrate how a user can develop the 
necessary data for the input code. 

Gasket Spring Assumptions 

Our initial task is to choose the number of gasket springs to be used in the 
joint model. For a full face gasketed joint, we are guided by the joint 
dimensions; our goal here is simply to have the total gasket area between 
two bolt holes divided into roughly equal areas. For the full face joint to be 
examined here, we settle on a total of nine non-linear springs; six springs are 
positioned inboard of the bolt circle with the remaining three springs 
located outboard of the bolt circle. The geometric location of each spring is 
chosen by the code once the total number of springs and the number in­
board of the bolt circle is input. Since we also plan to examine ring gasketed 
joints with non-linear gasket material properties, we mention that in the 
simulation of a ring gasket, the code assumes that three gasket springs are 
active, with positioning of the springs given in terms of the width of the ring 
and its location relative to the bolt circle. 

Specification of Bolt Pre-stress 

We assume the bolt stress to be (JAY = 4371.2 psi. It is of interest to point 
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Fig. 5.6.1. Flange joint for sample calculation. 
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out that if we assume, for the moment, that both flanges are rigid (so that 
no rotation of the flange occurs during tightening), then the average gasket 
stress (Jg can be obtained from, the equation 

(JgAG =NB(JAVAB (5.6.1) 

AG is the total gasket area and NB is the number of bolts. If we neglect the 
bolt hole area in calculating Ag, we find that (Jg "" 214 psi for the model 
shown in Fig. 5.6.1. While knowledge of this average gasket compressive 
pre-stress is not needed to exercise the computer simulation, if we assume 
that the gasket material of our analysis follows Fig. 5.6.2, then we see that 
less than lOOJo prestrain is imposed on this full face gasket, during the 
tightening phase, by the assumed initial bolt torque. 

Specifications of Edge Forces and Moments 

Continuing with the development of the numerical model, we next 
examine calculation of the parameters Cij for the edge moments and forces 
given by Eq. (5.2.9). Referring to Fig. 5.6.1, which shows a two element 
symmetric joint, we see that the general equations for Vt, Mt, specialize to 
the simpler set 

VI * = - 1/;PI; Vz * = 1/;PI (5.6.2) 

Mt = - {3iJ l + "(PI; Mz* = - {3iJz - "(PI 
following the sign convention of Fig. 5.2.3. Here, {3 is a rotational stiffness 
parameter reflecting the rotational resistance of the adjacent hub and shell; 
1/;, "( are parameters which give the change in edge load due to a unit in­
crement of applied pressure. The rotational resistance parameter {3 is 
estimated using some results developed in Chapter 3. It is shown there that 
the relation between hub rotation and the total external moment applied to 
a flanged joint is obtained by combining the following equations (here we 
use the notation of Chapter 3): 

rl 12(1- pZ)h4 
¢=hfl(K,a)A I ; K= rlz goZ 

(5.6.3) 

In the above, ¢ is the hub rotation at the attachment to the flange, M is the 
total flange moment, go is the thickness of the attached pipe, gl is the hub 
thickness at the large end, h is the hub length, and rl is the inside radius of 
the hub. The parameters V and X can be obtained from results given in the 
Appendix on Flanges in the AS ME Code, Section VIII, Division 1 or from 
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the formulas given in Chapter 3. Combining the above results, we obtain 
the relations 

(5.6.4) 

We also show in Chapter 3 that the hub moment, M H , at the large end of 
the hub, is related to Mby Eqs. (3.11.49) and (3.11.50): 

M=6MH/X (5.6.5) 

Therefore, defining a rotational spring rate Kq, by the equation 

MH/¢=Kq, (5.6.6) 

leads to the result 

(5.6.7) 

For the joint at hand, go = 0.375", g, = 1.435", 1 + ex = 3.83, and we can 
determine that V::::: 0.04. This leads to a final value for Kq, as 

Kq,/E=0.0816 (5.6.8) 

It is of interest to point out that for a shell having uniform thickness of 
0.375" , we would obtain Kq, / E = 0.0117, while for a shell having uniform 
thickness 1.435", we would obtain Kq,/E = 0.1676, Both of these shell 
estimates are easily calculated using classical thin shell theory (see main 
Appendix A) which yields the general formula 

1.285 t 3 

K /E=-- (569) q, -JRt 6(1- V)2 •• 

t and R are the shell thickness and mean radius, respectively. As expected, 
the hub effect leads to a rotational spring rate that is bounded by the two 
shell theory results. In the flange model under study here, we make the 
supposition that 1 (:31 = Kq, in Eq. (5.6.2). If we assume E = 27 X 106 psi, 
then 

(:3 = 2.2032 x 106 in. lb.lin. 

Having determined the rotational resistance parameter (:3, we turn next to 
the evaluation of ,,/, 1/; for our sample calculations. If we consider first the 
thrust due to the internal pressure p, then the flange edge load v* has the 
form 

(5.6.10) 

where RM is the mean radius of the adjacent pipe wall. In addition to the 
edge force component due to pipe internal pressure, it is clear that a force 
can develop in the flange if the adjacent pipe imposes a gross bending 
moment Mf on the joint. For example, if we assume that at some given pipe 
pressure PM' a gross moment MM is applied to the joint, then at any ar­
bitrary pipe pressure we have 
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(5.6.11) 

If we now calculate the circumferentially varying direct force in the pipe 
wall necessary to resist Mi , and if we set the maximum value of that force 
per unit circumferential length equal to an edge force acting on the flange, 
we obtain 

~V* = MF = (MMIPm) P (5.6.12) 
7rRM2 7rRx.r 

Restricting consideration to the portion of the flange where the total edge 
force per unit circumferential length that is explicitly due to pipe wall 
pressure is V* + ~ V*, then a comparison with Eq. (5.6.2) suggests that 

1/;=RMI2 + (MMIPm) (5.6.13) 
7r Rx.r 

In the numerical results presented here, we will use the value of 1/; = 6.746 in 
all simulations. 

To complete the specifications of edge loading, we must determine the 
edge moment parameter 'Y in Eq. (5.6.2) giving the explicit local pressure 
dependence of the edge moment. We suggest here an admittedly ap­
proximate calculation procedure for this simulation of a pipe flange; 
however, the approximation should be conservative. If we consider a thin 
cylindrical shell under internal pressure and fixed against lateral deflection 
and rotation at the end, we find that the edge moment Mo, and the edge 
shear Qo are given by the equations 

R 2 (32 D 
1Mol = _P M (2-v); D=Et3/12(1-v2) 

Et 

I Qo 1= - 2Mo{3; (3= 1.2854/(RMt) 112 (5.6.14) 

(See Eqs. (A.2.41) and (A.2.42) of Appendix A at the end of the text.) R M , t 
are the mean shell radius and thickness, respectively. If the shell edge is at 
distance LH from the centerline of the flange, then the moment applied to 
the flange may be conservatively estimated as 

M* = 1Mo I-LH I Qo I ='YP (5.6.15) 

where 

(5.6.16) 

For the numerical results presented herein, we have used 'Y = 7.0238 in. 2 in 
all ofthe studies; this value is obtained using t = 0.375", RM = 12", LH = 
4.182" in Eq. (5.6.16). 

Gasket Material Property Parameters 

The next set of data required for this joint analysis is the specification of 
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the gasket properties. Figure 5.6.2 shows the gasket stress strain data for the 
material. For the loading phase, the stress-strain data is simulated by a 
linear region, and two exponential regions. Figure 5.6.3 shows the loading 
region plotted on semi-log paper. In the first exponential loading region E < 
0.6, we write 

so that 

or 

E 
10gO"=logO"o+-loge; e=2.718 

Eo 

log O"=A+BE 

(5.6.17) 

(5.6.18) 

(5.6.19) 

Using the data points 0". = 848 psi at E. = 0.3, and 0"2 = 2520 psi at E2 = 0.6 
yieldsA = 2.455,B = 1.577,sothatEo = loge/B = 0.2754, and 0"0 = lOA 
= 285.1 psi. Therefore, for 0.2754 < E < 0.6, we have 

dO" 0" 
- =-; Eo =0.2754 (5.6.20) 
dE Eo 

For E < 0.2754, we have, from Eq. (5.3.5) 

dO" 0"0 
- =E= -e=2813 psi (5.6.21) 
dE Eo 

Equation (5.6.17) is shown plotted in Fig. 5.6.2. Note that above E = 0.6, 
the stress strain equation does not follow the experimental loading curve. 
Returning to Fig. 5.6.3, we can construct a second exponential loading 
curve in the region E > 0.6 by using the data points E. = 0.6, 0". = 2520; E2 
= 0.84, 0"2 = 19,600. From Eq. (5.6.19), we obtain A = 1.17426, B = 
3.7119 which yields 0"0 = 14.937 psi and E = 0.1170. While these parameters 
may not have the physical significance that they acquire in the first loading 
region, it suffices for our purposes here to note that for E > 0.6, the new 
values for 0"0' Eo, when used in Eq. (5.6.17), give results that match the final 
part of the loading curve (see Fig. 5.6.2). 

To match the unloading behavior indicated by Fig. 5.6.2, we use Eqs. 
(5.3.6), (5.3.7) with the parameters nand dO"/dE)e_o chosen as 

n=50; dO"/dE)e_o=1276psi (5.6.22) 

Equation (5.3.6) is plotted on Fig. 5.6.2 using the chosen data; we see that 
a good fit to the unloading data is achieved. 

Criteriafor Joint Leakage 

The test of leakage at a particular gasket location is a comparison be­
tween current pressure to be sealed and current pressure in the local gasket 
spring. The leakage criteria is set by the gasket seating factor p. (see Eq. 
(5.3.18». In all of the numerical examples to be examined here, we assume a 
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gasket factor jJ, = 2.5. We also assume that the weakening of the flange, 
due to the presence of bolt holes, can be simulated by a simple reduction of 
the flange Young's Modulus to 21 x 106 psi. 

5.6.2 Analysis of a Full Face Gasket-Two Element Joint 

Table 5.6.1 shows selected results obtained from computer analyses of 
the full face gasketed joint. In the studies shown in the table, we have 
simply varied the total thickness of the gasket separating the two flanges. 
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Table 5.6.1 Full Face Gasketed Joint Simulation-Effect of Gasket 
Thickness 

Gasket Actual Bolt Pressure at Bolt Tensile 
Thickness Tensile Stress J oint Failure Stress at Joint 

(in.) at Preload (psi) (psi) Failure (psi) 

0.093 4425 38.0 4142. 
0.186 4439 43.0 4299. 
0.357 4405 48.0 4480. 

We see that a slight increase in joint leak pressure can be obtained by 
increasing the thickness of the gasket. 

Table 5.6.2 shows the distribution of gasket stress across the joint (9 
gasket springs are used in this full face gasket model) for the 0.186" thick 
gasket at the end of the preload 'stage and at the point of joint failure due to 
leakage. We note that because of flange rotation during the preload stage 
and during the pressurization phase, the bolt experiences bending as well as 
direct tension. The maximum bolt stress after preload is 5837 psi, while the 
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same bolt stress increases to 6708 psi when all gaskets springs inboard of the 
bolt hole have leaked. 

Table 5.6.2. Gasket Stress Distribution in Full Faced Gasketed Joint with 
Total Gasket Thickness = 0.186" 

Gasket Spring 

1 
2 
3 
4 
5 
6 
7 
8 
9 

Stress after Preload 

197.4 
202.4 
207.5 
212.6 
217.6 
222.8 
227.2 
231.3 
235.3 

5.6.3 Analysis of Ring Gasketed Joint 

Stress After Leak 
@43psi 

78.9 
84.4 
92.3 

106.0 
133.4 
189.27 
229.2 
236.2 
243.2 

Our next example uses the same joint geometry of Fig. 5.6.1 but assumes 
that instead of a full face gasket, a ring gasket of radial width 0.625" , with 
outer edge located 1.625" inboard of the bolt circle, is used to seal the joint. 
We assume the stress strain curve for the ring gasket material as given by 
Fig. 5.6.2, and a total gasket thickness of 0.357". All loading and edge 
support conditions remain the same as does the desired preload tensile stress 
and the gasket seating factor. Table 5.6.3 summarizes typical results ob­
tained at the end of the preload stage, and Table 5.6.4 shows results at a 
pressure of 200 psi. The ring gasket is simulated by springs at locations 2, 3, 
and 4 (see Appendix 5.A). 

Table 5.6.3. Ring Gasketed Joint at the End of Preload Stage 
Bolt Tensile Stress = 4379 psi 

Gasket Spring 

2 
3 
4 

Gasket Strain 

0.47735 
0.47830 
0.47925 

Gasket Stress (psi) 

1611.6 
1617.1 
1622.7 

Table 5.6.4. Ring Gasketed Joint at Pressure = 200 psi 
Bolt Tensile Stress = 7209 psi 

Gasket Spring 

2 
3 
4 

Gasket Strain 

0.45539 
0.45828 
0.46117 

Gasket Stress (psi) 

673.8 
701.3 
734.4 

We note that the reduced gasket area leads to a relatively high maximum 
gasket strain after preload (close to 48070); this is in contrast to the full face 
gasketed joint previously studied where it turns out that the maximum 
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gasket prestrain does not exceed 8%. If extrusion of the gasket is not a 
problem, a ring gasket is required in order to obtain higher joint service 
pressures for any specified preload bolt tension. 

5.6.4 Ring Gasketed Joint with Compression Stop 

We continue with our illustrative examples of the joint simulation code 
by investigating the effect of introducing a compression stop into the two 
element ring gasketed joint just discussed. The purpose of a compression 
stop is to limit the compressive strain in a ring gasket and to prevent ex­
trusion of the gasket material. We use the computer model to investigate the 
effect of placing a compression stop just inboard of the bolt circle, at the 
inboard edge of the flange, and at a location outboard of the bolt circle 
(roughly midway between the bolt circle and the outer edge of the flange). 
The width of the compression stop is 0.375" , and the effective length of the 
stop spring is taken as 4" (for the purpose of computing a stop spring 
constant). The stop is assumed to be effective only when the strain (based 
on the total gasket thickness) at the stop location exceeds €s = 0.193427. 
Table 5.6.5 shows, for the three stop element locations, the gasket and stop 
element pressures during various phases of the load cycle. 

Table 5.6.5. Effect of Compression Stop Location on Gasket Pressure 

Stop Maximum Pressures Pressures at Location of 
Element Pressures at Pre- Leakpoint Gasket or Stop 
Location (psi) load (psi) 

5 305.6 231.0 159.2 2 
PLEAK=78.9 306.1 257.4 174.5 3 

psi 306.6 290.3 197.0 4 
2152.0 2152.0 O. 5 (stop) 

2342.1 2342.1 O. 1 (stop) 
326.9 326.9 255.3 2 

PLEAK=111.8 330.8 330.8 267.0 3 
psi 334.7 334.7 279.3 4 

8 312.8 312.8 138.8 2 
312.6 312.6 141.4 3 

PLEAK=57.9 312.5 312.5 144.5 4 
psi 2711.4 2711.4 3417.0 8 (stop) 

We note that the gasket spring locations are automatically numbered 
1-10 in the ring gasket model. Location 1 is closest to the inside edge of the 
flange, location 5 is just inside the bolt circle, and locations 6-10 are outside 
the bolt circle. We also caution the user to employ a very small preloading 
step increment when the stop becomes active. 

The results presented in Table 5.6.5 graphically demonstrate the effect of 
a stop element. In all cases, the bolt load at the end of preload is 4060 
pounds. In the first case, with the stop located just inboard of the bolt 
circle, the ring gasket loads and then unloads somewhat as the flange rotates 
using the stop element as a pivot point. This loading and unloading of the 
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gasket during tightening will always occur if the stop is located between the 
ring gasket and the bolt circle. In the second case, the stop located at the 
inside edge of the flange permits continued loading of the gasket during the 
bolt tightening phase. During pressurization, the gasket experiences very 
little unloading until the stop element loses contact; once the stop becomes 
inactive, rapid unloading of the gasket occurs. Finally, for case 3 with the 
stop located outboard of the bolt line, we see that the stop continues to load 
during the pressurization phase and the gasket unloads more rapidly than in 
the initial cases. 

5.6.5 Analyses of Three Element Joint with Non-Symmetric Load and 
Geometry 

The computer model can be used to examine a three element joint with 
non-symmetries in the applied pressures PI andp2 (Fig. 5.1.1), and in the 
edge rotational resistances C22 (Eq. (5.2.9». We note here only that some 
results of typical simulations indicate that during the pressurization phase, 
portions of each gasket continue to load, unload, or may unload and then 
reload. The possibility of unloading and reloading does not appear in the 
case of a symmetric joint. Additional material on this subject may be found 
in Ref. [5.6.1]. 

5.7 CONCLUDING REMARKS 

Our intent in this chapter has been to re-examine the analysis of bolted 
flange joints with the aim of including a more exact representation of non­
linear gasket behavior. We do this primarily to present a method for 
analyzing joints with full face gaskets for both leak tightness and strength. 
We have demonstrated that the modelling technique lends itself to ring 
gaskets, with and without compression stops, with equal facility. The 
computerized design approach presented in this chapter offers the user a 
powerful new approach to the design of bolted flange connections. 
However, as with any new method, the application must be tempered with 
the use of good engineering judgement in both the modelling stage and in 
the interpretation of the results. We close by noting that none of the sample 
problems examined here have been subjected to loading sufficient to cause 
bolt yielding prior to leakage. The reader may find it of interest to use the 
computer code to examine the consequences of using a smaller bolt size and 
a higher preload. Some effects of bolt overstress have been illustrated in 
Ref. [5.4.1] which uses an earlier version of the source code presented here, 
restricted to two-element symmetric joints. 
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NOMENCLATURE 

aij 
a 
b 

AB = 
Cij = 

EB,E = 
Ej,Uj,Ub, We 

l!y = 
F;,G; = 

h; = 
fB = 

KU) 
m = 

Kb = 
Ke = 
L = 

LB = 
M* I 

My = 

Me; = 

Mr; = 
N = 

NB = 
NG = 

Pl,PZ 

Rb = 
§ = 

tg = 
U(X) = 

V* I 

W; = 
X = 

Z; = 
ex = 
.i = 

K,n = 

1/;, {3, '¥ = 
a = 

aO,El 
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Elements of matrix (Eqs. (5.2.19-23» 
Width of flange inboard of bolt circle 
Width of flange outboard of bolt circle 
Root area of bolt 
Edge force and moment coefficients (Eq. (5.2.9» 
Young's Modulus of bolt, flange 
Energy quantities given in Eq. (5.2.1) 
Force to cause full cross section bolt yield 
Gasket reactions (Fig. 5.5.1) 
Thickness of element 
Bolt area moments of inertia 
Spring rates of gasket elements 
Bolt spring constant in extension 
Bolt spring constant in bending 
Radial width of flange (Fig. 5.2.2) 
Effective bolt length for spring constant computation 
Edge moment acting on flange 
Bending moment necessary to cause first yield at 
outer fiber of bolt bending cross section 
Circumferential bending moment in flange (Eq. 
(5.5.1» 
Radial bending moment in flange (Eq. (5.5.2» 
Number of subregions for gasket subdivision 
Number of flange bolts 
Summation variable in Eq. (5.5.4) 
Pressures to be sealed by three-element joint (Fig. 
5.1.1) 
Bolt circle radius 
Circumferential distance between centers of adjacent 
bolt holes 
Gasket thickness 
Deformation pattern of flange 
Edge shear acting on flange 
Velocity of inner edge of element 
Radial coordinate measured from bolt circle 
Elements of unknown vector 
Bolt inelastic parameter (Eq. (5.4.2» 
Preloading displacement rate for bolt 
Gasket stress strain unloading parameters (Eq. 
(5.3.6» 
Parameters for sample problem (Eq. (5.6.2» 
Gasket stress 
Gasket stress strain loading parameters (Eq. (5.3.5» 
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Uf,Ef = Maximum load point reached on gasket stress-strain 
curve 

ug = Average gasket pre-stress (Eq. (5.6.1)) 
'{L Gasket seating factor (Eq. (5.3.18)) 

Parameters introduced in Eqs. (5.2.19)-(5.2.23) 
Angle defined in Fig. 5.2.2. 
Rotation rate of inner edge of flange 
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APPENDIX S.A 

User Manual for "GENFLANGE" - A Computer Code for Analysis of 
Two or Three Element Bolted Flange Joints with Non-Linear Gasket 

Properties 

All input is in free field format. 

NR 
NTST 

NFL 
DSPEC 

DATA READ IN FROM TERMINAL 

Logical unit number for input data file 
o (full echo of input data in output file) 
1 (suppress printout of input data) 
Number of flange elements in joint to be analyzed (2 or 3) 
Step size multiplier at EPSE1, EPSE2 used during preload. If a 
compression stop is present in a ring gasket analysis, the 
preloading initial step size DDD can be changed to DDA = 
DSPEC*DDD when the compression stop strain is near the 
strain EPSE1 (or EPSES2) where stop action begins. 
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DATA READ IN FROM LUN NR, THE INPUT FILE 

LINE! 

HEDING - Any title for job-72 characters permitted 

LINE 2 

DB 
BL 
EB 
SIGMBY 
POISI 

LINE 3 

- bolt thread root diameter 
- effective bolt length for computing bolt spring rates 
- Young's Modulus of bolt material 
- bolt yield stress 
- Poisson's ratio for flange material 

EFI - Young's Modulus of Flange 1 (including reduction for bolt 
hole perforation) 

HFI - thickness of flange 1 
EF2 
HF2 Same as above for flanges 2 and 3 
EF3 
HF3 

LINE 4 

A 
B 
RB 
NG 

NING 

NIT! 

LINES 

EGI 

HGI 
COEFI 
EPSll 

- width of flange inside bolt circle (refer to Fig. 5.1.1) 
- width of flange outside bolt circle 
- radius of bolt circle (see Fig. 5.1.1) 
- number of gasket springs (:::;; 12 for full face gaskets). 

Automatically set to 10 for ring gaskets. 
- number of gasket springs inside bolt circle (set to 5 for ring 

gaskets). 
- number of iterations on simultaneous equation solver before 

program aborts = 2NlTl 

- linear elastic modulus of gasket springs for gasket 1 in initial 
loading region 

- thickness of gasket 1 
- seating factor for gasket 1 
- limiting strain for linear region for gasket 1 
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EPSLl - limiting strain for first exponential loading region for gasket 
1 

EPS21 - loading parameter for second exponential loading region for 
gasket 1 

CN1 - parameter n for unloading curve of gasket 1 
DSDE01 - dalde)t_o for gasket 1 unloading curve 

For loading region of gasket 1 

da 
=EG1 E:5 EPSll 

a 
EPS11 :5 E :5 EPSLl 

EPS11 

a 
EPSLl :5 E 

EPS21 

For unloading of gasket 1 from af , Ef 

da aflEf 
- =--[1 +nK(E/E )n-l] 
dE 1 +K f 

afl Ef 
where n=CN1 andK= DSDE01 -1 

LINE 6 

EG2 
HG2 
COEF2 
EPS12 
EPSL2 
EPS22 
CN2 
DSDE02 

LINE 7 

C1(1,1) 
C1(2,1) 
C1(1,2) 
C1(2,2) 
C1(1,3) 
C1(2,3) 

LINE 8 

! 
\ 

Same parameters as on line 5 except for gasket 2. 
Note that for a two element joint, EG2 = 0 and 
EPS12 = 1.0 are set internally so that gasket 2 
has no effect. 

edge load coefficients for flange element 1 (see 
Eq. (5.2.9)) 

Same data as line 7, except for flange element 2 
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LINE 9 
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Same data as line 7, except for flange element 3 

LINE 10 

NPMODE - 0 
PIMAX - desired maximum pressure for PI acting on gasket between 

elements 1 and 2 
P2MAX desired maximum pressure for P2 acting on gasket between 

elements 2 and 3 (note that for a two element joint, P2MAX 
will be internally set to zero) 

LINE 11 

GAP 10 
GAP20 
GG 
WIDG 

HG1 
or 

[ HG2 

LINE 12 

IG 

KLEAK 

SIZEI 

SIZE2 

- The initial gap between outer edge of flange 1 and flange 2 
- The initial gap between outer edge of flange 2 and flange 3 
- The distance from bolt line to the outer edge of ring gasket 
- width of ring gasket 

I 

WIDG GG ~ 

o (full face gasket) 
1 (full face gasket inboard of bolt circle) 
2 (ring gasket) 

~x 

o (assume leakage when all gasket springs inboard of bolt 
circle fail) 

= 1 (assume leakage when all gasket springs inboard of bolt 
hole edge fail) 
preloading step printout increment-when total bolt stress 
;;:: N*SIZEl, printout will occur 
pressure stage printout increment-when pressure ;;:: 
N*SIZE2, printout will occur. 
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N1 

LINE 13 

CCC 
SAFCB 

MATRIX 

NW1 

LINE 14 

printout options 
1-full output for flanges 1, 3 and gaskets 1, 2 
2-full output for flanges, limited gasket output 
3-full output for gaskets, limited flange output 
4-limited output for flanges and gaskets 

- initial prestress of bolt (psi) 
- allowable bolt stress 

= SAFCB * bolt yield stress. This parameter is for in­
formational purposes only on output 
O-no printouts of stiffness matrix and force vector 
I-printout displacement rate solutions 
2-printout matrix, force vectors, and displacement rates 

- logical unit number for job output 

DDD - preloading increment size (usually 0.001 or less so as to take 

LINE 15 

PDD 

LINE 16 

IGAS 

EGE1 
EGE2 
EPSE1 
EPSE2 
*XCR 
*WCS 
HCS 

a reasonable number of steps A during loading) 

- pressure increment size, usually 0.5 psi or less. User should 
run convergence checks. 

- location of compression stop in ring gasket model = 1 or a 
number between 5 and 10. If IGAS = 21, no compression 
stop is modeled in a ring gasket analysis. Stops, when 
present, are in the same location for both gaskets. 

- slope of stress strain curve in gasket 1 
and 2 stops (when stops are active) 

- strain at stop location when stop makes initial 
contact with flange element 

- location of compression stop 
- width of compression stop 
- height of compression stop used to compute effective E for 

stop 

-- .. ·E(l) 
OSee figure associated with data line 11. Note that effective E for compressIOn stop IS err 
EGEl°HGlIHCS, etc. 
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PROGRAM GENFLANGE 

PROGRAM MAIN 
C ANALYSIS OF THREE-ELEMENT BOLTED FLANGE JOINT WITH NONLINEAR GASKET. 
C -------------------- OCT.1983 XU HONG & A.SOLER ----------------
C 
C (1) FULL FACE GASKET OR RING TYPE GASKET; 
C FULL FACE GASKET IS REPRESENTED BY (NG.LE.12) GASKET SPRINGS; 
C RING TYPE GASKET IS REPRESENTED BY GASKET SPRINGS 2,3,4 
C (2) CONSIDERING,METAL TO METAL CONTACT FOR RING TYPE GASKET; 
C WITH RING GASKET COMPRESSION STOP PERMITTED 
C (3) CONSIDERING GASKET LEAKAGE; 
C (4) CONSIDERING BOLT STRENGTH (TENSION AND BENDING); 
C (5) CONSIDERING FLANGE STRENGTH (BENDING); 

C 

IMPLICIT DOUBLE PRECISION (A-H,G-Z) 
CHARACTER*4 HEDING(18) 
COMMON /AAA/AA(12,12),BB(12),BBF(12) 
COMMON /AAB/DB,BL,EB,SIGMBY 
COMMON /BBC/EF1,POIS1,HF1,SIGFY1,EF2,POIS2,HF2,SIGFY2,EF3, 

& POIS3,HF3,SIGFY3 
COMMON /CC/A,B,RB,NB,NG,NING,GG,WIDG,WL 
COMMON /DD/EG1,HG1,COEF1,EPSll,CN1,DSDEOl 
COMMON /EE/EG2,HG2,COEF2,EPS12,CN2,DSDE02 
COMMON /FF/Cl(2,3),C2(2,3),C3(2,3) 
COMMON /GG/BFID,BF3D,PIMAX,P2MAX,BFO 
COMMON /HH/GAP1,GAP2,MTM1,MTM2,NYIELD,NSTOP 
COMMON /II/IG,KLEAK,NPMODE,SIZE1,SIZE2,Nl,CCC,SAFCB,MATRIX 
COMMON /KK/NNN,ISTG,KP,NWI 
COMMON /LAM/LAMDA1(12),LAMDA2(12),LOAD1(12),LOAD2(12) 
COMMON /MM/LAST1(12),LAST2(12),FEPS1(12),FEPS2(12) 
COMMON /00/XG(12),AG(12) 
COMMON /EEP/MEPS1(12),MEPS2(12),EPS1(12),EPS2(12) 
COMMON /SIGF/SIGMF1(12),SIGMF2(12),SIGM1(12),SIGM2(12) 

COMMON/ESIG/ EPSF1(12),EPSF2(12) 
COMMON /QQ/GK1(12),GK2(12),GKIGK2(12) 
COMMON /RR/BKO,BRKO,BK,BRK,D,PRESIG,ALSIGB 
COMMON /SS/FI1,FI2,FI3 
COMMON /TT/Pl,P2,PlD,P2D,DDA,DDAO,DSPEC 
COMMON /VV/Wl(12),W2(12),W3(12),WA1,WA2,WA3,ROTAA1,ROTAA2,ROTAA3 
COMMON /WW/BM,BF,BMTR1(21),BMTR3(21),BMTT1(21),BMTT3(21), 

& FGIF(12),FG3F(12) 
COMMON/ZZZ/EPS21,EPS22,EPSL1,EPSL2 

COMMON/XYZ/EGE1,EGE2,EPSE1,EPSE2,IGAS 
COMMON/RST/Zl,NFL,L2,L3 

WRITE(6,*) 'INPUT NR,NTST,NFL,DSPEC 
READ(5,*)NR,NTST,NFL,DSPEC 

C TO READ IN INPUT DATA. 

20 
READ(NR,20) HEDING 
FORMAT(18A4) 
READ(NR,*)DB,BL,EB,SIGMBY,POISI 
READ(NR,*)EF1,HF1,EF2,HF2,EF3,HF3 
READ(NR,*)A,B,RB,NB,NG,NING,NITI 
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READ(NR,*)EGl,HGl,COEFl,EPSll,EPSLl,EPS2l,CNl,DSDEOl 
READ(NR,*)EG2,HG2,COEF2,EPS12,EPSL2,EPS22,CN2,DSDE02 
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C INPUT Cl,C2,C3 IN SEQUENCE: C(1,1),C(2,1),C(1,2),C(2,2),C(1,3),C(2,3) 
READ(NR,*)Cl 
READ(NR,*)C2 
READ(NR,*)C3 
READ(NR,*)NPMODE,PlMAX,P2MAX 
READ(NR,*)GAPlO,GAP20,GG,WIDG 
READ(NR,*)IG,KLEAK,SIZEl,SIZE2,Nl 
READ(NR,*)CCC,SAFCB,MATRIX,NWI 
READ(NR,*)DDD 
READ(NR,*)PDD 
READ(NR,*) IGAS,EGEI,EGE2,EPSEI,EPSE2,XCR,WCS,HCS 
WRITE(6,*) 'PROGRAM IS RUNNING ...•..•.• ' 

IF(NFL.EQ.2)P2MAX=0. 
IF(NFL.EQ.2)EG2=0. 
IF(NFL.EQ.2)EPSI2=1. 
IF(NFL.EQ.2)EPSL2=0. 
IF(NFL.EQ.2)EGE2=0. 
IF(NFL.EQ.2)EPSE2=0. 
POIS2=POISl 
POIS3=POISl 

IF(IG.NE.2) GO TO 50 
C FOR RING TYPE GASKET,NG=10,NING=5,AND GASKET IS REPRESENTED 
C BY 3 GASKET SPRINGS:2-ND,3-RD,4-TH SPRING. 

NG=lO 
NING=5 

50 CONTINUE 
1000 IF(NTST.GE.l) GO TO 1091 
C INPUT ECHO FROM OUTPUT FILE (LUN.=NW1). 

WRITE(NWl,20) HEDING 
WRITE(NWl,*) 
WRITE(NWl,*) 'NUMBER OF FLANGES=',NFL 
WRITE(NWl,*)'********** INPUT DATA **********' 
WRITE(NW1,*) 'DIAMETER OF BOLT,DB =' ,DB,'(IN) 

&' 
WRITE(NWl,*) 'BOLT LENGTH,BL =' ,BL,' (IN) 

&' 
WRITE(NWl,*) 'ELASTIC MODULUS OF BOLT,EB =' ,EB,'(PSI 

&)' 
WRITE(NW1,*)'YIELD STRESS OF BOLT,SIGMBY =' ,SIGMBY,' 

&(PSI) , 
WRITE(NWl,*) 'NUMBER OF BOLTS,NB =' ,NB 
WRITE(NWl,*) 
WRITE(NWl,*) 'ELASTIC MODULUS OF FLANGE-l,EFl =' ,EF1,'(PSI 

&)' 
WRITE(NW1,*), POISSON RATIO OF FLANGE-I,POISI =' ,POISI 
WRITE(NW1,*) 'THICKNESS OF FLANGE-l,HFl =',HF1,'(IN) 

&' 
WRITE(NW1,*) 
WRITE(NW1,*) 'ELASTIC MODULUS OF FLANGE-2,EF2 =',EF2,'(PSI 

&) , 
WRITE(NW1,*)'POISSON RATIO OF FLANGE-2,POIS2 =',POIS2 
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WRITE(NWl,*) 'THICKNESS OF FLANGE-2,HF2 =' ,HF2,'(IN) 
&' 

WRITE(NWl,*) 
WRITE(NWl,*) 'ELASTIC 'MODULUS OF FLANGE-3,EF3 =',EF3,'(PSI 

&) , 
WRITE(NWl,*) 'POISSON RATIO OF FLANGE-3,POIS3 =' ,POIS3 
WRITE(NWl,*) 'THICKNESS OF FLANGE-3,HF3 =' ,HF3,'(IN) 

&' 
WRITE(NWl,*) 
WRITE(NWl,*) 'FLANGE GEOMETRY:' 
WRITE(NWl,*), A=',A,'(IN); B=',B,'(IN)' 
WRITE(NWl,*) 'RADIUS OF BOLT LINE,RB =' ,RB,' (IN)' 
WRITE (NWl, *) 

WR ITE (NWI , *) 'GASKET PROPERTI ES ' 
WRITE(NWl,*) 'LINEAR ELASTIC MODULUS,EGI =',EGl,'(PSI 

&) , 
WRITE(NWl, *) 'THICKNESS ,HGI =' ,HGl, , (IN) 

&' 
WRITE(NWl,*) 'GASKET COEFFICIENT,COEFI =' ,COEFI 
WRITE(NWl,*) 'UNLOADING PARAMETERS Nl,DSDEOl=' ,CNl,DSDEOl 
WRITE(NWl,*) 'CRITICAL STRAIN FOR NONLINEARITY,EPSII =' ,EPSll 
WRITE(NWl,*) 'SECOND LOADING REGION INITIAL STRAIN EPSLI ',EPSLI 
WRITE(NWl,*) 'SECOND LOADING REGION PARAMETER EPS21 ',EPS21 
WRITE(NWl,*) 'LINEAR ELASTIC MODULUS,EG2 =',EG2,'(PSI 

&) , 
WRITE(NWI ,*)' THICKNESS,HG2 =' ,HG2,' (IN) 

&' 
WRITE(NWl,*) 'GASKET COEFFICIENT,COEF2 =' ,COEF2 
WRITE(NWl,*) 'UNLOADING PARAMETERS Nl,DSDEOl=' ,CNl,DSDEOl 
WRITE(NWl,*) 'CRITICAL STRAIN FOR NONLINEARITY,EPSI2 =' ,EPSI2 
WRITE(NWl,*) 'SECOND LOADING REGION INITIAL STRAIN EPSL2 ',EPSL2 
WRITE(NWl,*) 'SECOND LOADING REGION PARAMETER EPS22 ',EPS22 

WRITE(NWl, *) 
WRITE(NWl,*) 'EXTERNAL EDGE FORCE AND MOMENT FACTORS:' 
WRITE(NW1,*) 'Cl(l,l)=' ,Cl{l,l),' Cl{l,2)=' ,Cl{l,2),' Cl{l,3)=',C 

&1(1,3) 
WRITE(NWl,*) 'Cl(2,1)=' ,Cl(2,1),' Cl(2,2)=' ,Cl(2,2),' Cl(2,3)=',C 

&1(2,3) 
WRITE(NWI ,*)' C2(1 ,1)=' ,C2(1 ,1),' C2{l ,2)=' ,C2{l ,2),' C2(1 ,3)=' ,C 

&2(1,3) 
WRITE(NWl,*) 'C2(2,1)=' ,C2(2,1),' C2(2,2)=' ,C2(2,2),' C2(2,3)=',C 

&2(2,3) 
WRITE(NWI ,*)' C3(1 ,1)=' ,C3(l ,1),' C3(1 ,2)=' ,C3(1 ,2),' C3(1 ,3)=',C 

&3(1,3) 
WRITE(NWI ,*)' C3(2 ,1)=' ,C3(2,1),' C3(2,2)=' ,C3(2,2),' C3(2,3)=',C 

&3(2,3) 
WRITE(NWl,*)' COMPRESSION STOP DATA IF IGAS.LT.21), 
WRITE(NWl,*)' IGAS=',IGAS 
WRITE(NWl,*), EPSEl=',EPSEl,' EGEl=',EGEl 
WR ITE (NWl, *)' EPSE2=', EPSE2, , EGE2=' , EGE2 
WRITE(NWl,*) 'LOCATION OF STOP ELEMENT XCR=',XCR 
WRITE(NWl,*) 'WIDTH OF STOP ELEMENT WCS=',WCS 
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WRITE(NWl,*) 'EFFECTIVE DEPTH OF STOP HCS=' ,HCS 
1030 WRITE(NWl,*) 'PRESCRIBED PRESSURE,PIMAX 

WRITE(NWl,*) 'PRESCRIBED PRESSURE,P2MAX 
WRITE(NWl, *) 

=' ,PIMAX,'(PSJ)' 
=' ,P2MAX,'(PSI)' 

WRITE(NWl,*) 'INITIAL GAP BETWEEN FLANGE 1 & 2,GAPI0 
&IN)' 

WRITE(NWl,*) 'INITIAL GAP BETWEEN FLANGE 2 & 3,GAP20 
&IN)' 

WRITE(NWl,*) 
IF(IG.EQ.O) GO TO 1040 
IF(IG.EQ.l) GO TO 1050 
WRITE(NWl,*)'IG=',IG,' RING TYPE GASKET.' 

=' ,GAPlO,' ( 

=' ,GAP20, ' ( 

WRITE(NWl,*) 'DISTANCE FROM BOLT LINE TO RING GASKET OUTER EDGE,GG 
& = ' ,GG, ' (I N) , 

WRITE(NWl,*) 'WIDTH OF RING TYPE GASKET,WIDG 
&N) , 

=' ,W IDG, ' (I 

WRITE(NWl,*) 'RING TYPE GASKET REPRESENTED BY 2,3,4 SPRINGS.' 
GO TO 1060 

1040 WRITE(NWl,*)'IG=',IG,' 
GO TO 1060 

FULL FACE GASKET.' 

1050 WRITE(NWl,*)'IG=' ,IG,' FULL FACE GASKET INBOARD OF BOLT CIRCLE.' 
1060 WRITE(NWl,*) 'NUMBER OF GASKET SPRINGS,NG =' ,NG 

WRITE(NWl,*) 'NUMBER OF SPRINGS INBOARD BOLT CIRCLE,NING =' ,NING 
IF(KLEAK.EQ.O) GO TO 1061 
WRITE(NWl,*)'KLEAK=l,ASSUME LEAKAGE WHEN ALL SPRINGS INBOARD OF BO 

&L T HOLES FAIL.' 
GO TO 1062 

1061 WRITE(NWl,*)'KLEAK=O,ASSUME LEAKAGE WHEN ALL SPRINGS INBOARD OF BO 
&LT CIRCLE FAIL.' 

1062 WRITE(NWl,*) 
WRITE(NWl,*)'PRELOADING PRINTOUT STEP SlZE,SIZEl 

&PSI) , 
WRITE(NWl,*) 'PRESSURIZING PRINTOUT STEP SIZE,SIZE2 

&PSI)' 
IF(Nl.EQ.O) GO TO 1070 
IF(Nl.EQ.l) GO TO 1080 
WRITE(NWl,*)'Nl=',Nl,' INTERMEDIATE OUTPUT 

&.' 
GO TO 1090 

1070 WRITE(NWl,*)'Nl=',Nl,' LIMITED OUTPUT.' 
GO TO 1090 

=',SIZEl,'( 

=' ,SIZE2,' ( 

1080 WRITE(NWl,*)'Nl=',Nl,' FULL OUTPUT FOR FLANGE AND GASKET.' 
1090 WRITE(NWl,*) 

WRITE(NWl,*) 'BOLT PRESTRESS 
WRITE(NWl,*)'BOL1 ALLOWABLE STRESS FACTOR,SAFCB 
WRITE(NWl,*) 
WRITE(NWl,*)'PRELOADING INCREMENT SIZE,DDD 

&)' 
WRITE(NWl,*)'PRESSURIZING INCREMENT SIZE,PDD 

&1)' 
1091 CONTINUE 

=' ,CCC 
=' ,SAFCB 

=' ,DDD, ' ( IN 

=' ,PDD,' (PS 



248 Mechanical Design of Heat Exchangers 

C CALCULATION OF CONSTANTS 
WL=A+B 
BKO=3.14159265*EB*(DB*DB)/(4.0*BL) 
D=2.*3.14159265*(RB-A)/FLOAT(NB) 
BRKO=3.14159265*EB*(OB**4)/(64.0*BL) 
PRESIG=CCC 
ALSIGB=SAFCB*SIGMBY 
FIl=3.14159265/6.0*RB*(HFl**3)/(FLOAT(NB)*(1.0-(POISl**2))) 
FI2=3.14159265/6.0*RB*(HF2**3)/(FLOAT(NB)*(1.0-(POIS2**2))) 
FI3=3.14159265/6.0*RB*(HF3**3)/(FLOAT(NB)*(1.0-(POIS3**2))) 
IF(NTST.GE.l) GO TO 1101 
WR ITE (NWI , *) 

WR ITE (NWI , *) 
WRITE(NWl,*)'**** SOME CONSTANTS ****' 
WRITE(NWl,*)'WL=',WL 
WRITE(NWl,*)'BKO=',BKO,'; BRKO=' ,BRKO 
WRITE(NWl,*) '0=',0 
WRITE(NWl,*) 'BOLT PRESTRESS, PRESIG=',PRESIG 
WRITE(NWl,*)'BOLT ALLOWABLE STRESS, ALSIGB=' ,ALSIGB 
WRITE(NWl,*)'FIl=',FIl,' FI2=',FI2,' FI3=',FI3 

1101 CONTINUE 
IF(IG.NE.2) GO TO 1300 
XG(1)=-(A+WIDG+GG)/2.0 
AG(1)=3.14159265*((RB-WIDG-GG)**2-(RB-A)**2)/FLOAT(NB) 
DO 1200 1=2,4 

XG(I)=-(GG+(FLOAT(5)-FLOAT(I)-0.5)*WIDG/(FLOAT(5)-2.0)) 
AG(I)=3.14159265*((RB+XG(I)+WIDG/6.0)**2-(RB+XG(I)-WIDG/6.0)**2 

& )/FLOAT(NB) 
1200 CONTI NUE 

XG(5)=-GG/2.0 
AG(5)=3.14159265*(RB**2-(RB-GG)**2)/FLOAT(NB) 

IF(IGAS.LT.20)XG(IGAS)=-XCR 
IF(IGAS.LT.20)AG(IGAS)=2*3.14160*(RB+XG(IGAS))*WCS/FLOAT(NB) 

GO TO 1500 
1300 DO 1400 I=l,NING 

XG(I)=-(A*FLOAT(2*NING-(2*I-l))/FLOAT(2*NING)) 
AG(I)=2.0*3.14159265*(RB+XG(I))*A/FLOAT(NING*NB) 

1400 CONTI NUE 
1500 NINGP1=NING+l 

DO 1600 I=NINGPl,NG 
XG(I)=B*FLOAT(2*(I-NING)-1)/FLOAT(2*(NG-NING)) 
AG(I)=2.0*3.14159265*(RB+XG(I))*B/FLOAT((NG-NING)*NB) 

1600 CONTI NUE 
1700 WRITE(NWl,*)'XG(I):' ,(XG(I),I=l,NG) 

WRITE(NWl,*)'AG(I):' ,(AG(I),I=l,NG) 
EGEl=EGEl*HGl/HCS 

EGE2=EGE2*HG2/HCS 
AL=A/WL 

ELR=WL/RB 
C INITIAL VALUES. 

ZI=WL/RB**2 
L2=3-NFL 
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L3=NFL-2 
WRlTE(NWl,*), NFL=',NFL,' L2=',L2,' L3=',L3 
NNN=l 
ISTG=l 
KP=l 
BK=BKO 

BFO=O. 
BFID=O. 
BF3D=0. 

BRK=BRKO 
NYIELD=O 
NSTOP=O 
MTMl=O 
~lTM2=0 
DO 1900 I=l,NG 

WI (I )=0.0 
W2(I)=0.0 
W3( 1)=0.0 
WAl=O.O 
WA2=0.0 
WA3=0.0 
ROTAAl=O.O 
ROTAA2=0.0 
ROTAJl.3=O.O 
LAMDAl(I)=O 
LAMDA2 (I ) = 0 
SIGMl(I)=O.O 
SIGM2(1)=0.0 

SIGMFl (I) =0. 
SIGMF2(I )=0. 

LOADl(I)=l 
LOAD2(1)=1 
MEPSl(I)=l 
MEPS2(I)=1 
EPSl(1)=O. 
EPS2{ 1)=0. 
FEPSl(1)=O. 
FEPS2(I )=0. 

LASTl (1)=1 
LAST2{I)=1 
FGIF(1)=O.O 
FG3F{I)=0.0 

C TO COMPUTE INITIAL GASKET SPRING RATES. 
GKl{I)=AG(I)*EGl/HGl 
GK2{I)=AG{I)*EG2/HG2 
GKIGK2{I)=GKl{I)+GK2{I) 

1900 CONTI NUE 
BM=O.O 
GAPl=GAPlO 
GAP2=GAP20 
Pl=O.O 
P2=0.0 
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DO 1905 1=1,21 
B~ITR1(1)=0.0 
BMTR3 (l) =0.0 
BMTTl (1) =0.0 
BMTT3 (1) =0.0 

1905 CONTINUE 
C PRELOADING INCREMENTS 

P1D=0.0 
P2D=0.0 
DDA=DDD 
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C GASKET SPRING RATE CORRECTION FOR RING TYPE GASKET. 
IF(IG.EQ.O) GO TO 1930 
IF(IG.EQ.1) GO TO 1910 
GK1 (1 )=0.0 
GK1(5)=0.0 
GK2(l)=0.0 
GK2(5)=0.0 
GK1GK2(1)=0.0 
GK1GK2(5)=0.0 

1910 DO 1920 I=NINGP1,NG 
GK1 (1)=0.0 
GK2(1)=0.0 
GK1GK2 (1) =0.0 

1920 CONTINUE 
1930 CONTINUE 

WRITE(NW1,*) 
WRITE (NW1, *) 
WRITE(NW1,*) 
WRITE(NW1,*)'********** PRELOADING STAGE OUTPUT **********' 
WRITE(NW1,*)'PRELOADING INCREMENTS:' 
WRITE(NW1,*)'P1D=',P1D 
WRITE(NW1,*)'P2D=',P2D 
WRITE(NW1,*)'DDA=',DDD,' LOAD STEP MODIFIER=' ,DSPEC 

DDAO=DDA 
WRITE(NW1,*) 'CURRENT GASKET SPRING RATES' 

WRITE(NW1,*)' GK1=',(GK1(M),M=1,NG) 
WRITE(NW1,*)' GK2=',(GK2(M),M=1,NG) 

C TO COMPUTE STIFFNESS MATRIX COEFICIENTS AND FORCE VECTOR. 
2200 CONTINUE 

NIT=O 
2201 CONTINUE 

CALL COEFI 
NEQ=5 
IF(NFL.EQ.2)NEQ=3 

CALL LEQT(AA,BB,NEQ) 
CALL ANALYS(NIT,NIT1,ICHK) 

IF(ICHK.GT.O) GO TO 2201 
C IF ISTG=2, TURN INTO PRESSURIZING STAGE; 
C OTHERWISE, REPEAT CALCULATION OF PRELOADING STAGE. 

IF(ISTG.EQ.2) GO TO 2300 
GO TO 2200 
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C'tALCULATION OF PRESSURIZING STAGE. 
2300 CONTINUE 

WR ITE (NWI , *) 
WRITE(NWl,*) 
WRITE(NWl,*) 
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WRITE(NWl,*)'********** PRESSURIZING STAGE OUTPUT **********' 
NUNL=l 
IF(IG.EQ.2.AND.IGAS.NE.1)NUNL=2 
NSTRT=NUNL 

PID=PDD 
P2D=PID*P2MAXjPIMAX 
DDA=O.O 
N021=0 
NNN=l 

C GASKET SPRINGS 1 OF THE TWO GASKETS ARE ASSUMED TO BE IN 
C UNLOADING AT FIRST PRESSURIZING STEP; OTHERS ARE STILL IN LOADING. 

DO 4301 I=NSTRT,NUNL 
IF(LOADl(I).LT.O)GO TO 4304 
CK=SIGMFl(I)/(EPSFl(I)*DSDEOl)-1.0 
GKl(I)=SIGMFl(I)*(1.0+CNl*CK)/(EPSFl(I)*(1.0+CK))*AG(I)/HGI 

4304 CONTINUE 
IF(NFL.EQ.2)GO TO 4306 
IF(LOAD2(I).LT.0) GO TO 4306 

CK=SIGMF2(I)/(EPSF2(I)*DSDE02)-1.0 
GK2(I)=SIGMF2(I)*(1.0+CN2*CK)/(EPSF2(I)*(1.0+CK))*AG(I)/HG2 

4306 CONTINUE 
LASTl (1) =-1 

LAST2 (1) =-1 
4301 CONTINUE 

WRITE(6,*)' PRESSURIZING BOTH SIDES OF UNIT TOGETHER' 
WRITE(NWl,*) 'PI AND P2 PRESSURIZED SIMULTANEOUSLY.' 

4400 CONTI NUE 
IF(N021.LE.l)N021=N021+1 
IF(N021.EQ.l) GO TO 4500 
PID=PDD 
P2D=PID*P2MAX/PIMAX 
GO TO 4600 

4500 PID=O.OOOOl*PDD 
P2D=PID*P2MAX/PIMAX 
WRITE(NWl,*)' GKl=' ,(GKl(M) ,M=l,NG) 
WRITE(NWl,*)' GK2=' ,(GK2(M) ,M=l,NG) 

4600 CONTINUE 
4800 CONTINUE 

NIT=O 
4801 CONTINUE 

CALL COEFI 
CALL LEQT(AA,BB,NEQ) 
CALL ANALYS(NIT,NITl,ICHK) 

IF(ICHK.GT.O)GO TO 4801 
C TO CHECK PRESSURE. 

IF(Pl.LT.PlMAX) GO TO 4400 
WRITE(6,*) 'PRESSURIZING STAGE COMPLETED.' 
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C 
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WRITE(NWl,*) 'PRESSURIZING STAGE COMPLETED.' 
STOP 
END 

$CONTROL SEGMENT=SEGMAIN 
C SUBROUTINE COEFI COMPUTES ELEMENTS OF STIFFNESS MATRIX AND 
C FORCE VECTOR 

SUBROUTINE COEFI 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 

COMMON /AAA/AA(12,12),BB(12),BBF(12) 
COMMON /CC/A,B,RB,NB,NG,NING,GG,WIDG,WL 
COMMON /BBC/EFl,POISl,HFl,SIGFYl,EF2,POIS2,HF2,SIGFY2, 

& EF3,POIS3,HF3,SIGFY3 
COMMGN /FF/Cl(2,3),C2(2,3),C3(2,3) 
COMMON /GG/BFlD,BF3D,PlMAX,P2MAX,BFO 
COMMON /II/IG,KLEAK,NPMODE,SIZEl,SIZE2,Nl,CCC,SAFCB,MATRIX 
COMMON /QQ/GKl(12),GK2(12),GKlGK2(12) 
COMMON /KK/NNN,ISTG,KP,NWI 
COMMON /RR/BKO,BRKO,BK,BRK,D,PRESIG,ALSIGB 
COMMON /SS/FIl,FI2,FI3 

COMMON/RST/Zl,NFL,L2,L3 
COMMON /TT/Pl,P2,PlD,P2D,DDA,DDAO,DSPEC 

BKK=A*A*BK 
CALL SUM(GKl,SKl,SXKl,SX2Kl) 

AA(l,l)=BK-D*Cl(l,l)+SKl 
AA(2,1)=D*(-Cl(1,2))+SXKl+A*BK 
AA(3,1)=-SXKl-L2*A*BK 
AA(4,1)=-BK*L3 
AA(5,1)=-L3*A*BK 
AA(2,2)=-D*Cl(2,2)+BKK 

& +SX2Kl+BRK+EFl*FIl*WL/(RB*RB) 
AA(3,2)=-SX2Kl-L2*(BRK+BKK) 
AA(4,2)=-L3*A*BK 
AA(5,2)=-BRK*L3-L3*BKK 

CALL SUM(GKlGK2,SKK,SXKK,SX2KK) 
CALL SUM(GK2,SK2,SXK2,SX2K2) 

AA(3,3)=SX2KK-D*C2(2,2)+L2*(BRK+BKK)+EF2*FI2*Zl 
AA(4,3)=-SXK2 
AA(5,3)=-SX2K2 
AA(4,4)=SK2-D*C3(1,1)+BK*L3 
AA(5,4)=SXK2-D*C3(1,2)+L3*A*BK 
AA(5,5)=SX2K2-D*C3(2,2)+L3*(BRK+BKK)+EF3*FI3*Zl 

DO 84 1=1,5 
AA(I,I)=AA(I,I)/EFI 
DO 85 J=1,5 
IF(J.GT.I) AA(J,I)=AA(J,I)/EFI 

85 CONTINUE 
84 CONTINUE 

DO 8000 1=1,5 
DO 8001 J=1,5 
AA(I,J)=AA(J,I) 

8001 CONTINUE 



5/ Bolted Joints with Full Face Gaskets 253 

8000 CONTINUE 
BKl=DDA*BK 

BB(1)=-PID*(-D*Cl(1,3))+BK*DDA 
BB(2)=-PID*(-D*Cl(2.3))+A*BK*DDA 
BB(3)=P2D*(-D*C2(2,3)) 

& -PID*(-D*C2(2,3))-L2*DDA*BK*A 
BB(4)=P2D*(D*C3(1,3))-BK*DDA*L3 
BB(5)=P2D*(D*C3(2,3))-L3*A*BK*DDA 

C TO KEEP FORCE VECTOR VALUES IN "BBF(12)" FOR PRINTOUT. 
DO 100 1=1,5 

BBF(I)=BB(I) 
100 CONTI NU E 

RETURN 
END 

C 
$CONTROL SEGMENT=SEGMAIN 
C THIS SUBROUTINE SUM IS USED FOR COMPUTING SUMATIONS IN 
C COEFFICIENT COMPUTATION 

SUBROUTINE SUM(GK,SK,SXK,SX2K) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 

DIMENSION GK(12) 
COMMON /CC/A,B,RB,NB,NG,NING,GG,WIDG,WL 
COMMON /00/XG(12),AG(12) 
SK=O .0 
SXK=O.O 
SX2K=0.0 
DO 5001 I=l,NG 

SK=SK+GK (I) 
SXK=SXK+(XG(I)+A)*GK(I) 
SX2K=SX2K+(XG(I)+A)*(XG(I)+A)*GK(I) 

5001 CONTI NUE 
RETURN 
END 

$CONTROL SEGMENT=SEGMAIN 
C SUBROUTINE LEQT IS A SIMULTANEOUS-EQUATION-SOLVER. 

SUBROUTINE LEQT(Q,F,N) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 

DIMENSION A(12,13),Q(12,12),X(12),F(12) 
M=N+1 
L=N-l 
DO 1 I=1,N 
DO 1 J=1,N 

1 A(I,J)=Q(I,J) 
DO 3 I=l,N 

3 A(I,M)=F(I) 
DO 12 K=1,L 
JJ=K 
BIG=DABS(A(K,K)) 
KP1=K+1 
DO 7 I=KP1,N 
AB=DABS(A(I,K)) 
IF( BIG-AB) 6,7,7 

6 BIG=AB 
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JJ=I 
7 CONTINUE 

IF(JJ-K) 8,10,8 
8 DO 9 J=K,M 

TEMP=A(JJ,J) 
A(JJ,J)=A(K,J) 

9 A(K,J)=TEMP 
10 DO 11 I=KP1,N 

QUOT=A(I,K)/A(K,K) 
DO 11 J=KP1, M 

11 A(I,J)=A(I,J)-QUOT*A(K,J) 
DO 12 I=KP1,N 

12 A(I,K)=O.O 
X(N)=A(N,M)/A(N,N) 
DO 14 NN=l,L 
SUM=O.O 
I=N-NN 
IP1=I+l 
DO 13 J=IP1,N 

13 SUM=SUM+A(I,J)*X(J) 
14 X(I)=(A(I,M)-SUM)/A(I,I) 

DO 15 I=l,N 
15 F( I)=X(I) 

RETURN 
END 

C 
$CONTROL SEGMENT=SEG1 
C SUBROUTINE "ANALYS" IS USED FOR ANALIZING RATE DEFCRMATIONS AND 
C COMPUTING NONLINEAR PROPERTIES, AND GETTING RESULTS. 

SUBROUTINE ANALYS(NIT,NIT1,ICHK) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 

DIMENSION W1D(12),W2D(12),W3D(12),DEPS1(12),DEPS2(12) 
DIMENSION G1(21),G2(21),G3(21),MAST1(12),MAST2(12) 

DIMENSION FORCE1(12),FORCE2(12),FMG1D(12),FMG3D(12) 
DIMENSION XX(21),SFGXl(21),SFGX3(21),KO(21),G2XX(21),G3XX(21), 

& WXX1D(21),WXX3D(21),RXX1D(21),RXX3D(21),BMTRID(21), 
& BMTR3D(21),BMTT1D(21),BMTT3D(21),SIGFR1(21),SIGFR3(21), 
& SIGFT1(21),SIGFT3(21) 

COMMON /AAA/AA(12,12),BB(12),BBF(12) 
COMMON /AAB/DB,BL,EB,SIGMBY 
COMMON /BBC/EF1,POIS1,HF1,SIGFY1,EF2,POIS2,HF2,SIGFY2,EF3, 

& POIS3,HF3,SIGFY3 
COMMON /CC/A,B,RB,NB,NG,NING,GG,WIDG,WL 
COMMON /DD/EG1,HG1,COEF1,EPS11,CN1,DSDEOl 
COMMON /EE/EG2,HG2,COEF2,EPS12,CN2,DSDE02 
COMMON /FF/C1(2,3),C2(2,3),C3(2,3) 
COMMON /GG/BF1D,BF3D,P1MAX,P2MAX,BFO 
COMMON /HH/GAP1,GAP2,MTM1,MTM2,NYIELD,NSTOP 
COMMON /II/IG,KLEAK,NPMODE,SIZE1,SIZE2,Nl,CCC,SAFCB,MATRIX 
COMMON /KK/NNN,ISTG,KP,NWi 
COMMON /LAM/LAMDA1(12),LAMDA2(12),LOAD1(12),LOAD2(12) 
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COMMON /MM/LASTl(12},LAST2(12},FEPSl(12},FEPS2(12} 
COMMON /00/XG(12},AG(12} 
COMMON /EEP/MEPSl(12},MEPS2(12},EPSl(12},EPS2(12} 
COMMON /SIGF/SIGMFl(12},SIGMF2(12},SIGMl(12},SIGM2(12} 

COMMON/ESIG/ EPSFl(12},EPSF2(12} 
COMMON /QQ/GKl(12},GK2(12},GKlGK2(12} 
COMMON /RR/BKO,BRKO,BK,BRK,D,PRESIG,ALSIGB 
COMMON /SS/FIl,FI2,FI3 

COMMON/RST/Zl,NFL,L2,L3 
COMMON /TT/Pl,P2,PlD,P2D,DDA,DDAO,DSPEC 
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COMMON /VV/Wl(12},W2(12},W3(12},WAl,WA2,WA3,ROTAAl,ROTAA2,ROTAA3 
COMMON /WW/BM,BF,BMTRl(2l},BMTR3(2l},BMTTl(2l},BMTT3(2l}, 

& FGlF(12},FG3F(12} 
COMMON/ZZZ/EPS2l,EPS22,EPSLl,EPSL2 

COMMON/XYZ/EGEl,EGE2,EPSEl,EPSE2,IGAS 
C CURRENT VALUES OF RATE VARIABLES. 

DO 38505 1=1,5 
BB(I}=BB(I)/EFI 

38505 CONTINUE 
WOlD=BB(l } 
THETlD=BB(2} 
W02D=0. 
THET2D=BB(3} 
W03D=BB(4} 
THET3D=BB(5} 
IF(NFL.EQ.2}W03D=0. 
IF(NFL.EQ.2}THET3D=0. 

C CURRENT VALUES OF DEFORMATION RATES AND DEFORMATIONS OF SPRINGS. 
ICHK=O 

DO 100 I=l,NG 
C TO COMPUTE DEFORMATION RATES OF FLANGES AT EACH GASKET 
C SPRING POSITION. 

1.:11 (I)=XG( I)+A 
WlD(I}=WOlD+Gl(I}*THETlD 
W2D(I}=W02D+Gl(I}*THET2D 
W3D(I}=W03D+Gl(I}*THET3D 

C TO COMPUTE DEFORMATIONS OF FLANGES AT EACH GASKET SPRING POSITION 
DEPSl(I}=(WlD(I}-W2D(I}}/HGl 
DEPS2(I}=(W2D(I}-W3D(I}}/HG2 
MASTl(I)=LASTl(I} 
MAST2(I}=LAST2(I} 
IF(GKl(I}.EQ.O.}GO TO 10 

IF(LASTl(I}*DEPSl(I}.GE.O.} GO TO 10 
ICHK=ICHK+l 
IF(LOADl(I}.EQ.l}ICHK=ICHK-l 
IF(LOADl(I}.EQ.l} GO TO 10 

LASTl(I}=-LASTl(I} 
IF(I.EQ.IGAS} GO TO 10 
IF(LASTl(If.LT.O} GO TO 11 
IF(LOADl(I}.LT.O}GO TO 11 

IF(EPSl(I}.LE.EPSll}EGINST=EGl 
EGINST=SIGMl(I}/EPSll 
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11 
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21 

22 
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100 
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IFlEPSllI).GT.EPSLl)EGINST=SIGM1(1)/EPS21 
IF(EPSl(I).EQ.O.) EGINST=O. 
GO TO 12 
CONTINUE 
CK=SIGMF1(I)/(EPSFl(I)*DSDE01)-1. 
EGINST=(SIGMFl(I)/(EPSF1(I)*(1.+CK)))* 

1(1.+CK*CNl*((EPSl(I)/EPSFl(I))**(CN1-l.))) 
CONTINUE 
GKl(I)=EGINST*AG(I)/HGl 
CONTINUE 
IF(NFL.EQ.2) GO TO 20 
IF(GK2(I).EQ.0.)GO TO 20 

IF(LAST2(I)*DEPS2(I).GE.0.) GO TO 20 
ICHK=ICHK+l 
LAST2(I)=-LAST2(I) 

IF(LOAD2(I).EQ.l)ICHK=ICHK-1 
IF(LOAD2(I).EQ.1) GO TO 20 

IF(I.EQ.IGAS) GO TO 20 
IF(LAST2(I).LT.0) GO TO 21 
IF(LOAD2(I).LT.0)GO TO 21 

IF(EPS2(I).LE.EPS12)EGINST=EG2 
EGINST=SIGM2(I)/EPS12 
IF(EPS2(I).GT.EPSL2)EGINST=SIGM2(I)/EPS22 
IF(EPS2(I).EQ.0.) EGINST=O. 
GO TO 22 
CONTINUE 
CK=SIGMF2(I)/(EPSF2(I)*DSDE02)-1. 
EGINST=(SIGMF2(I)/(EPSF2(I)*(1.+CK)))* 

1(1.+CK*CN2*((EPS2(I)/EPSF2(I))**(CN2-l.))) 
CONTINUE 
GK2(I)=EGINST*AG(I)/HG2 
CONTINUE 

CONTINUE 
IF(ICHK.EQ.O.AND.NIT.GT.O) GO TO 10001 
NIT=NIT+l 
IF(NIT.GT.2**NITl) NIT=-1004 
IF(NIT1.LE.1) ICHK=O. 
IF(NITl.LE.l)GO TO 10001 

IF(NIT.LT.0)WRITE(NW1,*) 'ITERATIONS EXCEEDED IN 
lSIMULTANEUOS EQUATION SOLVER' 

IF(NIT.LT.O)WRITE(NWl,*) Pl,P2,ICHK,NIT 
IF(NIT.LT.O)WRITE(NWl,*)'LOADl' ,(LOADl(I),I=l,NG) 
IF(NIT.LT.O)WRITE(NWl,*)'MASTl' ,(MASTl(I),I=l,NG) 
IF(NIT.LT.O)WRITE(NWl,*)'LASTl' ,(LASTl(I),I=l,NG) 
IF(NIT.LT.0)WRITE(NWl,*)(DEPS1(I),I=1,NG) 
IF(NIT.LT.0)WRITE(NWl,*)'LOAD2' ,(LOAD2(I),I=1,NG) 
IF(NIT.LT.0)WRITE(NWl,*)'MAST2' ,(MAST2(I),I=1,NG) 
IF(NIT.LT.0)WRITE(NWl,*)'LAST2' ,(LAST2(1),I=1,NG) 
IF(NIT.LT.0)WRITE(NW1,*)(DEPS2(I),I=1,NG) 

IF(NIT.EQ.-lOOO)STOP 
IF(ICHK.EQ.O)GO TO 10001 
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RETURN 
10001 CONTI NUE 
C****ITERATIONS SUCCESSFUL--CALCULATE VALUES FOR THIS STEP 

RAT=l.O 
RATl=RAT 
RAT2=RAT 
IF(IGAS.GT.20) GO TO 31 
DEl=EPSE1-EPSl(IGAS) 
DE2=EPSE2-EPS2(IGAS) 
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IF(DEl.LT.0.0.AND.DE2.LT.0.0)GO TO 31 
IF(FEPSl(IGAS).GT.O.AND.DEPSl(IGAS).GT.DEl)RATl=DEl/DEPSl(IGAS) 
IF(FEPS2(IGAS).GT.0.AND.DEPS2(IGAS).GT.DE2)RAT2=DE2/DEPS2(IGAS) 
RAT=DABS(RATl) 
IF(DABS(RAT2).LT.RAT)RAT=DABS(RAT2) 
WOlD=RAT*WOlD 
THETlD=THET1D*RAT 
THET2D=THET2D*RAT 
W03D=W03D*RAT 
THET3D=THET3D*RAT 

31 CONTINUE 
DO 30 I=l,NG 
DEPSl(I)=RAT*DEPSl(I) 
DEPS2(I)=RAT*DEPS2(I) 
W1D(I)=WlD(I)*RAT 
W2D(I)=W2D(I)*RAT 
W3D(I)=W3D(I)*RAT 
EPSl(I)=EPS1(I)+DEPSl(I) 
EPS2(I)=EPS2(I)+DEPS2(I) 

IF(FEPSl(I).GE.0.0.AND.DEPSl(I).LT.0)MEPSl(I)=2 
IF(FEPSl(I).LT.0.0.AND.DEPSl(I).GT.0)MEPSl(I)=3 
IF(FEPS2(I).GE.0.0.AND.DEPS2(I).LT.0)MEPS2(I)=2 
IF(FEPS2(I).LT.0.0.AND.DEPS2(I).GT.0)MEPS2(I)=3 

FEPS1(I)=DEPS1(I) 
FEPS2(I)=DEPS2(I) 
Wl(I)=Wl(I)+WlD(I) 
W2(I)=W2(I)+W2D(I) 
W3(I)=W3(I)+W3D(I) 

30 CONTINUE 
WAlD=WOlD 
WA2D=W02D 
WA3D=W03D 

C ROTATION INCREMENT OF BOLT. 
ROTAD=THETID-L2*THET2D-L3*THET3D 

C BOLT BENDING AND EXTENSION CALCULATIONS 
BMD=BRK*ROTAD 
EVID=C1(1,1)*WA1D+C1(1,2)*THET1D+C1(1,3)*P1D 
EM1D=C1(2,1)*WA1D+C1(2,2)*THETID+C1(2,3)*P1D 
EV3D=C3(1,1)*WA3D+C3(1,2)*THET3D+C3(1,3)*P2D 
EM3D=C3(2,1)*WA3D+C3(2,2)*THET3D+C3(2,3)*P2D 

DWB=(L3*W03D+L2*W02D-WOID)+A*(L3*THET3D+L2*THET2D-THETID) 
BEXT=DDA+DWB 
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BFO=BFO+BEXT*BK 
TD=-BEXT*BK 
BM=BM+BMD 
IF(IG.EQ.O) GO TO 400 
IF(IG.EQ.1) GO TO 200 
IF(IGAS.NE.1) EPS1(1)=0.0 
IF(lGAS.NE.5) EPS1(5)=0.0 
IF(IGAS.NE.1) EPS2(1)=0.0 
IF(IGAS.NE.5) EPS2(5)=0.0 

200 NINGP1=NING+1 
DO 300 I=NINGP1,NG 

IF(I.EQ.IGAS) GO TO 300 
EPS1(I)=0.0 
EPS2(I)=0.0 

300 CONTI NUE 
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C TO CHECK METAL-TO-METAL CONTACT. 
400 CONTINUE 

IF(IG.EQ.O) GO TO 1000 
C TO COMPUTE DEFLECTIONS OF OF OUTER EDGES OF FLANGES. 

WOUT1=W01D+THET1D*WL 
WOUT2=W02D+THET2D*WL 
WOUT3=W03D+THET3D*WL 
GAP1=GAP1-(WOUT1-WOUT2) 
IF(GAP1.GT.0.0} GO TO 700 
MTM1=1 
GO TO 800 

700 MTM1=0 
800 GAP2=GAP2-(WOUT2-WOUT3) 

IF(GAP2.GT.0.0) GO TO 900 
MTM2=1 
GO TO 1000 

900 MTM2=0 
1000 DO 1230 I=l,NG 
C EPS IS CURRENT VALUE OF GASKET STRAIN; 

IF(DEPS1(I).GT.0.00)GO TO 1160 
LOAD1(I)=-1 

GO TO 1170 
1160 LOAD1(I)=1 

IF(EPSF1(I).LE.EPS1(I»EPSF1(I)=EPS1(I) 
1170 CONTI NUE 

LAST1(I)=LOAD1(I) 
1180 CONTINUE 

IF(DEPS2(I).GT.0.00) GO TO 1210 
LOAD2(I)=-1 

GO TO 1220 
1210 LOAD2(I)=1 

IF(EPSF2(I).LE.EPS2(I))EPSF2(I)=EPS2(I) 
1220 CONTINUE 

LAST2(I)=LOAD2(I) 
IF(NFL.EQ.2)EPSF2(I)=1. 

1230 CONTINUE 
C 
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C TO DETERMINE CURRENT VALUES OF PRESSURES P1,P2. 
P1=P1+P1D 
P2=P2+P2D 

C TO CHECK WHETHER PRESCRIBED MAX.PRESSURE REACHED. 
IF(P1.GE.P1MAX) GO TO 1270 

GO TO 1300 
C NSTOP=l TO PRINT FINAL RESULTS AND TO TERMINATE THE PROGRAM. 
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1270 WRITE(6,*)'PRESSURE REACHES PRESCRIBED VALUE;ANALYSIS COMPLETED' 
WRITE(NW1,*) 
WRITE(NW1,*) 'PRESSURE REACHES PRESCRIBED VALUE;ANALYSIS COMPLETED' 
WR ITE (NW1 , *) 
NSTOP=l 

C TO COMPUTE GASKET SPRING RATES,STRESSES,AND FORCES. 
1300 CONTI NUE 
C 
1305 DO 1400 I=l,NG 
C FOR GASKET 1. 

IF(I.NE.IGAS)GO TO 18000 
IF(EPS1(1).GT.0.95*EPSE1.AND.ISTG.EQ.1)DDA=DSPEC*DDAO 

IF(EPS1(I).LT.EPSE1)GO TO 1330 
SIGM1(I)=SIGM1(I)+GK1(I)*HG1/AG(I)*DEPS1(I) 

EGINST=EGEl 
IF(SIGM1(I).GT.SIGMF1(I))SIGMF1(I)=SIGM1(I) 

GO TO 1340 
18000 CONTI NUE 

IF(EPS1(I).EQ.0.)GO TO 1330 
IF(LOAD1(I).EQ.-1) GO TO 1320 

IF(MEPS1(I).EQ.3.AND.EPSF1(I).GT.EPS1(I)) GO TO 1320 
IF(EPS1(I).LE.EPS11) GO TO 1310 

SIGM1(I)=SIGM1(I)+GK1(I)*HG1/AG(I)*DEPS1(I) 
EGINST=SIGM1(I)/EPS11 

IF(EPS1(I).GT.EPSL1)EGINST=SIGM1(I)/EPS21 
IF(SIGMF1(I).LT.SIGM1(I))SIGMF1(I)=SIGM1(I) 

GO TO 1340 
1310 EGINST=EG1 

SIGM1(I)=EG1*EPS1(I) 
SIGMF1(I)=SIGM1(I) 

GO TO 1340 
1320 CONTI NUE 

CK=SIGMFl(I)/(EPSF1(I)*DSDE01)-1.0 
EGINST=(SIGMF1(I)/(EPSF1(I)*(1.0+CK))) 

& *(1.0+CK*CN1*«EPS1(I)/EPSF1(I))**(CN1-1.0))) 
SIGM1(I)=SIGM1(I)+ 

& GK1(1)*HG1/AG(I)*DEPS1(I) 
GO TO 1340 

1330 EGINST=O.O 
SIGM1(I)=0.0 

1340 GK1(I)=EGINST*AG(I)/HGl 
FORCE1(I)=SIGM1(I)*AG(I) 

C FOR GASKET 2. 
IF(NFL.EQ.2) GO TO 1380 

IF(I.NE.IGAS)GO TO 18001 
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IF(EPS2(1).GT.0.95*EPSE2.AND.ISTG.EQ.1)DDA=DSPEC*DDAO 
IF(EPS2(I).LT.EPSE2)GO TO 1380 
SIGM2(I)=SIGM2(I)+GK2(I)*HG2/AG(I)*DEPS2(I) 

EGINST=EGE2 
IF(SIGM2(I).GT.SIGMF2(I))SIGMF2(I)=SIGM2(I) 

GO TO 1390 
18001 CONTINUE 

IF(EPS2(I).EQ.0) GO TO 1380 
IF(LOAD2(I).EQ.-1) GO TO 1370 

IF(MEPS2(I).EQ.3.AND.EPSF2(I).GT.EPS2(I)) GO TO 1370 
IF(EPS2(I).LE.EPS12) GO TO 1360 

SIGM2(I)=SIGM2(I)+GK2(I)*HG2/AG(I)*DEPS2(I) 
SIGMF2(I)=SIGM2(I) 

EGINST=SIGM2(I)/EPS12 
IF(EPS2(I).GT.EPSL2)EGINST=SIGM2(I)/EPS22 

GO TO 1390 
1360 EGINST=EG2 

SIGM2(I)=EG2*EPS2(I) 
IF(SIGMF2(I).LT.SIGM2(I))SIGMF2(I)=SIGM2(I) 

GO TO 1390 
1370 CONTINUE 

CK=SIGMF2(I)/(EPSF2(I)*DSDE02)-1.0 
EGINST=(SIGMF2(I)/(EPSF2(I)*(1.0+CK))) 

& *(1.0+CK*CN2*((EPS2(I)/EPSF2(I))**(CN2-1.0))) 
SIGM2(I)=SIGM2(I)+ 

& GK2(I)*HG2/AG(I)*DEPS2(I) 
GO TO 1390 

1380 EGINST=O.O 
SIGM2(I)=0.0 

1390 GK2(1)=EGINST*AG(I)/HG2 
FORCE2(I)=SIGM2(I)*AG(I) 

1400 CONTINUE 
IF(ISTG.EQ.2) GO TO 1410 
IF(IGAS.GT.20) GO TO 1410 
FG1=BFO 
FG2=BFO 
DO 1401 I=l,NG 
IF(I.EQ.IGAS) GO TO 1401 
FG1=FG1-FGRCE1(1) 
FG2=FG2-FORCE2(I) 

1401 CONTI NUE 
IF(FG1.LE.0.) FG1=0. 
IF(FG2.LE.0.)FG2=0. 
IF(FORCE1(IGAS).GT.0.)R1=FG1/FORCE1(IGAS) 
IF(FORCE2(IGAS).GT.0.)R2=FG2/FORCE2(IGAS) 
IF(FG1.EQ.0.)R1=1. 
IF(FG2.EQ.0.)R2=1. 

SIGM1(IGAS)=R1*SIGM1(IGAS) 
FORCE1(IGAS)=R1*FORCE1(IGAS) 
SIGMF1(IGAS)=R1*SIGMF1(IGAS) 
SIGM2(IGAS)=R2*SIGM2(IGAS) 
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FORCE2(IGAS)=R2*FORCE2(IGAS) 
SIGMF2(IGAS)=R2*SIGMF2(IGAS) 

1410 CONTINUE 
IF(IG.EQ.O) GO TO 1430 
IF(IG.EQ.1) GO TO 1415 
IF(IGAS.NE.1)GK1(1)=0.0 
IF(IGAS.NE.5)GK1(5)=0.0 
IF(IGAS.NE.1)GK2(1)=0.0 
IF(IGAS.NE.5)GK2(5)=0.0 
IF(IGAS.NE.1)FORCE1(1)=0.0 
IF(IGAS.NE.5)FORCE1(5)=0.0 
IF(IGAS.NE.1)FORCE2(1)=0.0 
IF(IGAS.NE.5)FORCE2(5)=0.0 
IF(IGAS.NE.1)SIGM1(1)=0.0 
IF(IGAS.NE.5)SIGM1(5)=0.0 
IF(IGAS.NE.1)SIGM2(1)=0.0 
IF(IGAS.NE.5)SIGM2(5)=0.0 
IF(IGAS.NE.1)SIGMF1(1)=0.0 
IF(IGAS.NE.5)SIGMF1(5)=0.0 
IF(IGAS.NE.1)SIGMF2(1)=0.0 
IF(IGAS.NE.5)SIGMF2(5)=0.0 

1415 DO 1420 I=NINGP1,NG 
IF(IGAS.NE.I)GK1(I)=0.0 
IF(IGAS.NE.I)GK2(I)=0.0 
IF(IGAS.NE.I)FORCE1(I)=0.0 
IF(IGAS.NE.I)FORCE2(I)=0.0 
IF(IGAS.NE.I)SIGM1(I)=0.0 
IF(IGAS.NE.I)SIGM2(I)=0.0 
IF(IGAS.NE.I)SIGMF1(I)=0.0 
IF(IGAS.NE.I)SIGMF2(I)=0.0 

1420 CONTINUE 
1430 IF(MTM1.EQ.0) GO TO 1440 

GK1 (l0)=1.0E+8 
1440 IF(MTM2.EQ.0) GO TO 1450 

GK2(10)=1.0E+8 
1450 CONTINUE 

DO 19742 J=l,NG 
GK1GK2(J)=GK1(J)+GK2(J) 

19742 CONTINUE 
IF(ISTG.EQ.1)GO TO 1610 

C TO CHECK GASKET LEAKAGE. 
C COMPUTATION OF GASKET SPRING FAILURE INDEX: 
C LAMDA=O,IF TIGHT; LAMDA=l,IF LEAK. 

P1C=P1*COEFl 
P2C=P2*COEF2 
DO 1530 I=l,NG 

IF(DABS(SIGM1(I)).LE.P1C) GO TO 1470 
LAMDA1(I)=0 
GO TO 1480 

1470 LAMDA1(I)=1 
1480 IF(DABS(SIGM2(I)).LT.P2C) GO TO 1490 
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lAMDA2(I)=0 
GO TO 1500 
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1490 lAMDA2(I)=1 
1500 CONTINUE 
1530 CONTINUE 
C lEAKAGE CRITERION:NlEAK,THE NUMBER OF GASKET SPRINGS INSIDE BOLT HOLES 

IF(IG.EQ.2) GO TO 1540 
NlEAK=IDINT«A-DB/2.0)/(A/FlOAT(NING))) 
IF(KlEAK.EQ.O) NlEAK=NING 
GO TO 1550 

1540 NlEAK=4 
IF(IGAS.EQ.5.AND.KlEAK.EQ.0)NlEAK=5 

C TO CHECK GASKET 1 lEAKAGE 
1550 lEAK=O 

DO 1560 I=l,NlEAK 
lEAK=lEAK+lAMDA1(I) 

1560 CONTI NUE 
IF(lEAK.lT.NlEAK) GO TO 1580 
NSTOP=l 
WRITE(6,*)'GASKET 1 lEAKAGE OCCURS AT P1=',P1,', P2=' ,P2 
IF(KlEAK.EQ.O) GO TO 1570 
WRITE(6,*)'WHEN All GASKET SPRINGS INBOARD OF BOLT HOlE(N=' ,NlEAK, 

& ') FAIL SIMULTANEOUSLY.' 
GO TO 1571 

1570 WRITE(6,*)'WHEN All GASKET SPRINGS INBOARD OF BOLT CIRClE(N=' ,NlEA 
&K,') FAll SIMULTANEOUSLY.' 

1571 WRITE(NW1,*) 'GASKET 1 lEAKAGE OCCURS AT P1=' ,PI,', P2=' ,P2 
IF(KlEAK.EQ.O) GO TO 1572 
WRITE(NW1,*) 'WHEN All GASKET SPRINGS INBOARD OF BOLT HOlE(N=', 

& NlEAK,') FAIL SIMULTANEOUSLY.' 
GO TO 1573 

1572 WRITE(NW1,*) 'WHEN All GASKET SPRINGS INBOARD OF BOLT CIRClE(N=',Nl 
&EAK,') FAIL SIMULTANEOUSLY.' 

C TO PRINTOUT THE FINAL RESULTS. 
1573 WRITE(NW1,*) 

GO TO 1610 
C TO CHECK GASKET 2 lEAKAGE 
1580 lEAK=O 

IF(NFl.EQ.2) GO TO 1605 
DO 1590 I=l,NlEAK 

lEAK=lEAK+lAMDA2(I) 
1590 CONTINUE 

IF(lEAK.lT.NlEAK) GO TO 1610 
NSTOP=l 
WRlTE(6,*) 'GASKET 2 lEAKAGE OCCURS AT P1=' ,PI,', P2=' ,P2 
IF(KlEAK.EQ.O) GO TO 1600 
WRITE(6,*)'WHEN All GASKET SPRINGS INBOARD OF BOLT HOlE(N=' ,NlEAK, 

& ') FAll SIMULTANEOUSLY.' 
GO TO 1601 

1600 WRITE(6,*)'WHEN All GASKET SPRINGS INBOARD OF BOLT CIRClE(N=' ,NlEA 
&K,') FAll SIMULTANEOUSLY.' 
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1601 WRITE(NW1,*) 'GASKET 2 LEAKAGE OCCURS AT Pl=' ,PI,', P2=' ,P2 
IF(KLEAK.EQ.O) GO TO 1602 
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WRITE(NW1,*)'WHEN ALL GASKET SPRINGS INBOARD OF BOLT HOLE(N=', 
& NLEAK,') FAIL SIMULTANEOUSLY.' 

GO TO 1603 
1602 WRITE(NW1,*) 'WHEN ALL GASKET SPRINGS INBOARD OF BOLT CIRCLE(N=' ,NL 

&EAK,')FAIL SIMULTANEOUSLY.' 
C TO PRINTOUT THE FINAL RESULTS. 
1603 WRITE(NW1,*) 
1605 CONTI NUE 
C TO COMPUTE FLANGE STRESSES AND CHECK THEIR STRENGTH. 
1610 DO 1620 1=1,10 

XX(I)=-A+(O.5+FLOAT(I-1))*A/10.0 
1620 CONTI NUE 

XX(11)=(B-A)/40.0 
DO 1630 1=12,21 

XX(I)=(0.5+FLOAT(I-12))*B/10.0 
1630 CONTI NUE 

S=3.14159265*2.0*(RB-A)/FLOAT(NB) 
Sl=S*(l.-A/RB) 

C FOR FLANGE 1 
DO 1640 I=l,NG 

FMGID(I)=-(FORCE1(I)-FGIF(I)) 
FMG3D(I)=FORCE2(I)-FG3F(I) 

1640 CONTINUE 
DO 1700 1=1,21 

SFGX1(I)=0.0 
DO 1670 J=I,NG 

IF(XG(J).GT.XX(I)) GO TO 1650 
KX=1 
GO TO 1660 

1650 KX=O 
1660 SFGX1(I)=SFGX1(I)+FMG1D(J)*(XX(I)-XG(J))*FLOAT(KX) 
1670 CONTINUE 

IF(XX(I).GT.O.O) GO TO 1680 
KO( 1)=0 
GO TO 1690 

1680 KO(I)=l 
1690 G1(I)=(XX(I)+A) 

WXX1D(I)=W01D+THET1D*G1(I) 
RXX1D(1)=THETlD 

WXX3D(I)=W03D+THET3D*G1(I) 
RXX3D(I)=THET3D 

1700 CONTI NUE 
C COMPUTATION OF INCREMENTS OF BENDING MOMENTS OF FLANGE 1. 

BMAXR1=0.0 
BMAXTl=O.O 
DO 1730 1=1,21 

BMTR1D(I)=(SFGX1(I)+BMD*FLOAT(KO(I))-TD*XX(I)*FLOAT(KO(I)) 
& +SI*EV1D*(A+XX(I))-Sl*EMID+S1*EFl*(HFl**3)*(WXXID(I) 
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& -WA1D)/(12.0*RB**2))/(S*(1.+XX(I)/RB)) 
BMTT1D(I)=EF1*(HF1**3)*RXX1D(1)/(12.0*RB)+POIS1*BMTRID(I) 

C COMPUTATION OF BENDING MOMENTS OF FLANGE-I. 
BMTR1(I)=BMTR1(I)+BMTR1D(I) 
BMTT1(I)=BMTT1(I)+BMTT1D(I) 

C TO DETERMINE MAXIMUM MOMENTS OF FLANGE 1. 
IF(DABS(BMTR1(I)).LT.BMAXR1) GO TO 1710 
BMAXR1=DABS(BMTR1(I)) 
IIR1=I 

1710 IF(DABS(BMTT1(I)).LT.BMAXT1) GO TO 1720 
BMAXT1=DABS(BMTTl(I)) 
IITl=I 

C TO COMPUTE FLANGE STRESSES. 
1720 SIGFR1(I)=6.0*BMTR1(I)/(HF1*HF1) 

SIGFT1(I)=6.0*BMTT1(I)/(HF1*HF1) 
1730 CONTI NUE 
C FOR FLANGE 3. 

DO 1740 I=l,NG 
FG1F(I)=FORCE1(I) 

FG3F(I)=FORCE2(I) 
1740 CONTINUE 

DO 1790 1=1,21 
SFGX3(I)=0.0 
DO 1770 J=l,NG 

IF(XG(J).GT.XX(I)) GO TO 1750 
KX=l 
GO TO 1760 

1750 KX=O 
1760 SFGX3(I)=SFGX3(1)+FMG3D(J)*(XX(I)-XG(J))*FLOAT(KX) 
1770 CONTINUE 

IF(XX(I).GT.O.O) GO TO 1780 
KO( 1)=0 
GO TO 1790 

1780 KO (1)=1 
1790 CONTI NUE 

BMD=-BRK*ROTAD 
TD=BEXT*BK 
EV3D=C3(1,1)*WA3D+C3(1,2)*THET3D+C3(1,3)*P2D 
EM3D=C3(2,1)*WA3D+C3(2,2)*THET3D+C3(2,3)*P2D 
BMAXR3=0.0 
BMAXT3=O.O 
DO 1820 1=1,21 

BMTR3D(I)=(SFGX3(I)+BMD*FLOAT(KO(I))-TD*XX(I)*FLOAT(KO(I)) 
& +S*EV3D*(A+XX(1))-S*EM3D+S*EF3*(HF3**3)*(WXX3D(I) 
& -WA3D)/(12.0*RB**2))/S 

BMTT3D(I)=EF3*(HF3**3)*RXX3D(I)/(12.0*RB)+POIS3*BMTR3D(I) 
BMTR3(I)=BMTR3(I)+BMTR3D(I) 
BMTT3(I)=BMTT3(I)+BMTT3D(I) 
IF(DABS(BMTR3(I)).LT.BMAXR3) GO TO 1800 
BMAXR3=DABS(BMTR3(I)) 
IIR3=I 

1800 IF(DABS(BMTT3(I)).LT.BMAXT3) GO TO 1810 
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BMAXT3=DABS(BMTT3(I)) 
I lT3=I 

1810 SIGFR3(I)=6.0*BMTR3(I)/(HF3*HF3) 
SIGFT3(I)=6.0*BMTT3(I)/(HF3*HF3) 

1820 CONTINUE 
C TO COMPUTE FLANGE DISPLACEMENTS AND ROTATIONS AT INNER EDGE. 

WA1=WA1+WA1D 
WA2=WA2+WA2D 
WA3=WA3+WA3D 
ROTAA1=ROTAA1+THET1D 
ROTAA2=ROTAA2+THET2D 
ROTAA3=ROTAA3+THET3D 

EQ1D=C1(l,1)*WA1+C1(1,2)*ROTAA1+C1(1,3)*P1 
ER1D=C1(2,1)*WA1+C1(2,2)*ROTAA1+C1(2,3)*P1 
EQ2D=C2(1,1)*WA2+C2(1,2)*ROTAA2+C2(1,3)*(P1-P2) 
ER2D=C2(2,1)*WA2+C2(2,2)*ROTAA2+C2(2,3)*(P1-P2) 
EQ3D=C3(1,1)*WA3+C3(1,2)*ROTAA3+C3(1,3)*P2 
ER3D=C3(2,1)*WA3+C3(2,2)*ROTAA3+C3(2,3)*P2 

C TO COMPUTE BOLT STRESS 
C BOLT TENSILE STRESS 

SIGB1=4.0*DABS(BFO)/(3.14159265*DB*DB) 
SIGB2=32.0*DABS(BM)/(3.14159265*(DB**3)) 

C MAXI~lUM BOLT STRESS 
SIGMB=SIGB1+SIGB2 

C TO CHECK WHETHER PRESCRIBED PRELOADING BOLT STRESS REACHED. 
GO TO 1910 

1830 CONTINUE 
WRITE(6,*) , , 
WRITEt6, *) , , 
WR ITE ( 6 , *) , , 

WR ITE (NW1 , *) 
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WRITE(NW1,*)'PRELOADING STAGE COMPLETED AT BOLT TENSILE STRESS=' ,5 
&IGB1 
WRITE(NW1,*)'P1=',P1,'(PSI); P2=',P2,'(PSI)' 

C OPTION: TO PRINTOUT STIFFNESS MATRIX AND FORCE VECTOR. 
IF(MATRIX.EQ.O) GO TO 2980 
IF(MATRIX.EQ.1) GO TO 12345 
WRITE(NW1,*) 'STIFFNESS MATRIX,((AA(I,J),I=1,5),J=1,5):' 
WRITE(NW1,55555)((AA(I,J),I=1,5),J=1,5) 

55555 FORMAT(5(lX,lPD11.4)) 
WRITE(NW1,*)'FORCE VECTOR,(BBF(I),I=1,5):' 
WRITE(NW1,*) (BBF(I),I=1,5) 

12345 WRITE(NW1,*) 'INCREMENTAL DEFORMATION PARAf'iiETERS:' 
WRITE(NW1,*)'W01D,THET1D,THET2D,W03D,THET3D' 
WRITE(NW1,*) (BB(I),I=1,5) 

2980 WRITE(NW1,*) 'CURRENT BOLT INFORMATION' 
WRITE(NW1,*), BFO=',BFO,'NO. OF ITER.=',NIT 
WRITE(NW1,*)~ BOLT STRETCH RATE=' ,BEXT,' BK=' ,BK 
WRITE(NW1,*)' BOLT ROTATION RATE=' ,ROTAD, , BRK=' ,BRK 
WRITE(6,*) 'BOLT TENSILE STRESS=' ,SIGB1 

8 FORMAT(4I13,5X,D10.3,3X,2(F10.5,3X,FIO.3,3X)) 
WRITE(NW1,*) 'BOLT YIELD FACTOR =' ,FACTOR 



266 Mechanical Design oj Heat Exchangers 

WRITE(NW1,*)'INBOARD EDGE DISPLACEMENTS & ROTATIONS' 
WRITE(NW1,*) , WA1,WA2,WA3=' ,WA1,WA2,WA3 
WRITE(NW1,*) 'ROT1,ROT2,ROT3=' ,ROTAA1,ROTAA2,ROTAA3 

WRITE(NW1,*)' CURRENT GASKET SPRING RATES' 
WR ITE (NW1 , *)' GK1 =' , (GK1 (M) , M= 1, NG) 
WRITE(NW1,*), GK2=',(GK2(M),M=1,NG) 

WRITE(NW1,*) 'INBOARD EDGE FORCES AND MOMENTS' 
WRITE(NW1,*)' V1=' ,EQ1D,' M1=' ,ER1D 
WRITE(NW1,*), V2=' ,EQ2D,' M2=' ,ER2D 
WRITE(NW1,*)' V3=' ,EQ3D,' M3=',ER3D 

WRITE(NW1,*)' GASKET INDEX MESP LOAD(l) 
& SPRING GASKET GASKET UNLOADING 
&ING' 

WRITE(NW1,*)' SPRING OR 
& RATE STRAIN STRESS FROM 
&' 

WRITE(NW1, *)' 
& 
&S' 

NUMBER 

WRITE(NW1,*) 'FOR GASKET I:' 
DO 1870 I=l,NG 

1,2,OR 3 UNLOADING 
STRAIN 

LEAK(l) 
UNLOAD 

OR 
FROM 

SEAL(O) 
STRES 

& 
WRITE(NW1,8)I, MEPS1(I),LOAD1(I),LAMDA1(I),GK1(I),EPS1(I), 

SIGM1(I),EPSF1(I),SIGMF1(I) 
1870 CONTI NUE 

WRITE(NW1,*) 

& 

IF(NFL.EQ.2)GO TO 1885 
WRITE(NW1,*) 'FOR GASKET 2:' 
DO 1880 I=l,NG 

WRITE(NW1,8)I,MEPS2(I),LOAD2(I),LAMDA2(I),GK2(I),EPS2(I), 
SIGM2(I),EPSF2(I),SIGMF2(I) 

1880 CONTINUE 
1885 CONTINUE 

WRITE(NW1,*) 'FLANGE 1-2 CONTACT:' ,MTM1,'; FLANGE 2-3 CONTACT:' ,MT 
&M2 

WRITE(NW1,*) 'MAXIMUM FLANGE 1 STRESS(R):' ,SIGFR1(IIR1),' ,AT X=', 
& XX(IIR1) 

WRITE(NW1,*) 'MAXIMUM FLANGE 1 STRESS(T):' ,SIGFT1(IIT1),' ,AT X=', 
& XX(IIT1) 

IF(NFL.EQ.2) GO TO 1892 
WRITE(NW1,*) 'MAXIMUM FLANGE 3 STRESS(R):' ,SIGFR3(IIR3),' ,AT X=', 

& XX(IIR3) 
WRITE(NW1,*) 'MAXIMUM FLANGE 3 STRESS(T):',SIGFT3(IIT3),' ,AT X=', 

& XX(IIT3) 
1892 CONTINUE 

WRITE(NW1, *) , BOLT STRESS (PSI):' ,SIGMB,' (' ,SIGBl,' +' ,SIGB2,').' 
WRITE(NW1,*), AND IS',PCTB,'% ALLOWABLE STRESS.' 
IF(NYIELD.EQ.1) WRITE(NW1,*)'WARNING:BOLT YIELDS PARTIALLY.' 
IF(NYIELD.EQ.2)WRITE(NW1,*)'BOLTHAS YIELDED COMPLETELY' 

C TO TERMINATE PRELOADING STAGE AND TURN INTO PRESSURIZING STAGE 
ISTG=2 
RETURN 
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C TO CHECK BOLT STRENGTH 
1910 BFY=3.14159265*DB*DB*SIGMBY/4.0 

BMY=3.14159265*(DB**3)*SIGMBY/32.0 
ALPHAB=1.0-DABS(BFO)/BFY-DABS(BM)/BMY 
IF(ALPHAB.LT.O.)SIGMB=SIGMBY 
CRI=0.412*DABS(BM)/BMY 
IF(ALPHAB.GT.-CRI) GO TO 1940 
ALPHAB=-CRI 

C 
1940 FACTOR=1.0+ALPHAB/CRI 

IF(ALPHAB.GT.O.)FACTOR=1.0 
BK=BKO*FACTOR 
BRK=BRKO*FACTOR 
IF(FACTOR.LT.1.)NYIELD=1 
IF(FACTOR.EQ.O.) NYIELD=2 
PCTB=100.0*SIGMB/ALSIGB 
IF(FACTOR.LT.0.75.AND.ISTG.EQ.1)GO TO 1830 
IF(ISTG.EQ.1.AND.SIGB1.GE.PRESIG)GO TO 1830 

C PRINTOUT OPTIONS. 
IF(NSTOP.EQ.1) GO TO 2150 
IF(ISTG.EQ.2) GO TO 1970 
PPP=FLOAT(NNN)*SIZEI 
IF(SIGMB.GE.PPP) GO TO 2100 
RETURN 

1970 PPP=FLOAT(NNN)*SIZE2 
IF(Pl.GE.PPP.OR.P2.GE.PPP) GO TO 2100 

RETURN 
2100 NNN=NNN+ 1 
C 
2150 CONTINUE 

WRITE(6,*) , , 
WRITE(6,*) , , 
WR ITE ( 6 , *) , , 

WR IT E ( 6 , *) , PI =' , PI, , (P S I) ; P 2 = ' , P 2, , (P S I) , 
2200 WRITE(NW1,*)'P1=',P1,'(PSI); P2=',P2,'(PSI)' 
C OPTION: TO PRINTOUT STIFFNESS MATRIX AND FORCE VECTOR. 

IF(MATRIX.EQ.O) GO TO 29801 
IF(MATRIX.EQ.1) GO TO 12346 
WRITE(NW1,*) 'STIFFNESS MATRIX,«AA(I,J),I=1,5),J=1,5):' 
WRITE(NW1,55555)«AA(I,J),I=1,5),J=1,5) 
WRITE(NW1,*) 'FORCE VECTOR,(BBF(I),I=1,5):' 
WRITE(NW1,*) (BBF(I),I=1,5) 

12346 WRITE(NW1,*) 'INCREMENTAL DEFORMATION PARAMETERS:' 
WRITE(NW1,*)'W01D,THET1D,THET2D,W03D,THET3D' 
WRITE(NW1,*) (BB(I),1=1,5) 

29801 WRITE(NW1,*) 'CURRENT BOLT INFORMATION' 
WRITE(NW1,*) 'BFO=',BFO,'NO. OF ITER.=',NIT 

WRITE(NW1,*).' BOLT STRETCH RATE=',BEXT,' BK=',BK 
WRITE(NW1,*)' BOLT ROTATION RATE=' ,ROTAD,' BRK=' ,BRK 
WRITE(6,*) 'BOLT TENSILE STRESS=' ,SIGB1 
WRITE(NW1,*) 'BOLT YIELD FACTOR =',FACTOR 

267 
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WRITE(NW1,*) 'INBOARD EDGE DISPLACEMENTS & ROTATIONS' 
WRlTE(NW1,*) , WA1,WA2,WA3=' ,WA1,WA2,WA3 
WRITE(NW1,*) 'ROT1,ROT2,ROT3=' ,ROTAA1,ROTAA2,ROTAA3 

WRITE(NW1,*)' CURRENT GASKET SPRING RATES' 
WRITE(NW1,*), GK1=',(GK1(M),M=1,NG) 
WR lTE (NW1 , *)' GK2=', ( GK2 (M) , M= 1, NG) 

WRITE(NW1,*)'INBOARD EDGE FORCES AND MOMENTS' 
WRlTE(NW1,*), V1=',EQ1D,' M1=',ER1D 
WRITE(NW1,*)' V2=' ,EQ2D,' M2=' ,ER2D 
WRlTE(NW1,*)' V3=' ,EQ3D,' M3=' ,ER3D 

IF(N1.EQ.1) GO TO 2400 
IF(N1.EQ.2) GO TO 3000 
IF(N1.EQ.3) GO TO 3300 

C PRINTOUT FORMAT 1: LIMITED PRINTOUT. 
WRITE(NW1,*) 'GASKET 1 LEAK INDEX,LAMDA1(I):' ,(LAMDA1(I),I=1,NING) 

IF(NFL.EQ.2) GO TO 36050 
WRlTE(NW1,*) 'GASKET 2 LEAK INDEX,LAf'iIDA2(I):',(LAMDA2(I),I=1,NING) 

36050 CONTINUE 
WRITE(NW1,*) 'FLANGE 1-2 CONTACT:' ,MTM1,'; FLANGE 2-3 CONTACT:' ,MT 

&M2 
WRITE(NW1,*) 'MAXIMUM FLANGE 1 STRESS(R):' ,SIGFR1(IIR1),' ,AT X=', 

& XX(IIR1) 
WRITE(NWl,*) 'MAXIMUM FLANGE 1 STRESS(T):' ,SIGFT1(IIT1),' ,AT X=', 

& XX(IIT1) 
IF(NFL.EQ.2) GO TO 36094 

WRITE(NW1,*) 'MAXIMUM FLANGE 3 STRESS(R):' ,SIGFR3(IIR3),' ,AT X=', 
& XX(IIR3) 

WRITE(NW1,*) 'MAXIMUM FLANGE 3 STRESS(T):' ,SIGFT3(IIT3),' ,AT X=', 
& XX(IIT3) 

36094 CONTINUE 
WRlTE(NW1, *) 'BOLT STRESS (PSI):' ,SIGMB,' (' ,SIGB1,' +' ,SIGB2,').' 
WRlTE(NW1 ,*)' AND IS' ,PCTB, '% ALLOWABLE STRESS.' 
IF(NYIELD.EQ.1) WRITE(NW1,*)'WARNING:BOLT YIELDS PARTIALLY.' 

IF(NYIELD.EQ.2)WRITE(NW1,*) 'BOLT HAS YIELDED COMPLETELY' 
WR lTE (NW1 , *) 
IF(NSTOP.EQ.1) STOP 
RETURN 

C PRINTOUT FORMAT 2: FULL OUTPUT PRINTOUT. 
2400 CONTINUE 

WRITE(NW1,*)' GASKET INDEX MESP LOAD(l) LEAK(l) 
& STRAIN GASKET GASKET UNLOADING UNLOAD 
&ING' 
WRlTE(NW1,*), STRAIN OR OR 

& RATE STRAIN STRESS FROM FROM 
&' 

WRITE(NW1,*)' NUMBER 1,2,OR 3 UNLOADING SEAL(O) 
& STRAIN STRES 
&S' 

WRITE(NW1,*) 'FOR GASKET 1:' 
DO 2800 I=l,NG 

WRITE(NW1,8)I,MEPS1(I),LOAD1(I),LAMDAl(I),DEPSl(I),EPS1(1), 
& SIGMI (I) , EPSFl (1) ,SIGMFl (1) 
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2800 CONTINUE 
IF(NFL.EQ.2) GO TO 2905 

WRITE(NW1,*) 
WRITE(NW1,*)'FOR GASKET 2:' 
DO 2900 I=l,NG 
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WRITE(NW1,8)I,MEPS2(I),LOAD2(I),LAMDA2(I),DEPS2(1),EPS2(1), 
& SIGM2(I),EPSF2(I),SIGMF2(I) 

2900 CONTI NUE 
2905 CONTINUE 

WRITE(NW1,*) 'FLANGE 1-2 CONTACT:',MTM1,'; FLANGE 2-3 CONTACT:',MT 
&M2 

WRITE(NW1,*) 'FLANGE STRESS (PSI):' 
WRITE(NW1,*)' POSITION SIGFR1 SIGFT1 SIG 

&FR3 SIGFT3' 
DO 2950 1=1,21 

WRITE(NW1,*)XX(I),SIGFR1(I),SIGFT1(I),SIGFR3(I),SIGFT3(I) 
2950 CONTI NUE 

WRITE(NW1,*) 'BOLT STRESS (PSI):' ,SIGMB,' (' ,SIGB1, '+' ,SIGB2,').' 
WRITE(NW1,*), AND IS',PCTB,'% ALLOWABLE STRESS.' 
IF(NYIELD.EQ.1) WRITE(NW1.*)'WARNING:BOLT YIELDS PARTIALLY.' 

IF(NYIELD.EQ.2)WRITE(NW1,*)'BOLT HAS YIELDED COMPLETELY' 
IF(NSTOP.NE.1) RETURN 
STOP 

C PRINTOUT FORMAT 3: FULL OUTPUT FOR FLANGES,BUT NOT FOR GASKETS. 
3000 CONTINUE 

WRITE(NW1, *) 'GASKET 1 LEAK INDEX, LAMDA1 (I) : ' , (LAMDA1 (1) ,1=1 ,NING) 
IF(NFL.EQ.2) GO TO 37000 

WRITE(NWl,*) 'GASKET 2 LEAK INDEX,LAMDA2(I):' ,(LAMDA2(I),I=1,NING) 
37000 CONTINUE 

WRITE (NW1 , *) 'FLANGE 1-2 CONTACT:' ,MTMI, '; FLANGE 2-3 CONTACT:' ,~lT 
&M2 

WRITE(NWI,*) 'FLANGE STRESS (PSI):' 
WRITE(NWI,*)' POSITION SIGFRI SIGFTI 

&SIGFR3 SIGFT3' 
DO 3250 1=1,21 

WRITE(NW1,*)XX(I),SIGFRI(I),SIGFT1(1),SIGFR3(I),SIGFT3(I) 
3250 CONTI NUE 

WRITE(NWI,*)'BOLT STRESS (PSI):',SIGMB,'(',SIGBI,'+',SIGB2,').' 
WRITE(NWI,*)' AND IS' ,PCTB, '% ALLOWABLE STRESS.' 
IF(NYIELD.EQ.I) WRITE(NW1,*)'WARNING:BOLT YIELDS PARTIALLY.' 
IF(NYIELD.EQ.2)WRITE(NWI,*) 'BOLT HAS YIELDED COMPLETELY' 

WR ITE (NWI , *) 
IF(NSTOP.EQ.I) STOP 
RETURN 

C PRINTOUT FORMAT 4:FULL OUTPUT FOR GASKET,BUT NOT FOR FLANGE. 
3300 CONTINUE 

WRITE(NW1,*)' GASKET INDEX MESP LOAD(l) LEAK(l) 
& STRAIN GASKET GASKET UNLOADING UNLOAD 
&ING' 
WRITE(NW1,*)' STRAIN OR OR 

& RATE STRAIN STRESS FROM FROM 
&' 
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WRITE(NW1 ,*)' 
& 
&S' 

NUMBER 

WRITE(NW1,*)'FOR GASKET 1:' 

1,2,OR 3 UNLOADING 
STRAIN 

SEAL(O) 
STRES 

& 

DO 3700 I=l,NG 
WRITE(NW1,8)1,MEPS1(I),LOADl(I),LAMDAl(I),DEPSl(I),EPS1(1), 

SlGMl(l),EPSFl(I),SIGMFl(I) 
3700 CONTINUE 

IF(NFL.EQ.2) GO TO 3805 
WRITE(NWl, *) 
WRITE(NWl,*)'FOR GASKET 2:' 
DO 3800 1=1, NG 

& 
WRITE(NWl,8)I,MEPS2(I),LOAD2(I),LAMDA2(I),DEPS2(I),EPS2(1), 

SIGM2(I),EPSF2(I),SIGMF2(I) 
3800 CONTINUE 
3805 CONTINUE 

WRITE(NWl,*) 'FLANGE 1-2 CONTACT:' ,MTMI,'; FLANGE 2-3 CONTACT:',MT 
&M2 

WRITE(NWI,*) 'MAXIMUM FLANGE I STRESS(R):',SIGFRI(IIRI),',AT X=', 
& XX(IIRl) 

WRITE(NWl,*)'MAXIMUt'I FLANGE I STRESS(T):',SIGFTl(IITl),',AT X=', 
& XX(IITl) 

IF(NFL.EQ.2) GO TO 3807 
WRITE(NWl,*) 'MAXIMUM FLANGE 3 STRESS(R):',SIGFR3(IIR3),' ,AT X=', 

& XX(IIR3) 
WRITE(NWl,*) 'MAXIMUM FLANGE 3 STRESS(T):',SIGFT3(IIT3),' ,AT X=', 

& XX(IIT3) 
3807 CONTINUE 

WRITE(NWl,*) 'BOLT STRESS (PSI):' ,SIGMB,' (' ,SIGBl, '+' ,SIGB2,').' 
WRITE(NWl,*), AND IS',PCTB,'% ALLOWABLE STRESS.' 
IF(NYIELD.EQ.l) WRITE(NWl,*)'WARNING:BOLT YIELDS PARTIALLY.' 

IF(NYIELD.EQ.2)WRITE(NWI,*)'BOLT HAS YIELDED COMPLETELY' 
WR ITE ( NWI , *) 
IF(NSTOP.EQ.l) STOP 
RETURN 
END 
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PROGRAM MAIN 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
DOUBLE PRECISION K,L,LG 
INTEGER BCN 
INTEGER FLAG 
DIMENSION Z(12,21),TUBE(8,21) 

DIMENSION Y(12,21) 
COMMON/MTINP/ A(12,12),B(12),INDIC 
COMMON/PARAM/ XL,H,N,JNDIC,KNDIC,NR,NW 
COMMON/COM2/ BCN(12,2),BNA(6),BNB(6) 
COMMON/COM3/ XCHG(21),DINT(21),XY(21) 
COMMON/COM4/0MEGA,DET,LNDIC 
COMMON/STORE/UDUMMY(24) 
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COMMON/COM5/FLAG 
COMMON/DIMl/E1,E2,ET,H1,H2,B1,B2,C11,C12,CI3,C21,C22,C23,K,S,GS1 
COMMON/DIM2/GS2,L,GM,LG 

COMMON/TEST/NTST 
C 
C SET FLAG FOR HELP 

FLAG=O 
C 
C .••• SETUP INPUT PARAMETERS 

WRITE(6,501) 

C 

501 FORMAT(17H BEGINNING DBLTS1) 
READ(5,*) NR,NW,NTST 

WRITE(NW,*)' DOUBLE TUBE SHEET ANALYSIS PROGRAM' 
WRITE(NW,*)' PREPARED BY A.I. SOLER SEPT. 1983' 
WRITE (NW, *) 
WRITE(NW,*)' OUTPUT OF RAW INPUT DATA' 

500 FORMAT(2I2) 

READ(NR,*) XL,H,N,JNDIC,KNDIC,INDIC,LNDIC 
WRITE(NW,8001) XL,H,N,JNDIC,KNDIC,INDIC,LNDIC 

GO TO (1,6,8,9),INDIC 
1 DO 5 I=1,N 
5 READ(NR,*)(A(1,J),J=1,N) 

READ(NR,*)(B(I),I=I,N) 
GO TO 9 

6 00.7 I=1,N 
7 READ(NR,*)(A(I,J),J=1,N) 

GO TO 9 
8 READ(NR,*)(B(1),I=1,N) 
9 N1=N/2 

READ(NR,*)(BNA(1),1=1,N1) 
WRITE(NW,8002)(BNA(M),M=1,N1) 
READ(NR,*)(BNB(1),I=1,Nl) 

WRITE(NW,8002)(BNB(M),M=I,Nl) 
DO 10 J=I,2 

10 READ(NR,*)lBCN(I,J),I=I,N) 
DO 11 l=I,N 

12 FORMAT (14,10X,14) 
11 WRITE(NW,12)(BCN(I,J),J=I,2) 
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IF(JNDIC.GT.O) READ(NR,*)(XCHG(I),DINT(I),I=l,JNDIC) 
IF(KNDIC.GT.O) READ(NR,*)(XY(I),I=l,KNDIC) 

WRITE(NW,8002)(XY(I),I=1,KNDIC) 
C ••.. PRINT OUT INPUT PARAMETERS 
C 

WRITE (NW, 7000) 
WRITE(NW,700l) XL,H,N,KNDIC,JNDIC 
WRITE(NW,7003) 
IF(LNDIC.EQ.l) GO TO 20 

15 READ(NR,J002,END=60) OMEGA 
IF(NTST.EQ.l)WRITE(NW,*)'ENT COMP FROM MAIN' 

20 CALL COMP(Y) 
IF(LNDIC.EQ.2) GO TO 55 

C DEFINE Z ARRAY 
00100 I=l,KNDIC 

Z(l,I)=El*Hl*Y(l,I) 
Z(2,I)=E2*H2*Y(2,I) 
Z(3,I)=El*Hl*Y(3,I) 
Z(4,I)=E2*H2*Y(4,1) 
Z(5,l)=El*Hl*Hl*Y(5,I) 
Z(6,I)=E2*H2*H2*Y(6,I) 
Z ( 7 , 1) = H 1 *y ( 7 , 1) 
Z(8, I )=H2*Y(8, 1) 
Z(9, 1)=Y(9, 1) 
Z(lO,1)=Y(lO,1) 
Z(ll,I)=Hl*Y(ll,I) 
Z(12,I)=H2*Y(12,1) 

100 CONTI NUE 
C DEFINE TUBE ARRAY 

00110 l=l,KNDIC 
TUBE(1,1)=6.*GM*Z(7,1)+3.*GM*(Hl+L)*Z(9,1)-6.*GM*Z(8,I)+3.*GM*(H2+ 

lL)*Z(10,I)+18.*L*GM*(Z(1,I)/(GSl*Hl)+Z(2,I)/(GS2*H2))/5. 
TUBE(2,I)=3.*GM*L*Z(7,I)+GM*(1.5*L*Hl+2.*L*L+6.*LG)*Z(9,I)-3.*GM*L 

1*Z(8,I)+GM*(1.5*L*H2+L*L-6.*LG)*Z(10,1)+12.*(1.+3.*LG/(L*L))*Z(l,1 
2)*L*L*GM/(5.*GSl*Hl)+6.*(1.-6.*LG/(L*L))*Z(2,I)*L*L*GM/(5.*GS2*H2) 
TUBE(3,1)=Bl*(Z(12,I)-Z(11,I)) 
TUBE(4,I)=-TUBE(1,I) 
TUBE(5,I)=3.*GM*L*Z(7,I)+GM*(1.5*L*Hl+L*L-6.*LG)*Z(9,I)-3.*GM*L*Z( 

18,I)+GM*(1.5*L*H2+2.*L*L+6.*LG)*Z(10,I)+6.*(1.-6.*LG/(L*L))*Z(l,I) 
2*L*L*GM/(5.*GSl*Hl)+12.*(1.+3.*LG/(L*L))*Z(2,I)*L*L*GM/(5.*GS2*H2) 
TUBE(6,I)=-B2*Z(12,I) 
TUBE(7,I)=2.*ET*K/(S*S*S)*(Cll*Z(8,I)+C12*S*Z(10,I)+Cl3*Z(2,1)*S/( 

lGS2*H2)) 
TUBE(8,I)=2.*ET*K/(S*S)*(C21*Z(8,I)+C22*S*Z(10,I)+C23*Z(2,I)*S/(GS 

l2*H2)) 
110 CONTINUE 

WRITE(NW,*)' RESULTS FOR TUBESHEETS' 
9002 FORMAT(13(lX,lPD9.2)) 

WRITE(NW,*)' R/ROVI V2 Nl N2 
lMl M2 Ul U2 Al A2 WI 
2 W2 ' 

DO 90000 KK=l,KNDIC 
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WRITE(NW,9002)XY(KK),(Z(I,KK),I=1,N) 
90000 CONTI NUE 

WRITE(NW, *) 
WRITE(NW,*)' RESULTS FOR TUBE ARRAY' 
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WRITE(Nw,*)' R/RO HITUBE MITUBE FITUBE H2TUBE M2 
ITUBE F2TUBE H3TUBE M3TUBE 

DO 91000 KK=l,KNDIC 
WRITE(NW,9002)XY(KK),(TUBE(I,KK),I=1,8) 

91000 CONTINUE 

C 

STOP 
55 WRITE(NW,7004) OMEGA,DET 

GO TO 15 
60 WRITE(NW,7005) 
6000 FORMAT(9(A8)) 
7000 FORMAT(lHl,lOX,'A GENERAL COMPUTER PROGRAM FOR THE SOLUTION OF A 

1 TWO POINT BOUNDARY VALUE PROBLEM, WRITTEN BY G.J. HUTCHINS.'///) 
7001 FORMAT(30X,'LENGTH OF FUN X =',FIO.5,//30X,'STEPSIZE =', 

1 6X,FlO.5,//30X,'NUMBER OF EQS. =',I5,//30X,'NO. OUTPT PTS. =',15, 
2 / /30X,' STEPSIZE CHGS. =',15) 

7003 FORMAT(lHO,////) 
7002 FORMAT(F15.6) 
7004 FORMAT(//////,lH,'OMEGA EQUAL TO' ,014.6, 'PRODUCES A DETERMINANT 

1 EQUAL TO ',014.6) 
7005 FORMAT(////,lH,30X,'PROBLEM END') 
7008 FORMAT(lHl,///) 
8001 FORMAT(2F10.5,5I5) 
8002 FORMAT(7F10.5) 
8003 FORMAT(18I4) 
9003 FORMAT(' ',A8,8(3X,Dll.4)) 

STOP 
END 

SUBROUTINE COMPlY) 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
INTEGER BCN 

DIMENSION Y(12,21),PYY(84,21) 
COMMON/COMI/ YR(84),FR(84) 
COMMON/COM2/ BCN(12,2),BNA(6),BNB(6) 
COMMON/COM3/ XCHG(21),DINT(21),XY(21) 
COMMON/COM4/0MEGA,DET,LNDIC 
COMMON/PARAM/ XL,H,N,JNDIC,KNDIC,NR,NW 
COMMON/TEST/NTST 
Nl=N/2 
N2=Nl+1 
N4=N2*N 
11=1 
ISUB=l 

K=l 

C INITIALIZE X 
X=O.DO 

12=1 
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C •••• ASSIGN INITIAL CONDITIONS 
C •••• 

DO 5 I=I,N 
DO 5 J=I,N2 

5 Y(I,J)=O.DO 
DO 15 I=I,N 
IF(BCN(I,I).EQ.O) GO TO 10 
GO TO 15 

10 Y(I,I)=BNA(K) 
K=K+l 

15 CONTINUE 

20 
25 

30 

DO 30 13=I,Nl 
DO 20 I=l1,N 
IF(BCN(I,I).EQ.1) GO TO 25 
CONTINUE 
Y (I, 13+1 )=1.00 

11=1+1 
CONTINUE 
0031 I=l,N 
DO 31 J=1,N2 

IJ = 1+ (J -1) *N 
31 YR(IJ)=Y(I,J) 

C •••• CHANGE STEPSIZE 
C •••• 

35 IF(JNDIC.EQ.0.OR.LNDIC.EQ.2) GO TO 40 
IF(X.LT.XCHG(I2)-H/2.0) GO TO 40 
H=H*DINT(I2) 
12=12+1 
IF(I2.GT.JNDIC) XCHG(I2)=XL+H 
WRITE(NW,4500) X,H 

C •••• ASSIGN VALUES OF YR TO TEMPORARY STORAGE FOR PRINT OUT 
C 

40 IF(KNDIC.EQ.0.OR.LNDIC.EQ.2) GO TO 50 
IF(X.LT.XY(ISUB)-H/2.0) GO TO 50 
DO 45 I=1,N4 

45 PYY(I,ISUB)=YR(I) 
ISUB=ISUB+1 

C •••• IF X EXCEEDS XL TERMINATE INTEGRATION 
c •... 

50 IF(X.GT.XL-H/2.0) GO TO 60 
C CALL RUNGE TO INTEGRATE ACROSS NEXT STEP 
C 

IER=O 
IF(NTST.EQ.1)WRITE(NW,*)'ENT RUNG FROM COMP' 
CALL RUNGE(X,IER,N4) 
IF(IER.EQ.O) GO TO 35 
WRITE(NW,4400) X 
WRITE(NW,4350)(YR(I),I=1,N) 
GO TO 535 

60 CONTINUE 
C •••• SOLVE FOR BOUNDARY CONDITIONS 
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C 
IF(NTST.EQ.1)WRITE(NW,*)'ENT BCON FROM COMP' 
CALL BCON 
IF(LNDIC.EQ.2) RETURN 

C •.•. SOLVE FOR Y 
C 

C 
C 

C 
C 
C 
C 
C 

DO 75 K=l,KNDIC 
DO 70 I=l,N 
Y(I,K)=O.O 
DO 70 J=1,N2 
IJ=I+(J-1)*N 

70 Y(I,K)=PYY(IJ,K)*YR(J)+Y(I,K) 
75 CONTINUE 

535 RETURN 
4350 FORMAT(3X,'THE VALUE OF YR BEFORE REGISTER IS LOWERED IS:' 

1 / /(lH,6D14.6)) 
4400 FORMAT(3X,'EXPONENT OVERFLOW X=' ,014.6) 
4500 FORMAT(///3X,'AT X=',F12.4,3X, 

1 'THE STEPSIZE H WAS CHANGED TO' ,F12.4) 
END 

****************************************************************** 
SUBROUTINE HELP (R,FLAG) 
THIS SUBROUTINE LOADS EQUATIONS FOR SOLUTION OF DOUBLE TUBE SHEET 

THIS IS SUBROUTINE HELP 
FORMS MATRIX A + B 

NONDIMENSIONALIZED VERSION 

IMPLICIT DOUBLE PRECISION(A-I,K-Z) 
INTEGER FLAG,NR,NW,N,JNDIC,KNDIC 
INTEGER TRASH,NTST 
COMMON/MTINP/A(12,12),B(12),TRASH 
COMMON/COM6/JSKIP 
COMMON/DIM1/E1,E2,ET,H1,H2,B1,B2,C11,C12,C13,C21,C22,C23,I,S,GS1 
COMMON/DIM2/GS2,L,GM,LG 
COMMON/STORE/T1,T2,ALF1,ALF2,NU1,NU2,ETA1,ETA2,TG11, 

1TG22,L2,P,T,D,ARADI,P1,P2,P3,FN,BEGIN,ALFAT,ALFAS,TTUBE,TSHELL 
COMMON/PARAM/ XL,H,N,JNDIC,KNDIC,NR,NW 
COMMON/TEST/ NTST 

IF(NTST.EQ.1)WRITE(NW,*) FLAG 
C 
C SKIP READ DATA 
C 

IF (FLAG.GT.O) GO TO 1000 
C 
C DATA READ IN 

C 
8 FORMAT(8D12.5) 

1 FORMAT(8F10.0) 
READ(NR,*)H1,T1,ALFl,El,NU1,ETA1,TG11 
WRITE(NW,8)H1,T1,ALF1,E1,NU1,ETA1,TG11 
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c 
c 
C 
C 
C 

2 

READ(NR,*)H2,T2,ALF2,E2,NU2,ETA2,TG22 
WRITE(NW,8)H2,T2,ALF2,E2,NU2,ETA2,TG22 
FORMAT(6F10.3,F12.0) 
READ(NR,*) L, L2, S, P, T, D, ET 
WRITE(NW,2) L,L2,S,P,T,D,ET 

3 FORMAT(F10.3,3F10.1,F6.3,F6.3) 
READ(NR,*)ARADI,P1,P2,P3,FN 
WRITE(NW,3)ARADI,P1,P2,P3,FN 
READ(NR,*)ALFAT,ALFAS,TTUBE,TSHELL 
WRITE(NW,8)ALFAT,ALFAS,TTUBE,TSHELL 

6 FORMAT (110 ,F10.5) 
READ(NR,*) JSKIP ,BEGIN 
WRITE(NW,6) JSKIP ,BEGIN 
JSKIP UPPER BOUND FOR NUMBER OF MATRIX PRINTED 
BEGIN VALUE WHERE MATRIX FOR LARGE R VALUES ARE BEGUN 

READ OUT DATA 

10 FOR~iAT(lH1) 
WR ITE (NW ,10 ) 

11 FORMAT(llX,' INPUT DATA') 
WR ITE ( NW ,11 ) 

12 FORMAT('O','TUBE SHEET ONE:') 
WR ITE (NW , 12) 

13 FORMAT(' ',' E1=' ,FlO.0,3X,' NU1=' ,F5.3,3X,' THICKNESS=' ,F4.1 ,3X, 'T 
1 EMP . =' , F 5.1 ) 

WRITE(NW,13)El,NU1,H1,T1 
14 FORMAT(' ',' ETAl(=ES1/El)=',F7.4,3X,'THERMAL COEFF.='Fl1.8) 

WRITE(NW,14)ETAl,ALFl 
15 FORMAT('O' ,'TUBE SHEET TWO:') 

WR ITE ( NW , 15 ) 
16 FORMAT(' ',' E2=',FlO.0,3X,'NU2=',F5.3,3X,'THICKNESS=',F4.1,3X,'T 

1 EMP • =' , F 5.1 ) 
WRITE(NW,16)E2,NU2,H2,T2 

17 FORMAT(' ',' ETA2(=ES2/E2)=',F7.4,3X,'THERMAL COEFF.='Fl1.8) 
WRITE(NW,17)ETA2,ALF2 

18 FORMAT('O' ,'TUBES:') 
WRITE(NW,18) 

19 FORMAT(' ',' DISTANCE Ll=',F5.1,3X,'DISTANCE L2=',F5.1,3X,'DISTAN 
ICE S=' ,F5.1) 

WRITE(NW,19)L,L2,S 
20 FORMAT(' ',' PITCH=' ,F5.2,3X, 'THICKNESS=' ,F5.3,3X, 'DIAMETER=' ,F4. 

11,3X, 'ET=' ,FlO.O) 
WRITE(NW,20)P,T,D,ET 

WRITE(NW,*)' AXIAL THERMAL DATA' 
WRITE(NW,*)' ALFAT=' ,ALFAT,' ALFAS=' ,ALFAS,' TTUBE=' 

1,TTUBE,' TSHELL=' ,TSHELL 
21 FORMAT('O' ,'GENERAL:') 

WRITE(NW,21) , 
22 FORMAT(' ',' SHELL RADIUS=',F6.2,3X,'P1=',F6.1,3X,'P2=',F6.1,3X, 

1P3=' ,F6.1) 
WRITE(NW,22)ARADI,P1,P2,P3 
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23 FORMAT(' ',3X,'FN=',F6.3) 
WRITE(NW,23)FN 

24 FORMAT('O','MATRIX TERMS SHIFT AT R EQUALS' ,F8.5) 
WRITE(NW,24)BEGIN 

25 FORMAT(' 0') 
WRITE(NW,25) 

1000 CONTINUE 
C ASSIGN VALUES TO CONSTANT TERMS FROM INPUT DATA 
C 

PIE= 3.141592654 
NU=.30 
I=(D**4-(D-2.0*T)**4)*PIE/64 
G=ET/(2.0*(1.0+NU)) 
LG=8.0*ET/(G*(PIE*(D**2-(D-2.0*T)**2)))*I 
LM1=1.0-PIE*«D-2.0*T)**2)/«(P**2)*DSQRT(12.DO))) 
LM2=1.O-PIE*(D**2)/«P**2)*DSQRT(12.DO)) 
KS1=(E1*Hl)/(1.-NUl*NUl)*ETAl 
KS2=(E2*H2)/(1.-NU2*NU2)*ETA2 
C 11 =9. *FN/ 2. -12 • 
C12=3.*(FN/2.-l.)+Cl1*H2/(2.*S) 
C13=18./5.*(FN/2.-l.) 
C2l=3.*(FN/2.-1.) 
C22=FN/2.+C2l*H2/(2.*S) 
C23=.6*FN 

ATUBE=PIE*(D-T)*T 
AAA=P*P*DSIN(PIE/3.DO) 
Xl=ET*ATUBE/AAA 
XT=Xl*ALFAT*TTUBE 
XS=Xl*ALFAS*TSHELL 

GM=2.0*ET*I/(L**3+12.0*L*LG) 
GMA=GM 
GS1=El/(2.*(1.+NUl)) 
GS2=E2/(2.*(1.+NU2)) 
MS1=KSl*H1*TGll*(1.+NUl)*ALFl/12. 
MS2=KS2*H2*TG22*(1.+NU2)*ALF2/l2. 
NSl=KSl*ALFl*Tl*(l.+NUl) 
NS2=KS2*ALF2*T2*(1.+NU2) 
SQG=2./«DSQRT(3.DO))*P**2) 
Bl=PIE*T*(D-T)*ET/L 
B2=PIE*T*(D-T)*ET/L2 
PLl=Pl *LMI 
PUl=P2*LM2 
PL2=P2*LM2 
PU2=P3*LM2 
F=GM*SQG 
AR=ARADI 

C SET FLAGS FOR LATER ROUTINES 
FLAG=2 

C 
C REENTER AFTER SKIPPING READ & WRITE STATEMENTS 
C AND INITIALIZATION OF CONSTANT TERMS 
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C 
C BOMB STOP 1 

IF (FLAG.EQ.O) GO TO 6000 
DO 50 Jl=l,12 

C INITIALIZE ARRAY A & B 
B(Jl) =0.0 

C 
C 

DO 50 J2=l,12 
50 A(Jl,J2)=0.O 

C SKIP TERMS FOR R CLOSE TO ZERO 
C 

IF (R.GE.BEGIN) GO TO 2000 
C ****************************************************************** 
C MATRIX VALUES FOR R CLOSE TO ZERO 
C ****************************************************************** 

A(l,ll)=-AR*SQG*Bl/(2.*El) 
A(l,12)=AR*SQG*Bl*H2/(2.*Hl*El) 
A(2,ll)=AR*SQG*Bl*Hl/(2.*H2*E2) 
A(2,12)=-AR*(Bl+B2)/(2.*E2)*SQG 
A(3,7)=3.*AR*F/El 
A(3,8)=-3.*AR*F*H2/(El*Hl) 
A(3,9)=1.5*AR*F*(Hl+L)/(El*Hl) 
A(3,lO)=1.5*AR*F*(H2+L)/(El*Hl) 
A(4,7)=-3.*AR*F*Hl/(E2*H2) 
A(4,8)=1.5*SQG*AR/E2*2.*(ET*I*Cll/(3.*S*S*S)+GM) 
A(4,9)=-1.5*AR*F*(Hl+L)/(E2*H2) 
A(4,lO)=1.5*AR*SQG/(E2*H2)*(2.*ET*I*C12/(3.*S*S)-GM*(H2+L» 
A(5,7)=1.5*AR*F/El*(1.+L/Hl) 
A(5,8)=-1.5*AR*F*H2/(El*Hl)*(1.+L/Hl) 
A(5,9)=AR*F/(El*Hl)*(.75*(Hl+L)+(.75*L*Hl+L*L+3.*LG)/H1) 
A(5,lO)=AR*F/(El*Hl)*(.75*(H2+L)+(.75*L*H2+L*L-3.*LG)/HI) 
A(6,7)=1.5*AR*F*Hl/(E2*H2)*(1.+L/H2) 
A(6,8)=1.5*AR*SQG/E2*(ET*I*Cll/(3.*S*S*S)+2.*ET*I*C21/(3.*H2*S*S)-

1 GM*(1.+L/H2» 
A(6,9)=AR*F/(E2*H2)*(.75*(Hl+L)+(.75*L*Hl+.5*L*L-3.*LG)/H2) 
A(6,lO)=AR*SQG/(E2*H2)*(.75*GM*(H2+L)+ET*I*(C12/(2.*S*S)+C22/(H2* 

1 S»+GM/H2*(.75*L*H2+L*L+3.*LG» 
A(7,3)=AR*(1.-NUl)/(ETAl*Hl) 
A(8,4)=AR*(1.-NU2)/(ETA2*H2) 
A(9,5)=12.*AR*(1.-NUl)/(ETAl*Hl) 
A(10,6)=12.*AR*(1.-NU2)/(ETA2*H2) 
A(ll,9)=-AR/Hl 
A(12,lO)=-AR/H2 

C ***************************** 
B(1)=AR/(2.*Hl*El)*(PLl-PUl-XT) 
B(2)=AR/(2.*H2*E2)*(PL2-PU2+XS) 
B(7)=AR*NSl/(ETAl*Hl*Hl*El)*(1.-NUl) 
B(8)=AR*NS2/(ETA2*H2*H2*E2)*(1.-NU2) 
B(9)=12.*AR*MSl*(1.-NUl)/(ETAl*Hl*Hl*Hl*El) 
B(lO)=12.*AR*MS2*(1.-NU2)/(ETA2*H2*H2*H2*E2) 
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C 
C END MATRIX TERMS EXCLUSIVELY FOR R CLOSE TO ZERO 
C 
C ****************************************************************** 
C MATRIX TERMS FOR ANY R 
C ****************************************************************** 

C 

2000 CONTI NUE 
A(11,1)=-AR*E1*6./(5.*H1*GS1) 
A(ll ,9)=-AR/H1 
A(12,2)=-6.*AR*E2/(5.*H2*GS2) 
A(12,10)=-AR/H2 

C END OF COMMON TERMS 
C 

IF (R.LT.BEGIN) GO TO 3000 
C BOMB STOP 2 

IF (R.EQ.O.Dd) GO TO 6001 
C *********************************** 
C MATRIX TERMS FOR R MUCH > ZERO 
C *********************************** 

A(l,l)=-l./R 
A(1,11)=-AR*SQG*B1/E1 
A(1,12)=AR*H2*SQG*B1/(E1*H1) 
A(2,2)=-1./R 
A(2,11)=AR*HI*SQG*Bl/(E2*H2) 
A(2,12)=-AR*SQG*(BI+B2)/E2 
A(3,1)=18.*f*L*AR/(5.*GSI*HI) 
A(3,2)=18.*F*L*AR*E2/(5.*GS2*Hl*EI) 
A(3,3)=(NUI-I.)/R 
A(3,7)=ETAI*H1/(AR*R*R)+6.*AR*F/EI 
A(3,8)=-6.*AR*H2*F/(El*HI) 
A(3,9)=3.*AR*F*(H1+L)/(EI*H1) 
A(3,10)=3.*AR*F*(H2+L)/(E1*HI) 
A(4,1)=-18.*AR*F*L*El/(5.*GS1*H2*E2) 
A(4,2)=2.*ET*I*CI3*AR*SQG/(GS2*H2*S*S)-18.*AR*F*L/(GS2*H2*5.) 
A(4,4)=(NU2-1.)/R 
A(4,7)=-6.*AR*F*HI/(E2*H2) 
A(4,8)=6.*SQG*AR*(ET*I*CII/(3.*S*S*S)+GM)/E2+ETA2*H2/(AR*R*R) 
A(4,9)=-3.*AR*F*(HI+L)/(E2*H2) 
A(4,IO)=(2.*ET*I*CI2/(3.*S*S)-GM*(H2+L))*3.*AR*SQG/(E2*H2) 
A(5,1)=-AR/HI+9.*AR*L*F/(5.*GSl*H1)+12.*AR*F*L*L*(I.+3.*LG/(L*L))/ 

1(5.*H1*Hl*GS1) 
A(5,2)=9.*AR*L*F*E2*H2/(5.*GS2*H2*H1*E2)+6.*E2*AR*F*L*L*(I.-6.*LG 

I /(L*L))/(EI*H1*HI*GS2*5.) 
A(5,5)=(NU1-1.)/R 
A(5,7)=3.*AR*F*(I.+L/H1)/EI 
A(5,8)=-3.*AR*F*H2*(I.+L/H1)/(EI*HI) 
A(5,9)=ETAl*Hl/(12.*AR*R*R)+AR*F/(El*H1)*(1.5*(H1+L)+(1.5*L*HI+2. 

I *L*L+6.*LG)/Hl) 
A(5,10)=AR*F/(El*H1)*(1.5*(H2+L)+(1.5*L*H2+L*L-6.*LG)/HI) 
A(6,1)=6.*AR*F*(I.-6.*LG/(L*L))*EI*L*L/(5.*E2*H2*H2*GS1) 
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A(6,2)=-AR/H2+ET*I/(GS2*H2*H2)*(2.*AR*SQG*C23/S+SQG*AR*H2*C13/(S*S 
1 ))+12.*AR*F*L*L*(1.+3.*LG/(L*L))/(5.*GS2*H2*H2) 
A(6,6)=A(4,4) 
A(6,7)=3.*AR*F*H1*(1.+L/H2)/(E2*H2) 
A(6,8)=1.5*AR*SQG/E2*(2.*ET*I*C11/(3.*S*S*S)-2.*GM+2./H2*(ET*I*C21 

1 *2./(3.*S*S)-GM*L)) 
A(6,9)=AR*F/(E2*H2)*(1.5*(H1+L)+(1.5*H1*L+L*L-6.*LG)/H2) 
A(6,10)=AR*SQG*(1.5*GM*(H2+L)+ET*I*(2.*S/H2*C22+C12)/(S*S)+GM/H2* 

1 (1.5*L*H2+2.*L*L+6.*LG))/(E2*H2)+ETA2*H2/(12.*AR*R*R) 
A(7,3)=AR*(1.-NU1*NU1)/(ETA1*H1) 
A(7,7)=-NU1/R 
A(8,4)=AR*(1.-NU2*NU2)/(ETA2*H2) 
A(8,8)=-NU2/R 
A(9,5)=12.*AR*(1.-NU1*NU1)/(ETA1*H1) 
A(9,9)=A(7,7) 
A(10,6)=12.*AR*(1.-NU2*NU2)/(ETA2*H2) 
A(lO,10)=A(8,8) 

C *********************************** 

C 

C 

B(1)=AR*(PL1-PU1)/(E1*H1) 
B(2)=AR*(PL2-PU2)/(E2*H2) 
B(3)=NS1*(NU1-1.)/(R*E1*H1) 
B(4)=NS2*(NU2-1.)/(R*E2*H2) 
B(5)=MS1*(NU1-1.)/(R*E1*H1*H1) 
B(6)=MS2*(NU2-1.)/(R*E2*H2*H2) 
B(7)=AR*NS1/(H1*KS1) 
B(8)=AR*NS2/(H2*KS2) 
B(9)=12.*AR*MS1*(1.-NU1*NU1)/(ETA1*H1*H1*H1*E1) 
B(10)=12.*AR*MS2*(1.-NU2*NU2)/(ETA2*H2*H2*H2*E2) 

3000 CONTI NUE 
RETURN 

7000 FORMAT (lHO, , BOMB STOP 1 ') 
6000 WRITE!NW,7000) 

STOP 
7001 FORMAT (lHO,' BOMB STOP 2') 
6001 WRITE(NW,7001 ) 

STOP 
END 
SUBROUTINE RUNGE (X,IER,N) 

IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
DIMENSION PHI(84),SAVEY(84) 
COMMON/PARAM/ XL,H,NR,JNDIC,KNDIC,NRR,NW 
COMMON/COM1/ Y (84),F (84) 
COMMON/TEST/NTST 

IER1 = 0 
IF(NTST.EQ.1)WRITE(NW,*)'ENT FUN1 FROM RUNG' 

CALL FUNCT(X,lER1,N) 
IF(IER1.NE.0) GO TO 2500 
DO 22 J=l,N 
SAVEY(J) = Y(J) 
PHl(J) = F(J) 
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22 Y(J) = SAVEY(J) + H*F(J)/2.DO 
X = X+H/2.DO 

IF(NTST.EQ.l)WRITE(NW,*)'ENT FUN2 FROM RUNG' 
CALL FUNCT(X,IERl,N) 
IF(IERl.NE.O) GO TO 2500 
DO 33 J=l,N 
PHI(J) = PHI(J) + 2.DO*F(J) 

33 Y(J) = SAVEY(J) + H*F(J)/2.DO 
IERI = 0 
IF(NTST.EQ.l)WRITE(NW,*)'ENT FUN3 FROM RUNG' 

CALL FUNCT(X,IERl,N) 
IF(IERl.NE.O) GO TO 2500 
DO 44 J=l,N 
PHI(J) = PHI(J) + 2.DO*F(J) 

44 Y(J) = SAVEY(J) + H*F(J) 
X = X +H/2.DO 
IERl = 0 
IF(NTST.EQ.l)WRITE(NW,*)'ENT FUN4 FROM RUNG' 

CALL FUNCT(X,IERl,N) 
IF(IERl.NE.O) GO TO 2500 

DO 55 J=l,N 
55 Y(J)=SAVEY(J)+(PHI(J)+F(J))*H/6.DO 

RETURN 
2500 WRITE(NW,9000) IERI 
9000 FORMAT( , ERROR IN RUNGE. IERI = ',15) 

IER = 10 
RETURN 
END 

SUBROUTI NE BCON 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 

INTEGER BCN 
DIMENSION T(30,30) 
COMMON/PARAM/ XL,H,N,JNDIC,KNDIC,NR,NW 
COMMON/COMI/ YR(84),FR(84) 
COMMON/COM2/ BCN(12,2),BNA(6),BNB(6) 
COMMON/COM4/0MEGA,DET,LNDIC 
COMMON/TEST/NTST 
Nl=N/2 
N2=Nl+l 
N3=Nl**2 

C .•.. REARRANGE MATRIX 
C 

DO 30 I=l,N 
DO 30 J=l,N 

30 T(I,J)=O.DO 
Jl=l 
DO 55 I=l,Nl 
IF(BCN(I,2).NE.0) GO TO 35 
T (I , 1) = 1. DO 
IF(I.EQ.Nl) GO TO 35 
GO TO 55 

35 DO 45 J=Jl,Nl 
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IF(BCN(J+Nl,2).NE.0) GO TO 40 
T(l,J+Nl)=l.DO 
T(J+Nl,1)=1.DO 
GO TO 50 

40 T(J+Nl,J+Nl)=l.DO 
45 CONTINUE 
50 Jl=J+l 
55 CONTINUE 

DO 60 I=l,N 
DO 60 J=l,N2 
IJ=I+(J-l)*N 
FR(IJ)=O.O 
DO 60 K=l,N 
KJ=K+(J-l)*N 

60 FR(IJ)=T(I,K)*YR(KJ)+FR(IJ) 
C ••.. PARTITION MATRIX 
C 

DO 65 I=l,N3,Nl 
DO 65 J=l,Nl 
IJ=I+J-l 
IJl=IJ+I+N-l 

65 YR(IJ)=FR(IJl) 
DO 70 I=l,Nl 

70 FR(I)=BNB(I)-FR(I) 
IF(LNDIC.EQ.l) GO TO 80 
IF(NTST.EQ.l)WRITE(NW,*)'ENT MINV FROM BCON' 
CALL MINV(Nl,N3,DET) 
RETURN 

80 CONTINUE 

C 

IF(NTST.EQ.l)WRITE(NW,*)'ENT SIMQ FROM BCON' 
CALL SIMQ(Nl,KS) 
IF(KS.NE.O) GO TO 2600 
YR(l)=LO 
DO 85 I=l,Nl 

85 YR(I+l)=FR(I) 
RETURN 

2600 WRITE(NW,4200) KS 
4200 FORMAT(3X,'CALCULATION TERMINATED. KS=' ,15) 

RETURN 
END 
SUBROUTINE SIMQ(N,KS) 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 

DOUBLE PRECISION BIGA,TOL,A,B 
COMMON/COMl/ A (84),B (84) 

C FORWARD SOLUTION 
C 

TOL=O.DO 
KS=O 
JJ=-N 
DO 65 J=l,N 
JY=J+l 
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JJ=JJ+N+l 
BIGA=O.DO 
IT=JJ-J 
DO 30 I=J,N 

C 
C SEARCH FOR MAXIMUM COEFFICIENT IN COLUMN 
C 

C 

IJ=lT+I 
IF(DABS(BIGA)-DABS(A(IJ))) 20,30,30 

20 BIGA=A(IJ) 
IMAX=I 

30 CONTINUE 

C TEST FOR PIVOT LESS THAN TOLERANCE (SINGULAR MATRIX) 
C TEST FOR PIVOT LESS THAN TOLERANCE (SINGULAR MATRIX) 
C 

C 

IF(DABS(BIGA)-TOL) 35,35,40 
35 KS=l 

RETURN 

C INTERCHANGE ROWS IF NECESSARY 
C 

C 

40 Il=J+N*(J-2) 
IT=IMAX-J 
DO 50 K=J,N 
Il=Il+N 
I2=Il+IT 
SAVE=A( 11) 
A(Il)=A(I2) 
A(I2)=SAVE 

C DIVIDE EQUATION BY LEADING COEFFICIENT 
C 

50 A(Il)=A(Il)/BIGA 
SAVE=B(IfvlAX) 
B(IMAX)=B(J) 
B(J)=SAVE/BIGA 

C ELIMINATE NEXT VARIABLE 
C 

C 

IF(J-N) 55,70,55 
55 IQS=N*(J-l) 

DO 65 IX=JY,N 
IXJ=IQS+IX 
IT=J-IX 
DO 60 JX=JY,N 
IXJX=N*(JX-l)+IX 
JJX=IXJX+IT 

60 A(IXJX)=A(IXJX)-(A(IXJ)*A(JJX)) 
65 B(IX)=B(IX)-(B(J)*A(IXJ)) 

C BACK SOLUTION 

283 



284 Mechanical Design of Heat Exchangers 

C 
70 NY=N-l 

IF(NY.EQ.O) GO TO 81 
IT=N*N 
DO 80 J=I,NY 
IA=IT-J 
IB=N-J 
IC=N 
DO 80 K=I,J 
B(IB)=B(IB)-A(IA)*B(IC) 
IA=IA-N 

80 IC=IC-l 
81 CONTINUE 

RETURN 
END 

SUBROUTINE FUNCT(X,IER,N) 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 

COMMON/PARAM/ XL,H,NR,JNDIC,KNDIt,NRR,NW 
COMMON/MTINP/ A(12,12),B(12),INDIC 
COMMON/COMI/ Y (84),F (84) 
COMMON/COM4/0MEGA,DET,LNDIC 

COMMON/COM5/FLAG 
COMMON/COM6/JSKIP 

COMMON/TEST/NTST 
INTEGER FLAG 

DATA M/O/ 
DATA XS/1234569.DO/ 

M=M+l 
N2=NR/2+1 

C .••. GUARD AGAINST OVERFLOW 
C 

IER=O 
DO 3I=I,N 

IF(DABS(Y(I)).GE.I0.D70) GO TO 9050 
3 CONTINUE 

GO TO (25,5,10,20),INDIC 
5 CONTINUE 

C •••• INSERT EXPRESSIONS FOR VARIABLE ELEMENTS OF 
C •••• LOAD VECTOR B 

GO TO 25 
10 CONTINUE 

C •••• INSERT EXPRESSIONS FOR VARIABLE ELEMENTS OF 
C •••• MATRIX A 

GO TO 25 
20 CONTINUE 

C •••• INSERT EXPRESSIONS FOR VARIABLE ELEMENTS OF 
C •••• MATRIX A AND LOAD VECTOR B 
C 

IF(NTST.EQ.l)WRITE(NW,*)'ENi HELP FROM FUNC ' 
CALL HELP (X,FLAG) 
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C 
25 IF(M.GT.JSKIP) GO TO 38 

IF(XS.EQ.X) GO TO 38 
C ..•• PRINT OUT A AND B MATRICES 
C •••• 

GO TO (26,27),LNDIC 
26 WRITE(NW,7000) X 

WRlTE(NW,7005) 
GO TO 28 

27 WRITE(NW,700l) 
28 Kl=l 

K2=12 
29 IF(K2.GE.NR) K2=NR 

DO 30 I=l,NR 
30 WRITE(NW,7002)(A(I,J),J=Kl,K2) 

IF(K2.EQ.NR) GO TO 35 
Kl=K2+l 
K2=K2+12 
WRITE (NW, 7003) 
GO TO 29 

35 CONTINUE 
IF(LNDIC.EQ.2) GO TO 38 
WR ITE (NW , 7003) 
WRITE(NW,7004)(B(I),I=1,NR) 
WR ITE (NW , 7003 ) 

38 CONTINUE 
XS=X 

DO 45 I=l,NR 
DO 40 J=1,N2 
IJ=I +(J-l )*NR 
F(IJ)=O.O 
DO 40 K=l,NR 
KJ=K+(J-l )*NR 

40 F(IJ)=A(I,K)*Y(KJ)+F(IJ) 
45 F(I)=F(I)+B(I) 

RETURN 
9050 IER=l 

RETURN 

285 

7000 FORMAT(lH,////,30X,'STATIC SOLUTION' ,////,20X,'THE INPUT MATRICES 
$ A AND B ARE FOR X EQUALS' ,FlO.5 ) 

7001 FORMAT(lH,////30X,'NATURAL FREQUENCY ANALYSIS' ,////,30X,'THE 
1 INPUT MATRIX A IS:') 

7002 FORMAT(lX,12D9.2) 
7003 FORMAT(lH,////) 
7004 FORMAT(30X,D12.6) 

7005 FORMAT(lHO) 

C 

END 
SUBROUTINE-MINV(N,Nl,D) 

IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
DIMENSION L(30),M(30) 
COMMON/COMl/A(84),B(84) 
COMMON/PARAM/ XL,H,NR,JNDIC,KNDIC,NRR,NW 
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0=1.0 
NK=-N 
DO 80 K=l,N 
NK=NK+N 
L(K)=K 
M(K)=K 
KK=NK+K 
BIGA=A(KK) 
DO 20 J=K,N 
lZ=N*(J-1) 
DO 20 I=K,N 
IJ=IZ+I 

Mechanical Design of Heat Exchangers 

10 IF(OABS(BIGA)-OABS(A(IJ))) 15,20,20 
15 BIGA=A(IJ) 

L(K)=I 
M(K)=J 

20 CONTINUE 
J=L(K) 
IF(J-K) 35,35,25 

25 KI=K-N 
DO 30 I=l,N 
KI=Kl+N 
HOLO=-A(KI) 
JI=KI-K+J 
A(KI )=A(JI) 

30 A(JI) =HOLO 
35 I=M(K) 

IF(I-K) 45,45,38 
38 JP=N*(I-1) 

DO 40 J=l,N 
JK=NK+J 
JI=JP+J 
HOLO=-A(JK) 
A(JK)=A(JI) 

40 A(JI) =HOLO 
45 IF(BIGA) 48,46,48 
46 0=0.0 

WRITE(NW,5000) 0 
5000 FORMAT(III,'MATRIX IS SINGULAR 0=',F14.6) 

RETURN 
48 DO 55 I=l,N 

IF(I-K) 50,55,50 
50 IK=NK+l 

A(IK)=A(IK)/(-BIGA) 
55 CONTINUE 

DO 65 I=l,N 
I K=NK+ I 
HOLO=A(lK) 
IJ=I-N 
DO 65 J=l,N 
IJ=IJ+N 
IF(l-K) 60,65,60 
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60 IF(J-K) 62,65,62 
62 KJ=IJ-I+K 

A(IJ)=HOLD*A(KJ)+A(IJ) 
65 CONTINUE 

KJ=K-N 
DO 75 J=l,N 
KJ=KJ+N 
IF(J-K) 70,75,70 

70 A(KJ)=A(KJ)/BIGA 
75 CONTINUE 

D=D*BIGA 
A(KK)=1.0/BIGA 

80 CONTINUE 
K=N 

100 K=(K-1) 
IF(K) 150,150,105 

105 I=L(K) 
IF(I-K) 120,120,108 

108 JQ=N*(K-1) 
JR=N*(I-1) 
DO 110 J=l,N 
JK=JQ+J 
HOLD=A(JK) 
JI=JR+J 
A(JK)=-A(JI) 

110 A( J 1) =HOLD 
120 J=M(K) 

IF(J-K) 100,100,125 
125 KI=K-N 

DO 130 I=l,N 
KI=KI+N 
HOLD=A(KI) 
JI=KI-K+J 
A(KI )=-A(JI) 

130 A(JI) =HOLD 
GO TO 100 

150 CONTI NUE 
RETURN 
END 
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6. JOINTS FOR HIGH PRESSURE CLOSURES 

6.1 INTRODUCTION AND STANDARD INDUSTRY DESIGNS 

In the preceding three chapters we studied the characteristics of bolted 
joints where the axial separating force due to internal pressure is coun­
teracted by preloading the bolts. The bolts must have sufficient "pull" to 
oppose the axial pressure load, and to provide sufficient residual pressure 
on the gasket to effect the seal. Such bolted joints find wide use in the 
pressure vessel industry from low pressure to medium pressure applications. 
Since the thickness of the flat cover increases directly in proportion to the 
prodl,lct of the shell diameter and the square root of the pressure, bolted 
flange closures become quite heavy and unwieldy as the pressure and 
diameter of the vessel increase. The number and diameter of bolts required 
to provide the necessary preload (Section 3.7) may exceed what can be 
arranged on the minimum circumferential pitch (set to accommodate a box 
wrench) on the bolt circle. This may necessitate two bolt circles, increased 
moment arms, and therefore, even heavier designs. It may be advisable, 
therefore, to explore "boltless" flange designs whenever the 
pressure/ diameter combination is such that the shell thickness exceeds 1.5" . 

"Boltless" flanges· can be divided into two broad categories, namely (i) 
axially locked design; and (ii), pressure actuated design. A brief description 
of the two categories follows. 

i. Axially Locked Design 

In this design, the pressure load is resisted by a suitable means and the 
gasket is loaded by a set of bolts which do not participate in opposing the 
axial header load. Numerous means to contain the axial header load are 
reported in the literature [6.1.1]. We discuss in the following a few devices 
which have proven records of success. 

Threaded Joint 

In this construction, the cover (often referred to as the "plug" in high 
pressure sealing technology) has helical threads, usually of a buttress type, 
which engage matching female threads in the shell. Figure 6.1.1 shows a 
typical threaded joint of this type. This joint is occasionally referred to as 

"This term will be employed to indicate the family of flange designs wherein the pressure 
load is not resisted by the bolts. 
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SHELL 

STUD CIRCLE 

FLAT COVER 

VESSEL AXIS 

-_.-.---------1 ~----
Fig. 6.1.1. Casale joint. 

the Casale Joint. Figure 6.1.2 shows a Casale Joint used in connecting two 
courses of a shell. Figure 6.1.3 shows yet another arrangement where the 
threads are protected from direct contact with the contained fluid by 
utilizing an intermediate threaded barrel. 

Figure 6.1.4 shows a double Casale joint wherein two bolt lines compress 
the gasket symmetrically. The chief demerit of the Casale Joint lies in the 
accuracy required in the machining operation to match the threads on the 
mating pieces. This deficiency is removed in the so-called Bredtschneider 
type closure, which employs shear blocks to carry the axial load. --------y-_._.-

AXIS OF THE VESSEL 

DELTA GASKET 

INSIDESURFACEOF 
ABUTTING SHELLS 

GASKET SEATING RING 

Fig. 6.1.2. Casale joint connecting two shell courses. 
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GASKET lOADER BOLT 

COMPRESSION --+--­
WEDGE RING 

[AXIS OF THE VESSEL 
--------- -----------

Fig. 6.1.3. Casale joint with intermediate barrel. 
SHELL 

GASKET 

~~-COVER 

GASKET lOADER STUD 

rVESSEl CENTERLINE 
-tJ--------------

Fig. 6.1.4. Double Casale joint. 

Bredtschneider Closure 

This type of closure employs shear blocks to resist the header load. Figure 
6.1.5 shows this closure with a delta sealing ring. The shear blocks are in the 
form of segmented rings which are held in place by the "backing" or 
"positioner" ring. Stevens-Guille, et al. [6.1.2] report successful ap-
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f COVER 

I 
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POSITIONER RING 

BLOCK 

~~~~7/7JGASKET SEATING BOLT 

MACHINED 
GROOVE 

t~~h7::1- PLUNGER RING 

GASKET 

~VESSEL AXIS 

I 
i 

Fig. 6.1.5. Shear block. 

plication of this closure in high pressure ammonia heat exchangers (internal 
pressure = 5200 Ib/sq. in.) using BS1503-161 Grade 28A (similar to ASTM­
A181 Grade 1) fully annealed gasket material. A more expensive variation 
of the shear block concept is the so-called breech block design, shown in 
Fig. 6.1.6. The plug is inserted through the matching slots into the barrel 
ring, and then turned to lock it in place. 

Shear Stud Closure 

Figure 6.1.7 shows the cross section of a shear stud closure with an O-ring 
gasket. This design has the advantage of minimizing the end moment on the 
shell barrel. The number, length, and diameter of the studs can be selected 
to resist the header load without overstressing the studs. We note that if we 
imagine the number of studs to increase indefinitely until the threads of 
adjacent studs make contact, then the shear strength of this design will 
approach that of the threaded closure discussed before. Stud diameters in 
the range of 1 to 2 112" are usually used. The length-to-diameter ratio in the 
range of 4 to 5 presents no problem when tapping the holes. 

Shear Pin Design 

In this construction, blind circular holes, making an angle with the 
generatrix of the cylinder holes, are drilled through the barrel-cover 
assembly (Fig. 6.1.8). The holes may be oriented into the plane that is radial 
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DIAPHRAGM GASKET 

A 

SHELL 

SECTION A A 

Fig. 6.1.6. Breech block. 

SHEAR STUDS 

h-.'"""*'...........,....,.....,.l-B,,..,...,~ SHEAR STUDS TO JOIN 
THE TWO SHELL LAYERS 

t--VESSEL AXIS 

I '----TWO LAYER SHELL 

Fig. 6.1.7. Shear stud. 
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(Fig. 6.1.8a) or into the plane that is tangential (Fig. 6.1.8b) to the cylinder 
surface. Close fitting, but not precision fitting, shear pins are dropped into 
these holes. The obliqueness of the pin axis with respect to the shell axis 
imparts the required axial load bearing ability to the shear pins. As pointed 
out by Jorgensen [6.1.1], it is preferable to rotate the pins in the tangential 
plane, since orienting the pins into the radial plane reduces the available pin 
cross-sectional area in shear. It is recognized that orienting all pins iden­
tically would cause a net reactive moment on the plug and the shell. This can 
be avoided by arranging the pins in groups with the alternate groups in 
mirror image directions to each other. Figures 6.1.8c and 6.1.8d show the 
developed layout of two possible arrangements. 

R 

(8) (b) 

~.\\~ HUUUUMI 
(e) 

(d) 

Fig. 6.1.8. Shear pin design. 

Shear Band Design 

Sprockets cut out in the outer rim of the plug fit into corresponding slots 
in the shell barrel. The assembly is restrained from relative axial movement 
by rectangular cross section bars placed in circumferential grooves cut out 
on the barrel-plug assembly. Figure 6.1.9 shows the essential details of this 
construction. 

Yoke Ring 

Figure 6.1.10 shows two pipe ends joined and sealed using two yoke 
rings. The ends of the pipe have machined hubs which are clamped together 
using the segmental "yoke" rings. This concept has been widely utilized in 
piping joints and in small diameter heat exchangers for high pressure 
service. References [6.1.3-4] give the details of one such patent employing 
this concept. 
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(a) COVER WITH SPROCKET 

(b) CYLINDER WITH SPROCKET 

RETAINERl!:COVER 
BARS 

SHELL 

(c) CROSS-SECTIONAL VIEW 

Fig. 6.1.9. Shear band design. 
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The above description of restraining devices is by no means all inclusive. 
Numerous other designs evolved by skillful engineers and successfully put in 
practice have never been published in the open literature and therefore 
remain unrecorded_ References (6.1.6-lO) describe other closure devices 
which are not discussed here for lack of space. Undoubtedly, many more 
will be devised in the future. 

ii. Pressure Actuated Closure 

Pressure actuated joints are truly boltless joints. The underlying concept 
of this class of closures is often referred to as the "unsupported area 
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CROSS SECTION LONGITUDINAL VIEW 

r----- O-RING GASKET 

YOKE JOINT DET. 

Fig. 6.1.10. Yoke type joint (U.S. Patent No. 3077360). 

principle" widely attributed to P. W. Bridgeman [6.1.4]. Figure 6.1.11 
illustrates an application of this concept [6.1.5]. An endless elastic ring is 
forced into the circumferential groove. To accomplish this fit-up operation, 
the elastic ring is equipped with a diametral rod containing a turnbuckle. 
Using the turnbuckle the ring is deformed into an oval shape. The initial 
deformation is carefully controlled such that a permanent set in the ring 

ELASTIC RING 

DIAMETRAL ROD 

,CENTERLINE OF VESSEL 

----.J-.------.----
Fig. 6.1.11. Rectangular seal ring closure. 
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does not occur. The ring is inserted into the groove in the manner of Fig. 
6.1.12. The seal ring is made of a machinable material which can withstand 
the axial thrust of pressure load without failing. Referring to Fig. 6.1.11, 
the compressive bearing stress, (J, on the seal ring is obtained from con­
sideration of equilibrium. 

D2p 
(J= ; D' = cover diameter (6.1.1) 

4(D'-w)w 
The most desirable value of (J can be set by selecting the appropriate value 

of w. Anderson [6.1.5] reports excellent results with joints of this type. 
Another joint, based on the Bridgeman principle, utilizes a wedge-shaped 
seal ring. This joint is described in the next section, wherein mathematical 
formulas to size its components are also derived. 

TURNBUCKLE 

(a) - UNDEFORMED RING (b)-DEFORMED RING 

(C)-INSERTION MANEUVER (d)-INSERTED RING 

Fig. 6.1.12. Seal ring insertion procedure. 

6.2 WEDGE SEAL RING CLOSURE 

6.2.1 Joint Description 

Figure 6.2.1 shows a schematic outline of this type of closure. The joint 
consists of five principal parts, namely: (i), the shell, which contains a 
circumferential slot machined near its end; (ii), the cover, which resists the 
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pressure loading in the manner of a laterally loaded flat circular plate; (iii), 
the retainer shoe, which is a segmented split ring made to fit in the cir­
cumferential slot in the shell; (iv), a solid follower ring; and (v), the five­
sided seal ring. The element numbers shown on Fig. 6.2.1 refer to our 
analysis to be discussed shortly. 

( ELEMENT No.2 ELEMENT No. 4~ 

~ELEMENT N'.3 _ 

• i SHELL \ r Tr:AlRtNG 1 
I FOLLOWER) I -- COVER I 

RING 

RETAINER SHOE 
(ELEMENT No.1) 

Fig. 6.2.1. Wedge seal ring closure. 

It is clear that the retainer shoe can not be installed into the shell slot 
unless it is made into segments. The number of segments should be 
minimized so that the reduction in the strength of the ring is kept to the 
minimum. Figure 6.2.2 shows the segmenting pattern which produces three 
segments. These three segments, when assembled, add up to a complete 
circular ring. We note that the chord of largest segment, D*, should be less 
than the shell barrel opening diameter, D 1 , to permit its installation in the 

Fig. 6.2.2. Segmenting scheme. 
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slot. The retainer shoe should fit in the slot with minimal clearance in the 
longitudinal direction (less than 1116"). It should project inwards suf­
ficiently to provide adequate bearing surface for the follower ring. 

The follower is a solid ring which slides into the inside diameter of the 
shell barrel with a small radial clearance (1/32"). The seal ring is of the 
general shape shown in Fig. 6.2.3. The two surfaces which produce the seal 
are shown as darkened lines in Fig. 6.2.3. The seal surfaces should be 
machined to a minimum of 32AA finish. The geometric dimensions d] , d2 , 

e, and radial clearance E, are important design parameters which can be 
varied to obtain the most optimum ring cross section for a particular 
condition of service. The dimensions d3 and d4 are relatively unimportant. 
Typically, they are set in the range of 3/16" to 114" . 

The cover is machined such that the seal ring's inclined face can ride on 
its machined surface in conformal contact. Upon application of internal 
pressure, the cover experiences an axial force Fax equal to: 

7r 2 
Fax=4Dp (6.2.1) 

This force tends to push the seal ring up the inclined machined surface on 
the cover. If Fax is sufficiently large, then the seal ring expands to overcome 
the radial clearance E, and develops a contact force R2 with the channel 
inside surface. The seal ring dimensions should be selected in such a manner 
that the hoop stress in the ring does not exceed the yield point of the ring 
material under this forced expansion while the surface pressures on the two 
bearing surfaces reach values of 60 to 800/0 of the material yield point. The 
seal ring material should be softer than the shell and cover materials and 
should be metallurgically compatible with them. Materials which tend to 
bind or gall each other when subjected to normal pressure should not be 
used. Finally, the angle e should be selected in such a manner that the seal 
ring develops an (axial) repUlsive force with respect to the cover when the 
joint is depressurized. Indeed, ease of disassembly is a very important 

J.i.2 R2 
~--=-==-~~===.~-,-
14---- d2 -----<~ d4 

-L 
F ----I 

TOT 

~\ 

Fig. 6.2.3. Freebody of seal ring. 



300 Mechanical Design of Heat Exchangers 

consideration in pressure actuated closures. The pressure vessel industry 
abounds in examples of joints that produce successful seal under pressure 
but are difficult to disassemble. 

6.2.2 Analysis of Sealing Action 

Although the actual stress field in the seal ring is quite complicated, the 
net reactions Rl and R2 (Fig. 6.2.3) can be computed using a strength-of­
materials approach, as described below. 

For purposes of analysis, the seal ring is modelled as a thin elastic ring 
subject to a net radially outward force due to its contact with the two rigid 
surfaces (the shell on the outside and the cover on the inside). Figure 6.2.3 
shows the freebody diagram of the ring. Change of shape of the cross 
section is neglected in the analysis. J-I-l R 1 is the friction force between the 
cover and the seal ring which opposes the axial movement of the cover. 
J-I-2R2 is the friction force between the shell and the seal ring which opposes 
the axial movement of the seal ring with respect to the channel. * It is noted 
that J-I-2R2 will be zero if the retainer shoe-follower ring assembly is assumed 
to be rigid (so that no movement of the seal ring relative to the channel can 
occur). It will be shown that setting J-I-2 = 0 leads to conservative results. 
Axial equilibrium of the cover itself yields: 

or 
Fax =R1 sinO+ J-I-IRI cosO 

Fax 
R 1 = ----­

sinO + J-I-l cosO 
Axial force equilibrium of the seal ring (Fig. 6.2.3) yields: 

FTOT=Rl sinO+J-I-1R1 COSO-J-I-2R2 
Substituting for Rl from Eq. (6.2.2) we have: 

(6.2.2) 

(6.2.3) 

F TOT = Fax - J-I-2R2 (6.2.4) 
Thus the axial force per unit circumference on the follower ring is F = 
FTOT /27rr. F is maximum if J-I-2 =0. The net radial force P per unit cir­
cumference (positive if radially outwards), acting on the seal ring is given 
by: 

Rl cosO-J-I-1R1 sinO-R2 
P= ---------

27rr 
(6.2.5) 

where r is the mean radius of the seal ring. 
If E is the initial diametral gap between the seal ring and the channel, then 

the radial force P is given in terms of E by the thin ring relationship 
2Pr 

E = -- (6.2.6) 
AE 

~e term "channel" and "shell" are used interchangeably here to denote the cylindrical 
pressure vessel. 
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From Eqs. (6.2.5)-(6.2.6) we have: 
'/rAE€: 

R2 =RI (COSO-ILl sinO) - -- (6.2.7) 
r 

Thus both R I and R2 are determined in terms of the known quantities Fax 
and€:. 

The design objective is to ensure that the average surface pressures 
corresponding to the normal surface forces R I and R2 are in the range of 60 
to 80010 of the yield strength of the seal ring material. It is recognized that 
two assumptions mentioned in the foregoing introduce compensating errors 
in the predicted values of R I and R 2 • Neglecting the elasticity of the cover 
and the shell will tend to overpredict these reactions. On the other hand, 
neglecting the axial expansion of the ring cross section due to its axial 
compression will tend to underpredict R I and R 2 • Despite its simplified 
approach, this analysis has been found to be adequate for practical design 
work. 

6.2.3 Disassembly Analysis 

As stated before, the ring dimensions, especially the angle 0, should be 
proportioned such that the ring is pushed along the cover when the joint is 
depressurized. This requires that the axial component of RI should exceed 
the axial component of the surface friction forces; i.e. 

RI sinO> ILIRI cosO (6.2.8) 
which gives: 

tanO > ILl 
6.2.4 Sizing the Retainer Shoe 

(6.2.9) 

An approximate solution for the stress levels in the retainer shoe 
(segmented ring) and in the shell is obtained by analyzing the load transfer 
using the classical strength-of-materials relations. For this purpose, the 
loaded region is sub-divided into four elements as shown in Fig. 6.2.4. The 
axial header force F, calculated from Eq. (6.2.4), is transmitted through the 
follower ring to the retainer shoe which causes the segmented ring to rotate 
and establish contact loads F2 and FI with elements 2 and 4, respectively. 
We assume that sufficient radial clearance between the shoe and element 3 
exists to preclude contact between them. Figure 6.2.4 shows the freebody 
diagram for the four elements. Moment Mij and shear Qij denote the 
discontinuity resultants between elements i and j. Due to rotation of 
element 1, the line load of application of F will move outwards. However, 
for conservatism in the analysis, it is assumed to be applied at the mid­
surface circle of the follower ring. Elements 1, 2 and 3 are modelled by ring 
theory equations (Ref. Section 3.9), and element 4 is modelled as an 
axisymmetrically end loaded thin circular shell. Let ai, ti and hi denote the 
mean radius, thickness (axial dimension) and width of the ring element i, 
respectively. By inspection of the freebody diagrams of the three elements 
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we can write the expressions for the net moment M; about the central plane 
and the net radial force Q; for each element i in Fig. 6.2.4. 

MI =Frl +F2 r2 -FI r3 

QI =0 
t2 

M2 = -M23 +Q23 2 +F2(r4 +rs) 

Q2 = -Q23 
t3 t3 

M3 = M 23 - M34 + Q23 2 + Q34 2 
Q3 =Q23 - Q34 

(6.2.10) 

Similarly, the moment M4 about the mid-surface of element 4 and the net 
radial shear per unit of circumference are given as 

M4 =M34 -F2 r7 -FI r6; Q4 = Q34 
In the above equations, positive moments are those which turn the ring 
section clockwise in the plane of the paper, and positive radial force in­
creases the ring diameter. In the above, we have assumed that all moment 
and force resultants are referenced to the appropriate ring radius a;. That is, 
terms of order ria are neglected in comparison with unity. 

Referring to Section 3.9, rotation ();, of ring i, is given by: 

x·M.a2 (). = I I I = (){; M; 
'EI; 

x; ai 2 
(){.=--
'EI; 

(6.2.11) 

(6.2.12) 

where Xi is a factor which accounts for the weakening effect of the 
segmenting (Xi = 1 for elements 2 and 3). 

Similarly, the radial displacement 0; of the centerline of ring i due to Q; is 
given by: 

where: 

Q; a;2 

0; = h. f. E ='Y; Q; 
I I 

a 2 
I 

'Y; = hIE 
I I 

(6.2.13) 

(6.2.14) 

Finally, thin shell theory gives the rotation ()4 and displacement 04 for the 
point B on element 4 (see Appendix A). 

1 
84 = -2- [21JM4 +Q4] 

21J D 

1 
04 = -3- [IJM4 + Q4] 

21J D 

(a) 

(6.2.15) 

(b) 
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where 

= [3(1-,})J)/4 . D= Eh/ 
(3 a/ h/ ' 12(1- p2) (c) 
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Matching displacements and rotations at points A and B gives 4 linear 
algebraic equations. If we assume that the segmented ring has to rotate by 
(}o before establishing contact with elements 2 and 4, then rotational con­
tinuity requires: 

(6.2.16) 
where (}o is dependent on the gap in the axial direction between the shoe and 
the groove; that is, (}o is calculated from the geometry of the joint. 

A sixth equation follows from axial equilibrium of element 1: 
(a) +r2)F2 -(a) +r3)F) =(a) -rdF (6.2.17) 

r--E-L-EM-E-NT-2--' M 23 ELEMENT 3 

--+-=-+-1-+_ -+--I---+A - -{- - ~+--l--t- -t-l'--t=--'.:-

ELEMENT I 

--¢---

Fig. 6.2.4. Freebody diagram of shell shoe assembly. 

Thus six simultaneous algebraic equations in six unknowns, M 23 , Q23, M 34 , 
Q34, F) , F2 are set up which can be solved using a standard linear equation 
solver subroutine. The matrix equation is written in the standard form [A] 
{x} = {f} with {x} T = L M 23 , Q23, M 34 , Q34, F) , F2 J . Coefficients of the 
non-zero terms of the [A] matrix and {f} vector are listed below for 
reference. 

-t 0!2 
A(I,2)=---}-

A(1 ,6) = - [O!) r2 - 0!2 (r4 + rs)] 

A(2,2) = 0!3 t3 ; 0!2 t2 

A(2,4) = 0!~t3 
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t 2 2 
A(3 2) - _ a2 2 a3 t3 

, - 1'2 - 1'3 - -- - -- . 
44' 

A(3,3) = a~t3 

A(4,1) = a3; 

A(4,3) = - (a3 + (3~); 

r6 
A(45)=-· , {3D' 

-at A(5 1) = __ 3_3 . 
, 2' 

r6 
A(5,5) = 2{32 D ; 

A(6,5) = - (al + r3); 

f(1)= -al r l F+(Jo; 

A(4,2) = a3 t3 
2 

[ a3t3 1] A(44)= ---
, 2 2{32D 

A(4,6) = 2 
(3D 

[ a 3 t/ 1 ] A(5,4) = - -- +1'3 + -3-
4 2{3 D 

r7 
A(5,6) = 2{32 D 

A(6,6) = (al + r2 ) 

f(6) = (al - rl)F 

Having determined the ring moments, the corresponding ring stresses are 
calculated using the formulas given in Section 3.9. Since this analysis is for a 
rather specialized closure, we leave it to the interested reader to computerize 
the calculation and design procedure. 

NOMENCLATURE 

A Cross-sectional area of the seal ring (Fig. 6.2.3) 
ai Mid-surface radius of element i (Fig. 6.2.4) 
D Flexural rigidity of the channel barrel (Section 6.2.4) 

D I Outer diameter of the cover in Fig. 6.1.11 
FAxial force per unit circumference on the seal ring 

Fax Total axial force on the cover due to internal pressure 
FTOT Total axial force on the follower ring due to pressure 

FI Contact force per unit circumference between elements 1 
and 4 in Fig. 6.2.4 

F2 Contact force per unit circumference between elements 1 
and 2 in Fig. 6.2.4 
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M; 

Mij 

Q; 
Qij 

r 

(X; 

(3 
e 

(); 

IL; 

= 

Moments per unit circumference about mid-plane of ring 
element i 
Interface discontinuity moment per unit circumference 
between element i and elementj 
Radial force per unit circumference in ring element i 
Radial discontinuity shear per unit circumference between 
elements i andj 
mean radius of the contact annulus between the follower 
ring and the seal ring 
Radial dimensions (Fig. 6.2.4) 

= Total reaction force on the seal ring/cover interface (Fig. 
6.2.3) 

= 

Total reaction force on the seal ring-shell interface (Fig. 
6.2.3) 
Rotation coefficient for ring element i (Eq. 6.2.12) 
Attentuation coefficients of channel barrel 
Initial diametral gap (Eq. 6.2.6) 
Rotation of ring element i (Eq. 6.2.11) 
Coefficient of static friction between seal ring and 
channel/cover (Fig. 6.2.3) 

p = Poisson ratio of channel material 
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7 TUBE-TO-TUBESHEET JOINTS 

7.1 JOINT TYPES 

A variety of methods are used for making the joint between the tubesheet 
and the tubes. The joining technique must lend itself to mass production 
and to uniformity of quality. The most common attachment techniques are: 

(i) Roller expansion 
(ii) Hydraulic expansion 
(iii) Impact welding 
(iv) Edge welding 
(v) Butt welding 

Of the above, roller expanding is by far the most common. Frequently, 
one or more of the joining methods are used together to improve joint 
reliability. For example, edge welding (iv) is frequently used in conjunction 
with roller or hydraulic expansion. 

The importance of a sound tube-to-tubesheet joint cannot be overem­
phasized. However, strength requirements of the joint depend on the 
operating condition and the exchanger style. It is obvious that tube joints in 
fixed tubesheet heat exchangers without expansion joints are subject to 
much greater axial load than those containing a shell expansion joint; 
therefore, with identical operating conditions, the axial pull in the tubes of a 
U-tube or floating head exchanger is likely to be much smaller than that in a 
fixed tubesheet construction. The leak-tightness requirements are also 
service dependent. Whereas a relatively large amount of leak would be 
tolerated in a recuperator or regenerative heat exchanger (identical fluid 
media inside and outside tubes), even minute leak rates may be unac­
ceptable in heat exchangers where the two heat exchanging fluids form an 
explosive mixture. Joint leakage can have profound effects on the entire 
process system. For example, in-leakage of raw circulating water into the 
steam cycle at the condenser tube-to-tubesheet joint has been a vexing 
problem affecting operational reliability of power plants [7.1.1]. A brief 
description of the aforementioned joining techniques is presented, followed 
by a simplified procedure for estimating joint strength. A method for 
evaluating the joint temperature under operating conditions is also 
described. 

7.2 EXPANDING METHODS 

Commercial tubes have a certain, though small, diametral and ovality 
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tolerance. Drilled and reamed holes in the tube sheets also have a certain 
scatter in their finished diameter. According to TEMA [7.2.1], 96070 of all 
tube holes for 1" diameter tubes can be in the 1.008" to 1.014" diameter 
range. The materials section of the ASME codes specifies that the outer 
diameter of one inch SA249-TP304 (welded stainless steel) tubing can be in 
the 1" ± 0.006" range. This implies that if the smallest diameter tube were 
to be expanded into the largest size permissible hole, then the tubes must be 
expanded by 0.020" before the tubewall contacts the hole inside surface. 
Using Lame's formula for thin rings, the associated tube hoop stress is 
estimated by: 

(7.2.1) 

where Et> 0 and a are the tube material Young's modulus, radial clearance 
and tube radius, respectively. Substituting 30 x 106 psi for E(, 0.01" for 0, 
and 0.5" for a, gives S = 0.6 X 106 psi. 

Clearly, the circumferential strain in the tube is plastic. Upon withdrawal 
of internal pressure, the tube will contract by a small fraction of the initial 
expansion (elastic springback). If the expanding force were to be continued 
past the point where contact with the tubesheet hole occurs, then expansion 
of the tube hole commences. Initially, the tube hole deformation is elastic, 
until the circumferential strain in the tubesheet at the interface diameter 
reaches the material's yield point. With additional increase in the expansion 
load, the plastic zone propagates into the tubesheet ligament. The most 
desirable expansion is one which produces maximum interface pressure 
between the tube and tubesheet hole upon withdrawal of the expansion 
force. The optimal expansion is a function of a number of variables, such as 
yield stress and Young's moduli of tube and tubesheet materials, width of 
the ligament, and tube gage. The leak tightness of the joint also depends on 
other less quantifiable parameters such as tube hole and tube surface finish, 
hole and the tube ovality, surface hardness of tube and holes, expanding 
technique, etc. For this reason, prototype testing is the most reliable method 
to establish the correct amount of expansion. 

7.3 ROLLER EXPANDING 

Introduced during the mid-nineteenth century [7.3.1], this method of 
tube-to-tubesheet fastening continues to be the dominant technique to this 
day. The roller expander (Fig. 7.3.1) consists of a cylindrical cage which 
loosely holds a cluster (3 to 7) of hardened tapered steel rollers. A similarly 
tapered mandrel is inserted through the cage causing the rollers to make line 
contact with the tube surface on the outside and with the mandrel on the 
inside. A pneumatic or electrical drive turns the mandrel (usually in the 
range of 400 to 1000 rpm) which, in turn, causes the rollers to rotate. The 
axis of the rollers is set at a small angle with respect to the mandrel's axis of 
rotation. This causes the rotational motion of the mandrel to produce an 
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c--

Fig. 7.3.1. TypicalroUer expander. 

axial force in addition to a rotatory torque on the rollers. Since the rollers 
are kept from moving axially by the thrust collar, the reactive force makes 
the mandrel "force-feed." In pneumatic drives, a pre-set limit torque 
switch controls the extent of rolling. The torque is set to correspond to a 
desirable "apparent tube thinning" (typically in a 5 to 20 lb-ft range). The 
device is hand held and therefore the operator, aided by the inertia of the 
hardware, must absorb the reactive torque (see Photograph 7a). 

A set of rollers rotating at high speed produces a moving set of contact 
patches where the stresses reach very high values [7.3.2]. The material 
extrudes out in the axial direction and thus can produce a substantial 
compressive stress in the tube if the other end of the tube is held. This 
situation is particularly problematic in double tubesheet exchangers. A 
careful rolling sequence in double tube sheet exchangers is necessary to 
reduce this tube pre-load [7.3.3]. The quality of the bond produced by roller 
expansion depends primarily on the following parameters: 

(i) Number of rollers 
(ii) Mandrel speed 
(iii) Finish of tube outside surface and tubesheet hole inside surface. 
(iv) Tubesheet ligament size. 
(v) Stress-strain curves of tube and tubesheet material. 

In practice, roller lubricant, tube and tubesheet surface cleanliness, con­
dition of rollers, etc., also influence joint quality. 

One important fact to bear in mind while roller expanding tubes is the 
danger of "over-rolling". Rolling the tubes beyond the optimal value can 
unload adjacent joints and cause them to leak under hydrostatic test. Over­
rolling often occurs when the operator tries to seal an obstinate leaking joint 
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Photograph 7.a. Roller expanding operation. 

by increasing the roll torque. When repeated rolling of the same joint is 
performed it is advisable to provide support to tube holes in adjacent tubes 
with tapered pins. Over-rolling also carries the danger of cracking the tube, 
particularly in rapidly work-hardening materials, such as titanium. 

The current practice in the U.S. is to limit the length of roll to 2" [7.2.1]. 
TEMA standards give detailed guidelines on rolling length for different 
classes of service. 

7.4 HYDRAULIC EXPANSION 

As the name implies, hydraulic expansion entails direct pressurization of 
the tube using a fluid (usually water) medium. The tube segment to be 
expanded is pressurized in the range of 30 to 50 ksi. The length of tube to be 
expanded can be set by adjusting the location of an O-ring seal on the in­
terior of the tube. There is no limitation on the tube length that can be 
expanded at one time. This is a distinct advantage over roller expanding 
which must be restricted to a 2" -2.5" expansion length at one time due to 
limitations on the torque, friction between mandrel and rollers, etc. 
Another advantage of hydraulic expansion is its ability to handle non­
circularity in tube and tube hole cross sections without any difficulty. Since 
the pressure is applied uniformly, there is no extrusion of the tube from the 
zone of expansion, and therefore, no noticeable wall reduction. However, 
since the tube diameter is increased in the expanded zone, the Poisson effect 



7/ Tube-to- Tubesheet Joints 311 

causes the tubes to shorten by a small amount. This may put the tube in 
tension if the other end of the tube is previously secured. This may happen, 
for instance, in expanding the tubes in the second tubesheet in a fixed 
tubesheet heat exchanger. Podhorsky and Krips [7.4.1] discuss the concept 
of combining roller and hydraulic expansions to produce a desired amount 
of pre-strain in the tube. Since mechanical rolling elongates the tubes, and 
hydraulic expansion shortens them, Podhorsky and Krips suggest using 
them in combination. Singh and Soler [7.4.2] show how tube pre-stress in 
stationary tubesheet heat exchangers can be exploited to reduce stress levels. 

7.5 IMPACT WELDING 
The origin of this technology lies in explosion cladding of plates first 

attempted in the 1950's. The process may be defined as a controlled solid 
state welding operation in which coalesence is obtained by a high velocity 
impact between the surfaces to be joined. Controlled detonation of a 
suitably positioned explosive charge produces a collision front which 
traverses the surface areas being joined. Hardwick [7.5.1] states the velocity 
of this collision front should not exceed 120070 of the sonic velocity of the 
materials. Figure 7.5.1 shows the schematic set-up for this operation. The 
tubesheet hole is prepared with conical countersink 112" to 5/8" long at an 
included angle in the range of 10° to 20°. The polymeric insert serves to 
locate the charge and to transmit the pressure front to the tube in a con­
trolled manner. To ensure a uniform bonding in the conical region, the end 
effects are eliminated by setting the tube with a small protrusion beyond the 

Explosive 
Charge 

Fig. 7.5.1. 

Tub e 

Tubesheet 

Polymeric 

Sleeve 

Impact welding. 
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tu~esheet face. This protrusion is severed from the tube, producing a 
uniformly welded joint in the countersink region. 

Since its introduction a few years ago, this method has proved to be a 
reliable joining technique. However, it suffers from some limitations. The 
chief limitation is the minimum required ligament size. Table 7.5.1 gives the 
recommended minimum ligament width as a function of tube gage. The last 
column in Table 7.5.1 gives the minimum ligament width if the surrounding 
tube holes are temporarily plugged using a tapered plug to provide ad­
ditional support to the ligaments subject to explosion impact. 

Tube Gage 
(inch) 

0.028 
0.036 
0.048 
0.064 
0.080 
0.104 

Table 7.5.1. Minimum Tubesheet Ligament 

Unsupported 
(inch) 

5/16 
5/16 
3/8 
7/16 
112 
5/8 

Ligament Width 

Supported 
(inch) 

114 
1/4 
5/16 
3/8 
7/16 
9/16 

High pressure applications require a heavy tube gage which forces the 
tubesheet ligament to be enlarged. This is a severe penalty, since increased 
ligament increases heat exchanger diameter, affects its thermal per­
formance, and, in general, increases the hardware cost. The limitation of 
this technique can be overcome by boring out the tube ends and thus locally 
reducing the tube wall thickness. 

Several factors outweigh the disadvantages of this method for some 
applications. For example, whereas welding requires material compatibility, 
this method can bond two otherwise unweldable materials. The tube hole 
diameter tolerance has little impact on the joint quality. Indeed, this 
method finds field repair application in leak-tightening previously rolled 
joints where repeated or overzealous rolling has caused substantial 
enlargement of the holes. It appears that explosion bonding will receive 
increased attention in the future in heat exchangers employing thick 
tubesheets, such as high pressure feedwater heaters. 

It should be noted that the bell mouth shaped tube inlet produced by 
explosion bonding reduces turbulence and tube end erosion due to flow of 
incoming tubeside fluid. This is an incidental design improvement of some 
value where carbon steel tubesheets and tubes are used and where the in­
coming tubeside fluid is erosive in nature. 

7.6 EDGE WELDING 

Figure 7.6.1 shows a typical flush edge welding detail used in commercial 
heat exchanger fabrication. Flush welding (Photograph 7.b) is used in 
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82" 
X.04 " deep 

TUBESHEET 

Fig.7.6.1. Edge welding detail. 
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Photograph 7.b. Edge welding using a semiautomatic TIG welder. 
(Courtesy Southern Heat Exchanger Inc., Tuscaloosa, Ala.) 

joining thin wall tubes on a tight layout pitch to the tubesheet. Where the 
pitch is not so tight, a tripanned tubesheet fillet weld (Fig. 7.6.2) may be 
used. Tripanning the tube sheet provides better heat capacitance balance 
between the tube and tubesheet. Direct fillet welds are also made where tube 
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gage permits such a weld (Fig. 7.6.3 and Photograph 7.c). Where an in­
creased leak path or modification of welded zone chemistry is desired, an 
added fusion ring can also be employed (Fig. 7.6.4). The fusion ring tends 
to heat up and move during welding causing operational difficulties and 
quality hazards; mechanical means must be employed to prevent this 
problem. Welding for any of the above details can be performed 
autogenously. The edge welding is usually performed using a handheld 
tungsten inert gas welder. The welding device circuitry provides for the 
following sequential operation: pre-purging the weld area with shielding 
gas, arc initiation, torch travel around the tube periphery (through one 
revolution plus "" 20 degrees to fuse the startup area), controlled arc decay 
and finally, delayed purge to prevent weld oxidation. Where the tube and 
tubesheet materials are compatible, no filler material is used. Some alloys, 
such as wrought copper-nickels and nickel, produce gassing porosity when 
welded autogenously. Addition of a slurry type deoxidizer such as titanium 
hydride is known to help in such situations. The titanium deoxidizer is also 
reported to be useful in making crack-prone welds such as those involving 
aluminum bronze tubes or tubesheets. The ASME Code [7.6.1] gives some 
schematic details of tube-to-tubesheet weld joints. Formulas to compute 
allowable joint axial load are also given in this code. Experiments by Ap­
blett, et al. [7.6.2] indicate that fillet welded joints hold up well under 
thermal shock. 

Fig. 7.6.2. Tripanned tubesheet fillet weld. 

Fig. 7.6.3. Fillet weld. 

Fig. 7.6.4. Fillet weld with added fusion ring. 
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Photograph 7.c. Heat exchanger with longitudinally finned tubes; tubes 
fillet welded to the tubesheet. (Courtesy of Joseph Oat Corporation, 
Camden, N.J.) 

7.7 BUTT WELDING 
In relatively rare applications, the shellside face of the tubesheet is 

machined to make beveled nipples which are butt welded to the tube ends 
(Fig. 7.7.1). The height of the nipple is selected to produce a sound weld and 
to enable radiography or volumetric examination (as appropriate) of the 
weld. Butt welded joints are seldom used due to the expense associated with 
tubesheet milling to form the nipples. 

Unlike other types of joints, this method leaves no crevice between the 
tubes and the tubesheet hole. Since tube ends are not mechanically worked, 
corrosion problems attributed to grain realignment due to severe tube 
straining in other methods are avoided. 

7.8 TUBE· TO-TUBESHEET INTERFACE PRESSURE 

Since the ultimate object in the tube-tubesheet joining process is to 
maximize the tube-to-tubesheet contact pressure, a method to evaluate this 
pressure is an essential element in selecting optimum parameters for ex­
pansion. Works by Dudley [7.3.1] and Brown [7.8.1] helped explain the 
roller expanding phenomena in physical terms. Analytical work by Goodier 
and Schoessow [7.8.2], and the companion experimental paper by Grimison 
and Lee [7.8.3] are important milestones in improving our understanding of 
the tube expansion process. Goodier and Schoessow developed expressions 
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for elastic-plastic loading and unloading of the joint assuming a condition 
of plane stress and the von Mises yielding criterion [7.8.4]. The effect of 
tube wall thickness, relative magnitudes of tube and tubesheet yield 
strengths, etc., was systematically investigated. Additional experimental 
work by Alexander and Ford [7.8.5], Beston [7.8.6], Culver and Ford 
[7.8.7] and Uragami, et al. [7.8.8] also provide added information on this 
subject. Wilson [7.8.9] presented a finite element analysis of the 
tube/tubesheet joint to investigate the residual stress distribution in the roll 
transition region. 

In this section, a plane stress model of the tube to tubesheet joint is first 
considered. Plastic action is based on the Tresca yield condition in order to 
illustrate the loading and unloading paths by simple analysis. In an ap­
pendix to this chapter, a more complex plane stress model is examined, 
incorporating large deformations, and thermal as well as mechanical 
loading. A simple numerical model is used there to study the tube roll 
problem at room temperature and to study the effect on the joint of a 
subsequent thermal cycling. In the numerical study, the von Mises Yield 
criterion is used to establish the onset of plastic action. 

For the initial analytical solution, we derive expressions to estimate the 
tube-tubesheet interface pressure, the final tube hole radius, and the stress 
field in the tube/ligament region, by using elementary two dimensional 
elasticity and plasticity equations. The following assumptions are made: 

The tubesheet is modelled as an infinite circular plate with a central 
hole of radius r2 • This assumption overestimates the strength of the 
tubesheet ligament. 

ii The tube and tubesheet materials are assumed to be elastic-perfectly 
plastic. Figure 7.8.1 shows the typical stress-strain curve of such a 
material. 

BUTT WELD 

TUBE 

Fig.7.7.1. Butt weld detail. 
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iii The tube is modelled as a thin walled shell of mean radius rt ' and 
thickness t' . The portion of the tube inside the tubesheet is assumed 
to be disconnected from the remainder; i.e., the abutting tube 
segment is assumed to exert no restraint to the radial movement of 
the tube due to expander pressure. 

iv Both tube and tubesheet satisfy the Tresca yield criterion, which 
states that yield commences when the maximum stress intensity 
reaches twice the yield point shear stress of the material. 

v The tubesheet is assumed to be in a state of plane stress. 
vi Deformation theory [7.8.4] is used to evaluate displacements in the 

plastic range. 
vii The tube is assumed to yield prior to its contact with the tube sheet. 
viii The expansion of the tube and tubesheet is assumed to be radially 

symmetric. This condition is most closely realized in hydraulic ex­
pansion. 

7.8.1 Initial Expansion of the Tube 

Under internal pressure Po' , the circumferential stress ao and the average 
radial stress ar are given by classical thin shell equations: 

Po 'rt ' 
ao = --

t' 
, (7.8.1) 

-Po 
ar = 

2 
Since ao and ar are of opposite signs, the maximum stress intensity (equal to 
twice the maximum shear stress) is (ao - ar ). 

The plane stress assumption implies: 
1 u 

Eo = - [ao - var ] = ~ 
E t rt 

(7.8.2) 

where u is the radial deflection of the tube centerline. 
Substituting ao and ar from Eq. (7.8.1) into Eq. (7.8.2) yields 

,(':i +~) = Etu (7.8.3) 
Po t' 2 r/ 

Using the Tresca yield criterion, the pressure to cause tube yielding is given 
by 

Therefore 

Po' =(aTt' /rt ')/(1 +t'l2rt ') (7.8.4) 
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Fig. 7.8.1. Stress-strain curve for elastic-perfectly plastic material. 

From Eqs. (7.8.3) and (7.8.4) we obtain 

aT (1+ ~) 
u 2r/' 

r ' / 

(7.8.5) 

If the radial clearance c exceeds u, given by Eq. (7.8.5), then the tube will 
yield before contact with the tubesheet is made. 

Upon initiation of yielding, the tube wall cannot support any further 
increase in internal pressure. In the plastic deformation stage, the tube 
radius increases, and the tube wall thickness decreases. Referring to Eq. 
(7.8.4), we note that the corresponding internal pressure will be smaller than 
Po '. Let us denote the pressure supported by the tube when it contacts the 
tubesheet by Po and let the corresponding tube mean radius and thickness be 
given by r/ and t, respectively. If we assume that the change in thickness and 
the change in mean radius during the expansion to radius r/ are caused 
solely by plastic straining, then [7.8.4] 

At'lt' ct>(ar - ~) 

Art'lrt' = ct>( ao - ~) 
where ct> is a proportionality parameter which relates the plastic strain in­
crement to current stress. 
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If we neglect ar in comparison with ae, we obtain: 
/1r' 

I1t' It' = - __ 1_. /1r' =C 
2r/' I 

319 

With t = t' + I1t', we obtain the new tube thickness and mean radius at 
contact as 

t'(1-c12r/) 

rl r/ +c 

The tube stresses at the initiation of contact are 
porI 

Since 

we obtain: 

ae= -
t 

-Po 
a =-­

r 2 

aTtlr[ 
Po = 1 +t12r[ 

(7.8.6) 

(7.8.7) 

Increase in pressure over Po results in the development of an interface 
pressure at the tube/tubesheet surface, and an elastic stress field in the 
tubesheet. If the pressure is raised sufficiently, then the inner region of the 
tubesheet ligament also becomes plastic. The plastic zone expands as the 
pressure is increased. The necessary expressions to determine the extent of 
the plastic zone for a given internal pressure are now derived. 

7.S.2 Loading of Tube and Tubesheet 

Let P denote the applied pressure on the inside surface of the tube. Then 

P=Po +Pi (7.8.8) 

where Pi is the increment of pressure applied subsequent to tube-tubesheet 
contact. Let the corresponding interface pressure between the tube and the 
tubesheet and between the elastic and plastic regions of the tubesheet be 
denoted by Pc andp .. respectively. 

i. Tube 

The circumferential and radial stresses in the tube are given by: 
r[ 

ae = (Po +Pi -Pc) - + ar 
t 
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Note that since Po + Pi -Pc may be small, we cannot neglect (Jr in com­
parison with (Je in the case where comparable pressures are being applied to 
both surfaces of the tube. 

Substituting for (JT from Eq. (7.8.7) we have 

Pi =Pc +pot/2r( (7.8.9) 
Utilizing the equations for Pc and Po from Eqs. (7.8.9) and (7.8.7), (Jr and (Je 

are conveniently expressed as 

(7.8.10) 

From the above equations we can show that the maximum increment of 
pressure Pi that the joint can withstand is given by setting (Je = 0, which 
yields 

(7.8.11) 

Equations (7.8.9) and (7.8.11) give the corresponding value of Pc if the tube 
governs the maximum joint load 

(7.8.12) 

Figure 7.8.2 shows pictorially the variation of (Je, (Jr and stress intensity 
S = (Je - (Jr as a function of Pi' Note that if Pi is increased beyond Pi(max) then 
(Je becomes negative and the maximum stress intensity S becomes 
numerically equal to I (Jr I > I (JT I. Since the maximum stress intensity in a 
Tresca material can not exceed (JT, we conclude that Pi(max) is an upper limit 
on the incremental internal pressure if the tube material governs the joint 
load. 

When Pi = Pi(max) the total pressure P is given by 

(7.8.13) 

We can now examine the stress and strain field in the tubesheet ligament 
under the internal pressure PC' 

ii. Tubesheet 

As stated before, the tubesheet ligament is modelled as an infinite plate 
with a circular hole subject to internal pressure. We assume that the radius 
re defines the boundary between the inner (plastic) and outer (elastic) zones. 
The stress intensity is constant, and is set equal to (Js, up to radius re' (Js is 
the yield stress of the tubesheet material. 
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Plastic Region; r2 $r$re : 

Equilibrium yields: 
da, au-a, as 

dr r r 
Therefore 

a, = aslnr+ C 
Utilizing the boundary condition 

gives 

Elastic Region; r> re: 
Equilibrium yields: 

a, = -Pc at r=r2 

a, 
r 

-Pc +a.Jn­
r2 

-Pc +as(l +lnrlr2) 

321 

/' 
/' 

/' 
/' 

Pilmax) 

-aT 

(7.8.14) 
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dUr Uo - Ur 
-=--
dr r 

The plane stress assumption, together with Hooke's Law, gives the final 
solution of the elastic problem in the form: 

r/ 
Ur = -Pe ~ 

r/ 
Uo = Pe ~ 

u = (1 + v)Pere 2 

Er 
where Ur = -Pe at r=re' 

I Boundary Condition: 

From Eq. (7.8.15), we obtainpe = 0.5 Us 

or 

At r=re; Ur must be continuous; i.e., using Eq. (7.8.14) 

re 
-Pc + usln- = -Pe = -0.5us r2 

(7.8.15) 

(7.8.16) 

re 
Pc =0.5us+usln- (7.8.17) 

r2 
For a givenpco re is determined by Eq. (7.8.17). 

If the tubesheet material governs the joint load, the maximum value of 
pressure Pc that can be applied is given by setting Uo = 0 at r= r2 • This gives: 

Pc(max) = Us (7.8.18) 
Corresponding to Pc(max) , re is given by Eq. (7.8.17) 

re =r2 eo,s 

or 
re = 1.6487r2 

Thus, the maximum contact pressure Pc is given by the smaller of the two 
limits defined by Eqs. (7.8.12) and (7.8.18); 

Pernax =min[u .. ur(1-t12r/)] = u· 
The maximum internal pressure is given for the general case as 

PMAX = u· + urt/r/ 

(7.8.19) 

(7.8.20) 
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7.S.3 Displacement in the Tubesheet 

The elastic region solution gives, at r = r. 
(1 + v)usr. 

u=---
2E 
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(7.8.21) 

In the plastic region, the following strain-stress relationships are assumed 
[7.8.4]. 

du 
E, e/>(u, - 0.5ue) = dr 

U 
Ee = e/>(ue- 0 .5u,)=­

r 
e/> is determined from the compatibility equation 

dEe E, - Ee 

dr r 
Substituting for E, and Ee from above, we have 

dd {(2ue-u,)e/>1 = 3(u,-ue)e/> 
r r 

(7.8.22) 

Substituting for Ue from Eq. (7.8.14), for Pc from Eq. (7.8.17) and 
replacing (ue - u,) by Us in the above equation yields 

de/> + 4e/> =0 
dr (3 r) - +In- r 

2 r. 

This is integrated to give 

A 
e/>=----

(~ +ln~f 
2 r. 

(7.8.23) 

where A is an integration constant. The radial deformation in the plastic 
region is given by the circumferential strain-displacement relationship of 
Eq. (7.8.22). 

U 
Ee= - =e/>(ue- 0.5u,) 

r 
Substituting for Ue and u, as before, we obtain 

usr 
u(r) = 2 -(-3---r-) 3 

- +In-
2 re 

A 
(7.8.24) 
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Matching the radial displacement at the elastic-plastic interface gives the 
value of A via Eqs. (7.8.21) and (7.8.24) 

Therefore 
u(r) 

r 

27 (1 + /I) 
A=---

8 E 

27 oAl + /I) 

16 (3 r 3 
E - +In-) 

2 re 

The final hole radius after loading is 

[ 
27 as (1 + /I) ] 

r2 * = r2 + u(r2) = r2 1 + - -------
16 (3 r2 )3 

E - +In-
2 fe 

The final tube thickness, after loading, is 

t*=t[l- u(r2)] 
2r2 

and the tube final mean radius is 

rt* = r2 * - 0.5t* 

7.8.4 Unloading of the System 

(7.8.25) 

(7.8.26) 

(7.8.27) 

(7.8.28) 

We now consider incremental unloading behavior of the system. 
Assuming elastic action during unloading, the relationship between the 
tube/tubesheet contact pressure increment Pc * and the pressure increment 
p* on the inside of the tube wall is derived as follows: 

For a given set of increments, the radial displacement increment U at the 
outside surface of the tube is given, in terms of the average strain in­
crements E" Eo, as: 

(7.8.29) 

Substituting for the elastic strain increments using the elastic strain/stress 
relations, and then eliminating the stress components yield the relation 
between U,p*, Pc * as: 

U t* p* f * . t* ) p * r * _ =(1- -) _t -(1+ _ [1-2/1] _c t 

r t * 2ft * Ett* 2rt * Ett* 
(7.8.30) 
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It is important to keep terms of order t* Irt * in the above expression since 
we will observe that the leading terms cancel leaving the terms of order 
t* Irt • as the dominant contribution. 

The elastic displacement increment at any r in the tubesheet during 
unloading is given as (see Eq. (7.8.15» 

U=Pc*(1+v)r2*2IEr (7.8.31) 

We require displacement increment continuity at r = r2 *; this yields the 
relation betweenp* ,Pc * as 

Pc * = p*(I- t* 12rt *)/(1 + At* Irt *) (7.8.32) 
where 

E t (1 + v) r2 * (1 - 2v) 
A= --+--

E rt* 2 
The final contact pressure, assuming no yielding of either tube or 

tubesheet during unloading, is Pc' where 

Pc' = Pc(max) + Pc * (7.8.33) 
and p* in Eq. (7.8.32) is set equal to the negative of P(max). For total 
unloading in the elastic range, Eqs. (7.8.19), (7.8.20) yield the result 

t 
a* t* Irt *( A + 0.5) - aT - (1- t* 12rt *) 

rt 

Pc'= --------------------------- (7.8.34) 

(1 + At* Irt *) 

Note that the result for Pc' is valid only for tube geometries where the 
thickness is much less than the mean diameter so that the membrane 
solution employed is reasonably descriptive of the actual state of stress. 
Note also that the above solution accounts for large deformation effects 
(thickness and radius changes) in a very approximate manner. 

7.8.5 Tube Pull-Out Load 

If we now consider that the residual contact pressure Pc " predicted by 
Eq. (7.8.34), represents an average value through the tubesheet thickness 
then a tube pull-out load p. can be defined from the equilibrium equation 

p. = p-(27rr2 '" Lpc ') (7.8.35) 
p- can be thought of as an effective coefficient of friction and L represents 
the roll depth of the tube into the tubesheet. Reference [7.8.2] presents one 
derivation of an effective p-; herein is presented a related approach which 
makes use of an energy minimization principle. Figure 7.8.3 shows a section 
of an ungrooved tube that has been rolled into the tubesheet. For a thin 
tube, the equilibrium equations in terms of stress components are: 

aarx + arx + aaxx =0 (7.8.36) 
ar r t '" ax 
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p(x) 

--------------------

x . ~ 

p(x) 

t· 

t 
Fig. 7.8.3. Stresses on tube section during pull-out. 

[ aarr aarx ] 
rt * --at + ax + arr = aoo (7.8.37) 

t= r - r t * is a coordinate defined from the middle surface of the tube wall so 
that - t* 12 ~ r~ t* 12. If f is the local coefficient of friction between the 
surfaces of the tube and tubesheet, and if we assume that the tube is thin, 
then we may approximate the stresses ar" a,X' axx as: 

axx =F(x); ar, = - P;) (1 + 2rlt*) (7.8.38) 

arx = fP~X) (1 + 2r/t*) 

For a thin tube (t* 12rt * < < < 1), the equilibrium equation (7.8.36) requires 
that F(x) and p(x) satisfy 

dF fp 
- + - "",0 (7.8.39) 
dx t* 

Substituting Eq. (7.8.38) into Eq. (7.8.37) yields a solution for a88(x) as 
r *p 

aOO"'" - _t - + fr/p(1 + 2rlt*) (7.8.40) 
t* 

The complementary energy for the tube section of length L, rolled within 
the tubesheet, is: 
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2 

+ axr J't *dt dx; Gt =Et/2(l + p) 
2Gt 

(7.8.41) 

Substituting the stress expressions given into Eq. (7.8.41), and integrating 
with respect to t, yield an expression for Uc in terms of F(x), p(x) and their 
derivatives with respect to x. If we assume that L is such that t* I L < < 1, 
and that F(x), p(x) are slowly varying along the tube, then an order of 
magnitude analysis simplifies Uc to the result: 

Uc t*'t*~L('t*2 (dF)2 J -=- - - +[12 dx 
211" 2Et 0 f- dx 

(7.8.42) 

Requiring that F(x) be such as to render Uc a minimum yields the dif­
ferential equation for F(x) in the region OsxsL as 

(7.8.43) 

We solve Eq. (7.8.43) subject to the end conditions F(O) =0, 
211"'t * t* F(L) = - P*, where P* is the pull-out load. The solutions for F(x), 
and for p(x) , takes the form 

P* sinh(fxl't *) 
F(x) = - -- -------'--'-

211"'t *t* sinh(fLI't *) 

P* cosh(fxl't *) 
p(x)= -- -----

211"'t *2 sinh(fLI't *) 

(7.8.44) 

p(x) represents a contact pressure between tube and tubesheet that is 
somewhat reduced from the residual contact pressure Pc'. This contact 
pressure decrease is due to the Poisson effect induced by the application of 
the longitudinal stress axx . To relate p(x) and Pc' note that the change in 
contact pressure Pc ' - p(x) causes a decrease in tubesheet hole radius '2 *, 
and a corresponding decrease in tube mean radius 't *. The application of 
axx also induces a change in tube mean radius. These changes are assumed 
to be elastic and compatibility of the displacements, averaged over the 
length L, is assumed to be maintained. This gives the equation: 

1 L , * 1 ~L (P '-p),*2dx __ r (Pc' _p)_2_(1 + p)dx== _ c t 

L Jo E L 0 Ett* 



328 Mechanical Design oj Heat Exchangers 

v r * rL 
+ - _I - J uxAx)dx 

L EI 0 
(7.8.45) 

Using the expressions for p(x), F(x) (and hence, uxx ) yields a relation be­
tween P* and Pc' , the residual contact pressure prior to application of P*. 
We obtain 

[ l+ex ] P* = 27fJr *Lp , 
1 c 1 + ex + v'lr 

(7.8.46) 

where 
E t*r * cosh(fLlrl *)-1 

ex = (1 + v) ~ __ 2_. 'lr = ------'----
E rt *2 ' sinh(fLlrt *) 

Comparison of Eq. (7.8.46) with Eq. (7.8.35) defines the effective coef­
ficient of friction f1- in terms of the local coefficient of friction J 
(0.3 <J < 1.0) and the joint geometry. 

It is clear that the joint strength (maximum pull-out load) is directly 
related to the maximum residual contact pressure Pc' . The use of different 
tube and tubesheet materials has a pronounced effect on the value of Pc' . 

7.S.6 Computation of Residual Pressure 

Table 7.8.1 gives representative material properties for typical tube and 
tubesheet materials. 

Table 7.S.1. Tube/Tubesheet Material Properties 
Material Alloy No. Ex 10- 7 psi (Jy x 1O- 4 psi 

TUBES 

Admiralty 443 1.6 1.5 
Stainless Steel 2.9 3.0 
90: 10 Cu. Ni. 706 1.8 1.5 
70:30 Cu.Ni. 715 2.2 1.8 
Aluminum Bronze 608 1.75 1.9 
Aluminum Brass 687 1.6 1.8 
Arsenical Copper 142 1.7 3.0 
Titanium 1.49 4.0 

TUBESHEETS 

Muntz 565 1.5 2.0 
Steel 2.9 3.0 
Aluminum Bronze D 614 1.7 3.0 
Silicon Bronze 655 1.5 1.8 
90:10 Cu. Ni. 706 1.8 1.5 
70:30 Cu.Ni. 715 2.2 2.0 

Appendix 7.B gives the FORTRAN coding to compute Pc' using the 
equations developed in Sub-Sections 7.8.1-7.8.4. Table 7.8.2 presents 
results using different tube-tubesheet combinations. 
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Table 7.8.2. Pc' For various Tube/Tubesheet Combinations 
Using Eq. (7.8.34) 

Tube Tubesheet Pmax Pc(max) Pc' 

(' =0.049" O.D. =0.75" (psi) (psi) (psi) 
c=0.005" 

Titanium Muntz 25471 20000 563 
Steel Steel 32052 27948 4132 
Admiralty Steel 16026 13974 880 
90:10Cu.Ni. Muntz 16026 13974 2590 
Steel 90: 10 Cu.Ni. 19104 15000 2185 
70:30 Cu.Ni. 90: 10 Cu.Ni. 17462 15000 2610 
70:30 Cu.Ni. Steel 19231 16769 1713 

(' =0.028" O.D.=0.75" 
c=0.005" 

Steel Steel 31139 28861 2284 
70:30 Cu.Ni. Steel 18684 17316 943 
Steel 70:30 Cu.Ni. 20279 18000 1187 

7.8.7 Re-Analysis of the Tube Rolling Problem Using the von Mises Yield 
Criteria 

The simple analysis presented in the previous section utilized a yield 
criteria suitable for analytical manipulations. In the true tube rolling 
problem, one should be concerned not only with the initial residual roll 
pressure at assembly, but also with the residual roll pressure during unit 
operation. Thus, the question of tube/tubesheet behavior under a tem­
perature change becomes of interest during examination of the tube rolling 
process. Also of interest is the correct treatment of elastic plastic behavior 
during unloading and the true effect of large deformations (Le., thickness 
changes). All of these questions are most easily addressed by approaching 
the tube-tubesheet rolled joint problem from a numerical viewpoint. Since 
the theory and analysis are somewhat beyond the level of sophistication 
intended for this text, this more advanced treatment of the problem is given 
in an Appendix. Appendix 7. C contains the theory and some analysis using 
the numerical code developed from the basic theory. A user manual and a 
listing of the code is provided in Appendix 7.D. 

7.9 LIGAMENT TEMPERATURE 

7.9.1 Introduction 

Gardner [7.9.1] showed that the ligament material of the tube sheet is 
mainly at the tubes ide fluid temperature except for a thin skin facing the 
shellside fluid where a steep temperature gradient exists. Therefore, the so­
called "thermal skin effect" produces only localized stresses (known as 
"peak stresses" in the lexicon of the ASME Codes). The body of the 
tubesheet usually does not experience a "global" thermal stress. 
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Singh and Holtz [7.9.2] presented a generalized form of Gardner's 
solution which shows that under certain circumstances the thermal gradient 
may not be limited to the shells ide skin. In fact, the thermal gradient may 
introduce significant rotation at the tubesheet rim resulting in leakage when 
the tube sheet is also used as a flange. Such a situation occurs whenever the 
shellside heat transfer coefficient is relatively high and the tube material 
possesses low thermal conductivity. 

The knowledge of the tubesheetltubewall temperature field is especially 
important in the case of "rolled only" joints. The interfacial pressure 
between the tubewall and tubesheet provides the protection against leakage 
between the two pressurized chambers. Under the operating condition, the 
development of a differential temperature in conjunction with different 
coefficients of thermal expansion between the tubesheet ligament and the 
tubewall may reduce the interface pressure below the threshold necessary to 
maintain a leak proof joint. Industrial design standards [7.9.3] provide 
empirical guidelines on the maximum allowable "joint temperature". A 
detailed knowledge of the temperature distribution in the tubewall and 
tube sheet ligament region is the first logical step towards the formulation of 
a mathematical criterion for determining the sealworthiness of "rolled 
only" joints. 

A similar situation arises in the case of double tubesheet designs. The 
tubesheet in contact with the shellside fluid may be at a substantially dif­
ferent temperature than the tubeside tube sheet if the shellside heat transfer 
is much -higher than the tubeside coefficient. In such an event, the tube 
segments spanning the two tubesheets may experience severe bending and 
shear stresses [7.9.4]. The subject of double tubesheets is treated in some 
detail in Chapter 10. 

A simplified mathematical model to estimate the ligament temperature 
distribution based on the work in reference [7.9.2] is given in the next 
section. A step-by-step computation procedure is given in Sub-Section 
7.9.3. The computer program LIGTEM, based on this analysis, is presented 
in Sub-Section 7.9.4. A numerical example utilizing this computer program 
is also discussed. 

7.9.2 Analysis 

The cross section of a typical ligament surrounding a tube is shown in 
Fig. 7.9.1. During steady state conditions, the temperature field in all 
ligaments will be identical; hence, attention is focused on a composite 
region consisting of one tube and its associated tubesheet ligament. It is also 
known that the variation of temperature is mainly in the direction of the 
tube axis. In other words, the temperature changes in the lateral (in-plane) 
direction are, relatively speaking, quite small. These considerations lead us 
to model the tube-ligament assemblage as two interfacing coaxial cylinders. 
The inner cylinder is the tube which contains a fluid at temperature T/. The 
outer cylinder is the tubesheet ligament. The noncircular cross section of the 
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ligament is replaced by an equivalent circular section of equal cross­
sectional area. This approximation is tenable so long as the temperature 
gradient in the lateral direction is small. It can be shown that the outer 
radius of the equivalent cylinder is given by 

__ ( Sino) r3 -p -
7r 

(7.9.1) 

where 0 is the layout angle (Fig. 7.9.1) and p is the layout pitch. Thus, the 
idealized problem under consideration is that of two coaxial cylinders 
subject to a heat source at temperature TI on the inside cylindrical surface, 
Ts on the outside exposed surface of the inner cylinder and right lateral 
surface of outer cylinder, and TI on the left lateral surface of both cylinders 
(Fig. 7.9.2). The inner cylinder is assumed to be infinitely long. For the 
purpose of analysis, the inner cylinder is subdivided into two regions, in­
dicated by 1 and l' in Fig. 7.9.2. Assuming regions 1 and 2 to be at tem­
perature T[ and T2 (functions of x), respectively, the governing heat­
conduction equations are: 

cf2 T[ [hlS I (TI - T[) - Q12S2] 
k[ d~ + a[ =0 (7.9.2) 

where 

S[ circumference of inner tube surface 
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S2 circumference of tube outer surface 
q 12 = heat flux from region 1 to region 2 
kl = conductivity of region 1 (tube) material 
a l cross-sectional area of region 1 

Note: SI = 211"rl ; S2 = 211"r2 

a l = 1r(r/ - r12) 

Similarly, the governing equation for region 2 is 

k2 tfT2 + Ql2 S2 =0 
tJx2 a2 

where 

Let 

(7.9.2a) 
(7.9.2b) 

(7.9.3) 

(7.9.4) 

(7.9.5) 
where hl2 is the equivalent inter-region heat-transfer coefficient. An ap­
proximate expression for h 12 is derived later in this chapter. Substituting for 
ql2 in Eqs. (7.9.2) and (7.9.3), and rearranging terms, yields 

(7.9.6) 

(7.9.7) 

or 

T - a2 (h 12 S2 -k ~) T 1--- -- 2 2 
hl2 S2 a2 dr 

(7.9.8) 

Substituting for TI in Eq. (7.9.6) yields a fourth order ordinary differential 
equation for T2 

d4 T2 tfT2 
CI dX' +c2 dr +c3 T2 +c4 =0 (7.9.9) 

where 
-klk2a2 

(a) CI 
hl2 S2 

k2a2 (hlSI h12 S2) (b) C2 k l +-- --+--
hl2 S2 a l a l 

(7.9.10) 
-hlSI 

c3 = (c) 
a l 

hlSITI (d) C4 
a l 
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Fig. 7.9.2. Idealized heat transfer section. 

The complete solution of Eq. (7.9.9) is given in terms of four undetermined 
constants of integration, b i (i = 1,2,3,4), 

(7.9.11) 

(7.9.12) 

(7.9.13) 

where 
(7.9.14) 

and 

[ 
-k2a2 2 ] • 

Wi = m i + 1; 1=1,2 
h 12 S2 

(7.9.15) 

The four constants of integration, bi' are evaluated by utilizing the 
boundary conditions at x = 0, I. These are 

region 2 

At x=O; (a) 

At x=l; (b) 

region 1 (7.9.16) 



334 Mechanical Design of Heat Exchangers 

dTJ 
At x=O; kJ - = -hc(Tt - T J ) (c) 

dx 

At x=l; dTJ dT/ I - = -- in region I' 
dx dx x=o (d) 

To determine the temperature gradient in region 1', we model the region 
as a very long tube attached to a source at temperature T* subject to heat 
transfer from a fluid at temperature Tt on its inside surface (coefficient ht) 
and from a fluid at temperature Ts on its outside surface (coefficient hs '). 
The solution for the temperature field follows directly from the heat 
conduction equation 

T ' -CIX ax (32 
J =cJe +c2e + 01 (7.9.17) 

where 

(a) 

(7.9.18) 
2 hs ' 82 Ts +ht8 J Tt 

(3 = (b) 
kJaJ 

and for region 1', x=O occurs at point 0' in Fig. 7.9.2. 
TJ ' is required to be finite as x becomes large, which implies that c2 =0. 

Furthermore, at x = 0, TJ ' = T*, which yields 
(32 

CJ =T*--
o? 

Hence 

and 
dT' (32 
-t-Ix=o = -a(T* - 7 ) (7.9.19) 

Equation (7.9.16d) can be combined with Eq. (7.9.19) to furnish an in­
dependent algebraic equation in the undetermined constants, bi' Equations 
(7 .9. 16a)-(7 .9.16c) provide the other three algebraic equations. The 
resulting system of four linear algebraic equations can be represented in 
subscript notation as 

Aijbj =/;; i= 1,4 (7.9.20) 
Summation on the repeated SUbscript (j = 1, .... 4) is implied in Eq. 
(7.9.20). 

The coefficients of the [A] matrix and the (f] vector are given in Ap­
pendix 7.A. 

Equation (7.9.20) is solved for the four b;'s using a standard Gaussian 
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elimination subroutine. The expressions for Tz and TI follow directly 
thereafter from Eqs. (7.9.11) and (7.9.13), respectively. In this manner, the 
temperature field is completely determined. At this point, the description 
for the entire solution scheme is complete, except for the intra-region 
coefficient h 12 . A simple expression for h lz is now devised which is con­
sistent with the level of accuracy of the total solution. To do this, we must 
introduce a radial variation to the temperature field. 

It is well known [7.9.5] that the general solution for temperature 
distribution in an axisymmetric long cylinder is a logarithmic function in the 
radius, r. Hence, it is reasonable to assume the temperature field to be 
logarithmic in radius r for the inner and outer cylinders. The unknown 
constants are evaluated using boundary and interface conditions; thus, we 
assume, for the purpose of obtaining h12' 

tl(r) gllnr+nl ; r l '5r$rz (a) 

tz(r) = gzlnr+nz;rz '5r'5r3 (b) 
g I, gz, n l and nz are evaluated under the following conditions: 

At r=r', t= TI 

r=r";t=Tz 
r = rz, t is continuous 

dt dt 
r=rz, kl - =kz -

dr dr 

(7.9.21) 

r' and r" are logarithmic mean radii in regions 1 and 2, respectively; i.e., 
rz -rl 

r'=--­
rz 

In­
ri 

r3 -rz 
r"= --­

r3 
In­

rz 

(7.9.22) 

The foregoing relationships determine the four undeterminant coef­
ficients in Eq. (7.9.21). 

Recalling that the heat flux at r=rz is h lz (TI - Tz), we obtain the final 
expression for h12 as: 

-kl 
h12 = ---------

rzln[ ( ;~ fllkZ C)] 
(7.9.23) 

7.9.3 Solution Procedure 

A step-by-step description of the solution procedure is given in the 
following to facilitate direct use of the preceding analysis without the en­
cumbrance of assimilating the details. 

(i) Input Data: 
(a) Geometry Data - tube sheet thickness, I; tube inner and outer radii 
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(rl and r2); tube layout pitch, p; layout angle, () (Fig. 7.9.1). 
(b) Thermal property data - tube material conductivity k I; tube sheet 

material conductivity k2 . 
(c) Heat-transfer data * - channel side heat-transfer coefficient he; in­

tube heat transfer coefficient, ht ; shell side heat-transfer coefficient hs on 
tubesheet surface; hs ' on tube surface; tubeside fluid temperature Tt ; shell 
side fluid temperature Ts. 

(ii) Computer3 fromEq. (7.9.1)andh 12 from Eqs. (7.9.22)-(7.9.23). 
(iii) Compute SI, S2 (Eq. (7.9.2a», al and a2 (Eqs. (7.9.2b) and 

(7.9.4». Compute cl , c2 , C3 and C4 from Eq. (7.9.10); and m i from Eq. 
(7.9.12); Wi from Eq. (7.9.15), IX and (Hrom Eq. (7.9.18). 

(iv) Compute all 16 coefficients of Aij and four terms of fi (Appendix 
7.A). 

(v) Solve the 4 x 4 linear equation set (Eq. (7.9.20» to obtain values of 
b l , b2 , b3 and b4 • 

(vi) The temperature in the ligament is obtained as a function of x from 
Eq. (7.9.11); determine di (i= 1, ... 4) from Eqs. (7.9.14) and (7.9.15). 
The tubewall temperature as a function of xis obtained from Eq. (7.9.13). 

7.9.4 Numerical Example - Computer Program LIGTEM 

Computer program LIGTEM automates the analysis presented in the 
preceding sub-sections. The input data instruction for LIGTEM is 
presented in Table 7.9.1. A typical example problem considered in the 
following illustrates the application of the computer program. 

A tubesheet in contact with tubeside fluid at 100°F, and shellside fluid at 
300°F is analyzed. The basic data is given below: 

(i) Geometry data: 1= 0.975"; rl = 0.435"; r2 = 0.5"; () = 60 deg. 
(ii) Thermal property data: Tube material conductivity kl = 9.3 Btu/hr.­

ft.- of; Tubesheet material conductivity, k2 = 30 Btu/hr-ft-of. 
(iii) Heat-transfer data: channel side coefficient, he = 50 Btu/sq.ft.- °F_ 

hr. Shell side coefficients, hs = hs ' = 1000 Btu/hr.-sq.ft.-of. 
(iv) All surface fouling factors are assumed to be zero. 

The tubewall temperature is plotted in Fig. 7.9.3 as a function of x 
labelled as case A. Figure 7.9.3 also shows the tube wall temperature 
variation when all coefficients are set equal (hs = he = ht := 50 Btu/hr-sq.ft.­
OF) and the conductivities kl and k2 are also set equal (k l = k2 = 9.3 Btu/hr­
sq.ft.- OF). This latter case is labelled Case B. Note that a temperature 
gradient exists through the thickness of the tubesheet. Therefore, a global 
thermal stress in the tubesheet will be developed. Global thermal stresses 
produced are important in evaluating plastic breakdown of the structure 

• If a fouling factor on any of these surfaces is specified, then the corresponding coefficients 
should be accordingly adjusted to account for fouling. 
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Fig. 7.9.3. Tubesheet through-thickness temperature distribution for the 
example problem. 

under cyclic conditions. The thermal stresses so produced are "secondary 
stresses" rather than "peak stresses". Secondary stresses warrant closer 
attention in tubesheet design, especially in units subject to large operating 
cycles. Furthermore, an axial thermal gradient may produce "bowing" of 
the tubesheet. In designs where the tubesheet also serves as a flange, such a 
bowing may cause joint leakage. Less perceptibly, bowing of the tubesheet 
may cause the pass partition plates to lose contact on the tubesheet surface 
thereby inducing an interpass leakage. Equally important, the tubesheet 
ligament temperature distribution under operating conditions has an impact 
on the sealworthiness of "rolled only" joint conditions. We will demon­
strate this in our more sophisticated tube-tubesheet rolled joint analysis in 
Appendix 7.C. 
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Table 7.9.1 Imput Data for LIGTEM (All input is free field) 

Line 1; Geometry and Conductivity data: 

Item 

Tube outside diameter, inch 
Tube wall thickness, inch 
Tubesheet thickness, inch 
Conductivity of tube material 

(Btu/hr.- °F-ft.) 
Conductivity of tubesheet material 

(Btu/hr.- °F-ft. 

Line 2; Film coefficient and fouling factor: 
Shell side film coefficient on tube surface 

(Btu/hr.-sq.ft.-OF) 
Tube inside film coefficient (Btu/hr.-sq.ft.- OF) 
Channel film coefficient on tubesheet surface 

(Btu/hr.-sq.ft- OF) 
Shell side film coefficient on tubesheet 

surface (Btu/hr.-sq.ft.-OF) 
Shellside tube surface fouling 

factor (Hr.-sq.ft.- of/Btu) 
Tube inside surface fouling 

factor (Hr.-sq.ft.- of/Btu) 
Tubeside fouling factor on tubesheet 

surface (Hr.sq.ft.- of/Btu) 
Shells ide fouling factor on tubesheet surface 

(Hr.sq.ft.-of/Btu) 

Line 3 
Tube layout pitch, inch 
Layout angle, degrees 
Tubeside fluid temperature 
Shellside fluid temperature 
Number of thickness increments in which 

the tubesheet temperature is to be printed out 

PROGRAM LIGTEM 

C TUBE SHEET LIGAMENT TEMPERATURE CALCULATING PROGRAM 
C 
C APRIL 5, 1978 
C 

C 

REAL K1,K2,K12,M1,M2,L,MIL,M2L 
DIMENSION ARC(4,4),A(16),B(4) 

Fortran 
Symbol 

THOLE 
TWALL 
L 
Kl 

K2 

HO 
HI 
HIC 

HIS 
RO 

RI 

RIC 

RIS 

PITCH 
LAYOUT 
TT 
TS 

NSTEP 

C TEMPERATURE DISTRIBUTION STATEMENT FUNCTIONS - TUBE WALL AND 
C TUBE SHEET LIGAMENT, RESPECTIVELY 
C 

T1(X)=W1*B(1)*EXP(M1*X) + W1*B(2)*EXP(-M1*X) + W2*B(3)*EXP(M2*X) 
$ + W2*B(4)*EXP(-M2*X) - C4/C3 



C 

C 

7/Tube-to-Tubesheet Joints 

T2{X)=B{1)*EXP{Ml*X) + B(2)*EXP{-Ml*X) + B(3)*EXP{M2*X) 
$ + B(4)*EXP{-M2*X) - C4/C3 

IPR=6 
ICR=5 
PI=3.14159 
WRITE{ IPR,2000) 
READ{5,*,END=3000) THOLE,TWALL,L,Kl,K2 
ACCEPT HO,HI,HIC,HIS,RO,RI,RIC,RIS 
ACCEPT PITCH,ANGLE,TT,TS,ASTEP 
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NSTEP=ASTEP 
WRITE{IPR,2005)THOLE,TWALL,L,Kl,K2,HO,HI,HIC,RO,RI,PITCH,ANGLE,TT, 

$TS,NSTEP 
C 
C CONVERT TO CONSISTENT SET OF DIMENSIONS 
C 

C 

THOLE=THOLE/12. 
TWALL=TWALL/12. 
L=L/12. 
ANGLE=ANGLE/180.*PI 

C CALCULATE VARIOUS DIMENSIONS 
C 

C 

TID=THOLE-2.*TWALL 
Sl=PI*TID 
S_2=PI*THOLE 
IF{ABS(ANGLE-PI/2.).LT •• 0001) A3=PITCH*PITCH 
IF{ABS{ANGLE-PI/2.).GE •• 0001) A3=PITCH*PITCH*SIN{2.*ANGLE) 
R3=SQRT{A3/PI)/12. 
R2=THOLE/2. 
Rl=TID/2. 

C COMPUTE VARIOUS CROSSECTIONAL AREAS 
C 

C 

AT=PI*R3**2 
AT2=PI*THOLE**2/4. 
ATl=P I *TI D**2/ 4. 
A2=AT-AT2 
Al=AT2-ATl 

C COMPUTE HEAT TRANSFER COEFFICIENT H12 
C 

C 

RIP={R2-Rl)/ALOG(R2/Rl) 
R2P={R3-R2)/ALOG{R3/R2) 
K12=Kl/K2 
H12=-Kl/R2/ALOG{(R2/R2P)**K12*RlP/R2) 

C COMPUTE OVERALL TUBE AND SHELLS IDE FILM COEFFICIENTS 
C 

HC=l./HIC + RIC 
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C 

HC=l./HC 
HT=l./HI + RI 
HT=l./HT 
HS=l./HO + RO 
HS=l./HS 
HIS=l./HIS + RIS 
HIS=l./HIS 
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C DETERMINE COEFFICIENTS OF INDICIAL EQUATIONS FOR THE GOVERNING 
C TEMPERATURE DISTRIBUTION DIFFERENTIAL EQUATION 
C 

C 

Cl=-Kl*K2*A2/H12/S2 
C2=Kl+K2*A2/H12/S2*(HT*Sl/Al + H12*S2/Al) 
C3=-HT*Sl/Al 
C4=HT*Sl*TT/Al 

C DETERMINE POWER COEFFICIENTS OF THE EXPONENTI+L SOLUTION TO THE 
C GOVERNING DIFFERNETIAL EQUATION 
C 

C 

YP=(-C2+SQRT(C2**2-4.*Cl*C3))/2./Cl 
YN=(-C2-SQRT(C2**2-4.*Cl*C3))/2./Cl 
Ml=SQRT(YP) 
M2=SQRT(YN) 

C DETERMINE AUXILIARY COEFFICIENTS OF THE DIFFERENTIAL EQUATION 
C 

C 
C 

Wl=1.-K2*A2*Ml**2/H12/S2 
W2=1.-K2*A2*M2**2/H12/S2 

C TO DETERMINE COEFFICIENTS B(I) BY SOLVING THE SET OF LINEAR 
C SIMULTANEOUS EQUATIONS --
C 
C DEFINE COEFFICIENTS OF THE SET OF LINEAR SIMULTANEOUS EQUATIONS 
C AND DEFINE THE FORCING VECTOR 
C 

C 

C 

ARC(1,1)=K2*MI-HC 
ARC(1,2)=-K2*MI-HC 
ARC(1,3)=K2*M2-HC 
ARC(1,4)=-K2*M2-HC 
B(1)=-HC*(TT+C4/C3) 

MIL=Ml*L 
M2L=M2*L 
ARC(2,1)=K2*Ml*EXP(MlL) + HIS*EXP(MIL) 
ARC(2,2)=-K2*Ml*EXP(-MlL) + HIS*EXP(-MIL) 
ARC(2,3)=K2*M2*EXP(M2L) + HIS*EXP(M2L) 
ARC(2,4)=-K2*M2*EXP(-M2L) + HIS*EXP(-M2L) 
B(2)=HIS*(C4/C3 + TS) 

ARC(3,1)=Kl*Wl*Ml - Wl*HC 
ARC(3,2)=-Kl*Wl*Ml - Wl*HC 
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ARC(3,3)=Kl*W2*M2 - W2*HC 

C 

C 

KC(3,4)=-Kl*W2*M2 - W2*HC 
B(3)=-HC*(C4/C3 + TT) 

ALPHA=(HS*S2 + HT*Sl)/Kl/Al 
ALPHA=SQRT(ALPHA) 
BETA=(HS*S2*TS + HT*Sl*TT)/Kl/Al 
BETA=SQRT (BETA) 
ARC(4,1)=Wl*Ml*EXP(MlL) + ALPHA*Wl*EXP(MlL) 
ARC(4,2)=-Wl*Ml*EXP(-MlL) + ALPHA*Wl*EXP(-MlL) 
ARC(4,3)=W2*M2*EXP(M2L)+ALPHA*W2*EXP(M2L) 
ARC(4,4)=-W2*M2*EXP(-M2L) + ALPHA*W2*EXP(-M2L) 
B(4)=ALPHA*C4/C3 + BETA**2/ALPHA 

C REARRANGE COEFFICIENT ARRAY FOR IBM SOLVING ROUTINE FORMAT 
C 

DO 50 J=1,4 
DO 50 1=1,4 

IC=I+(J-l)*4 
A(IC)=ARC(I,J) 

50 CONTINUE 

C 

N=4 
CALL SIMQ(A,B,N,KS) 
IF(KS.EQ.l) GO TO 200 

C CALCULATE AND PRINT THE TEMPERATURE DISTRIBUTIONS 
C 

WRITE(IPR,200l) 
STEP=L/NSTEP 
NS=NSTEP + 1 
DO 100 I=l,NS 

X=O.+(I-l)*STEP 
XI=X*12. 
TlX=Tl (X) 
T2X=T2(X) 
WRITE(IPR,20l0)XI,TlX,T2X 

100 CONTI NUE 
STOP 

200 WRITE(IPR,2002) 
3000 STOP 

1000 FORMAT(5E16.8) 
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2000 FORMAT(lHl,2X,"---- CALCULATION OF AVERAGE TUBESHEET LIGAMENT TEM 
$PERATURES") 

2001 FORMAT(! / / ,6X, ,,---- TEMPERATURE DISTRIBUTION IN TUBE WALL AND TUBE 
$SHEET LIGAMENT" / / IT2," LOCATION" , Tl5," TEMPERATURES, DEG F" IT5," IN." , 
$T12,"TUBE WALL",T24,"TUBESHEET LIG."/) 

2002 FORMAT(lHO,"SINGULAR SET OF EQUATIONS EXIST") 
2005 FORMAT(lHO," INPUT DATA"// 

$2X,"TUBE HOLE DIAMETER,IN.",T4l,FlO.3/ 
,2X,"TUBE WALL THICKNESS,IN.",T4l,FlO.3/ 
$2X,"TUBE SHEET THICKNESS,IN.",T4l,FlO.3/ 
$2X,"TUBE COND.,BTU/HR/DEG F/FT2",T4l,FlO.3/ 



342 Mechanical Design of Heat Exchangers 

$2X, "TS CONDo ,BTU/HR/DEG F /FT2", T41 ,FIO.3/ /, 
$2X,"SHELLFILM COEFF.,BTU/HR/DEG F/FT2",T41,F10.3/ 
$2X,"TUBE FILM COEFF.,BTU/HR/DEG F/FT2",T41,FIO.3/ 
$2X,"CHANNEL FILM COEFF.,BTU/HR/DEG F/FT2",T41,FlO.3/ 
$2X,"SHELL FOULING FACTOR,l/(BTU/HR/DEG F/FT2)",T45,F7.4/ 
$2X,"TUBE FOULING FACTOR,l/(BTU/HR/DEG F/FT2)",T45,F7.4//, 
$2X,"TUBE. PITCH",T41,FIO.3/ 
$2X,"TUBE LAYOUT ANGLE",T41,FIO.3/ 
$2X,"TUBE SIDE TEMPERATURE,DEG F",T41,FI0.3/ 
$2X,"SHELL SIDE TEMPERATURE,DEG F",T41,FlO.3/ 
$2X," NUMBER OF LOCATION INCREMENTS", T43, 14/ /) 

2010 FORMAT(IHO,1X,F5.2,TI3,F7.2,T27,F7.2) 
END 

7.10 TUBE REMOVAL AND TUBE PLUGGING 

Tube plugging is ordinarily the last resort to block off inter-mixing of 
shell and tubeside fluids. It is obviously preferable to remove and replace a 
leaky tube with a new tube. Removing a leaky tube is often not without 
hazards. The welded connection with the tubesheet must be broken using a 
suitable cutter. The portion of the tube inside the tubesheet may have to be 
machined out to free the tube. All of this metal removing operation in tight 
header space in an installed unit carries the danger of harming nearby 
"good" tubes. Engineers have attempted other, more benign, techniques of 
tube removal. The sand pushing method reported by Schroeder [7.10.1] is 
disarmingly simple; and reportedly highly effective. Schroeder's method is 
illustrated in Fig. 7.10.1. A soft plug of felt, rubber, or other pliable 
material with diameter which is snug with the tube I.D. is inserted to retain 
sand or grit. Sand or grit (80 mesh aluminum oxide was used in the reported 
successful cases), is then introduced to a depth equivalent to approximately 
five tube diameters. A push rod sized to fit the inside diameter of the tube is 
inserted and an axial load is applied. The grit mass is compacted and the 
friction between grit and tubewall transfers the push rod force to the tube 
wall. Tests indicate that the amount of force that can be applied is only 
limited by the strength of the push rod. It is desirable to push both ends of 
the tube simultaneously with equal force when removing U-tubes. 
Hydraulically operated tube removal tools have also been used recently with 
success. 

Plugging the tube is not without complications. A tube plug is designed to 
block the flow through the tube which in turn alters the temperature field in 
the vicinity of the plugged hole. The added mass of the plug also alters the 
"thermal capacitance" of the tubesheet around the plugged hole. 
Therefore, the plugged portion of the tubesheet lags the rest of the metal in 
any temperature changes brought about by fluctuations in the tubeside 
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Fig. 7.10.1. Sand pushing method for tube removal (reprinted with the 
courtesy of the American Society for Metals, Metals Park, Ohio). 

fluid. The resulting thermal fatigue stress is detrimental to the tubes in the 
vicinity of the plugged holes. This phenomenon is responsible for the 
"cluster" effect in tube failures: The tube failures tend to cluster around a 
"plugged" tube. Plant operators are known to attempt to overcome the 
problem by "insurance plugging" which means that a number of good 
tubes around a failed tube are plugged to buy insurance against in-use 
failures. In reality, this only exacerbates the problem. Tube plugging should 
be avoided wherever possible. Unfortunately, there is little alternative in 
those situations where the tube is trapped, such as the inner rows in a U­
bundle. The engineer, however, can exercise good judgement in the 
selection of the most appropriate plug design from among the wide variety 
available. 

The most common and inexpensive plug is the tapered plug shown in Fig. 
7.10.2. Such a plug is usually hammered in place with predictably uncertain 
results. The blow of the hammer, if too great, may crack adjacent tube­
tubesheet welds and precipitate additional leakage. A more sophisticated 
plug, the two piece tapered plug shown in Fig. 7.10.3, suffers from the same 
drawback. The outer sleeve in the two piece plug can be plain or serrated as 
shown in Fig. 7.10.4. The serrated outer sheath can cut through the scale 
and highs of pitted surfaces and therefore is more suitable for tubes with 
corroded interior. 

The hydraulic or controlled detonation induced plug expansion is more 
desirable. Figure 7.10.5 shows a plug suitable for impact bonding. The 
hollow interior of the plug minimizes the increase of local tubesheet thermal 
inertia. The outer serrations effect the necessary seal. 

Another practical concept, promoted as the "Pop"-a-plug system by its 
propounders [7.10.2], utilizes the two piece tapered plug mounted at the end 
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of a machined "breakable" location to install the plug at any location 
within the tube length. Figure 7 .10.6 shows the concept in schematic form. 
The ability of this technique to install the plug at any location along the tube 
length is hailed as its major advantage by its inventors. Many other 
techniques of tube plugging are also reported in the commercial heat ex­
changer technology literature [7.10.3]. 

HAMMERIN 
TO SEAT 

Fig. 7.10.2. Tapered plug used for tube plugging 

TWO PIECE TAPERED 
PLUG 

Fig. 7.10.3. Two piece tapered plug 

ffiTffffffH1l-, 
L---~ 

PLAIN PLUG SERRATED PLUG 

Fig. 7.10.4. Outer sleeve design in two piece tapered plug (Courtesy 
American Society for Metals) 
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Fig. 7.10.5. Explosive plug design. (Courtesy ASM, Ohio) 

STANDOFF RING 

COMPRESSION 
PLUG POSITIONER TUBE 

0fP· ·~~~=~ 
2 PIECE BREAKWAY lQjiiii~iiijilW~ 

SERRATED PLUG 

345 

"­
HYDRAULIC FLUID 

Fig. 7.10.6. Pop-a-plug concept (Courtesy ASM, Ohio) 

NOMENCLATURE 

[A] Coefficient matrix (4 x 4) (Eq. (7.9.20» 
a1 Lateral cross-sectional area of region 1 (Fig. 7.9.2) 
a2 Lateral cross-sectional area of region 2 (Fig. 7.9.2) 
b j Constants of integration, i = 1,2,3,4 (Eq. (7.9.11» 

C Radial clearance between tube outside surface and tubesheet 
hole 

Cj Derived coefficients, i = 1,2,3,4 (Eq. (7.9.10» 
d j Constants of integration, i = 1,2,3,4 (Eq. (7.9.13» 
E Young's Modulus of tubesheet material 

E, Tube material Young's Modulus 
If} Right-hand sid~ vector (4 elements) (Eq. (7.9.20» 

f Local coefficient of friction on tube/tubesheet surface 
(Section 7.8.5) 

h12 Heat-transfer coefficient corresponding to a 12 (Eq. (7.9.5» 
he Heat-transfer coefficient on the tubesheet surface in the 

tubeside chamber 
h, In-tube heat-transfer coefficient 
hs Shell side heat-transfer coefficient on the tubesheet surface 

hs' Shellside heat transfer coefficient on the tube surface. 
k 1 Thermal conductivity of tube material 
k2 Thermal conductivity of tube material 

/ Tubesheet thickness 
L Roll depth of tube into tubesheet (Eq. (7.8.35» 
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m1 ,m2 

jJ 
Pmax ,Pc(max) 

p(x) 
Pc' 

Pc 

Pc * 
Pe 

Pi 
Po 

p* 
P* 
PO' 
q12 

r' ,rtf 
re 

r/ 

r/ ' 
r/ * 
r1 

r2 
r2 * 

r3 
S 

Si 

Tl 
T2 

T' 1 

T/ 
Ts 

t 

t' 
t* 
u 
U 

= 
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Quantities defined in terms of Ci (i = 1,2,3,4) 
(Eq. (7.9.12)) 
Layout pitch (Eq. (7.9.1)) 
Maximum expansion pressure, and tubeltubesheet 
contact pressure during joint expansion; respectively 
Contact pressure distribution (Sub-section 7.8.5) 
Final contact pressure after unloading. 
Contact pressure between tube wall and tubesheet 
during loading condition 
Contact pressure increment 
Interface pressure between elastic and plastic 
regions of tube sheet ligament 
Incremental pressure in the tube hole above Po 
Internal pressure in the tube at tube wall/tubesheet 
hole contact after yielding of the tube 
Increment of internal pressure 
Tube pull out load 
Pressure to cause initial tube yielding 
Heat flux from region 1 to region 2 
Functions of r1 , r2 and r3 (Eq. (7.9.22)) 
Interface radius between elastic and plastic zones 
in the tubesheet ligament 
Tube mean radius corresponding to tube wall 
thickness t. 
Undeformed tube mean radius· 
Final tube mean radius after loading 
Tube hole radius 
Tube outer radius 
Final hole radius after loading 
Equivalent ligament radius (Fig. 7.9.2) 
Stress intensity in the tube material 
Circumference corresponding to radius ri 

(i = 1,2,3) 
Average cross-sectional temperature of tube wall 
Average cross-sectional temperature of tube sheet 
ligament 
Average tube wall cross-sectional temperature in 
region I' 
Tubeside fluid temperature 
Shellside fluid temperature 
Tube wall thickness at the point of contact with the 
tubesheet hole. 
Undeformed tube wall thickness 
Final tube thickness 
Radial deflection of tube mid-surface 
Radial displacement increment 
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Uc Complementary energy 
a,{3 Parameters which define tube metal temperature 

in region l' (Eq. (7.9.18)) 
Er Radial strain 
Ez Longitudinal strain 
Eo Circumferential tube strain 
" - Poisson's ratio of tube and tubesheet materials 

ao Circumferential stress in the tube 
ar Radial stress in the tube 
aT Yield stress of the tube material in simple tension 
as Yield stress of the tubesheet material in simple 

tension 
() Layout angle (Fig. 7.9.1) 

w\ ,W2 Coefficients which relate d; to b; (Eq. (7.9.15» 
1> Plasticty proportionally factor relating plastic 

strain increments to stress 
p- Effective coefficient of friction. 

ADDITIONAL OR CHANGED NOMENCLATURE FOR APPENDIX 
7.C 

A;, B;, D; * = Coefficients of incremental equations 
C;,D;,R;* 
Ej , OJ 
eo;, er ; 

h; 
k; 
N 
P; 

PR,Pc 
r; 

r\*,h\* 
T 

U; 
Eo;,Er; 

A; 
aT> aTS 

ay; 
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Layer material properties 
Layer plastic strain rates 
Thickness of layer i 
Artificial parameter to indicate plasticity in layer i 
Number oflayers (Fig. 7. C.1 b) 
Interface pressure between layer i and i + 1 (see Fig. 7. C.1) 
Limiting roll pressure, contact pressure (Eq. (7.C.26» 
Mean radius of layer i 
Tube mean radius, thickness at contact with tubesheet 
Temperature rate for heating/cooling cycle 
Layer velocities 
Layer total strain rates 
Plasticity proportionality factor (see Eq. (7. C. 7» 
Uniaxial yield stress of tube, tubesheet material 
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APPENDIX 7.A 

Coefficients of [A] Matrix and {f] Vector 

All k 2m l -he; A21 (k2m l +hJemll 

Al2 -k2ml -he; A22 (- k 2m l + hs}e- mll 

Al3 k 2m 2 -he; A 23 (k2m2 + hs}em21 

AI4 -k2m2 -he; A24 ( - k 2m 2 + hs}e- m21 

/1 ( . C4 ) hs ( ~ + Ts) -he T t + - ;/2 
C3 C3 

A31 (klml-he}wl; A41 wI(m l +a}emll 

A32 -(klml +he}WI; A42 = WI (-ml + a}e-mll 
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-(k1m2+hc )w2; A44 

- hc ( Tt + ~: ); f4 
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Wz(m 2 + a)em21 

W2( -m2 + a)e- m21 

{32 aC4 
-+-
a C3 

APPENDIX 7.B 

COMPUTER CODE FOR EVALUATION OF RESIDUAL ROLL 
PRESSURE USING TRESCA YIELD CONDITION 

User Information 

The code is written in Fortran 66 for execution on a TRSSO-MODIII 
microcomputer. The code assumes input from the keyboard, and outputs 
prompts to the screen, and results to a printer. The listing of the source code 
is provided as well as the results leading to Table 7 .S.2 in the text. Complete 
documentation on this code may be found in [7 .B.l]. 

PROGRAM TBROLL 

C**PROGRAM TO COMPUTE TUBE ROLL PRESSURE BASED ON 
C**TRESCA YIELD CONDITION, MAXIMUM TUBE RULL, AND TUBE 
C**YIELD PRIOR TO CONTACT. TRS-80 MODIII FORTRAN 
C****INPUT VARIABLE LIST 
C**TOD=TUBE OUTER DIAMETER INPUT ZERO TO END JOB 
C** TT=TUBE NOMINAL THICKNESS 
C** C=NOMINAL RADIAL CLEARANCE 
C** ET=YOUNG'S MODULUS OF TUBE MATERIAL 
C** ES=YOUNG'S MODULUS OF TUBESHEET MATERIAL 
C** YT=YIELD STRESS OF TUBE MATERIAL 
C** YS=YIELD STRESS OF TUBESHEET MATERIAL 
400 CONTI NUE 

WR ITE (2,50 ) 
50 FORMAT(1X,'************************') 

WRITE(5,1 ) 
1 FOR~lAT(' INPUT TOD,TT,C 3(1X,F6.3)') 

REAC(1,2) TOD,TT,C 
IF(TOD.LE.O.) STOP 

2 FORMAT(1X,3F6.3) 
WRITE(5,3) 

3 FORMAT(' INPUT ET,ES,YT,YS 4(lX,ElO.3)') 
READ(1,4) ET,ES,YT,YS 

4 FORMAT(1X,4E10.3) 
WRITE(2,12) 

12 FORMAT('************************************') 
WRITE(2,b) TOD,TT,C 
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5 FORMAT(1HO, 'TOD=' ,F6.3,' TT=' ,F6.3,' C=' ,F6.3) 
WRlTE(2,6) ET ,ES 

6 FORMAT(' ET=',FlO.O,' ES=',FlO.O) 
WRITE(2,7) YT,YS 

7 FORMAT(' YT=' ,FlO.O,' YS=' ,FlO.O) 
C****CALCULATIONS 

RM=.5*(TOD-TT) 
Tl=TT*(1.-.5*C/RM) 
R2=(TOD+2.*C)/2. 
Rl=R2-.5*Tl 
Xl=YT*(1.+.15*TT/RM)/(ET*(1.+.5*TT/RM)) 
X2=C/RM 
IF(X2.LT.Xl) WRITE(5,8) 

8 FORMAT(' TUBE DOES NOT YIELD PRIOR TO CONTACT') 
IF(X2.LT.Xl) GO TO 400 
YTl=YT*(1.-Tl/(2.*Rl)) 
PC=AMINl(YTl,YS) 
PMAX=PC+ YT*Tl/Rl 
X3=27.*1.3/l6.*YS/ES 
R2S=R2*(1.+X3) 
U2=R2*X3 
TlS=Tl*(1.-.5*X3) 
RlS=R2S-.5*TlS 
ELAM=ET/ES*1.3*R2S/RlS+.2 
Zl=(1.-.5*TlS/RlS) 
PCF=PC*TlS/RlS*(.5+ELAM)-YT*Tl/Rl*Zl 
PCFl=PCF 
PCF=PCFl/(l.+ELAM*TlS/RlS) 

C*******OUTPUT 
WRITE(2,20)PMAX,PC,PCF,PCFl 
WRITE(2,2l) Rl,RlS,RM 

21 FORMAT(lHO,' 1\1=' ,F6.3,' RlS=' ,F6.3,' RM=' ,F6.3) 
WRITE(2,22) Tl,TlS,R2,R2S 
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22 FORMAT(' Tl=' ,F6.3,' TlS=' ,F6.3,' R2=' ,F6.3,' R2S=' ,F6.3) 
20 FORMAT(lHO,'PM=' ,F9.1,' PCM=' ,F9.1,' PCF=' ,F9.1,' PCFl=' ,F9.1) 

GO TO 400 
END 

SAMPLE OUTPUT FROM TBROLI, 

*** ••••••••••••••••• ** ••••••••••••• 

TOD= .750 TT= .049 C= .005 
ET= 14900000. ES= 15000000. 
YT= 40000. YS= 20000. 

PM= 25471.3 PCM= 20000.0 PCF= 463.1 PCF1= 562.6 
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R1= 
T1= 

.356 R1S= 
.04'3 T1S= 

.357 RM= 
.04'3 R2= 

Mechanical Design of Heat Exchangers 

.350 
.380 R2S= 

**.**** •••••••••• ****.** 
••••••••• *** •• *** •• * ••• * •••••• ***** 

TOD= .750 TT= .04'3 C= .005 
ET= 2'3000000. ES= 2'3000000. 
YT= 30000. YS= 30000. 

.381 

PM= 32051.8 PCM= 27'348.2 PCF= 33'36.2 PCF1= 

R1= 
T1= 

.356 R1S= 
.04'3 T1S= 

.357 RM= 
.04'3 R2= 

**.**** ••••••••••••••••• 

.350 
.380 R2S= 

........ -.......... -.............. . 
TOD= .750 TT= .04'3 C= .005 
ET= 16000000. ES= 2'3000000. 
YT= 15000. YS= 30000. 

PM= 16025.'3 PCM= 13'374.1 PCF= 

R1= 
T1= 

.356 R1S= 
.04'3 T1S= 

.357 RM= 
.04'3 R2= 

.******.* ••••• ****.* •• ** 

.350 
.380 R2S= 

--_ ••• *--••••••.•••••••...••••••.•. 
TOD= .750 TT= .04'3 C= .005 
ET= 18000000. ES= 15000000. 
YT= 15000. YS= 20000. 

.381 

777.'3 PCF1= 

.381 

PM= 16025.'3 PCM= 13'374.1 PCF= 2064.'3 PCF1= 

R1= 
Tl= 

.356 R1S= 
.04'3 T1S= 

.357 RM= 
.04'3 R2= 

•••• ***.** •••••••••••••• 

.350 
.380 R2S= 

•• * •••••••••••••••••••••••••••••••• 

TOD= .750 TT= .04'3 C= .005 
ET= 2'3000000. ES= 18000000. 
YT= 30000. YS= 15000. 

.381 

PM= 1'3103.5 PCM= 15000.0 PCF= 1640.1 PCF1= 

Rl= 
Tl= 

.356 R1S= 
.04'3 T1S= 

.356 RM= 
.04'3 R2= 

.350 
.380 R2S= 

•••••••••••••••••••••••• 
••••••••••••••••••••••••••••••••••• 

TOD= .750 TT= .04'3 C= .005 
ET= 22000000. ES= 18000000. 
YT= 18000. YS= 15000. 

.381 

4131.5 

880.3 

258'3.6 

2185.3 
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PM= 17462.1 PCM= 15000.0 PCF= 2073.4 PCF1= 

R1= 
T1= 

.356 R1S= 
.049 T1S= 

.356 RM= 
.049 R2= 

***.***** •••• ** •• ** ••••• 

.350 
.380 R2S= 

... _--_ ........................... . 
TOD= .750 TT= .049 C= .005 
ET= 22000000. ES= 29000000. 
YT= 18000. YS= 30000. 

.381 

PM= 19231.1 PCM= 16768.9 PCF= 1463.0 PCF1= 

R1= 
T1= 

.356 R1S= 
.049 T1S= 

.357 RM= 
.049 R2= 

•••••••••••••••••••••••• 

.350 
.380 R2S= 

.... _- ............................ . 
TOD= .750 TT= .028 C= .005 
ET= 29000000. ES= 29000000. 
YT= 30000. YS= 30000. 

.381 

PM= 31139.3 PCM= 28860.7 PCF= 2044.1 PCF1= 

R1= 
T1= 

.366 R1S= 
.028 T1S= 

.367 RM= 
.028 R2= 

•••••••••••••••••••••••• 

.361 
.380 R2S= 

................... -.............. . 
TOD= .750 TT= .028 C= .005 
ET= 22000000. ES= 29000000. 
YT= 18000. YS= 30000. 

PM= 18683.6 PCM= 17316.4 PCF= 

R1= 
T1= 

.366 R1S= 
.028 T1S= 

.367 RM= 
.028 R2= ._ ...... _ ........ _.-... -

.361 
.380 R2S= 

••••••••••••••••••••••••••••••••••• 

TOD= .750 TT= .028 C= .005 
ET= 29000000. ES= 22000000. 
YT= 30000. YS= 18000. 

.381 

863.5 PCF1= 

.381 

PM= 20278.6 PCM= 18000.0 PCF= 1032.1 PCF1= 

R1= 
T1= 

.366 R1S= 
.028 T1S= 

.367 RM= 
.028 R2= 

.361 
.380 R2S= .381 
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2610.0 

1712.9 

2283.8 

943.4 

1186.8 
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APPENDIX 7.C 

TUBE-TUBESHEET JOINT LOADING INCLUDING THERMAL 
EFFECTS 

It is the purpose of this appendix to establish a special purpose computer 
solution of the 2-D rolling problem which includes elastic-plastic behavior, 
large deformations, and establishes residual contact pressures both im­
mediately after initial room temperature rolling, and also after a subsequent 
temperature cycle. The analysis places no restrictions on yielding of the tube 
or tube sheet during any phase of the simulation. The motivation herein is to 
present a modern analysis tool to predict the residual rolling pressure 
between tube and tubesheet. 

Analysis 

The roller or hydraulic expansion process is characterized initially by a 
tube loading stage. Subsequent to tube-to-tubesheet contact, as the internal 
pressure continuously increases, loading of the tube sheet begins. Tubesheet 
deformation is initially elastic until the state of stress in the tubesheet at the 
hole surface satisfies the yield criteria. With additional increase in rolling 
pressure, the plastic zone in the tubesheet increases until a maximum rolling 
pressure is reached. With subsequent decrease of the rolling pressure, both 
tube and tubesheet are unloaded, but a residual contact pressure will exist at 
the interface of the tube and tubesheet after all of the internal pressure is 
removed. Reversed yielding may occur during this unloading in either or 
both tube and tubesheet. 

If the tube and tubesheet are made of different materials, any subsequent 
temperature change of the joint from the rolling temperature to the unit 
operating temperature changes the tube-to-tubesheet contact pressure. The 
residual contact pressure after a single temperature cycle depends on joint 
geometry, material properties of tube and tubesheet, temperature range, 
and maximum rolling pressure initially applied. 

Figure 7.C.la shows the configuration considered. The configuration is 
idealized by a set of concentric membrane elements in 2-D plane stress as 
shown in Fig. 7.C.lb. There are N membrane elements (layers) with the 
innermost element being the tube; the remaining membrane elements 
represent the tubesheet. The elements (layers) are numbered starting from 
the tube (element I); the ith element (layer) has mean radius ri and thickness 
hi· 

The following assumptions are made for the detailed analysis: 

a) The tube and tubesheet materials satisfy the von Mises Yield 
Criterion; strain hardening is neglected. 

b) No creep occurs in the temperature range considered. 
c) Temperature changes in tube and tubesheet are uniform and have the 
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(b) 

Fig. 7.C.l. Tube-to-Tubesheet Joint model. 

same value at any stage in the simulation. 
d) Material properties are temperature independent. 

Figure 7.C.2 is a free-body diagram of the ith layer showing "internal" 
pressurepi_l, and "external" pressure Pi' The average radial stress in the 
ith layer is 

1 
(J,i = - 2: (Pi-l +p;) 

Equilibrium of the ith element requires that 
d 

ao = dr (ra,) 

The average ith layer hoop stress is defined as 
1 f'i +hil2 r· 

(JOi=-J (Jodr=-' (Pi-l-P;)+(J,i 
hi 'i -hi 12 hi 

(7.C.l) 

(7.C.2) 

The average stresses (Jri, (JOi characterize the state of stress in the ith layer. 
When rolling pressure Po is changed by an increment Po and system 

temperature T is changed by an increment t, the interface pressures Pi 
(between layer i + 1 and layer r) undergo incremental changes Pi' The 
incremental changes in (J,i, (JOi are 

2a,i = -<Pi-l +Pi) (7.C.3) 
r· 

aOi = <Pi-l - P;)-t- + (am - (Jri)(EOi - Eri) + a,i , 
(7.C.4) 

where incremental strain relations for each layer are: 
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UBi 

Fig. 7.C.2. Stress and displacement definitions for a typical element. 

(7.C.S) 

ri • 1. . . . 
- = EBi = E (UOi - VUri) + e Oi + (Xi T (7.C.6) 
r i i 

For ideal plasticity, subject to plane stress conditions, the plastic strain 
increments, eri , eOi can be written as 

. Ai . Ai 
e ri = 3 (2 Uri - uoJ;eOi = 3(2uOi - Uri) (7.C.7) 

Using Eqs. (7.C.S), (7.C.6) in Eq. (7.C.4) yields aOj as 

(1 UOj - Urj). _. [ UOj - Urj 1 r j ] • 
- -- U P --- - - + - +p 20. OJ - j - 1 40. 2 h. j 

J J J 

[ 
UOj - Urj 1 rj ] . . 

X --- - - -- +(uOj-urj)Llej J=I,2, •• , 10 
40j 2 hj 

(7.C.8) 

where M j = eOj - erj • Note that in Eq. (7.C.8) the term (uoj-ur)IGj 

represents large deformation effects during elastic loading. Since this term 
is of order 10- 3 for most metals, one concludes that large deformation 
effects may be significant only during plastic action. 

The displacement increments at the inner and outer surfaces of the ith 
membrane layer are given in terms of strain increments as 

(7.C.9) 

(7.C.1O) 
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Compatibility equations for a unit idealized as N layers are the N - 1 
equations. 

Ui4-1 =ut i= 1,2, .. ,N-l (7.C.ll) 

The strain increments are eliminated in terms of stress increments, and 
the stress increments are eliminated in favor of interface pressure in­
crements. After some algebraic manipulation, N - 1 compatibility 
equations are evolved from Eq. (7. C.1l) in the form 

(7.C.12) 

where i = 1,2, ... , (N - 1); N being the number of layers including the 
tube as the first layer. The coefficients Ai, Bi, Ci, Di, Di* , Ri are given at 
the end of this Appendix. Note that no approximations save plane stress, 
and the membrane assumption have been employed to obtain Eq. (7.C.12). 

The artificially inserted parameter k i , i = 1,2 .. , N satisfies the con­
ditions: 

k i = 0 if layer i is elastic during the increment; 
k i = 1 if layer i experiences plastic flow during the increment. 

If all layers remain elastic, since ki = 0, i = 1,2 ... , N, the N - 1 com­
patibility equations are solvable for the N - 1 interface pressure increments. 
Once yielding has occurred in one or more layers, Eq. (7.C.12) are in­
sufficient to determine interface pressure increments. Additional equations 
are obtained from the von Mises yield condition. If ayi is the uniaxial yield 
stress in the ith layer, then 

aOi 2 - aOiari + ari2 ~a;i i= 1,2 .. , N (7.C.13) 

with the equality sign applying when yielding occurs. In incremental form, 
for any yielded layer, we may write 

(2aOi-ari)iTOi+(2ari-aO;)iTri=0 i=1,2, ... ,M (7.C.14) 
where M is the number of yielded layers during the increment. Rewriting the 
above equation in terms of incremental pressures yields the N equations 

ki(F;[Ji_1 +M;[Ji) +HiAi =0 i= 1,2, ... ,N (7.C.15) 
Equations (7.C.12), (7.C.15) are 2N-1 equations for the incremental 

pressures Pi' i= 1,2, ... , N-1 and the plasticity proportionality 
parameters Ai' i = 1,2, .. ,N at each stage of the simulation. The boundary 
conditions are assumed as: 

Po known loading increment; 
(7.C.16) 

t = known temperature increment. 
The tube rolling process considered consists of tube loading by Po to 

initial contact with the tubesheet, a subsequent loading and unloading 
(iJo ~O, t=O) to establish a room temperature r.esidual contact pressure, 
and a subsequent temperature cycle (iJo =0 and T~O) to examine thermal 
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effects in the absence of creep. In the developed computer code in Appendix 
7.D, a total of ten layers are modelled. The first layer represents the tube 
and has an initial layer thickness equal to the nominal tube thickness. The 
remaining nine layers modelling the tubesheet each have thickness HS. 

Since clearance c initially exists between tube and tubesheet, the tube state 
of stress when tube to tube sheet contact initially occurs must be established. 
At first yield, the stress increments are 

!:l.Uri = -Po12; !:l.UOl =por1lh 1 -Po12 

and the yield condition gives 

Po= (l-hl12rl +hI2/4rI2t, 

(7.C.l7) 

(7.C.l8) 

Dimensional changes may be ignored in the elastic deformation phase 
and we find that tube yield occurs prior to tubesheet contact, if 

cir1 >uY1 lEI (7.C.l9) 
If the clearance c is small and tube yield does not occur prior to contact with 
the tubesheet, then the roll pressure at contact and the tube stress state is 
found from the geometric relation 

hI hI * 
r *=r +- +c--

1 1 2 2 (7.C.20) 

where rt, ht, are the tube mean radius and thickness at contact. Equation 
(7.C.20) can be rewritten as 

(7.C.21) 

Since 

(7.C.22) 

the roll pressure Po at contact may be established. 
If tube yield occurs prior to tubesheet contact, then the additional change 

in roll pressure, tube mean radius, and tube thickness occurring during the 
increment between first yield and contact with the tubesheet must be 
computed. For the increment between first yield and contact, Eq. (7.C.l5) 
yields: 

(7.C.23) 

We can obtain a second equation involving Po, A, by computing the 
quantity !:l.rl +!:l.hl 12 between first yield and contact. The result of this 
calculation must be equal to the clearance remaining between the tube at 
first yield, and the tube hole surface. 

Thus, we can obtain solutions for Po, Al associated with the geometry 
changes between tube initial yield and first contact. Therefore, the tube 
stress state, the new tube geometry, and the rolling pressure are known at 
the onset of tubesheet loading. 
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Application 

359 

A computer program simulating the roller expansion process based on 
our theoretical incremental analysis has been developed and is listed in 
Appendix 7.D. The program includes determination of the tube state at 
initial contact with the tubesheet, simulation of a loading and unloading 
stage with Po ¢o, t=O, and simulation of a temperature load and unload 
cycle withpo =0, t¢O. During the increments, within each stage of loading 
or unloading, proper account is taken of geometry changes and plastic 
behavior. 

The main purposes of this program are: (a) to determine the residual 
contact pressure after unloading or after temperature change for a given 
joint, so as to predict the joint holding power; and (b) to analyze the effect 
of various parameters and load cycles on the final residual contact pressure 
obtained. Table 7.C.I shows the possible scenarios that evolve based on a 
considerable number of simulations using the computer code. 

Table 7.C.l. Tube/Tubesheet Scenario* 

Initial 
Contact 

Tube remains 
elastic 

Tube yields 
prior to 
contact 

Loading 

Specified value 
of maximum 
applied pressure 
is reached 

All layers yield 
before maximum 
roll pressure 
obtained 

Tube yield 
strength controls 
max. roll pressure 

Tubesheet yield 
strength controls 
max. roll pressure 

Unloading 

Tube and tube­
sheet remain 
elastic 

Tube and tube­
sheet both 
experience 
reversed yield 

Either tube or 
tubesheet 
experiences 
reversed yield 

Tube/tubesheet 
contact is lost 

Temperature 
Change·· 

[(aT - aTs)~T>O] 
[(aT - aTs)~T <0] 

Tube is 
elastic or 
undergoes no 
stress change 

Tubesheet can 
be either 
elastic or 
plastic 

No change in 
stress state 
occurs as the 
temperature 
load is 
imposed or 
removed 

Tube/tube­
sheet contact 
is lost 

·Note that the result in any column may lead to any of the results in the succeeding columns. 
• • Scenarios apply to thermal loading or unloading. 
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(Jr = -PR and -Pc, where PR' Pc are the roll and contact pressures, 
respectively. One finds that in order that (Je be real at the locations con­
sidered, PR' Pc must be limited to the values 

PR :::;(4/3)Yi(JT; Pc:::;(4/3t'(JTS (7.C.26) 
where (JT> (JTS refer to the uniaxial yield stress of the tube and tubesheet 
material, respectively. The limiting values are independent of the outer 
radius assumed to model the tubesheet. In fact, the previous conclusion is 
usually found associated with the solution of the infinite sheet having an 
internally pressurized hole [7.8.4], and leads to the results that there is a 
limiting radius beyond which plasticity cannot propagate. In this finite 
radius tubesheet model, the limits on PR' Pc apply, but the extent of the 
plastic region depends on the particular geometry assumed. In fact, if the 
assumed outer limit of the tube sheet is taken too small, complete 
plastification, with subsequent unlimited deformation, can occur prior to 
achieving the roll or contact pressures limits. In the computer code 
developed, the above limits of PR' Pc, and the requirement that the 
outermost membrane layer remain elastic are automatically imposed as 
absolute upper bounds on the pressure loading. 

Table 7.C.2 shows the results of a verification study where tube and 
tubesheet are both of the same material, the clearance is zero, and a final 
roll pressure of 16,000 psi is imposed. All layers remain elastic and the 
results are compared with the Lame solution for the thick cylinder. The 
percent errors are well within the limits for design purposes even with an 
increment size of 50 psi. 

Table 7.C.2. Interface Pressures - Comparison with Exact Solution 

Layer Thickness HS = 0.55" Layer thickness HS = 0.85" 
Pressure Increment Po = 1 0 psi Pressure Increment Po = 50 psi 

Program Lame Error«(lJo) Program Lame Error(llJo) 

16000 16000 0 16000 16000 0 
11448.4 11453.5 .0445 11722 11744 .186 
8078.0 8085.1 .0878 7294 7327 .449 
5796 5796.2 .107 4786 4809 .496 
4166 4170.3 .103 3223 3241 .554 
2970 2974.1 .138 2183 2197 .570 
2065 2068.5 .169 1457 1469 .795 
1364 1366.5 .183 943 939 .799 
810 811.3 .160 539 543 .785 
364 364.6 .164 236 238.9 1.214 
0 0 0 0 0 0 

Table 7.C.3 presents geometry and loading conditions for a typical 
construction. Two simulations are performed with the tube material 70:30 
Cu-Ni in both analyses. The thermal cycle is the same for both simulations, 
and the possibility of heat up and cool down is considered. 
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Table 7.C.3 Simulation with 70:30 Cu Ni Tubing 

Material 
E(psi) 
uy(psi) 
(X 

Tube O.D. (in.) 
Tube thickness (in.) 

Tube 

70:30Cu-Ni 
2.2 x 107 

1.8 X 104 

9 X 10- 6 

Tubesheet 1 

90:10 Cu-Ni 
1.8 x 107 

1.5 X 104 

9.5 X 10- 6 

0.75 
0.049 

Tubesheet 2 

Steel 
2.9 x 107 

3 X 104 

6.5 X 10- 6 

0.75 
0.Q28 

c = 0.005" , layer thickness = 0.085" , Troll = 70°F, Toperating = ± 300°F. 

In both runs, the layer thickness is 0.085" so the ratio of outer 
radius/inner radius of the tube sheet model is 3.04. With this geometry, the 
upper limit of mechanical loading is governed by Eq. (7.C.26). Tables 7.C.4 
and 7.C.5 show some computer output from the two simulations, assuming 
that the operating temperature is higher than the roll temperature. Note that 
with tubesheet #1, the limit on roll pressure is governed by the tubesheet 
yield strength. There is a significant plastic region in the tubesheet at the 
peak load. For the Cu-NilCu-Ni combination, reversed yielding occurs in 
both tube and tubesheet, while for the Cu-Nilsteel combination, reversed 

Table 7.C.4. Cu-Ni/Cu-Ni Simulation 
Tube yields prior to contact. 

(1) Loading Stage. 
Rolling Pressure Contact Pressure Plastic Layers 

(psi) (psi) 2 3 4 5 6 7 8 9 10 
2541.9 .0 I' o· 0 0 0 0 0 0 0 0 
6000.0 3287 1 0 0 0 0 0 0 0 0 0 

18000.0 15415.5 1 1 1 1 1 0 0 0 0 0 
19660.0 17320.7 1 1 1 1 1 1 1 1 0 0 

Contact Pressure Reaches Tubesheet Strength Control Value. 

(2) Unloading Stage. 
Rolling Pressure Contact Pressure Plastic Layers 

(psi) (psi) I 2 3 4 5 6 7 8 9 10 
18000.0 16129.4 0 0 0 0 0 0 0 0 0 0 
10000.0 10418. 0 0 0 0 0 0 0 0 0 0 
6000.0 7563.2 0 0 0 0 0 0 0 0 0 0 

.0 2335.1 1 1 0 0 0 0 0 0 0 0 

(3) Temperature Change Stage. 
Temperature Contact Pressure Plastic Layers 

(Degs.F.) (psi) 2 3 4 5 6 7 8 9 10 

(A) Temperature Goes from Room Temp. to Operating Temp. 
70.0 2335.1 1 1 0 0 0 0 0 0 0 0 

220.0 2235. 0 1 0 0 0 0 0 0 0 0 
300.0 2181.2 0 1 0 0 0 0 0 0 0 0 

(B) Temperature Goes from Operating Temp. to Room Temp. 
220.0 2238.6 0 0 0 0 0 0 0 0 0 0 
70.0 2334.3 1 0 0 0 0 0 0 0 0 0 

• "0" indicates elastic behavior, "1" indicates a yielded layer. 
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yield occurs only in the tube. For the Cu-NilCu-Ni combination, there is a 
6.5070 reduction in tube-tubesheet contact pressure at the operating tem­
perature of 300°F; the tubesheet layer remains in a yielded state. Upon 
removal of the temperature load, the full contact pressure is essentially 
recovered. In the Cu-Nilsteel combination, the limit on roll pressure is 
governed by the tube material and there is a relatively limited plastic zone in 
the tubesheet. During the thermal loading to 300°F, there is essentially no 
change in stress state during loading to operating temperature; removal of 
the thermal loading causes a significant reduction in final tube/tubesheet 
contact pressure. The rationale for this behavior will be discussed shortly, 
but we note here that the primary difference in behavior during thermal 
loading is caused by the difference in sign of quantity (CXT - cxTs)I1T in the 
two simulations. Table 7.C.6 presents the results of the Cu-NilCu-Ni 
assemblage during thermal cycling to a lower temperature of - 300°F. 
Notice that during cool-down the contact pressure remains essentially 
unchanged and there is a significant drop in contact pressure when ambient 
temperature is recovered. Only the temperature cycle is shown in Table 
7.C.6; the roll process is the same as presented in Table 7.C.4. 

Table 7.C.S. Cu-NiiSteel Simulation 
Tube yields prior to contact. 

(1) Loading Stage. 
Rolling Pressure Contact Pressure Plastic Layers 

(psi) (psi) 2 3 4 5 6 7 8 9 10 

1392.4 .0 0 0 0 0 0 0 0 0 0 
4000.0 2527. 0 0 0 0 0 0 0 0 0 

10000.0 8427.1 0 0 0 0 0 0 0 0 0 
14000.0 12446.6 0 0 0 0 0 0 0 0 0 
20780.0 19704. 1 1 0 0 0 0 0 0 0 0 

Rolling Pressure Reaches Tube Strength Control Critical Value 

(2) Unloading Stage. 
Rolling Pressure Contact Pressure Plastic Layers 

(psi) (psi) 2 3 4 5 6 7 8 9 10 

20000.0 19024. 0 0 0 0 0 0 0 0 0 0 
14000.0 13823. 0 0 0 0 0 0 0 0 0 0 
6000.0 6888.6 0 0 0 0 0 0 0 0 0 0 

.0 1337.4 1 0 0 0 0 0 0 0 0 0 

(3) Temperature Change Stage. 
Temperature Contact Pressure Plastic Layers 

(Degs.F.) (psi) 1 2 3 4 5 6 7 8 9 10 

(A) Temperature Goes from Room Temp. to Operating Temp. 
70.0 1337.4 1 0 0 0 0 0 0 0 0 0 

170.0 1337.9 1 0 0 0 0 0 0 0 0 0 
300.0 1338.6 1 0 0 0 0 0 0 0 0 0 

(B) Temperature Goes From Operating Temp. to Room Temp. 
270.0 1225.4 0 0 0 0 0 0 0 0 0 0 
170.0 835.0 0 0 0 0 0 0 0 0 0 0 
70.0 445.0 0 0 0 0 0 0 0 0 0 0 
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Table 7.C.6 Thermal Cycling of a Cu NilCu Ni Assemblage to - 300 of 
(3) Temperature Change Stage. 

Temperature Contact Pressure Plastic Layers 
(Degs.F.) (psi) I 2 3 4 5 6 7 8 9 10 

(A) Temperature Goes From Room Temp. to Operating Temp. 
70.0 2335.1 1 0 0 0 0 0 0 0 0 0 

-80.0 2335.4 1 0 0 0 0 0 0 0 0 0 
-230.0 2335.7 1 0 0 0 0 0 0 0 0 0 
-300.0 2335.8 1 0 0 0 0 0 0 0 0 0 

(B) Temperature Goes From Operating Temp. to Room Temp. 
-280.0 2314.5 0 I 0 0 0 0 0 0 0 0 
-180.0 2202.4 0 1 0 0 0 0 0 0 0 0 
- 80.0 2090.3 0 1 0 0 0 0 0 0 0 0 

70.0 1922.2 0 1 0 0 0 0 0 0 0 0 

The final simulation demonstrating the application of the developed 
code, involves a Muntz tubesheet with either 70:30 Cu-Ni tubes (see Table 
7.C.3) or Titanium tubing. The Muntz/Titanium combination is popular in 
the re-tubing of power plant condensers. Table 7 .C. 7 summarizes the 
tube/tube sheet properties and Tables 7.C.8 and 7.C.9 show the results of 
the simulation. The tube thickness is 0.028" in both cases. 

Table 7.C.7. Titanium Tube/Muntz Tubesheet Properties 

Material 
E(psi) 
uy(psi) 

OIT 
tube O.D. (in.) 
tube thickness (in.) 
c=0.005", layer thickness =0.085", Troll = 70°F, 
Toperating = 300°F 

Tube 

Titanium 7 
1.49 x 10 
4.0 X 104 

4.8 X 10- 6 

0.75 
0.D28 

Tubesheet 

Muntz 7 
1.5 x 10 
2.0 x 104 

11.6 X 10- 6 

We note the considerable reduction in residual contact pressure with the 
Titanium tubing. Because of the significant difference in thermal expansion 
coefficients between Titanium and Muntz, the increase in temperature to 
187°P causes complete loss of tube to tube sheet contact pressure. 

It remains for us to show why the contact pressure is essentially un­
changed during thermal loading under certain conditions. Consider 
specifically the Cu-Ni/Cu-Ni assemblage reported in Tables 7.C.4-7.C.6. 
During any portion of the thermal cycle, the state of stress in the tube layer 
is 

rj 
(10 = -PI h. + (1r; 

I 

PI 
(1 = --

r 2 (7.C.27) 
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Hence 

( 2r. ) 
ae=ar h.' +1 

I 

(7.C.28) 

Figure 7.C.3 shows the an ae plane for the entire load-unload-thermal 
cycle. Point 2 is the beginning of the mechanical rolling stage subsequent to 
tube/tubesheet contact. Point 3 is the end of the loading stage. Point 4 is the 
end of the unloading stage and shows that the tube undergoes reversed 
yield. Equation (7.C.28) is plotted on Fig. 7.C.3 through Point 4 and the 
origin. Regardless of the "direction" of thermal loading, the tube state 
must lie along this line (if one neglects small geometry changes). Point 5 is 
the end of the thermal load cycle reported in Table 7. C.4; the return to 
room temperature simply causes a return to Point 4 in Fig. 4. However, 
when the temperature is lowered in the run shown in Table 7.C.6, the tube 
cannot satisfy Eq. (7.C.28) and the yield condition unless there is no change 
in state of stress; that is, the tube state of stress would like to move to Point 
6 but cannot go beyond the yield limit. An examination of expanded stress 
output for Table 7.C.7 (not shown here) indicates that the state of stress 

Table 7.C.S. 70:30 Cu-NilMuntz Simulation 
Tube yields prior to contact. 

(1) Loading Stage. 
Rolling Pressure Contact Pressure Plastic Layers 

(psi) (psi) 2 3 4 5 6 7 8 9 10 
1392.4 .0 0 0 0 0 0 0 0 0 0 
4000.0 2527.3 0 0 0 0 0 0 0 0 0 

14000.0 12448.5 1 0 0 0 0 0 0 0 0 
20000.0 18782.3 1 1 1 0 0 0 0 0 0 
20780.0 19713.3 1 1 1 0 0 0 0 0 0 

Rolling Pressure Reaches Tube Strength Control Value. 

(2) Unloading Stage. 
Rolling Pressure Contact Pressure Plastic Layers 

(psi) (psi) 2 3 4 5 6 7 8 9 10 
20780.0 19713.3 1 1 1 1 0 0 0 0 0 0 
16000.0 15858.5 0 0 0 0 0 0 0 0 0 0 
8000.0 8917.0 1 0 0 0 0 0 0 0 0 0 
2000.0 3243.6 1 0 0 0 0 0 0 0 0 0 

.0 1328.0 1 0 0 0 0 0 0 0 0 0 

(3) Temperature Change Stage. 
Temperature Contact Pressure Plastic Layers 

(Degs.F.) (psi) 1 2 3 4 5 6 7 8 9 10 

(A) Temperature Goes From Room Temp. To Operating Temp. 
70.0 1328.0 1 0 0 0 0 0 0 0 0 0 

220.0 770.9 0 0 0 0 0 0 0 0 0 0 
300.0 472. 0 0 0 0 0 0 0 0 0 0 

(B) Temperature Goes From Operating Temp. to Room Temp. 
270.0 584.1 0 0 0 0 0 0 0 0 0 0 
170.0 957.8 0 0 0 0 0 0 0 0 0 0 
70.0 1328.0 1 0 0 0 0 0 0 0 0 0 
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remains essentially unchanged throughout the entire unit while the tem­
perature falls to - 300°F. Subsequent heating of the unit, then causes the 
point in stress state to move toward the origin in an elastic manner. 

Table 7.C.9. Titanium/Muntz Simulation 
Tube yields prior to contact. 

(I) Loading Stage. 
Rolling Pressure Contact Pressure 

(psi) (psi) 2 
3095.1 .0 0 
8000.0 4752.6 0 

16000.0 12579.4 1 
20000.0 16534.2 1 
26520.0 23093.5 1 1 

Contact Pressure Reaches Tubesheet Strength Control Value. 

(2) Unloading Stage. 
Rolling Pressure Contact Pressure 

(psi) (psi) 1 2 
26000.0 22650.6 0 0 
20000.0 17565. 0 0 
12000.0 10787.2 0 0 
6000.0 5705.2 0 0 
2000.0 2397.2 0 1 

.0 771.2 0 1 

(3) Temperature Change Stage. 
Temperature Contact Pressure 

(Degs.F.) (psi) 1 2 
(A) Temperature Goes From Room Temp. to Operating Temp. 

70.0 771.2 0 1 
170.0 109.7 0 1 
187.0 -2.6 0 1 

No Contact Analysis Between Tube and Tubesheet. Joint Fails. 

Coefficients of Eq. (7.C.12) 

To establish the coefficients define the quantities 

sj=(aOj-ar)/4Gj ; uj =1-2sj 

A. =~[s.- ~ -~] + ~ 
J2 U. J 2· h· 2 

J J 

Plastic Layers 
3 4 5 6 7 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
1 0 0 0 0 
1 1 1 1 1 

Plastic Layers 
3 4 5 6 7 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 

Plastic Layers 
3 4 5 6 7 

0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 

8 9 10 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 

8 9 10 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 

8 9 10 

0 0 0 
0 0 0 
0 0 0 
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Gj ,Ej = Shear modulus, Young's Modulus of layer j 

Aj5 = -:- Sj - __ _ J_ +_ II [_ 1 r"] 1 
uj 2 hj 2 

Next, if A j, Bj , Cj , Dj are defined as 

j=O,l, ... ,9 

j=1,2, . .. , 10 

D" = _rJ_" [_h J_A_J_"6 __ ( a....:.o=--~ _-_a.:.;:rJ_)] 

J E j 2rj uj 

then 
1 _ _ 1 _ _ 

D" = - (C- -2D)a" - - (2e" -D)ao" J 3 J JrJ 3 J J~ 
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Finally, the right-hand side is 

R j = r j {1 + hj 12rj )Oij - r j + 1 (1- h j + 1 12rj+ 1 )Oij+ 1 

where Oij = coefficient of thermal expansion of layer j. 
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Coefficients of Eq. (7. C.IS) 

(2aOj - arj) ( _ 1 rj ) 1 
F = s - - + - - - (2a . - a .) 

I it. j 2 h. 2 rj OJ 
j j 

APPENDIX 7.D 

USER MANUAL AND COMPUTER CODE FOR TUBE ROLLING 
PROGRAM GENROLL 

1. Introduction 

This program is for an elastic-plastic analysis for tube rolling process, 
using the analysis of Appendix 7. C. 

This process can be divided into three stages: 

1) Loading stage: The internal pressure applied to the tube increases 
from zero to a max. value causing tube and tubesheet to produce 
elastic and plastic deformations. 

2) Unloading stage: The internal pressure applied to the tube decreases 
from a max. value to zero, and a certain amount of residual contact 
pressure between tube and tubesheet remains at the end of the 
unloading stage. 

3) Temperature change stage: The residual contact pressure changes due 
to different values of thermal expansion coefficients of tube and 
tubesheet materials during heating/cooling. 

2. Input Data from Data File (Logical Unit Number [LUN]14) 

LINE I 

LINE 2 

DOUT 
TO 
ANU 

c 
POO 
TOP 

tube outside diameter (in.) 
tube wall thickness (in.) 
Poisson's ratio 

radial clearance (in.) 
assumed maximum rolling pressure (psi) 
unit operating temperature CF) 
(the assembly temperature is taken at 70°F) 
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LINE 3 

LINE 4 

DPOO 
DTO 
HS 

- value of rolling pressure increment ( < 10 psi) 
- value of temperature increment ( < 1°F) 
- tubesheet layer thickness (in.) 

369 

PSTEP - printout step size during mechanical loading and 
unloading stage (psi) 

TSTEP - printout step size during thermal loading and 

NPR 
unloading stage CF) 
o normal printout 
1 expanded printout including layer stresses and 
displacements 

NRETUN = 0 no return to assembly temperature after a 
thermal change 

> 0 incremental return to assembly temperature 
after a thermal loading 

3. Input from Terminal (Logical Unit Number [LUNS]) 

ET 
SYT 
ALP HAT 

ES 
SYS 
ALPHAS 

- Young's Modulus of Tube Material (psi) 
- Yield stress of tube material (psi) 
- coefficient of thermal expansion of tube material 

(in.!in. OF) 

] Same as above for tubesheet material 

PROGRAM GENROLL 

C TUBE ROLLING PROGRAM. OCT.1982, BY XU HONG AND A.I.SOLER 
C THIS PROGRAM IS A ELASTIC-PLASTIC ANALYSIS OF TUBE-TUBESHEET ROLLING 
C JOINT. THE RESIDUAL CONTACT PRESSURE BETWEEN TUBE AND TUBESHEET DEPENDS 
C UPON FOLLOWING FACTORS: 
C (l) STRUCTURAL GEOMt'IETRY: RADI US AND TH ICKNESS OF THE TUBE ,CLEARANCE; 
C (2) MECHANICAL PROPERTIES OF TUBE AND TUBESHEET MATERIALS; 
C (3) THE MAXIMUM ROLLING PRESSURE; 
C (4) THE TEMPERATURE CHANGE FROM ASSEMBLING TEMP.TO OPERATING TEMP •• 
C****USER SHOULD SET COMPUTER TO INITIALIZE ALL VARIABLES TO ZERO**** 
C 

DIMENSION P(10),DP(9), 
& ALAMD(lO) ,DPJf'iil(lO) ,DPJ(lO) ,ETI(lO) ,ERI(lO), 
& ETJ(lO) ,ERJ(lO) ,SRT(lO) ,STR(10) ,Bl(10) ,B2(10), 
& DEPSR(10),DEPST(10),DUUP(10),DIS(10),DPIM1(10),DPI(10) 

DIMENSION KJ1(10) 
COMMON /TT/ET,ANU,ALPHAT,T,GT 
COMMON /SS/ES,ALPHAS,HS,GS 
COMMON /DD/DPO,DT 
COMMON /AA/R(lO),ST(lO),SR(lO),EQUI(lO) 
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COMMON /CC/A(19,19),B(19) 
CuMMON /KK/K(lO) 
COMMON /LL/TTH(lO) 

C 
C INPUT DATA FROM DATA FILE. 

READ(14,*)DOUT,TO,ANU 
READ(14,*)C,POO,TOP,TROLL 
READ(14,*)DPOO,DTO,HS 
READ(14,*)PSTEP,TSTEP,NPR,NRETUN 

C NWR----PRINTOUT IN EACH STAGE WILL BE 'NWR' TIMES. 
C NPR=O,NORMAL PRINTOUT; 
C NPR=l,PRINTOUT INCLUDES STRESSES AND DISPLACEMENT OF EACH LAYER. 
C INPUT DATA FROM TERMIMAL. 

C 

WRITE(6,*) 'PROGRAM IS RUNNING •••••• ' 
WRITE(6,*)'INPUT ET,SYT,ALPHAT,ES,SYS,ALPHAS, IN FREE FORMAT.' 
READ(5,*)ET,SYT,ALPHAT,ES,SYS,ALPHAS 

C PRINTOUT INPUT DATA. 
WRITE(6,*)'********** INPUT DATA **********' 
WRITE(6,*) 'TUBE OUTSIDE DIAMETER,DOUT=' ,DOUT,'(IN)' 
WRITE(6,*) 'TUBE WALLTHICKNESS,TO=' ,TO,'(IN)' 
WRITE(6,*) 'POISSON RATIO,ANU=' ,ANU 
WRITE(6,*) 'RADIUS CLEARANCE,C=' ,C,'(IN)' 
WRITE(6,*) 'MAXIMUM ROLLING PRESSURE,POO=' ,POO,'(PSI)' 
WRITE(6,*) 'ROLLING TEMPERATURE,TROLL=',TROLL,'(DEGS.F.)' 
WRITE (6, *) 'OPERATING TE~lPERATURE, TOP=' , TOP, , (DEGS.F .) , 
WRITE(6,*)'STEP SIZE OF ROLLING PRESSURE INCREMENT,DPOO=' ,DPOO,'(P 

&SI) , 
WRITE(6,*) 'STEP SIZE OF TEMPERATURE INCREMENT,DTO=',DTO,'(DEGS.F.) 

&' 
WRITE(6,*) 'LAYER THICKNESS ASSUMED,HS=',HS,'(IN)' 
WRITE(6,*) 'PRINTOUT STEP SIZE FOR ROLLING PRESSURE,PSTEP=' ,PSTEP 
WRITE(6,*) 'PRINTOUT STEP SIZE FOR TEMPERATURE,TSTEP=' ,TSTEP 
WRITE(6,*) 'PRINTOUT OPTIONS,NPR=' ,NPR 
WRITE(6,*) 'TEMPERATURE RETURN OPTIONS,NRETUN=',NRETUN 
WRITE(6,*) 
WRITE(12,*)'********** INPUT DATA **********' 
WRITE(12,*) 'TUBE OUTSIDE DIAMETER,DOUT=',DOUT,'(IN)' 
WRITE(12,*)'TUBE WALLTHICKNESS,TO=' ,TO,'(IN)' 
WRITE(12,*) 'POISSON RATIO,ANU=' ,ANU 
WRITE(12,*) 'RADIUS CLEARANCE,C=' ,C,'(IN)' 
WRITE(12,*) 'MAXIMUM ROLLING PRESSURE,POO=' ,POO,'(PSI)' 
WRITE(12,*) 'ROLLING TEMPERATURE,TROLL=' ,TROLL,' (DEGS.F.)' 
WRITE(12,*) 'OPERATING TEMPERATURE,TOP=',TOP,'(DEGS.F.)' 
WRITE(12,*) 'STEP SIZE OF ROLLING PRESSURE INCREMENT,DPOO=' ,DPOa,'( 

&PSI) , 
WRITE(12,*) 'STEP SIZE OF TEMPERATURE INCREMENT,DTO=' ,DTO,'(DEGS.F. 

&) , 
WRITE(12,*) 'LAYER THICKNESS ASSUMED,HS=' ,HS,'(IN)' 
WRITE(12,*) 'PRINTOUT STEP SIZE FOR ROLLING PRESSURE,PSTEP=' ,PSTEP 
WRITE(12,*) 'PRINTOUT STEP SIZE FOR TEMPERATURE,TSTEP=' ,TSTEp 
WRITE(12,*) 'PRINTOUT OPTIONS,NPR=' ,NPR 
WRITE(12,*) 'TEMPERATURE RETURN OPTIONS,NRETUN=' ,NRETUN 
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C 
50 CONTINUE 

C 

WRITE(6,*) 
WRlTE(6, *) 
WRITE(6,*) 
WRITE(6,*) 
WRITE(6,*) 
WRlTE(6,*) 
WRITE(6,*)'********** RESULT PRINTOUT **********' 
WRITE(6,*) 'FOLLOWING RESULTS ARE FOR:' 
WRITE(6,*) 'YOUNGS MODULUS OF TUBE,ET=' ,ET,'(PSI)' 
WRITE(6,*)'YIELD STRESS OF TUBE,SYT=',SYT,'(PSI)' 
WRITE(6,*)'HEAT EXPANSION COEFFICIENT OF TUBE ,ALPHAT= , ,ALPHAT 
WRITE(6,*)' YOUNGS MODULUS OF TUBESHEET ,ES=' ,ES,' (PSI)' 
WRITE(6,*)' YIELD STRESS OF TUBESHEET ,SYS=' ,SYS,' (PSI)' 
WRITE(6,*)'HEAT EXPANSION COEFFICIENT OF TUBESHEET,ALPHAS=' ,ALPHAS 
WRITE(12,*) 
WRITE(12,*) 
WRITE(l2, *) 
WRITE (12, *) 
WRITE(12,*) 
WRITE(12, *) 
WRITE(12,*)'********** RESULT PRINTOUT **********' 
WRITE(12,*) 'FOLLOWING RESULTS ARE FOR:' 
WRITE(12,*) 'YOUNGS MODULUS OF TUBE,ET=',ET,'(PSI)' 
WRITE(12,*) 'YIELD STRESS OF TUBE,SYT=',SYT,'(PSI)' 
WRITE(12,*) 'HEAT EXPANSION COEFFICIENT OF TUBE,ALPHAT=' ,ALPHAT 
WRITE(12,*)'YOUNGS MODULUS OF TUBESHEET,ES=' ,ES,'(PSI)' 
WRITE(12,*)'YIELD STRESS OF TUBESHEET,SYS=' ,SYS,'(PSI)' 
WRITE(12,*) 'HEAT EXPANSION COEFFICIENT OF TUBESHEET,ALPHAS=' ,ALPHA 

&S 

C TO DETERMINE THE INJTIAL CONTACT STATE OF THE TUBE. 
RO=0.5*(DOUT-TO) 
NPLAS=O 
TOR=TO/RO 
SQT=SQRT(1.0-0.5*TOR+0.25*TOR*TOR) 
PP=TOR*SYT/SQT 
U=RO*PP*(1.0/TOR-0.5+0.5*ANU)/ET 
DTE=TO*PP*(-0.5-ANU/TOR+0.5*ANU)/ET 
IF((U+0.5*DTE).GT.C) GO TO 100 
NPLAS=l 
WRITE(6, *) 
WRITE(6,*) 'TUBE YIELDS PRIOR TO CONTACT.' 
WRITE(12,*) 
WRITE(12,*) 'TUBE YIELDS PRIOR TO CONTACT.' 

C INITIAL CONTACT STATE FOR TUBE YIELD CASE: 
PO=PP 
GT=ET/(2.0*(1.0+ANU)) 
GS=ES/(2.0*(1.0+ANU)) 
GGGl=RO*PP/(4.0*GT*TO)-0.5+l.0/TOR 
GGG2=1.0-RO*PP/(2.0*GT*TO) 
REDT=-(0.5+ANU*GGGl/GGG2)/ET 
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REDS=ANU*PP*PP/(TOR*TOR*GGG2*ET)+PP*(0.5+l.0/TOR)/3.0 
REDC=-(2.0/TOR-0.5)/(TOR*TOR*GGG2*((2.0/TOR-0.5)*GGGllGGG2 

& +0.5/TOR+0.25)) 
REDA=((GGGl*REDC+l.0/(TOR*TOR))/GGG2+0.5*ANU*REDC)*PP*PP/ET 

& +PP*(2.0/TOR-0.5)/3.0 
OMEGA=(REDT*REDC*PP*PP-REDS)/REDA 
RSTA=RO*(1.0+(1.0/TOR-0.5+0.5*ANU)*PP/ET) 
TSTA=TO*(1.0+(0.5*ANU-0.5-ANU/TOR)*PP/ET) 
RE=RSTA+0.5*TSTA 
RHOLE=0.5*DOUT+C 
DTP=OMEGA*TSTA/RSTA*(RHOLE-RE)/(1.+.5*TSTA/RSTA*OMEGA) 
T=TO+DTE+DTP 
GO TO 200 

100 WRlTE(6,*) 
WRITE(6,*) 'TUBE REMAINS ELASTIC WHEN CONTACT BEGINS.' 
WR ITE (12, *) 
WRITE(12,*)'TUBE REMAINS ELASTIC WHEN CONTACT BEGINS.' 

C INITIAL CONTACT STATE FOR ELASTIC TUBE CASE: 

C 

CCC=TO*(ANU/TOR+0.5-0.5*ANU)-2.0*RO*(1.0/TOR-0.5+0.5*ANU) 
PO=-2.0*ET*C/CCC 
T=TO*(1.0+2.0*C*(ANU/TOR+0.5-0.5*ANU)/CCC) 

C SOME INITIAL VALUES AND CONSTANTS. 
200 R(1)=0.5*DOUT+C-0.5*T 

TOR=T/R(1 ) 
SQT=SQRT(1.-.5*TOR+.25*TOR*TOR) 
IF(NPLAS.EQ.l)PO=TOR*SYT/SQT 
DO 300 1=1,9 

J=I+l 
R(J)=0.5*DOUT+C+(0.5+FLOAT(I-l))*HS 
P(1)=O.O 
DIS(I)=O.O 
ALAMD (1)=0.0 
TTH(I)=HS 
IF(I.EQ.l) TTH(l)=T 

300 CONTINUE 
IF(NPLAS.EQ.l)ALAMD(l)=DTP/(OMEGA*TSTA*REDA) 

P(lO)=O.O 
DIS(10)=0.0 
ALAMD (10) =0.0 
TTHtlO)=HS 
TEMP=TROLL 
PCRIT=SYT*SQRT(4.0/3.0) 
PCRIS=SYS*SQRT(4.0/3.0) 
DO 350 1=1,10 

K( 1)=0 
350 CONTINUE 

IF(NPLAS.EQ.l) K(l)=l 
C 

IF(NPLAS.EQ.l)KJl(l)=l 
C TO CHECK MAXI~IUM ROLLI NG PRESSURE WHETHER TOO S~jALL. 

IF(POO.GT.PO) GO TO 500 
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C 
C 

WRITE(6,*) 
WRITE(6,*) 'POO=' ,POO,'; PO=' ,PO 
WRITE(6,*) 'MAXIMUM ROLLING PRESSURE TOO SMALL.INITIAL CONTACT CAN 

&NOT OCCUR.' 
WRITE (12, *) 
WRITE(12,*)'POO=',POO,'; PO=',PO 
WRITE(12,*) 'MAXIMUM ROLLING PRESSURE TOO SMALL.INITIAL CONTACT CAN 

& NOT OCCUR.' 
WRITE(6,*)'INPUT NEW ROLLING PRESSURE: POD, IN FREE FORMAT.' 
WRITE(6,*)'OR INPUT -1.0/ TO STOP.' 
READ(5,*)POO 
IF(POO.GT.-0.99) GO TO 50 
STOP 

500 NSTAGE=l 
C NSTAGE=l IS LOADING STAGE CONTROLER 

PPP=PO/PSTEP 
KK=IFIX(PPP)+l 
DPO=DPOO 
DT=O.O 
WRITE(6,*) 
WRITE (6, *) 
WRITE(6,*)' (1) LOADING STAGE.' 
WRITE(6,*) 'ROLLING PRESSURE CONTACT PRESSURE PLASTIC LAYERS 

& PRESSURES BETWEEN LAYERS (PSI) 
& TUBE' 
WRITE(6,*) , 

& 2-3 3-4 
& THK.' 
WRITEl6,*) 
WRITE(12,*) 
WRlTE(12,*) 

(PSI) 
4-5 5-6 

WRITE(12,*)' (1) LOADING STAGE.' 

( PSI) 
6-7 

1 2 3 4 56 7 8 9 10 
7-8 8-9 9-10 

WRITE(12,*)'ROLLING PRESSURE CONTACT PRESSURE PLASTIC LAYERS 
& PRESSURES BETWEEN LAYERS (PSI) 
& TUBE' 

WR I TE (12 , *) , 
&0 2-3 
& THK.' 
WRITE(12,*) 

3-4 
(PSI) 

4-5 5-6 
(PSI) 

6-7 
1 234 5 6 7 891 

7-8 8-9 9-10 

550 FORMAT(3X,F8.1,10X,F9.1,4X,10(I2),3X,8(F6.0,2X),F7.6) 
NN=l 

C TO COMPUTE STRESSES FOR EACH LAYER. 

700 
600 
C 

SR(1)=-0.5*(PO+P(1)) 
ST(l)=(PO-P(l))*R(l)/TTH(l)+SR(l) 
DO 700 1=2,10 

SR(I)=-0.5*(P(I-1)+P(I)) 
ST(I)=(P(I-1)-P(I))*R(1)/TTH(I)+SR(I) 

CONTINUE 
CONTINUE 

C TO COMPUTE INTERFACE DISPLACEMENTS AND LAYER THICKNESSES. 
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C (1) INITIAL VALUES OF INTERFACE DISPLACEMENTS. 
IF(NSTAGE.NE.l) GO TO 3500 
IF (NN.NE.l) GO TO 3500 
GO TO 10000 

C (2) TO COMPUTE CURRENT VALUES OF DlS(I) AND TTT. 
3500 DO 4200 1=1,10 

IF(ALAMD(I).EQ.O.)KJl(I)=O 
IF(ALAMD(I).NE.O.)KJl(l)=IFIX(ALAMD(I)/ABS(ALAMD(I))) 

IF(I.EQ.l) GO TO 4000 
E=ES 
GO TO 4100 

4000 E=ET 
4100 DPJMl(1)=-(0.5+ANU*R(I)/TTH(I)-0.5*ANU)/E 

DPJ(I)=(-O.5+ANU*R(I)/TTH(I)+0.5*ANU)/E 
DPIMl(I)=(R(I)/TTH(I)-0.5+0.5*ANU)/E 
DPI(I)=(-R(I)/TTH(I)-0.5+0.5*ANU)/E 
ERI(I)=(ST(I)-SR(I))/E 
ETI(I)=1.0-ERI(I) 
STR(I)=(2.0*ST(I)-SR(I))/3.0 
ETJ(l)=ANU*ERI(I) 
ERJ(I)=1.0-ETJ(I) 
SRT(I)=(2.0*SR(I)-ST(I))/3.0 

4200 CONTINUE 
Bl(l)=DPJMl(l)*DPO+DPJ(l)*DP(l)+SRT(l)*ALAMD(l)+ALPHAT*DT 
B2(1)=DPIMl(1)*DPO+DPl(1)*DP(1)+STR(1)*ALAMD(1)+ALPHAT*DT 
DO 4300 1=2,9 

Bl(I)=DPJMl(I)*DP(I-l)+DPJ(I)*DP(I)+SRT(I)*ALAMD(I)+ALPHAS*DT 
B2(I)=DPIMl(I)*DP(I-l)+DPI(I)*DP(I)+STR(I)*ALAMD(I)+ALPHAS*DT 

4300 CONTINUE 
Bl(10)=DPJMl(10)*DP(9)+SRT(10)*ALAMD(10)+ALPHAS*DT 
B2(10)=DPIMl(10)*DP(9)+STR(10)*ALAMD(10)+ALPHAS*DT 
DO 5300 1=1,10 

DEPSR(I)=(ETI(I)*Bl(I)-ETJ(I)*B2(I))/(ERJ(I)*ETI(I) 
& -ETJ(I)*ERl(I)) 

DEPST(1)=(B2(I)-ERI(I)*DEPSR(I))/ETI(I) 
DUUP(I)=R(I)*DEPST(I)+0.5*TTH(I)*DEPSR(I) 

C DIS(I) IS INTERFACE DISPLACEMENT BETWEEN I AND 1+1 LAYERS. 
DIS(l)=DIS(I)+DUUP(I) 

C TTH(I) IS THE CURRENT VALUE OF I-TH LAYER THICKNESS. 
TTH(I)=TTH(I)*(1.0+DEPSR(I)) 
R(I)=R(I)*(1.0+DEPST(I)) 

5300 CONTI NUE 
SR(1)=-.5*(PO+P(1)) 
ST(l)=(PO-P(l))*R(l)/TTH(l)+SR(l) 
DO 70000 1=2,10 

SR(I)=-.5*(P(I-l)+P(1)) 
ST(I)=(P(I-l)-P(I))*R(l)/TTH(l)+SR(I) 

70000 CONTI NUE 
C 
C TO CHECK WHETHER EACH LAYER YIELDS OR NOT. 
C (IF YIELD,K=l;IF NOT YIELD,K=O) 

IF(NSTAGE.EQ.4) GO TO 30000 
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IF(NSTAGE.EQ.3) GO TO 30000 
IF(NSTAGE.EQ.2) GO TO 20000 

C TO DETERMINE K(I) FOR LOADING STAGE. 
10000 DO 11000 1=1,10 

IF(K(I).EQ.O) GO TO 10050 
C DURING LOADING STAGE, ONCE A LAYER YIELDS,IT REMAINS YIELD. 

K( I)=1 
IF(I.EQ.1) GO TO 10020 
EQUI(I)=SYS 
GO TO 11000 

10020 EQUI(l)=SYT 
GO TO 11000 

10050 EQUI(I)=SQRT(ST(I)*ST(I)-ST(I)*SR(I)+SR(I)*SR(I)) 
IF(I.EQ.1} GO TO 10200 
IF(EQUI(I).LT.SYS) GO TO 10100 
EQUI(I)=SYS 
K(I)=l 
GO TO 11000 

10100 K( I)=O 
GO TO 11000 

10200 IF(EQUI(l).LT.SYT) GO TO 10300 
EQU I (1 )=SYT 
K(l)=l 
GO TO 11000 

10300 K(I)=O 
11000 CONTINUE 

GO TO 8000 
C TO DETERMIME K(I) FOR UNLOADING STAGE. 
C DURING UNLOADING K(I)=O,UNLESS REVERSED YIELD TAKES PLACE. 
C (REVERSED YIELD CONDIT10N:ST(1)<SR(1) AND EQU1(1»SYT(OR SYS)) 
20000 DO 22000 1=1,10 

EQU1(1)=SQRT(ST(1)*ST(1)-ST(1)*SR(1)+SR(1)*SR(1)} 
IF(ST(1).LT.SR(1)) GO TO 20100 
K(I)=O 
1F(I.EQ.1} GO TO 20050 
IF(EQUI(1).GT.SYS} EQUI(I)=SYS 
GO TO 22000 

20050 IF(EQUI(l).GT.SYT) EQUI(l)=SYT 
GO TO 22000 

20100 IF(I.EQ.1} GO TO 20300 
IF(EQU1(I).LT.SYS) GO TO 20200 
K(I )=1 
EQU I (I )=SYS 
GO TO 22000 

20200 K(I)=O 
GO TO 22000 

20300 IF(EQUI(1).LT.SYT) GO TO 20400 
K(l)=l 
EQUI(l)=SYT 
GO TO 22000 

20400 K(l)=O 
22000 CONTI NUE 

375 
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GO TO 8000 
C TO DETERMINE K(I) FOR TEMPERATURE CHANGE STAGE. 
30000 DO 33000 1=1,10 

EQUI(I)=SQRT(ST(I)*ST(I)-ST(I)*SR(I)+SR(I)*SR(I)) 
IF(((ALPHAT-ALPHAS)*DT).GE.O.O) GO TO 32000 

C FOR CONTRACTION CASE: 
IF(I.EQ.l) GO TO 31200 
IF(EQUI(I).GT.SYS) EQUI(I)=SYS 
K( 1)=0 
IF(EQUI(I).EQ.SYS) K(I)=1 
IF(EQUI(I).EQ.SYS.AND.ALAMD(I).LT.O.O) K(I)=O 
GO TO 33000 

31200 IF(EQUl(I).GT.SYT) EQUI(I)=SYT 
K(l )=0 
GO TO 33000 

C FOR EXPANSION CASE: 
32000 IF(I.EQ.l) GO TO 32300 

IF(EQUI(I).LT.SYS) GO TO 32100 
EQUI(I)=SYS 
K(I)=1 
IF( EQU I (I) .EQ.SYS.AND .ALAMD( 1) . LT .0.) K( 1)=0 
GO TO 33000 

32100 K( I )=0 
GO TO 33000 

32300 IF(EQUI(I).LT.SYT) GO TO 32400 
EQUI(l)=SYT 
K(l)=1 
GO TO 33000 

32400 K(1)=O 
33000 CONTINUE 
C 
C PRINTOUT INITIAL VALUES FOR EACH STAGE OF THE THREE. 
8000 IF(NN.NE.l) GO TO 750 

IF(NSTAGE.EQ.4) GO TO 720 
IF(NSTAGE.EQ.3) GO TO 720 
WRITE(6,550)PO,P(I),(KJ1(1),I=I,10),(P(I),I=2,9),TTH(1) 
WRITE(12,550)PO,P(I),(KJ1(I),I=I,10),(P(I),I=2,9),TTH(1) 
IF(NPR.EQ.O) GO TO 740 
WRITE(6,705)(DIS(I),I=I,9) 
WRITE(6,706)(TTH(I),I=2,10) 
WRITE(6,710)(ST(I),I=I,10) 
WRITE(6,715)(SR(I),I=I,10) 
WRITE(6,718)(EQUI(I),I=I,10) 
WRITE(12,705)(DIS(I),I=I,9) 
WRITE(12,706)(TTH(I),I=2,10) 
WRITE(12,710)(ST(I),I=I,10) 
WRITE(12,715)(SR(I),I=I,10) 
WRITE(12,718)(EQUI(I),I=I,10) 
WRITE(6,*) 
WRITE(l2,*) 

705 FORMAT(IX,28HINTERFACE DISPLACEMENTS(IN):,9(2X,F9.7)) 
706 FORMAT(IX,28H LAYER THICKNESSES (IN.) :,9(2X,F9.7)) 
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710 FORMAT(IX,6HST(I):,2X,10(3X,F8.1)) 
715 FORMAT(IX,6HSR(I):,2X,10(3X,F8.1)) 
718 FORMAT(IX,8HEQUI(I):,10(3X,F8.1)) 

GO TO 740 

377 

720 WRITE (6,1380 )TEMP, P (1) , (KJl (I) ,1=1,10) , (P (I) ,1=2,9) , n H (1) 
WRITE (12,1380 )TEt'lIP, P (1) , (KJ 1 (1) ,1=1,10) , (P (1) ,1=2,9) , TTH (1) 
IF(NPR.EQ.O) GO TO 740 
WRITE(6,705)(DIS(I),I=I,9) 
WRITE(6,706)(TTH(I),I=2,10) 
WRITE(6,710)(ST(I),I=I,10) 
WRITE(6,715)(SR(I),I=I,10) 
WRITE(6,718)(EQUI(I),I=I,10) 
WRITE(12,705)(DIS(I),I=I,9) 
WRITE(12,706)(TTH(I),1=2,10) 
WRITE(12,710)(ST(I),I=I,10) 
WRITE(12,715)(SR(I),I=I,10) 
WRITE(12,718)(EQUI(I),I=I,10) 
WRITE(6,*) 
WRITE(l2, *) 

740 IF(NSTAGE.EQ.l) GO TO 750 
NN=2 

C 
C TO CHECK INCREMENTS OF ROLLING PRESSURE AND TEMP.FOR PRINTOUT. 
750 IF(NSTAGE.EQ.3) GO TO 1400 

C 

IF(NSTAGE.EQ.2) GO TO 900 
IF(NSTAGE.EQ.4) GO TO 1570 

C PRINTOUT FOR LOADING STAGE. 
IF(PO.LT.(FLOAT(KK)*PSTEP)) GO TO 800 
WR ITE (6,550) PO , P (1) , (KJ 1 ( I ) , 1=1 ,10) , (P ( 1) , 1=2,9) , TTH (1 ) 
WRITE(l2,550)PO,P(l) ,(KJl(I) ,1=1,10) ,(P(1) ,1=2,9) ,TTH(l) 
IF(NPR.EQ.O) GO TO 760 
WRITE(6,705)(DIS(I),I=I,9) 
WRITE(6,706)(TTH(I),I=2,10) 
WRITE(6,710)(ST(I),I=I,10) 
WRITE(6,715)(SR(I),I=I,10) 
WRITE(6,718)(EQUI(I),I=I,10) 
WRITE(12,705)(DIS(I),I=I,9) 
WRITE(12,706)(TTH(I),I=2,10) 
WRITE(12,710)(ST(I),I=I,10) 
WRITE(12,715)(SR(I),I=I,10) 
WRITE(12,718)(EQUI(I),I=I,10) 
WRITE (6, *) 
WRITE(12,*) 

760 KK=KK+l 
C 
C CHECK FOR LOADING STAGE---FOR MAXIMUM ROLLING PRESSURE. 
800 IF((PCRIT-PO).LE.DPOO) GO TO 810 

IF((PCRIS-P(I)).LE.DPOO) GO TO 820 
IF(K(9).EQ.l) GO TO 830 
IF(PO.LT.POO) GO TO 1600 
WRITE (6,550) PO,P (1) , (KJl (1) ,1::1,10) , (P (1) ,1=2,9) , TTH (1) 
WRITE(6,*) 'ROLLING PRESSURE REACHES PRE-SPECIFIED VALUE.' 
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WRITE(12,550)PO,P(I),(KJl(I),I=I,10),(P(I),I=2,9),TTH(1) 
WRITE(12,*)'ROLLING PRESSURE REACHES PRE-SPECIFIED VALUE.' 
GO TO 840 

810 WRlTE(6,550)PO,P{l) ,(KJl(I) ,1=1,10) ,(P(I) ,1=2,9) ,TTH{l) 
WRITE(6,*)'ROLLING PRESSURE REACHES TUBE STRENGTH CONTROL CRITICAL 

& VALUE.' 
WRITE(12,550)PO,P(I),(KJl(I),I=I,10),(P(I),I=2,9),TTH(1) 
WRITE(12,*)'ROLLING PRESSURE REACHES TUBE STRENGTH CONTROL CRITICA 

&L VALUE.' 
GO TO 840 

820 WRITE(6,550)PO,P(I),(KJl(I),I=1,10),(P(I),I=2,9),TTH(I) 
WRITE(6,*) 'CONTACT PRESSURE REACHES TUBESHEET STRENGTH CONTROL CRI 

&TICAL VALUE.' 
WRITE(12,550)PO,P(l),(KJl(I),I=I,10),(P(I),I=2,9),TTH(1) 
WRITE(12,*) 'CONTACT PRESSURE REACHES TUBESHEET STRENGTH CONTROL CR 

&ITICAL VALUE.' 
GO TO 840 

830 WRITE(6,550)PO,P(I),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(1) 
WRITE(6,*) 'ALL LAYERS EXCEPT THE OUTERMOST LAYER YIELD.' 
WRITE(12,550)PO,P(1),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(1) 
WRITE(12,*)'ALL LAYERS EXCEPT THE OUTERMOST LAYER YIELD.' 
POMAX=PO 

840 NSTAGE=2 
PFINAL=PO 
PFF=PSTEP*FLOAT(IFIX(PFINAL/PSTEP)) 

C NSTAGE=2 IS UNLOADING STAGE CONTROLER. 

C 

KK=l 
DPO=-DPOO 
DT=O.O 
WR ITE (6, *) 
WRITE(6,*) 
WRITE(6,*)' (2) UNLOADING STAGE.' 
WRITE(6,*) 'ROLLING PRESSURE CONTACT PRESSURE PLASTIC LAYERS 

& PRESSURES BETWEEN LAYERS (PSI) 
& TUBE' 

WR IT E ( 6 , *) , (P S 1) (P S I) 1 2 3 4 5 6 7 8 9 10 
& 2-3 3-4 4-5 5-6 6-7 7-8 8-9 9-10 
& THK.' 

WRITE (6, *) 
WRlTE(12,*) 
WRI TE (l2, *) 
WRITE{l2,*)' (2) UNLOADING STAGE.' 
WRITE(12,*) 'ROLLING PRESSURE CONTACT PRESSURE PLASTIC LAYERS 

& PRESSURES BETWEEN LAYERS (PSI) 
& TUBE' 
WRITE(12,*)' (PSI) (PSI) 123 4 5 6 7 891 

&0 2-3 3-4 4-5 5-6 6-7 7-8 8-9 9-10 
& THK.' 

WRITE (l2, *) 
NN=l 
GO TO 8000 
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C PRINTOUT FOR UNLOADING STAGE. 
900 IF(KK.NE.1) GO TO 905 

IF(PO.GT.PFF) GO TO 950 
GO TO 910 

905 IF(PO.GT.(PFF-PSTEP*FLOAT(KK-1))) GO TO 950 
910 WRITE(6,550)PO,P(1),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(1) 

WR ITE (12,550) PO, P (1) , (KJ 1 ( 1) , 1=1 ,10) , (P (I ) , 1=2,9) , TTH (1 ) 
IF(NPR.EQ.O) GO TO 920 
WRITE(6,705)(DIS(I),I=1,9) 
WRITE(6,706)(TTH(I),I=2,10) 
WRITE(6,710)(ST(I),I=1,10) 
WRITE(6,715)(SR(I),I=1,10) 
WRITE(6,718)(EQUI(I),I=1,10) 
WRITE(12,705)(DIS(I),I=1,9) 
WRITE(12,706)(TTH(I),I=2,10) 
WRITE(12,710)(ST(I),I=1,10) 
WRITE(12,715)(SR(I),I=1,10) 
WRITE(12,718)(EQUI(I),I=1,10) 
WRITE(6, *) 
WRITE(12,*) 

920 KK=KK+ 1 
C 
C CHECK FOR UNLOADING STAGE. 
C CHECK FOR CONTACT. 
950 IF(P(l).GT.O.O) GO TO 1000 

WRITE (6,550) PO, P (1) , (KJ1 (I) ,1=1,10) , (P (I) ,1=2,9) , TTH (1) 
WRITE (12,550) PO, P (1) , (KJ 1 (1) ,1=1,10) , (P (1) ,1=2,9) , TTH (1) 
WRITE(6,*)'NO CONTACT BETWEEN TUBE AND TUBESHEET.' 
WRITE(12,*)'NO CONTACT BETWEEN TUBE AND TUBESHEET.' 
GO TO 1590 

C CHECK FOR ROLLING PRESSURE. 
1000 IF(PO.GT.DPOO) GO TO 1600 

IF(PO.LE.0.0001) GO TO 1100 
DPO=-PO+O.OOOI 
GO TO 1600 

1100 WRITE(6,550)PO,P(1),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(1) 
WRITE(12,550)PO,P(1),(KJ1(I),I=1,10) ,(P(I),I=2,9),TTH(1) 
P1RMT=P (1) 
NSTAGE=3 

C NSTAGE=3 IS TEMPERATURE CHANGE STAGE CONTROLER. 
KK=l 
NN=l 
DPO=O.O 
IF(DTO.EQ.O.O) GO TO 1590 
IF(TOP.EQ.TROLL) GO TO 1590 
IF(TOP.LT.TROLL) GO TO 1200 
DT=DTO 
GO TO 1300 

1200 DT=-DTO 
1300 WRITE(6,*) 

WRITE(6,*) 
WRITE(6,*)' (3) TEMPERATURE CHANGE STAGE.' 

379 
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WRITE(6,*)' TEMPERATURE CONTACT PRESSURE PLASTIC LAYERS 
& PRESSURES BETWEEN LAYERS (PSI) 
& TUBE' 
WRITE(6,*)' (DEGS.F.) (PSI) 1 2 3 4 5 6 7 8 9 10 

& 2-3 3-4 4-5 5-6 6-7 7-8 8-9 9-10 
& THK.' 

WR ITE( 6, *) 
WRITE(6,*)'(A) TEMPERATURE GOES FROM ROOM TEMP TO OPERATING TEMP' 
WRITE( 6, *) 
WRITE(12, *) 
WR ITE (12 , *) 
WRITE(12,*)' (3) TEMPERATURE CHANGE STAGE. 
WRITE(12,*)' TEMPERATURE CONTACT PRESSURE PLASTIC LAYERS 

& PRESSURES BETWEEN LAYERS (PSI) 
& TUBE' 
WRITE(12,*), (DEGS.F.) (PSI) 1234567891 

&0 2-3 3-4 4-5 5-6 6-7 7-8 8-9 9-10 
& THK.' 

WRITE (l2, *) 
WRITE(12,*)'(A) TEMPERATURE GOES FROM ROOM TEMP TO OPERATING TEMP' 
WRITE (l2, *) 
NN=l 

1380 FORMAT(4X,F7.1,10X,F9.1,4X,10(I2),3X,8(F6.0,2X),F7.6) 
GO TO 8000 

C 
C PRINTOUT FOR TEMPERATURE CHANGE STAGE. 
1400 IF(TOP.LT.TROLL) GO TO 1410 

IF(TEMP.LT.(TROLL+FLOAT(KK)*TSTEP)) GO TO 1480 
GO TO 1430 

1410 IF(TEMP.GT.(TROLL-FLOAT(KK)*TSTEP)) GO TO 1480 
1430 WRITE(6,1380)TEMP,P(I),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(l) 

WRITE(12,1380)TEMP,P(l),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(I) 
IF(NPR.EQ.O) GO TO 1450 
WRITE(6,705)(DIS(I),I=1,9) 
WRITE(6,706)(TTH(I),I=2,10) 
WRITE(6,710)(ST(I),I=1,10) 
WRITE(6,715)(SR(I),I=I,10) 
WRITE(6,718)(EQUI(I),I=1,10) 
WRITE(12,705)(DIS(I),I=I,9) 
WRITE(12,706)(TTH(I),I=2,10) 
WRITE(12,710)(ST(I),I=1,10) 
WRITE(12,715)(SR(I),I=1,10) 
WRITE(12,718)(EQUI(I),I=1,10) 
WRITE(6,*) 
WRITE{l2,*) 

1450 KK=KK+l 
C 
C CHECK FOR TEMP. CHANGE STAGE. 
C CHECK FOR CONTACT. 
1480 IF(P(l).GT.O.O) GO TO 1500 

WRITE(6,1380)TEMP,P(1),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(l) 
WRITE(6,*)'NO CONTACT BETWEEN TUBE AND TUBESHEET.JOINT FAILS.' 
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WRITE(12,1380)TEMP,P(l) ,(KJ1(I) ,1=1,10) ,(P(I) ,1=2,9) ,TTH(l) 
WRITE(12,*)'NO CONTACT BETWEEN TUBE AND TUBESHEET.JOINT FAILS.' 
GO TO 1590 

C CHECK FOR TEMPERATURE LIMIT. 
1500 IF(TOP.LT.TROLL) GO TO 1550 

IF(TEMP.LT.TOP) GO TO 1600 
GO TO 1560 

1550 IF(TEMP.GT.TOP) GO TO 1600 
1560 WRITE(6,1380)TEMP,P(1),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(l) 

WRITE(12,1380)TEMP,P(1) ,(KJ1(I) ,1=1,10) ,(P(I) ,1=2,9) ,TTH(1) 
IF(NRETUN.EQ.O) GO TO 1590 

C LET TEMPERATURE RETURN TO ROOM TEMPERATURE. 
NSTAGE=4 
OPO=O.O 
IF(TOP.LT.TROLL) GO TO 1564 
OT=-OTO 
GO TO 1566 

1564 OT=OTO 
NN=1 

1566 WRITE(6,*) 
WRITE (6, *) 

C 

WRITE(6,*)'(B) TEMPERATURE GOES FROM OPERATING TEMP TO ROOM TEMP' 
WRITE(6,*) 
WRITE(12,*) 
WRITE(l2,*) 
WRITE(12,*)' (B) TEMPERATURE GOES FROM OPERATING TEMP TO ROOM TEMP' 
WRITE (12, *) 
GO TO 8000 

C PRINTOUT FOR TEMPERATURE RETURN TO ROOM TEMP. CASE. 
1570 IF(TOP.LT.TROLL) GO TO 1575 

IF(TEMP.GT.(TROLL+TSTEP*FLOAT(KK))) GO TO 1585 
GO TO 1580 

1575 IF(TEMP.LT.(TROLL-TSTEP*FLOAT(KK))) GO TO 1585 
1580 WRITE(6,1380)TEMP,P(I),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(I) 

WRITE(12,1380)TEMP,P(I),(KJl(I),I=1,10),(P(I),1=2,9),TTH(l) 
IF(NPR.EQ.O) GO TO 1582 
WRITE(6,705)(OIS(I),1=1,9) 
WRITE(6,706)(TTH(I),1=2,10) 
WRITE(6,710)(ST(I),I=I,10) 
WRITE(6,715)(SR(I),I=I,IO) 
WRITE(6,718)(EQUI(I),1=1,10) 
WRITE(12,705)(0IS(I),I=I,9) 
WRITE(12,706)(TTH(I),1=2,10) 
WRITE(12,710)(ST(I),1=1,IO) 
WRITE(12,715)(SR(I),1=1,10) 
WRITE(12,718)(EQUI(I),I=I,IO) 
WRITE(6,*) 
WR IT E (12, *) 

1582 KK=KK-l 
C 
C CHECK FOR TEMPERATURE RETURN CASE. 
C CHECK FOR CONTACT. 
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1585 IF(P(l).GT.O.O) GO TO 1586 
WRITE(6,1380)TEMP,P(1),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(l) 
WRITE(6,*)'NO CONTACT BETWEEN TUBE AND TUBESHEET.JOINT FAILS.' 
WRITE(12,1380)TEMP,P(1),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(l) 
WRITE(12,*)'NO CONTACT BETWEEN TUBE AND TUBESHEET.JOINT FAILS.' 
GO TO 1590 

C CHECK FOR TEMPERATURE LIMIT. 
1586 IF(TOP.LT.TROLL) GO TO 1587 

IF(TEMP.GT.TRuLL} GO TO 1600 
GO TO 1588 

1587 IF(TEMP.LT.TROLL} GO TO 1600 
1588 WRITE(6,1380}TEMP,P(1),(KJ1(I},I=1,10),(P(I),I=2,9},TTH(l} 

WRITE(12,1380}TEMP,P(1),(KJ1(I),I=1,10),(P(I),I=2,9),TTH(l} 
C 
C TO END A SESSION AND TO ASK FOR ANOTHER. 
1590 WRITE(6,*} 'ANALYSIS COMPLETED.' 

C 

WRITE(12,*)~ANALYSIS COMPLETED.' 
WRITE(12, *) 
WRITE(6,*)'INPUT NEW ET,SYT,ALPHAT,ES,SYS,ALPHAS ,IN FREE FORMAT.' 
WRITE(6,*)'OR INPUT -1.01 TO STOP.' 
READ(5,*}ET,SYT,ALPHAT,ES,SYS,ALPHAS 
IF(ET .GT.-0.99) GO TO 50 
STOP 

C TO COMPUTE COEFFICIENTS OF SIMULTANEOUS EQUATIONS. 
1600 IF(NSTAGE.NE.1) GO TO 1650 

IF(NN.NE.1) GO TO 1650 
POA=PO 
PO=DPO*FLOAT(IFIX(PO/DPO)+l} 
DPO=PO-POA 
NN=2 
PO=POA 

1650 CALL COEFFI 
C TO SOLVE SIMULTANEOUS EQUATIONS FOR PRESSURE INCREMENTS. 

CALL LEQT(A,B,19} 
C TO COMPUTE PRESSURES BETWEEN LAYERS. 

DO 1700 1=1,9 
J=2*I-1 
DP(I)=B(J) 
P ( I ) = P (I ) +DP ( I) 
II=2*I 
ALAMD(I}=B(II) 

1700 CONTINUE 
ALAMD(10}=B(19) 

C TO GIVE INCREMENTS TO ROLLING PRESSURE AND TEMPERATURE. 

C 
C 

PO=PO+DPO 
TEMP=TEMP+DT 
IF(NSTAGE.EQ.1) DPO=DPOO 
GO TO 600 
END 
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C SUBROUTINE 'COEFFI' COMPUTES COEFFICIENTS OF SIMULTANEOUS EQUATIONS. 
SUBROUTINE COEFFI 
DIMENSION SOG(10),OMSOG(10),TERM1(10),TERM2(10),TERM3(10), 

& TERM4(10),TERM5(10),TERM6(10),AA(9),BB(9),C(9),D(9), 
& FF(9),CPJM1(9),RTJ(9),CPJP1(9),CPJ(9),CLJP1(9),CLJ(9), 
& RTJP1(9),CKPJ(10),CKPJMl(10),CKLJ(10), 
& STMSR(10) 

COMMON /TT/ET,ANU,ALPHAT,T,GT 
COMMON /SS/ES,ALPHAS,HS,GS 
COMMON /DD/DPO,DT 
COMMON /AA/R(10),ST(10),SR(10),EQUI(10) 
COMMON /CC/A(19,19),B(19) 
COMMON /KK/K(lO) 
COMMON /LL/TTH(10) 
DO 700 1=1,10 

IF(I.EQ.l) GO TO 500 
E=ES 
G=GS 
GO TO 600 

500 E=ET 
G=GT 

600 STMSR(I)=ST(I)-SR(I) 
SOG(I)=STMSR(I)/G 
OMSOG(I)=1.0-0.5*SOG(I) 
TERMl(I)=(0.25*SOG(I)-0.5+R(I)/TTH(I))/OMSOG(I)+O.5*ANU 
TERM2(I)=(0.25*SOG(I)-0.5-R(I)/TTH(I))/OMSOG(I)+0.5*ANU 
TERM3(I)=STMSR(I)/OMSOG(I)+E 
TERM4(I)=0.5+ANU*(0.25*SOG(I)-0.5+R(I)/TTH(I))/OMSOG(I) 
TERM5(I)=0.5+ANU*(0.25*SOG(I)-0.5-R(I)/TTH(I))/OMSOG(I) 
TERM6(I)=E+ANU*STMSR(I)/OMSOG(I) 

700 CONTINUE 
DO 800 1=1,9 

AA( 1)= (R (I + 1 )*TER~13( 1+1 )+0 .5*TTH (I + 1 )*ANU*STMSR (I + 1)/ 
&OMSOG(I+l))/ES 

BB(I)=(0.5*TTH(I+1)*TERM6(I+l)+R(I+1)*STMSR(I+1)/OMSOG(I+l))/ES 
800 CONTINUE 

DO llOO 1=1,9 
IF(I.EQ.l) GO TO 900 
E=ES 
ALPHA=ALPHAS 
GO TO 1000 

900 E=ET 
ALPHA=ALPHAT 

1000 C(I)=(R(I)*TERM3(I)-0.5*TTH(I)*ANU*STMSR(I)/OMSOG(I))/E 
D(I)=(0.5*TTH(I)*TERM6(I)-R(I)*STMSR(I)/OMSOG(I))/E 
FF(I)=(R(I)*TERM2(I)-0.5*TTH(I)*TERM5(I))/E 
CPJMl(I)=-(R(I)*TERM1(I)-0.5*TTH(I)*TERM4(I))/E 
RTJ(I)=(R(I)+O.5*TTH(I))*ALPHA 

llOO CONTINUE 
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DO 1200 1=1,9 
CPJP1(I)=(R(I+1)*TERM2(I+1)+0.5*TTH(I+1)*TERM5(I+1))/E5 
CPJ(I)=(R(I+1)*TERM1(I+1)+0.5*TTH(I+1)*TERM4(I+1))/ES-FF(I) 
CLJP1(I)=-((AA(I)+2.0*BB(I))*SR(I+1)-(2.0*AA(I)+BB(I))*ST(I+1)) 

& /3.0 
CLJ(I)=-((2.0*C(I)-O(I))*ST(I)-(C(I)-2.0*O(I))*SR(I))13.0 
RTJP1(I)=-(R(I+1)-0.5*TTH(I+1))*ALPHAS 

1200 CONTI NUE 
DO 1500 1=1,10 

CKPJ(I)=(2.0*ST(I)-SR(I))*(O.25*SOG(I)-0.5-R(I)/TTH(I)) 
& IOMSOG(I)-0.5*(2.0*SR(I)-ST(I)) 

CKPJM1(I)=(2.0*ST(I)-SR(I))*(O.25*SOG(I)-0.5+R(I)/TTH(I)) 
& IOMSOG(I)-0.5*(2.0*SR(l)-ST(I)) 

CKLJ(I)=(2.0*ST(I)-SR(I))*((ST(I)-SR(I))**2)/OMSOG(I) 
IF(CKLJ(I).EQ.O.)CKLJ(l)=l. 

1500 CONTI NU E 
DO 1700 J=I,19 

DO 1600 1=1,19 
A(I,J)=O.O 

1600 CONTINUE 
1700 CGNTINUE 

A(l,l)=CPJ(l) 
A(l,2)=FLOAT(K(l))*CLJ(I) 
A ( 1 ,3) = C PJ P 1 (1 ) 
A(l,4)=FLOAT(K(2))*CLJPl(l) 
A(2,1 )=CPJM1 (2) 
A(2,3)=CPJ(2) 
A(2,4)=FLOAT(K(2))*CLJ(2) 
A(2,5)=CPJP1(2) 
A(2,6)=FLOAT(K(3))*CLJP1(2) 
A(3,3)=CPJM1(3) 
A(3,5)=CPJ(3) 
A(3,6)=FLOAT(K(3))*CLJ(3) 
A(3,7)=CPJPl(3) 
A(3,8)=FLOAT(K(4))*CLJP1(3) 
A(4,5)=CPJM1(4) 
A(4,7)=CPJ(4) 
A(4,8)=FLOAT(K(4))*CLJ(4) 
A(4,9)=CPJP1(4) 
A(4,10)=FLOAT(K(5))*CLJP1(4) 
A( 5, 7)=CPJM1 (5) 
A(5,9)=CPJ(5) 
A(5,10)=FLOAT(K(5))*CLJ(5) 
A(5,1l)=CPJP1(5) 
A(5,12)=FLOAT(K(6))*CLJPl(5) 
A(6,9)=CPJMl(6) 
A(6,1l)=CPJ(6) 
A(6,12)=FLOAT(K(6))*CLJ(6) 
A(6,13)=CPJP1(6) 
A(6,14)=FLOAT(K(7))*CLJP1(6) 
A(7,1l)=CPJM1(7) 
A(7,13)=CPJ(7) 
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A(7,14)=FLOAT(K(7))*CLJ(7) 
A(7,15)=CPJP1(7) 
A(7,16)=FLOAT(K(8))*CLJP1(7) 
A(8,13)=CPJM1(8) 
A( 8,15 )=CPJ (8) 
A(8,16)=FLOAT(K(8))*CLJ(8) 
A(8,17)=CPJP1(8) 
A(8,18)=FLOAT(K(9))*CLJP1(8) 
A(9,15)=CPJM1(9) 
A( 9, 17)=CPJ (9) 
A(9,18)=FLOAT(K(9))*CLJ(9) 
A(9,19)=FLOAT(K(10))*CLJP1(9) 
A(10,1)=CKPJ(1)*FLOAT(K(1)) 
A(1O,2)=CKLJ(1) 
A(11,1)=CKPJM1(2)*FLOAT(K(2)) 
A(11,3)=CKPJ(2)*FLOAT(K(2)) 
A( 11,4 )=CKLJ (2) 
A(12,3)=CKPJM1(3)*FLOAT(K(3)) 
A(12,5)=CKPJ(3)*FLOAT(K(3)) 
A(12,6 )=CKLJ (3) 
A(13,5)=CKPJM1(4)*FLOAT(K(4)) 
A(13,7)=CKPJ(4)*FLOAT(K(4)) 
A(13 ,8)=CKLJ (4) 
A(14, 7)=CKPJM1 (5) *FLOAT (K( 5)) 
A(14,9)=CKPJ(5)*FLOAT(K(5)) 
A(14,10)=CKLJ(5) 
A(15,9)=CKPJM1(6)*FLOAT(K(6)) 
A(15,11)=CKPJ(6)*FLOAT(K(6)) 
A(15,12)=CKLJ(6) 
A(16,11)=CKPJM1(7)*FLOAT(K(7)) 
A(16,13)=CKPJ(7)*FLOAT(K(7)) 
A(16 ,14 )=CKLJ (7) 
A(17,13)=CKPJM1(8)*FLOAT(K(8)) 
A(17,15)=CKPJ(8)*FLOAT(K(8)) 
A(17,16)=CKLJ(8) 
A(18,15)=CKPJM1(9)*FLOAT(K(9)) 
A(18,17)=CKPJ(9)*FLOAT(K(9)) 
A( 18,18 )=CKLJ (9) 
A(19,17)=CKPJM1(10)*FLOAT(K(10)) 
A(19,19)=CKLJ(10) 
DO 1800 1=1,19 

B(I)=O.O 
1800 CONTINUE 

B(1)=-CPJM1(1)*DPO+(RTJ(1)+RTJP1(1))*DT 
DO 1900 1=2,9 

B(1)=(RTJ(1)+RTJP1(I))*DT 
1900 CONTINUE 

B(10)=-CKPJM1(1)*DPO*FLOAT(K(1)) 
RETURN 

C 
C 

END 

385 
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C SUBROUTINE 'LEQT' IS A SIMULTANEOUS EQUATION SOLVER. 
SUBROUTINE LEQT(Q,F,N) 
DIMENSION A(19,20),Q(19,19),X(19),F(19) 
M=N+l 
L=N-1 
DO 1 I=l,N 
DO 1 J=l,N 

1 A(I,J)=Q(I,J) 
DO 3 I=l,N 

3 A(I,M)=F(I) 
DO 12 K=l,L 
JJ=K 
BIG=ABS(A(K,K)) 
KP1=K+ 1 
DO 7 I=KPl,N 
AB=ABS(A(I,K)) 
IF(BIG-AB) 6,7,7 

6 BIG=AB 
JJ=I 

7 CONTINUE 
IF(JJ-K) 8,10,8 

8 DO 9 J=K,M 
TEMP=A(JJ,J) 
A(JJ,J)=A(K,J) 

9 A(K,J)=TEMP 
10 DO 11 I=KP1,N 

QUOT=A(I,K)/A(K,K) 
DO 11 J=KP1,M 

11 A(I,J)=A(I,J)-QUOT*A(K,J) 
DO 12 I=KP1,N 

12 A( I ,K)=O.O 
X(N)=A(N,M)/A(N,N) 
DO 14 NN=1,L 
SUM=O.O 
I=N-NN 
IP1=I+1 
DO 13 J=IP1,N 

13 SUM=SUM+A(I,J)*X(J) 
14 X(I)=(A(I,M)-SUM)/A(I,I) 

DO 15 I=l,N 
15 F(I)=X(I) 

RETURN 
END 



8. TUBESHEETS FOR U-TUBE HEAT 
EXCHANGERS 

8.1 INTRODUCTION 

The tubesheet constitutes a structurally important and economically 
significant element in a tubular heat exchanger. The thickness of the 
tubesheet affects the hardware cost in a number of ways. The time spent to 
drill and to ream the tube holes is directly related to the tube sheet thickness. 
The portion of the tube length lying within the tubesheet is effectively lost 
for heat transfer and must be replaced by increasing the tube (and hence the 
unit) overall length. The depth of the tube roll is also dependent on the 
tubesheet thickness; typically, the depth of the roll is specified as the 
tubesheet thickness less 1/8 in. Although some industry standards provide 
for limiting the maximum roll depth to 2 in., many process conditions 
warrant complete elimination of the stagnant annulus between the tube and 
the tubesheet on the shellside which necessitates a full depth roll. All of 
these factors pertaining to the tubesheet have a bearing on equipment cost. 

The design attention commanded by the tubesheet does not stem from 
considerations of economy alone. The tubesheet is also the principal barrier 
between the shellside and the tubeside chambers. It experiences the 
operating transients of both heat exchanging streams. The tubesheet's own 
uneven thermal capacitance (low capacitance of the perforated interior and 
high capacitance of the solid outer rim) contributes to the development of 
thermal stresses. These considerations have sustained an ongoing interest in 
both experimental and analytical investigations into the structural behavior 
of tubesheets. 

A thorough analysis of the stresses in the tube sheet is a daunting task 
since significant residual stresses are locked into the tubesheet during 
fabrication operations. The drilling operation often imports a bow to the 
tube sheet discernible to the naked eye. Welding of the tube ends to the 
tubesheet (see Chapter 7) also produces plastic strains which warp the 
tubesheet. Weld overlays, when performed, have a similar effect. In nearly 
all cases, the tubesheet is not stress relieved after weld overlaying, drilling, 
and tube welding. Therefore, plastic residual stresses are permanently 
locked into the tube sheet. Precise mathematical means to quantify these 
residual stresses do not yet exist. 

The study of the tubesheet behavior under operating conditions (pressure 
and thermal loading) is fairly well established, however. The standard 
analysis techniques are typified by the works of Gardner [8.1.1-8.1.3] and 

387 
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Miller [8.1.4]. Since their pioneering efforts, there have been many similar 
papers published dealing with the analysis of heat exchanger tubesheets. All 
of these works advocate the use of classical plate theory together with a 
reduced elastic modulus to simulate the weakening effect of the per­
forations. In the case of fixed or floating head construction, an elastic 
foundation simulating deflection restraint provided by the tubes is also 
included. The elastic foundation effect complicates the analysis 
significantly; hence, Chapter 9 is devoted in its entirety to integral and 
floating head tubesheet analysis. 

In V-tube exchangers, the tubes are normally considered to have little 
effect on the restraint of tubesheet movement. However, the tubes do 
provide some rotational resistance to tubesheet bending since the presence 
of support baffles prevents free tube movement as the tubesheet flexes 
under pressure loading. This effect has been investigated in [8.1.3, 8.1.5]. It 
is concluded in these references that, for V-tube units designed for relatively 
low pressure service, carrying out the design computations including tube 
rotational resistance, can lead to a more efficient utilization of material. 
However, in most practical situations the geometry and operating con­
ditions are such that inclusion of the effect of tube rotational resistance on 
tubesheet bending is not warranted considering the complexity of the 
analysis that ensues. 

This chapter focuses on the analysis of a V-tube heat exchanger tube sheet 
having a perforated region modelled as an axisymmetrically loaded thin 
circular plate, and an unperforated rim modelled as a ring. It is attached to 
the heat exchanger body by one of three attachment configurations: 1) 
integral attachment to both shell and channel; 2) integral attachment to 
either shell or channel with gasketed construction on the non-integral side; 
3) two sided gasketed attachment. The reader is encouraged to compare the 
relative simplicity of the analysis presented herein for the complete integral 
construction with the analysis presented in [8.1.6] for the same con­
struction, but, including tube rotational resistance and treatment of the 
unperforated rim as an annular plate rather than as a ring. 

Despite all of the effort directed toward rigorous analysis and design of 
V-tube tubesheets using plate theory, effective moduli, correct account of 
interaction with shell and channel, etc., perhaps the most used formula for 
establishing the thickness of a tubesheet in a V-tube exchanger is the em­
pirical formula set forth by the Tubular Exchanger Manufacturers 
Association [TEMA] in their Standards [8.1.7]. 

h=GCr ( ~ ) 1/2 

SA 
(8.1.1) 

where 0.5 ~ Cr ~ 0.625 is a parameter that indicates the degree of edge 
rotational resistance (pinned or clamped), h is the tubesheet thickness, G is 
the diameter of the tubesheet region exposed to pressure, p is the design 
pressure, and SA is the allowable stress for the tubesheet material at the 



8/Tubesheetsjor U-Tube Heat Exchangers 389 

design temperature. Despite the fact that the typical V-tube exchanger 
design involves a large number of geometric and material parameters, the 
simple formula, given by Eq. (8.1.1), has served the industry well in the 
design of standard units. It is the intent herein, to illustrate in the simplest 
manner possible, those parameters which must influence the design of the 
tubesheet even though they do not appear in Eq. (8.1.1). Simple design 
formulas will be developed which enable the user to accurately account for 
perforated region, unperforated rim, and edge attachment conditions in the 
design of this class of heat exchangers. Prior to beginning the analytical 
treatment of V-tube exchanger tubesheets, some remarks should be made 
on the modelling of the effects of the perforations. Consider that the 
tubesheet is modelled as a composite structure consisting of a perforated 
inner region and a solid outer region. The radius a, marking the interface 
between the perforated and unperforated region, is defined in the ASME 
Pressure Vessel Code by the formula: 

d* 
a=r +-

o 4 
(8.1.2) 

r 0 is the outermost tube hole center radius, and d* is the tube hole diameter. 
Although other definitions of the perforated radius may be found, even 
within the ASME Code, Eq. (8.1.2.) will be adopted for the work in this 
chapter. The ligament width H, the tube pitch P and the ligament efficiency 
'1/ are related by the following equations: 

'1/=H/P; H=P-d* (8.1.3) 

Following standard practice, the perforated region of the tubesheet is 
replaced by an equivalent solid elastic plate with effective elastic constants; 
the ligament efficiency '1/ is the prime parameter influencing the value of 
these effective constants. The ASME Code contains curves giving values for 
the effective elastic constants of the equivalent solid plate as a function of 
the ligament efficiency and of the actual elastic constants of the plate 
material. Figure 8.1.1 shows typical curves (adapted from Ref. [8.6.1]) for 
tubesheets having a diagonal tube array; Fig. 8.1.2 gives data for square 
arrays. Considerable effort has been directed toward development of ex­
pressions for the effective elastic constants of perforated plates; cited as an 
example is one of the many works of O'Donnell, et al. on the subject 
[8.1.9]. Reference [8.1.10] contains a comprehensive summary of some 
work pertaining to effective elastic constants and suggests a correlation for 
the work of several investigators in the form of a simple analytical ex­
pression. For our purposes, we adopt the graphical expressions for the 
effective constants given by Figs. 8.1.1 and 8.1.2 and commence the 
analysis of V-tube exchanger tubesheets by a consideration of the per­
forated region extending to radius a. 
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Fig. 8.1.1. Effective elastic constants - triangular pattern. 

8.2 ANALYSIS OF PERFORATED REGION 

We consider a homogeneous circular plate of outer radius a. Equation 
(8.1.2) suggests a suitable choice for the radius a. The pressure difference 
across the tubesheet thickness isp, where: 

(8.2.1) 

Pro p, represent tubeside and shellside pressures, respectively. We assume 
that the effect of the perforations on the deflection analysis of the tubesheet 
is accounted for by the introduction of effective elastic constants E*, v*. 
Figure 8.2.1 shows the sign convention for moments and shears in the 
perforated region. This is identical to the sign convention used in Chapter 4. 
In Chapter 4, major emphasis was placed on the development of a computer 
code to determine the interaction between flanges, gaskets, and tube sheet 
(including the rim), in a three element joint gasketed on both shell side and 
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Fig. 8.1.2. Effective elastic constants-square pattern. 

Fig. 8.2.1. Forces and moments in perforated region of U-tube heat 
exchanger tubesheet. 
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tube side. Consideration of flange-tubesheet contact outside of the gasket 
radii was also included. This chapter concentrates on the effect of different 
constructions, outboard of radius a, on stress analysis of the tubesheet. We 
begin by extracting some results from Chapter 4; in particular, dif­
ferentiation ofEq. (4.3.17), with respect to r, gives the slope «I>(r) as: 

p r3 
«I>(r) =2'Y2 r + 16 D* (8.2.2) 

Equation (4.3.19) gives the radial bending moment M, (r) as: 

pr 
M, (r) =2'Y2D*(1 + v*) + (3 + v*)-

16 
(8.2.3) 

Herein, the notation D* is used to define the effective plate flexural rigidity 
in the perforated region 

D* =E*h3 /[12(1- V*2)] (8.2.4) 

To determine the integration constant 1'2, we impose the condition that 
M, (a) = Mo. Solving for 1'2 and eliminating 1'2 from Eq. (8.2.2) and Eq. 
(8.2.3) leads to the following results for the tubesheet slope at r=a, and the 
radial bending moment: 

1 [ pa3
] «I> a - aM. ---

( ) - D*(1 + v*) 0 8 (8.2.5) 

(8.2.6) 

The circumferential bending moment Mo (r), defined by the relation 

Mo (r) =D*(1 - v*2)«I>/r+ vM, 

takes the form: 

pa2 (1+3v*) 
Mo (r) =Mo -(3 + v*)~ + 16 P r (8.2.7) 

Parameters, Ka, M* are now introduced to express the linear relationship 
between Mo and «I>(a) so that 

a Mo == -Ka«I>(a) +a M* 

Eliminating <p/a and using Eq. (8.2.5) yields: 

a M*+f1-p a3/8 
aMo=------

1+f1-

The edge stiffness parameter f1- is defined by the relation 

f1-=Ka /[D*(l + v*)] 

(8.2.8) 

(8.2.9) 

(8.2.10) 
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Since our purpose is to evaluate maximum tubesheet stress, we must 
determine the maximum bending moment in the tubesheet. The maximum 
bending moment occurs either at r=O or at r=a. Summarizing the results, 
we have: 

M* fJ- pa2 

M,(a)=-+--
• 1+fJ- 1+fJ- 8 

Mo (a) = M* _ p a2 (1- v* _ _ fJ-_) 
1+fJ- 8 1+fJ-

(8.2.11) 

M* p a2 ( 2fJ- ) M,(O)=Mo(O) = - -- 3+v*---
1+fJ- 16 1+fJ-

For a plate simply supported at r=a, fJ-=O; for a plate clamped at r=a, fJ--
00. Examination ofthe general solutions given in Eq. (8.2.11) shows that the 
maximum plate bending moment is influenced by p, M*, and fJ-. To 
determine M* and fJ- for any configuration requires detailed analysis of the 
shell-channel-tubesheet construction outboard of radius a. In this chapter, 
the three constructions shown in Fig. 8.2.2 are examined. 

Figure 8.2.2a shows a representative case of two side integral con­
struction where both shell and channel are welded to the tubesheet. We 
assume, in this analysis, that the middle surface of the shell and channel are 
both at r= b (this need not be the case in an actual unit). Figure 8.2.2b 
shows a case of bolted construction on the channel side and integral con­
struction on the shell side. The effects of bolt loading on the tubesheet stress 
must be included in the analysis of this construction. Finally, Fig. 8.2.2c 
shows the case of a unit gasketed on both channel and shell side. In the next 
sections, each of these constructions shall be analyzed in turn; the intent 
being solely to define M* and fJ- for use in Eq. (8.2.11). 

8.3 ANALYSIS OF TWO SIDE INTEGRAL CONSTRUCTION 

Figure 8.3.1 shows a free body of the component parts with force and 
moment resultants. It is assumed that the unperforated rim behaves like a 
ring and satisfies the relation (see Section 3.9): 

a*MR 
()R=---­

DR In bla 
(8.3.1) 

where DR =Eh3 /[12(1- v2 )], a* = (a+b)/2 and MR is the net moment per 
unit of circumferential length, acting at the ring centroid P* in the direction 
of the ring rotation ()R. We recognize that for larger bla ratios, it might be 
more appropriate to consider the unperforated rim as an annular plate; 
however, to maintain relative simplicity in the analysis, we restrict con­
sideration to the ring theory. It is shown in Ref. [8.3.1] that the predictions 
from ring theory and annular plate theory are within 6070 if bla :s; 1.35. In 
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Fig. 8.2.2a. Two side integral construction. 
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Fig. 8.2.2b One side integral construction. 
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Fig. S.2.2e. Two side gasket construction. 

view of the major assumption we have made in the entire tubesheet analysis 
that classical plate theory is valid for perforated tubesheet analysis, the use 
of a ring theory to describe the unperforated tubesheet rim is acceptable for 
design purposes even for b/a somewhat larger than 1.35. In the next 
chapter, an analysis is carried out using annular plate theory to describe the 
behavior of the unperforated rim. The reader will see quite clearly the 
additional complexity of the plate solution. 

The shell and channel are treated as thin cylindrical shells for the purpose 
of relating edge shears and moments to edge displacements and rotations. 
For the moment, we retain the displacement due to local pressure acting on 
the cylindrical wall. For either the shell or channel, we can therefore write: 

all V b3 

0=--­
D 
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where 
0* = pb2 (1 _ ~) 

Et 2 
(8.3.2) 

where D = Et2 /12(1- v). If we consider the shell and/or channel as thin 
cylindrical shells, th..en (Xu are given in terms of the thickness to mean radius 
ratio t/b as 

(Xll =0.23564 (tlb)3/2 

(Xl2 = 0.30289 (tl b) 

(X22 =0.77868 (tlb)l12 

Vs ---+-

Ms 
+-+--<~ V s 

~I....L"'&"..L-""""'I...&.-i 

(8.3.3) 

Fig. 8.3.1. Free body analysis of two side integral construction. 
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In Eq. (8.3.3) it is assumed the Poisson's ratio is 0.3 for either the shell or 
the channel. In what follows, we append the subscript "c" for channel side 
or "s" for shell side to Eq. (8.3.2) as needed. If radial growth of the 
tubesheet is neglected, then the following compatibility equations may be 
written: 

h h 
0=-8R =-8 

e 2 2 e 

(8.3.4) 
h h 

0=--8=-8 
s 2 R 2 s 

Employing the appropriate form of Eq. (8.3.2) in Eq. (8.3.4) yields the 
following relationship (for both the channel and the shell): 

al2 + a22h12b 
Ko = ; J = a1l + a12h12b 

a1l + a 12 h12b 
(8.3.5) 

Using Eq. (8.3.5), written explicitly for either the shell or channel, in the 
second of Eq. (8.3.2), and employing the relationship 8R = 8e = - 8s , 

yields the final relationships between the edge bending moment in either the 
channel or shell, and the rotation of the annular rim. These relationships 
are given as: 

Ds 2 
bMs = - - 8R + 0.2572 psfsb 

K* s 

(8.3.6) 

Equations (8.3.6) determine the local edge bending moment in terms of the 
edge rotation and the local pressure acting on the cylindrical wall. In these 
equations, Poisson's ratio is set to 0.3, and K* for either shell or channel is: 

(8.3.7) 

In the manipulations to this point, we have retained the effect of local 
pressure acting on the cylindrical walls of the shell and channel. Thus, our 
final expressions for shell and channel edge moment are completely con­
sistent with the theory of shells employed. In our subsequent calculations 
using Eqs. (8.3.5) and (8.3.6), we choose to neglect these local pressure 
terms. Our justification is that retention of these terms beyond this point 
makes little difference on the final magnitude of the bending moments of 
Eq. (8.2.11); the final plate bending moments of Eq. (8.2.11) are most 
strongly dominated by the pressure difference across the plate surface. 
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If we now use Eq. (8.3.6) in Eq. (8.3.5) (after dropping the local pressure 
effects in both sets of equations), we can also relate the shear force 
resultants Ve, Vs to the ring rotation: 

Kos Ds 
v=---() 

s K* b2 R 
s 

(8.3.8) 

From Fig. 8.3.1, the net moment MR acting on the ring cross section is 
given by the equation 

P b2 

+-(b-a) 
4 

(8.3.9) 

Using Eqs. (8.3.6), (8.3.8) to eliminate the grouping Ms -Me + hl2 (Vs­
Ve), and noting that: 

(8.3.10) 

enables us to construct a final relationship between ()R, Mo and p in the 
form: 

( A2) p(b2 + a2 )(b - a) 
DRln (bla) ()R 1+ -- =aMo+------

In(bla) 4 
(8.3.11) 

where the parameter A2 is given as: 

Ds ( h Kos ) Dc ( h KOe ) 
A2 = DR K; 1 + --u;- + DR K: 1 + --u;- (8.3.12) 

Note that in Eq. (8.3.12), Ds> Dc, DR are computed for the shell, channel, 
and rim, respectively. From Figs. 8.2.1, 8.3.1, we see that <I>(a) = - ()R; 

therefore, comparing Eq. (8.2.8) with Eq. (8.3.11) enables us to identify Ka, 
M* for the two sided integral construction as: 

Ka =DR(ln(bla) + A2 ) (8.3.13) 

pa2 b2 b 
M*= --4 (7 +1)( -;; -1) (8.3.14) 

Using Eqs. (8.3.3), (8.3.5), and (8.3.7) enables us to write 

1 ( b ) 112 ( h ) 
K* = 2.568 t + 1.651 t 

(8.3.15) 

K = 3.301 ~ [1 + 1.285 b2h ] 
K* t t 

where t = te or ts' 
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If the flexural efficiency for the perforated region of the tubesheet is 
defined as e, where: 

E*(I- pZ) 
e=D*IDR = (8.3.16) 

E(1- p*z) 

then the edge sfiffness parameter /1- given in Eq. (8.2.10) becomes: 

In b/a+ Az 
/1-= (8.3.17) 

e(1 + p*) 

For the two side integral construction, Eqs. (8.3.14) and (8.3.17) are suf­
ficient to completely evaluate the maximum bending moment in the 
tubesheet for any shell, channel, rim configuration within the limits of these 
approximations. 

8.4 ANALYSIS OF ONE SIDE INTEGRAL, ONE SIDE GASKETED 
CONSTRUCTION 

Consider the construction shown in Fig. 8.2.2b, the corresponding free 
body diagram is given in Fig. 8.4.1. We assume that the bolt loading B (per 
unit of circumferential length) is specified by the designer as one of the 
known input quantities. It has been shown in Chapter 3 that the bolt 
loading changes from preload to operating condition and, under certain 
circumstances, the change may be a substantial fraction of the pressure 
load. Chapter 3 also shows that the bolt load change is dependent on the 
flange parameters, on the bolt spring constant, and on the gasket spring 
rates. We assume in this chapter that the designer has made any com­
putations deemed necessary to establish B for the preload and for the 
operating conditions. We recall that the focus here is to examine the effects 
of the unit construction outboard of the tubesheet perforated region on the 
stress distribution inside the perforated region. 

An analysis of the adjacent channel flange, under the assumption that 
there is a hydrostatic end load on the channel, yields the following relation 
between peripheral loadings B, Gc as: 

P rZ 
r G =Bd-~ 

c c 2 (8.4.1) 

We use the same ring assumption stated by Eq. (8.3.1) and construct the 
net moment a* MR on the ring. After elimination of the effect of the gasket 
loading Gc using Eq. (8.4.1), the effect of Qo by using Eq. (8.3.10), and 
subsequent manipulation of all of the terms involvingpT' Ps' we obtain: 

NBLBd ( rc) [ h ] PTa3 p sa3 
a*MR =aMo + --- 1- - +rs Ms + - VS + "iT -- -"is--

271" d 2 4 4 

(8.4.2) 
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d 

b 

Fig.8.4.1. Free body analysis of one side integral construction. 

where L B is defined as the total bolt load, by the relation 

27rBd=NBL B; NB = number of bolts in the unit 

The parameters 'YT' 'Ys are defined as 

(rc )(r/ ) 'YT = -; - 1 a2 + 1 

(8.4.3) 

(8.4.4) 

The analysis of Section 8.3 suffices to determine Ms + hl2 Vs in terms of 
the ring rotation OR' and hence, we can easily construct the final 
relationship between OR' Mo andpr.ps in the form: 
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( AI ) NBLBd( rc) a3 
DR In (b/a) ()R 1+ -- =aMo+-- 1-- +-('YTPT-'YsPs) 

In b/a 21f d 4 
(8.4.5) 

where: 

(8.4.6) 

Ko ,K: are given by Eq. (8.3.15) with t = ts and b replaced by rs. Hence, 
for the one side integral-one side gasketed construction we obtain M*, p. as: 

NBLB d ( rc) a2 

M* = - 2;- --; 1 - d - 4 ('YTPT - 'YsPs) (8.4.7) 

In (b/a) + Al 
J-t= 

e(1 + 1'*) 
(8.4.8) 

With M*, p. determined for this outboard construction, we can examine the 
stress distribution in the perforated region of the tubesheet. If the channel 
side is integral, with the shell side gasketed, then Al should be replaced by 
the appropriate channel constants and rc in the bolt loading term should be 
replaced by rs . 

8.S ANALYSIS OF TWO-SIDE GASKETED CONSTRUCTION 

Figure 8.5.1 shows the free body diagram of the unit described in Fig. 
8.2.2c. If we assume that specified bolt peripheral loading B and hydrostatic 
end loads are applied to both shell and channel, then the gasket loads Gs 

and Gc are simply related to the bolt loading B and to the respective 
hydrostatic loadings. We obtain, from a free body analysis of the adjacent 
shell and channel, the results: 

P r2 
rG =Bd-~ 

S s 2 

P r2 
r G =Bd-~ 

c c 2 

(8.5.1) 

Following the method previously described in Sections 8.3 and 8.4, we 
obtain the expression for the net moment on the ring as: 

(8.5.2) 

where the parameters "IT> "Is are defined by Eq. (8.4.4). Introducing the 
total bolt load LB defined in Eq. (8.4.3), we obtain the parameters M*, J-t 
for the two sided gasket construction as: 
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NBLB (rs-rc) a2 

M* = 2;- a - 4 ('YTPT-'YsPs) (8.5.3) 

In (b/a) 
J1-= 

e(1 + v*) 
(8.5.4) 

Ps 
Mo 

( ~ . p' 

0 0 

~ 
Pr Gc 
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~ rc 
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b 

Fig. 8.5.1. Free body analysis of two side gasketed construction. 

8.6 TUBESHEET STRESS ANALYSIS 

The analyses in Sections 8.2-8.5 lead to the evaluation of the maximum 
bending moment in the perforated region of the tubesheet based on the 
assumption that the region r < a is fully perforated. With the maximum 
bending moment determined, the maximum bending stress at the extreme 
fiber of the tubesheet is 

6 Mmax 
(J= (8.6.1) 

1Js h2 

where Mmax is the maximum bending moment for the construction con­
sidered and 1Js < 1 is a stress efficiency generally assumed to be equal to the 
ligament efficiency defined in Eq. (8.3.1). The purpose of the stress ef­
ficiency factor is to reflect the expected stress amplification caused by the 
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perforations. Here we can see an immediate analysis difficulty since the 
derivation of Mmax hinges upon consideration of the tubesheet as fully 
perforated. If the analytical results predict maximum moments to be in the 
center of the unit, it is clear that Eq. (8.6.1) overestimates the stress in the 
central portion of aU-tube tubesheet. The central region must be undrilled 
by the very nature of the construction; to account for this solid central 
portion requires analysis of a non-symmetric construction. This difficulty is 
surmounted by replacing the actual unit, containing an undrilled central 
region, with an idealized fully perforated unit, for the purpose of a design 
analysis. The replacement of the actual unit with an idealized unit involves 
the introduction of an effective tube pitch greater than the actual tube pitch; 
in this way, we can define an effective ligament and/or stress efficiency that 
is greater than the efficiency predicted by the actual tube pitch. Using a 
pseudo stress efficiency in Eq. (8.6.1) and a pseudo ligament efficiency to 
determine E*, p* appears to yield results that reflect the satisfactory per­
formance experienced by many in-service units. The development of the 
concept of an idealized, fully perforated unit, for analysis purposes, is 
outlined in the following, and is implemented in all of the numerical results 
presented in this chapter. 

Consider Fig. 8.6.1, which shows a plan form view of a typical U-tube 
exchanger tubesheet. Assume that NT, the number of tube holes in the unit, 
P, the actual pitch, and 0/, the perforation angle are known. Then, the 
actual tubed area A T is given as: 

(8.6.2) 

.,... -....... 
/' ..... 

./ " 
/ ' / a , 

\ 
/ \ 

I 0 \ 
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L 0 ------- ---1- __ J 

r----o-------- ~-l 
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" /'/ 
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Fig. 8.6.1. Plan view of tubesheet. 
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The untubed region, within the radius a, is approximately expressed as 
(assume Uknown as shown in Fig. 8.6.1) 

AUT "",2Ua 

We define an effective tube pitch P' by the equation 

7ra2 =NTP'z sin 8( =A T +AUT 

Equation (8.6.2)-(8.6.4) leads to a result for P' as 

[ A 112 
P' =P 1 + 2 UT J 

7ra -AUT 

(8.6.3) 

(8.6.4) 

(8.6.5) 

We suggest the use P' instead of P in Eq. (8.1.3) to determine 1/ and 1/s. 
Note that the ASME Code also suggests a similar replacement in its 
modification to the simple design formula in Eqs. (8.1.1) [8.6.1]. Both the 
replacement suggested here and in the cited reference are designed to force a 
lower calculated stress in the central region of the actual unit. 

Appendix 8.A contains the listing of a short computer code, written in 
BASIC, suitable for the design of V-tube heat exchanger tubesheets. The 
program is written assuming that the CRT screen as well as hard copy 
output is desired. The input required is self-explanatory and is listed in 
Appendix 8.A. The program utilizes the concept of effective tube hole 
diameter, based on roll depth, introduced in Ref. [8.6.1]; namely in the 
computation of ligament efficiency, an effective tube hole diameter d1 , is 
employed, defined by: 

d 1 =d*-2 t*[ ET • ~ ]. RD 
E Ts SA 100 

(8.6.6) 

where t* is the tube thickness, E T , E TS are the Young's Moduli of the tube 
and tubesheet material, and Sr. SA are the AS ME Code allowable stresses 
for the tube and tubesheet material. RD is the depth of roll expressed as a 
percentage of tubesheet thickness (i.e., a roll to 500/0 of tube sheet thickness 
implies RD = 50.0). Regardless of the predicted value of d 1 from Eq. 
(8.6.6), a lower limit on d is imposed by the additional condition 

d1~d*-2t* (8.6.7) 

In the analyses to follow, we consider the design as meeting structural 
requirements in the perforated region of the tubesheet if the maximum 
bending stress remains below 1.5 SA where SA is the allowable stress given in 
the AS ME Code [8.6.1] for the corresponding design temperature. 

To illustrate the application of the method presented here, consider the 
three V-tube heat exchanger sample problems given by TEMA in Ref. 
[8.6.2]. For the purposes of this discussion, some information needed for 
the solution is listed in Table 8.6.1. 
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Table 8.6.1 Data for U-Tube Sample Problems 
Item 

TEMA Prob. Number 
Construction 

Design Pressures 
(psi) 

Tube O.D. (") 
Tube Thickness (") 

a (") 
b (") 

Tube Pitch (") 

TEMA Calculated 
Thickness from 
Eq. (8.1.1) for 
uncorroded condition 

Ex. 1 

8 
Chan.Int., 
shell gask. 
PT= 1000 
Ps=O 

0.75 
0.083 
8.875 

13.375 
0.9375 

2.6857 

Ex.2 

9 

2 side gask. 
PT= -15 
Ps=450 

0.75 
0.083 
8.875 

11.25 
0.9375 

2.19 

Ex. 3 

10 

405 

Int. both sides 
PT=2850 
Ps=O 

0.75 
0.083 
8.875 
10.875 
0.9375 

3.758" 

Values used for b in examples 1 and 2 assume that the tubesheet is ex­
tended beyond the gasket circle. The value for b in example 3 is the mean 
channel radius. Additional input information is given in Tables 8.6.2-4. 
Where necessary, our best estimates for dimensions are used when not 
specifically given in Ref. [8.6.2]. Ligament efficiencies are obtained from 
Fig. 8.1.1 using Eq. (8.1.3) with P' from Eq. (8.6.5) replacing P and dJ 

from Eq. (8.6.6) replacing d*. 
All materials are steel with E = 29 X 106 psi; SA = 17,500 psi. The tube 

layout pattern is assumed similar to that given with TEMA problem 10 
[8.6.2]; "a" is estimated and an untubed central area = 36 in. 2 is computed 
from the information given in Ref. [8.6.2]. Tables 8.6.2, 8.6.3, and 8.6.4 
show the printed computer output for the three sample problems. Note that 
for example 1, with one side integral construction, a tubesheet thickness of 
2.375" is acceptable if we seek only to limit tubesheet stress. For example 2, 
with two sided gasketed construction, the method given herein suggests that 
the thickness must be larger than that given by the TEMA approach. 
Finally, for the integral construction, we obtain essentially the same 
thickness as predicted by the TEMA simplified approach. 

The reader should be cautioned not to draw general conclusions from the 
numerical simulations. One can say, however, that the TEMA Eq. (8.1.1), 
despite its simplicity, does appear to yield reliably accurate results for 
tubesheets in V-tube exchangers. Where the TEMA result underestimates 
tubesheet thickness, that doesn't necessarily infer an unsafe design; all we 
can say is that a TEMA tube sheet would then encroach somewhat on the 
safety factor as mandated by the ASME for pressure vessels. The utility of 
the more complete procedure suggested in this chapter is that the results are 
capable of predicting tubesheet behavior for a wide class of geometries and 
material combinations; through use of the computer code, solutions are 
obtained with minimal effort on the user's part. 

As a final numerical illustration of the analysis method for V-tube ex­
changers, Table 8.6.5 presents results for a configuration involving dif-
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ferent gasket radii and edge bolting. The numerical data used is for 
illustrative purposes only and is not necessarily representative of an actual 
construction. The two sets of results show the stress state under bolt load 
alone, and under bolt load plus pressure. 

Note that in all of the computer simulations, results are given for the shell 
and channel stresses. These results are given so that the user may check that 
the shell and channel thicknesses are adequate to support the membrane 
hoop stresses, and the membrane plus bending axial stresses. 

Using Eq. (8.3.6), it is clear that the extreme fiber stress in the shell and 
channel, in an integral construction, is given as 

_ PTb 6Me _ PTb [6De OR PTbJ 
(Je - 2t ± t 2 - -2- ± bK * 2" + 1.5432 -

e te e te te 
(8.6.8) 

_ Psb 6Ms Psb [ 6Ds OR PsbJ 
(Js- U ±7= -2- ± - bK * -2 +1.5432-

s s ts s ts t s 

We note that OR = - ~(a), and that Eq. (8.2.5) gives a relation between 
~(a), Mo, and the pressure difference across the tubesheet. Using the 
relation for Mr (a) given by the first of Eq. (8.2.11) and solving for aMo -
pa3 /8 yields 

a 
aMo -pa3 /8 = - - [Mr (a) -M*] 

J1. 

Therefore, substitution of Eq. (8.6.9) in Eq. (8.2.5) yields 

a 
OR = D*(1 + v*)J1. [Mr (a) - M*] 

Table 8.6.2 
...................................... 

ONE SIDE INTEGRAL ONE SIDE GASKETED CONSTRUCTION 
A= 8.875 B= 13.375 
Eo/E= .445 NUSTAR= .31 
E (SHEET)' 2.gE+07 E (SHELL) 0 
E (CHANNEL)= 2.gE+07 
TS= .375 TC= .875 
RS= g.8125 RC= 10.g375 
ROLL DEPTH/THICKNESS= .g5 
TUBE OD= .75 TUBE THICKNESS= .083 
TUBE MODULUS= 2.gE+07 TUBE ALLOWABLE STRESS= 17500 
MODIFIED PITCH P'= 1.01421 EFFECTIVE HOLE DIAM. Dl= .5g23 
UNTUBED AREA= 36 TUBE PITCH= .g375 
ACTUAL LIGAMENT EFFICIENCY= .368213 
EFFECTIVE LIGAMENT EFFICIENCY= .416002 
TUBESIDE PRESSURE= 1000 SHELLSIDE PRESSURE= 0 
DIFFERENTIAL PRESSURE= 1000 
BOLT LOAD= 0 
NUMBER OF BOLTS= 0 BOLT RADIUS' 12.5 ....••.........•.•.•..•.•.••••.......... 

RESULTS FOR TUBESHEET THICKNESS= 2.6857 
SAo 17500 TUBESHEET DESIGN STRESS= 26250 
CLAMPING PARAMETER MU= 16.5482 
MOMENT PARAMETER MSTAR=-11526.4 
SHELL HOOP MEMBRANE STRESS= 0 

(8.6.9) 

(8.6.10) 
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CHANNE~ HOOP MEMBRANE STRESS= 12500 
A~~OWAB~E MEMBRANE STRESS SHE~~= 17500 
A~~OWAB~E MEMBRANE STRESS CHANNE~= 17500 
SHE~~ TOTA~ AXIA~ STRESS= 0 
CHANNE~ TOTA~ AXIA~ STRESS= 30819.4 
ALLOWABLE SHELL STRESS- 26250 
ALLOWABLE CHANNE~ STRESS= 26250 
MOMR(A)= 8627.79 MOMH(A)= 1834.26 

DESIGN BENDING MOMENT= 8627.79 
FOR H= 2.6857 THE CALCULATED STRESS IS 17252.1 

RESULTS FOR TUBESHEET THICKNESS= 2.375 
SA' 17500 TUBESHEET DESIGN STRESS. 26250 
CLAMPING PARAMETER MU= 18.8787 
MOKENT PARAKETER MSTAR=-11526.4 
SHELL HOOP KEMBRANE STRESS= 0 
CHANNEL HOOP MEMBRANE STRESS= 12500 
ALLOWABLE MEMBRANE STRESS SHEL~= 17500 
ALLOWABLE MEMBRANE STRESS CHANNEL= 17500 
SHELL TOTAL AXIAL STRESS= 0 
CHANNEL TOTAL AXIAL STRESS= 31999.9 
ALLOWABLE SHELL STRESS= 26250 
ALLOWABLE CHANNEL STRESS= 26250 
MOMR(A)= 8770.57 MOKH(A)= 1977.04 

DESIGN BENDING MOMENT= 8770.57 
FOR H= 2.375 THE CA~CULATED STRESS IS 22426.3 

Table 8.6.3 

TWO SIDE GASKET ED CONSTRUCTION 
A= 8.875 B= 11.25 
Eo/E= .445 NUSTAR= .31 
E (SHEET)' 2.9E+07 E (SHE~L) 0 
E (CHANNEL)= 0 
TS= .375 TC= .375 
RS= 10.75 RC- 10.75 
ROLL DEPTH/THICKNESS= .95 
TUBE OD= .75 TUBE THICKNESS= .083 
TUBE KODULUS= 2.9E+07 TUBE A~LOWABLE STRESS= 17500 
MODIFIED PITCH p" 1.01421 EFFECTIVE HOLE DIAM. D1= .5923 
UNTUBED AREA= 36 TUBE PITCH= .9375 
ACTUA~ LIGAMENT EFFICIENCY= .368213 
EFFECTIVE LIGAMENT EFFICIENCY= .416002 
TUBESIDE PRESSURE= 0 SHELLSIDE PRESSURE- 450 
DIFFERENTIA~ PRESSURE=-450 
BOLT LOAD= 0 
NUNBER OF BOLTS' 0 BOLT RADIUS= 11 

RESULTS FOR TUBESHEET THICKNESS= 2.19 
SAo 17500 TUBESHEET DESIGN STRESS' 26250 
CLAMPING PARAMETER MU= .404049 
KOMENT PARAKETER MSTAR= 4618.71 
SHELL HOOP KEMBRANE STRESS= 12900 
CHANNEL HOOP MEMBRANE STRESS= 0 
ALLOWABLE MEMBRANE STRESS SHELL= 17500 
A~LOWABLE MEMBRANE STRESS CHANNE~= 17500 
SHELL TOTAL AXIA~ .STRESS= 6450 
CHANNEL TOTAL AXIAL STRESS- 0 
ALLOWABLE SHELL STRESS. 26250 
A~LOWAB~E CHANNE~ STRESS= 26250 
NOMR(A)' 2014.57 MONH(A)· 5071.66 

DESIGN BENDING MOKENT. 9347.15 
FOR H. 2.19 THE CALCU~ATED STRESS IS 28109.1 

407 

MOKR(0)=-7666.84 

MOKR(0)=-7524.07 

MOMR(O)= 9347.15 
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Table 8.6.4 
INTEGRAL CONSTRUCTION 
A= 8.875 B= 10.875 
Eo/E= .445 NUSTAR= .31 
E (SHEET)= 2.9E+07 E (SHELL) 2.9E+07 
E (CHANNEL)= 2.9E+07 
TS- .375 TC- 3.25 
RS- 10.875 RC= 10.875 
ROLL DEPTH/THICKNESS- .95 
TUBE OD- .75 TUBE THICKNESS- .083 
TUBE MODULUS- 2.9E+07 TUBE ALLOWABLE STRESS- 17500 
MODIFIED PITCH P'= 1.01421 EFFECTIVE HOLE DIAM. D1= .5923 
UNTUBED AREA- 36 TUBE PITCH- .9375 
ACTUAL LIGAMENT EFFICIENCY= .368213 
EFFECTIVE LIGAMENT EFFICIENCY= .416002 
TUBESIDE PRESSURE= 2850 
DIFFERENTIAL PRESSURE= 2850 
BOLT LOAD- 0 
NUMBER OF BOLTS- 0 

SHELLSIDE PRESSURE= 0 

BOLT RADIUS- 0 

RESULTS FOR TUBESHEET THICKNESS- 3.758 
SAo 17500 TUBESHEET DESIGN STRESS- 26250 
CLAMPING PARAMETER MU- 30.7258 
MOMENT PARAMETER MSTAR=-31636 
SHELL HOOP MEMBRANE STRESS- 0 
CHANNEL HOOP MEMBRANE STRESS= 9536.54 
ALLOWABLE MEMBRANE STRESS SHELL= 17500 
ALLOWABLE MEMBRANE STRESS CHANNEL- 17500 
SHELL TOTAL AXIAL STRESS- 3369.3 
CHANNEL TOTAL AXIAL STRESS- 25836.3 
ALLOWABLE SHELL STRESS= 26250 
ALLOWABLE CHANNEL STRESS= 26250 
MOMR(A)= 26178.6 MOMH(A)- 6817.05 

DESIGN BENDING MOMENT- 26178.6 
FOR H- 3.758 THE CALCULATED STRESS IS 26735.6 

Table 8.6.5 

TWO SIDE GASKETED CONSTRUCTION 
A= 8.15 B= 12.5 
Eo/E= .435 NUSTAR= .31 
E (SHEET)- 2.8E+07 E (SHELL) 0 
E (CHANNEL)' 0 
TS= .S TC= .5 
RS- 9.5 RC= 9 
ROLL DEPTH/THICKNESS- .95 
TUBE OD= 1 TUBE THICKNESS •• 065 
TUBE MODULUS- 2.8E+07 TUBE ALLOWABLE STRESS- 18700 
MODIFIED PITCH P'= 1.48106 EFFECTIVE HOLE DIAM. D1- .8765 
UNTUBED AREA- 60 TUBE PITCH= 1.25 
ACTUAL LIGAMENT EFFICIENCY= .2988 
EFFECTIVE LIGAMENT EFFICIENCY- .408193 
TUBESIDE PRESSURE= 0 SHELLSIDE PRESSURE= 0 
DIFFERENTIAL PRESSURE- 0 
BOLT LOAD= 12500 
NUMBER OF BOLTS. 16 BOLT RADIUS- 10.5 ......•...•••....................•...... 

RESULTS FOR TUBESHEET THICKNESS- 2 
SAo 18700 TUBESHEET DESIGN STRESS- 28050 
CLAMPING PARAMETER MU- .745536 
MOMENT PARAMETER MSTAR=-1953.81 
SHELL HOOP MEMBRANE STRESS= 0 
CHANNEL HOOP MEMBRANE STRESS- 0 
ALLOWABLE MEMBRANE STRESS SHELL- 18700 
ALLOWABLE MEMBRANE STRESS CHANNEL- 18700 
SHELL TOTAL AXIAL STRESS- 0 
CHANNEL TOTAL AXIAL STRESS= 0 
ALLOWABLE SHELL STRESS- 0 
ALLOWABLE CHANNEL STRESS' 0 
MOMR(A)=-1119.32 MOMH(A)=-1119.32 

DESIGN BENDING MOMENT- 1119.32 
FOR H= 2 THE CALCULATED STRESS IS 4113.2 

MOMR(0)--20261.1 

MOMR(O) '-1119.32 
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A~ 8.15 B= 12.5 
E'/E~ .435 NUSTAR= .31 
E (SHEET)= 2.8E+07 E (SHELL) 0 
E (CHANNEL)= 0 
TS= .5 TC= .5 
RS- 9.5 RC. 9 
ROLL DEPTH/THICKNESS~ .95 
TUBE OD= 1 TUBE THICKNESS= .065 
TUBE MODULUS= 2.8E+07 TUBE ALLOWABLE STRESS= 18700 
MODIFIED PITCH P'= 1.48106 EFFECTIVE HOLE DIAM. D1= .8765 
UNTUBED AREA- 60 TUBE PITCH= 1.25 
ACTUAL LIGAMENT EFFICIENCY- .2988 
EFFECTIVE LIGAMENT EFFICIENCY= .408193 
TUBES IDE PRESSURE= 500 SHELLSIDE PRESSURE= 0 
DIFFERENTIAL PRESSURE= 500 
BOLT LOAD= 12500 
NUMBER OF BOLTS= 16 BOLT RADIUS= 10.5 

RESULTS FOR TUBESHEET THICKNESS- 2 
SA- 18700 TUBESHEET DESIGN STRESS= 28050 
CLAMPING PARAMETER MU= .745536 
MOMENT PARAMETER MSTAR=-3875.73 
SHELL HOOP MEMBRANE STRESS= 0 
CHANNEL HOOP MEMBRANE STRESS= 9000 
ALLOWABLE MEMBRANE STRESS SHELL= 18700 
ALLOWABLE MEMBRANE STRESS CHANNEL- 18700 
SHELL TOTAL AXIAL STRESS= 0 
CHANNEL TOTAL AXIAL STRESS- 18388.8 
ALLOWABLE SHELL STRESS= 0 
ALLOWABLE CHANNEL STRESS= 0 
KOMR(A)=-447.26 MOMH(A)=-3311.73 

DESIGN BENDING MOMENT= 7317.84 
FOR H= 2 THE CALCULATED STRESS IS 26891.1 
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MOMR(0)--7317.84 

With OR computed, (Ie> (Is can be determined. The ASME Code suggests that 
the maximum value of the extreme fiber stress at the joint should not exceed 
1.5 times the allowable stress of the shell or channel material. In a given 
configuration, should this stress be exceeded, the geometry should be 
changed either by increasing the tubesheet thickness or by increasing the 
appropriate cylindrical wall thickness near the joint. The tubesheet 
thickness need not exceed the thickness calculated if one assumed a one side 
gasketed joint in making the computations. Returning to the sample 
analyses illustrated here, we see that for the one side integral construction, 
the axial membrane plus bending stress exceeds the allowable value for a 
mechanically loaded joint. Strict adherence to ASME Code design rules at 
this point would dictate investigation of a local increase in channel thickness 
near the joint, or alternatively, an increase in tubesheet thickness above the 
TEMA prediction of 2.6857". It is quite possible that a designer could 
eliminate the problem in this specific case by simply requesting actual 
property test data on the material batch so as to possibly permit a slight 
increase in the material allowable stress in the channel. 

NOMENCLATURE 

a Radius of perforated region 
a* Mean radius of unperforated rim 

AUT Untubed region within perforated area 
b Outer radius of unperforated region of tubesheet 
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B,NB Bolt load; number of bolts 
CT = TEMA coefficient 
D Generic term for flexural rigidity of a plate or shell type 

structure. 
d Bolt circle radius 

d 1 Effective tube hole diameter defined by Eq. (8.6.6) 
D* = Effective flexural rigidity of the perforated region. 

d*, t* = Tube hole diameter; tube thickness 
e = Flexural efficiency defined by Eq. (8.3.16) 

E*, p* Effective elastic constants of tubesheet perforated region 
EnE Young's Moduli of tube, tubesheet 

G Effective diameter of gasket 
G.,Ge = Gasket forces defined by Eq. (8.5.1) 

h = Tubesheet thickness 
H = Ligament width 

Ka Rotational spring rate of the outer edge of the perforated 
region. 

M* Edge loading parameter (Eq. (8.2.8» 
Mo = Radial bending moment at r = a (per unit circumference) 

M"M8 = Radial, circumferential bending moments in perforated 
region of tubesheet 

MR = Effective ring moment 
MT,Ms = Channel, shell edge bending moments 

NT = Number of tubes in tubesheet 
P = Differential pressure across tubesheet 

PT,Ps Tubeside, shellside pressure, respectively 
P,P' = Tube layout pitch; effective tube pitch 

Qo = Shear per unit circumference at the edge of the perforated 
region 

r Radial coordinate of tubesheet 
re , rs = Mean radius of channel, shell; mean radius of channel, shell 

gasket 
RD = Roll depth (percentage of tubesheet thickness) 
SA = Allowable stress from ASME code 

te , ts = Channel, shell thickness 
U = Defined in Fig. 8.6.1 

Vn Vs = Channel, shell edge shear forces 
0* Increase in shell/channel radius due to membrane effect of 

pressure 

o,() = Edge deflection, rotation of shell, channel 
()/ Perforation angle (Fig. 8.1.1) 

7J = Ligament efficiency 
'YT' 'Ys = Coefficients defined by Eq. (8.4.4) 

fJ, = Edge stiffness parameter defined in Eq. (8.2.10) 
~(a) = Tubesheet rotation at r=a 
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Subscripts 

s pertains to the shell 
c pertains to the channel (tubeside) 

R pertains to the tubesheet rim 
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APPENDIX 8.A 
COMPUTER CODE "UTUBE" 

This code is written in TRS80 Model III BASIC language. The user is 
prompted on the screen for certain input. The input quantities required (in 
consistent units) are: 

NT 

A,B 

ET,ES,EC 

TS,TC 
RS,RC 
SA 
OM 
VS,VC 

RD 
TD,TT,FT,ST 

TP 
VA 
ER,NV 

LB,NB,D 
PT,PS 

10 CLS 

Construction type = 2 (both sides integral) 
1 (one side integral, one side 
gasketed) 
o (two sides gasketed) 

Outer radius of perforated region, outer radius of 
unperforated rim 
Young's Modulus of tubesheet, shell, channel, 
respectively (input 0 for ES, EC if shell, channel 
gasketed) 
Shell, channel wall thicnkesses 
Shell, channel mean radii (see Fig. 8.2.2) 
Tubesheet code allowable stress at temperature 
A stress amplifier which should be input as 1.0 
Code allowable stress for shell and channel at tem­
perature 
Roll depth (% of thickness) 
Tube O.D., thickness, Young's Modulus, allowable 
stress from code 
Tube pitch from drawings 
Vntubed area within radius A 
Effective property inputs E* IE, p* which are deter­
mined from Figs. 8.1.1, 8.1.2 using a program com­
puted effective ligament efficiency 
Load on a single bolt, number of bolts, bolt circle radius 
Tubeside, shellside pressures 
Note: Subsequent analysis is carried out for P = PT­
PS 

LISTING OF UTUBE/BAS 

20 LPRIHT:LPRINT:LPRINT···················.·············· ••••••.. 
30 REM U-TUBE HEX CALCULATIONS WRITTEN BY DR.A.I.SOLER JAN.1983 
40 PRINT"UNIT TYPE=2 INTEGRAL CONSTRUCTION" 
50 PRINT" =1 ONE SIDE INTEGRAL, ONE SIDE GASKETED" 
60 PRINT" =0 TWO SIDE GASKETED CONSTRUCTION" 
70 INPUT"INPUT UNIT TYPE 2,l,OR O",NT 
80 IF NT=2 THEN LPRINT"INTEGRAL CONSTRUCTION" ELSE GOTO 100 
90 GOT0130 
100 IF NT:1 THEN LPRINT" ONE SIDE INTEGRAL ONE SIDE GASKETED CONSTRUCTION" ELSE 
LPRINT "TWO SIDE GASKETED CONSTRUCTION" 
110 PRINT" A=OUTER RADIUS OF PERFORATED REGION" 
120 PRINT" B=OUTER RADIUS OF UNPERFORATED RIll" 
130 INPUT"INPUT A,B",A,B'PRINT".OR TYPE 1 OR 0 SHELL AND lOR CHANNEL MODULUS ARE 
ZERO" 
140 INPUT"ETUBESHEET,ESHELL,ECHANNEL",ET,ES,EC 
150 INPUT"INPUT SHELL,CHANNEL THICKNESSES",TS,TC:INPUT"SHELL,CHANNEL RADU",RS,R 
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C:INPUT"INPUT TUBESHEET ALLO\<lABLE STRESS,OMEGA",SA,OM 
160 INPUT"INPUT ALLOWABLE STRESS FOR SHELL,FOR CHANNEL",VS,VC 
170 INPUT"INPUT " ROLL DEPTH ASSUMED",RD:RD=RD/l00:INPUT"INPUT TUBE OD,THICKNESS 
.MODUL.US,ALLOWABLE STRESS";TD,TT,FT,ST 
180 INPUT"INPUT TUBE PITCH",TP 
190 INPUT"INPUT UNTUBED AREA IN PROPER UNITS",UA 
200 Xl=1+UA/(3.14*A*A-UA>:Pl=TP*SQR<Xl) 
210 Dl=TD-2*TT*RO*FT/ET*ST/SA:IFDl«TD-2*TT) THEN 01=TO-2*TT 
220 LE=(Pl-Dl)/P1:LI=(TP-Dl)/TP:PRINT"ACTUAL LIGAMENT EFF.=",LI,"EFFECTIVE L.E.= 
",LE:PRINT" E.,NU. = EFFECTIVE PROPERTIES FROM CHARTS GIVEN AS A FUNCTION 0 
F LIGAMENT EFFICIENCY" 
230 INPUT"ENTER Ett/E .. NU.";ER"NU:EP=ER*.91/(!-NU*NU) 
240 PRINT" FOR A TYPE 1 UNIT A NON-ZERO BOLT CIRCLE RADIUS" 
250 PRINT"MUST BE INPUT TO PREVENT PROGRAM ERROR" 
255 PRINT" IF BOLT LOAD=O ANY BOLT RADIUS MAY BE INPUT" 
260 INPUT"INPUT BOLT LOAD,NUMBER OF BOLTS,BOLT RADIUS",LB,NB,D 
270 INPUT"INPUT TUBESIDE,SHELLSIDE PRESSURES", PT, PS 
280 P=PT-PS:K=B/A:LPRINT"A=",A,"B=",B:LPRINT"E./E=",ER,"NUSTAR=",NU:LPRINT"E (SH 
EET>=",ET,"E (SHELL)";ES:LPRINT"E (CHANNEL)=",EC 
290 IF NT=2 THEN B=RC 
300 IF NT=2 THEN RS=RC 
310 LPRINT"TS=",TS,"TC=";TC:LPRINT"RS=",RS,"RC=";RC 
320 LPRINT"ROLL DEPTH/THICKNESS=",RD:LPRINT"TUBE OD=",TD,"TUBE THICKNESS=",TT:LP 
RINT"TUBE MODULUS=",FT,"TUBE ALLOWABLE STRESS.",ST 
330 LPRINT"MODIFIED PITCH P'=",Pl," EFFECTIVE HOLE DIAM. 01=";01 
340 LPRINT"UNTUBED AREA=",UA,"TUBE PITCH=":TP 
350 LPRINT"ACTUAL LIGAMENT EFFICIENCY=",LI 
360 LPRINT"EFFECTIVE LIGAMENT EFFICIENCY=", LE 
370 LPRINT"TUBESIDE PRESSURE=",PT,"SHELLSIDE PRESSURE=",PS 
380 LPRINT "DIFFERENTIAL PRESSURE''',P 
390 LPRINT"BOLT LOAD=",LB:LPRINT"NUMBER OF BOLTS''',NB,''BOLT RADIUS=",D 
400 PRINT"CHOOSE H=O TO END 30B,-1 TO GO TO LINE 190,-2 TO GO TO LINE 250,-3 TO 
GO TO LINE 260, OR SIMPLY INPUT A VALUE OF H TO PROCEED WITH COMPUTATIONS" 
410 INPUT"INPUT ESTIMATE OF TUBESHEET THICKNESS",H: Ml=H 
420 IF Ml>'O THEN GOTO 430 ELSE Ml'-Ml:0N Ml GOTO 190 ,260 ,270 
430 IFH·O END 
440 LPRINT·· •••••••••••••••••••••••••••••••••••••••• ·· 
450 LPRINT" RESULTS FOR TUBESHEET THICKNESS''',H 
460 SD=L5.0M.SA:LPRINT"SA=",SA,"TUBESHEET DESIGN STRESS·",SD 
470 CS=2.568.SCR(RS/TS)+1.6S1*H/TS:CC=2.56S.S0R(RC/TC)+1.651-H/Te 
480 BS=3.301*RS/TS*<!+1.28S*RS*H/(TS*TS»:BC=3.301*RC/TC*(1+1.28S*RC.H/(TC*TC» 
490 LA=ES.TSC3/(ET-H[3).(CS+.S*H.eS/RS):LA=L.A+EC*TC[3/(ET*H(3).{CC+.S*H-SC/RC) 
500 MU=(LA+LOG(K»/(EP.(I+NU»:LPRINT"CLAMPING PARAMETER MU=",MU ' 
510 GT=(RC/A-l).«RC/A)[2+1):GS=(RS/A-1)*«RS/A)[2+1) 
520 IF NT=2 THEN EM=-.25-P-A-A*cK-K+l)-(K-!) ELSE EM=-.25-A-A*(GT*PT-GS-PS) 
530 IF NT=! THEN EK=EM-NS*LB/6.28-0/A*(1-RC/O) 
540 IF NT=O THEN EM=EM-NB.LB/6.28.(RS-RC)/A 
550 LPRINT"MOMENT PARAMETER MSTAR.",EII 
560 SP=PS.RS/TS:CP'PT.RC/TC 
570 LPRINT"SHELL HOOP MEMBRANE STRESS''',SP 
580 LPRINT"CHANNEL HOOP MEMBRANE STRESS=", CP 
590 LPRINT"ALLOWABLE MEMBRANE STRESS SHELL''', VS: WS=L 5.VS: \<IC'L S.VC 
600 LPRINT"ALLO\<lABLE MEMBRANE STRESS CHANNEL=",VC 
610 MA=EM+.125*MU*P*A*A:MA=MA/(1+MU) 
6200M=(MA-EH):D2=DK/(K*Ht3*(1+NU)-KU*EP)*6/ET 
630 SX=TC*D2*CC*EC+l.S432*CP:SY=-TS*02*CS*ES+!.5432*SP 
640 S1=.S*CP+SX:S2=.S.CP-SX 
650 S3=.S*SP+SY:S4=.S*SP-SY 
660 IF ABS(S3»ABS(S4) THEN SS=S3 ELSE SS=S4 
670 IF ABS(SI»ABS(S2) THEN SC=Sl ELSE SC'S2 
675 IF EC=O THEN SC'CP/2. 
676 IF ES=O THEN SS-SP/2. 
680 LPRINT"SHELL TOTAL AXIAL STRESS=",SS:LPRINT"CHANNEL TOTAL AXIAL STRESS=",SC: 
LPRINT" ALLOWABLE SHELL STRESS''', WS: LPRINT"ALLOWABLE CHANNEL STRESS"', WC 
690 MO=-.12S*P*A-A*(1-NU-MU/(1+MU»+EH/(1+KU) 
700 MO=EM/(!+MU)-P*A*A/16*(3+NU-2*MU/(1+MU» 
710 LPRINT"MOMR(A)=",MA,"MOMH(A)''',MO,''MOMR(O)='',MO 
720 MT=ABS(MA):IF MT<ABS(MO) THEN MT=ABS(MO) 
730 IF MT<ABS(MO) THEN MT'ABS(MO) 
740 LPRINT"DESIGN BENDING MOMENT.",MT 
750 PRINT "THE DESIGN STRESS FOR THE TUBESHEET IS ",SO 
760 PRINT"THE SHELL TOTAL AXIAL STRESS IS",SS:" THE CHANNEL TOTAL AXIAL STRESS 
S",SC 
770 PRINT "THE STRESS ALLOWABLES FOR SHELL AND CHANNEL ARE",WS,WC 
780 PRINT" THE SHELL HOOP MEMBRANE STRESS="SP:PRINT" THE CHANNEL HOOP MEMBRANE S 
TRESS=",CP 
790 PRINT"THE SHELL,CHANNEL MEMBRANE ALLO\<lABLES''',VS,vc 
800 SB=6*KT/(LE*H*H):LPRINT "FOR H=";H,"THE CALCULATED STRESS IS ";SB:PRINT"FOR 
H.",H," THE CALCULATED STRESS IS=",SB:LPRINT:LPRINT:GOT0400 
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9. TUBESHEETS IN FIXED AND FLOATING 
HEAD HEAT EXCHANGERS 

9.1 SCOPE OF ANALYSIS 

Fixed and floating head heat exchanger constructions find widespread 
application in the power and process industries. Fig. 9.1.1 shows a typical 
vertically mounted unit. We have included on that figure the nomenclature 
to be used in subsequent derivations. The response of the two tubesheets to 
external mechanical and/or thermal loading is not independent; the tube 
bundle provides a load transfer mechanism between the two tubesheets. A 
rigorous analysis of the unit, to determine tubesheet thicknesses, must 
consider the effects of coupling between the tubesheets when determining 
the stress and deformation in the tubesheets, tubes, shell, and channels. 
Unfortunately, the analysis becomes significantly more difficult to carry 
out compared to the analysis for U-tube heat exchanger tube sheets 
discussed previously. 

The inherent complexity in the design of the tubesheets for a fixed 
tubesheet exchanger is apparent from the TEMA standards [9.1.1] which 
gives non-iterative design formulas for all exchanger geometries save the 
fixed tubesheet type. TEMA design rules take credit for the supportive 
action of the tubes in reducing the tube sheet bending stress. This, however, 
implies that the mechanical design of the tubesheet must be carried out with 
an eye on the tube axial stress and on the tube/tube sheet joint load. 
Unacceptably high tube-to-tubesheet joint loads are clearly a matter of 
grave design concern. Designers alleviate these loads by inserting an ex­
pansion joint in the shell. Addition of the expansion joint, however, relieves 
tube axial load at the expense of increasing the tubesheet bending stress. 
Optimal design calls for a judicious balance between the expansion joint 
axial stiffness and the tubesheet thickness. Such opportunities for 
economies in design and enhancement of operational reliability have 
spawned considerable research interest in the stress analysis of fixed 
tubesheet exchangers [9.1.2-10]. In floating tubesheet design, the axial 
deformation of the shell is decoupled from tube and tubesheet defor­
mations. However, coupling between the tube axial load and tube sheet 
flexure remains. Therefore, opportunities for design optimization similar to 
the fixed tubesheet problem still exist. Such a design study is best conducted 
on a digital computer. Therefore, our goal in this chapter is to provide a 
logical development of fixed and floating tubesheet exchanger stress 
analysis, beginning with a generalized computer oriented treatment, and 
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Fig. 9.1.1. Vertically mounted integral tubesheet heat exchanger. 

simplifying down to practical graphical methods. 
The sections devoted to analysis will discuss three main topics. Initially, 

we deal with analysis of a vertically mounted heat exchanger having two 
dissimilar fixed tubesheets. In general, each tubesheet may have a different 
thickness and a different method of attachment to the heat exchanger 
barrel. The interaction between the two tubesheets is retained in the for­
mulation. During the development, the modifications required to permit the 
analysis of a unit having one fixed tubesheet and one floating tubesheet are 
indicated. Based on the theoretical analysis, we can develop a computer 
solution, and we illustrate its application by using a typical heat exchanger 
specification. 

Because of the complexity of the initial simulation, we omit many details 
of the algebraic manipulations and emphasize only key results. Therefore, 
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the second topic discussed in this chapter considers an anlaysis of a sym­
metrical unit containing identical tubesheets, and constant shell and 
channel side pressures. This assumed symmetry permits us to analyze only 
one half of the unit. This simplification permits an exposition in more detail 
of the manipulations required to develop the final formulation. Despite the 
considerable simplifications, we still find that numerical results are best 
obtained using a computer solution. To this end, a second computer code is 
included, based on the simpler analysis, and its application illustrated .. 

The final item of attention in this chapter focuses on even further sim­
plification of the analytical formulation. We show how the complex 
computer-dependent formulations can be drastically simplified to provide 
acceptable results for design purposes using graphical data. In the course of 
this simplification, we show how the formulas for tubesheet design found in 
the TEMA Standards [9.1.1] are developed from the more rigorous 
theoretical analysis. In summary, this chapter presents the complete gamut 
of tube sheet analysis ranging from a generalized complex model to the 
simplified design formulas of TEMA. 

The stress analysis of a general fixed tubesheet heat exchanger presented 
in the subsequent sections proceeds in the following manner: 

(i) Write the expression for the change in length of the tube in terms of 
its net surface pressure, the tube temperature rise, gravity effects 
(vertical units), and end loads. Of these only the end loads are 
unknown. A similar relationship for the shell is written. 

(ii) Model the tubesheet as an annular rim bounding an "equivalent 
inner plate"; the latter simulates the rigidity of the perforated 
region. The net pressure on the annular plate (tubesheet rim) is 
simply the algebraic difference of the shell and tubeside pressures. 
The pressure on the equivalent inner plate is obtained by "smearing" 
the tube end loads and shellside and tubeside pressures acting on the 
respective ligaments * , over the tubed region surface. 

(iii) Classical plate bending theory furnishes the necessary relations 
between the lateral deflection of the tubesheets and its surface loads, 
which include the smeared out tube end loads. 

(iv) The change in the axial length of the tubes at any radius r within the 
tubed region must be algebraically equal to the sum of the change in 
the length of the shell and the deflection of the tubesheets. This 
compatibility condition, along with the classical requirements of 
deflection, slope, moment, and shear continuity at the tubesheet­
shell-channel junctions and at the interface of the tubed and annular 
regions, furnish the necessary information to completely define the 
deformation and stresses in the shell, in the tubes, and in the 
tubesheets. Formal details are presented below. 

"The ligament area for the shellside pressure is the outside of the tubes, the ligament area on 
the tubeside is greater by the amount of the tube metal cross sectional area. 
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9.2 EFFECTIVE PRESSURE ON TUBESHEET DUE TO THE TUBE 
BUNDLE 

In the previous chapter, concerned with the stress analysis of tubesheets 
in U-tube type exchangers, the tubing plays a limited role. The only effect of 
the tubing considered there is the possible modification to the tubesheet 
ligament efficiency if we take credit for the tube wall thickness. In fixed or 
floating head construction, however, the tubes play a significant role in 
supporting the applied loading. Therefore, we must pay considerable at­
tention to incorporating the tube effect into any mathematical model of the 
unit. 

In this section, we consider a single tube as an elastic tension-compression 
member and show that its effect on the tubesheet is to apply a surface 
pressure proportional to the tubesheet deformation. Our sole aim in this 
section is to formulate an expression for the effective surface pressure on 
the tubesheet due to the tubes acting as stays. 

Let us consider a single tube located at radial distance r from the center of 
the tubesheet and introduce the following notations: 

o 
/J-T 

Young's modulus; Poisson's ratio; coefficient of 
thermal expansion of the tube material 
Tube metal cross section area; effective length; 
outer diameter; wall thickness 
Shellside; tubeside pressures averaged over the tube 
length 
Change in tube free length due to gravitational 
effects; due to thermal growth; and due to Poisson 
ratio effects 
Total change in length of the tube 
Weight/unit volume of tube metal 

Figure 9.2.1 shows a free body of a single vertical tube with end forces 
FI ,F2 • We now relate these end forces F I ,F2 to the tube growth 0 by ap­
plying force equilibrium and Hooke's Law. At any section x, the axial force 
F(x) is: 

(9.2.1) 

where /J-TAT = weight of tube per unit length. Equation (9.2.1) is simply a 
statement of force equilibrium in the direction parallel to the axis of the 
tube. The simple one-dimensional Hooke's Law relating the axial extension 
of the tube to the axial force, yields an expression for the total growth of the 
tube due to axial force, due to gravity, due to thermal expansion, and due to 
Poisson's ratio effects: 

(9.2.2) 
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where 

(9.2.3) 
I1TPR = v(p:d-pt[d-2t])LI(2ETt) 

The first term in Eq. (9.2.2) is the tube growth due to an end force F\ ; the 
remaining terms are the growth due to dead weight, the growth due to free 
thermal expansion, and the growth due to Poisson ratio effects when ~he 
tube is under internal and external pressure. Evaluating Eq. (9.2.1) at x = 
L, and using Eq. (9.2.2) yields expressions for F\ and F2 in the form 

ETAT 
F\ = ~ (o-I1TG -I1 TO -I1TPR ) 

(9.2.4) 
ETAT 

F2 = ~ (0 + I1TG -I1TO -I1TPR ) 

If "a" is the effective outer radius of the tubesheet perforated region and n 
is the number of tubes in the unit, then effective pressures qn , qn acting on 
the tubesheets, due to the presence of the tubes, are: 

q T\ = n F\ 17fa2 = ~ (0 -I1TG -I1TO -I1TPR ) 

(9.2.5) 

Fig. 9.2.1. Freebody of a single tube. 
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where 

(9.2.6) 

Thus, we have shown that the effect of the tube array on the tubesheets is 
an effective pressure, proportional to the change in tube length. The key 
point to be made here is that since the tubes are held between two deforming 
tubesheets, they can stretch or compress and therefore support load. No 
such action occurs in a U-tube unit. 

9.3 ANALYSIS OF A PERFORATED CIRCULAR TUBESHEET 

We now formulate the solutions valid in the perforated region of the 
tubesheet. The tubesheets are considered as thin plates (Kirchoff's plate 
theory) and are analyzed under the effects of the known applied loads 
(pressure and thermal) as well as under the effects of the effective pressures 
due to the tubing. We will see that the effect of the tubes, in coupling 
together the equations for the two tubesheets, increases the complexity of 
the solution. 

Figure 9.3.1 shows the perforated region of the two interconnected 
tubesheets in their deflected positions. Positive directions of tubesheet 
moments, shears, rotations, and deflections are shown on the figure. The 
analysis considers each tubesheet as governed by the assumptions of 
classical plate theory subject to the following requirements (see Ref. [9.3.1], 
or Appendix A at the end of the text): 

(i) Shear deformation and the effect of transverse normal strains due to 
surface pressures are neglected. 

(ii) Both tubesheets are perforated in a regular pattern giving rise to the 
same effective radius a. 

(iii) Applied loading and boundary conditions are independent of cir­
cumferentiallocation. 

(iv) The effect of individual tubes in the tube bundle is replaced by the 
effective pressures qn and qn. 

(v) Temperature gradients through the tubesheet thickness are 
neglected. 

In Figs. 9.1.1, 9.3.1, we define the various applied pressures Pij by the 
relations: 

Pll =Ps+I'-'jL-!1ps 

P12 = Pc + l'-i(L + 14) +!1p, (9.3.1) 

P21 =Ps 

P22 = Pc + 1'-7.14 
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The quantity Ps is the shells ide static pressure at the top level of the shellside 
chamber, Pc is the channel static pressure at the top channel cover level, /-1-7' 
(i = 1,2) are the weight densities of shell and tube side fluids, respectively, 
and t¥Js> t¥Jt are the total pressure drops in the shell and tube side streams, 
respectively. Note that the hydrostatic heads can also be used to simulate 
seismic effects parallel to the exchanger barrel by introducing a seismic 
acceleration factor. 

We model each tubesheet in the analysis as having a perforated inner 
region and a solid outer annular region. The radius "a", marking the in­
terface between perforated and unperforated region, has been previously 
discussed in Chapter 8, and is assumed to be given by the formula [9.3.2] 

P-h 
a=rc + ~ (9.3.2) 

Here, we use the notation that the radius r c is taken to the outermost tube 
hole center, P is the nominal tube pitch, and h 1 is the nominal tube ligament 
width. A ligament efficiency 1/ is then defined, as in Chapter 8, by the 
relation: 

! 
gravity 

1/= 1-d*/P 

p" 

~a~ 
-------1--

w,(r) ) 

(9.3.3) 

0" 

~ )M" 
0, 

, i 
p~lh 

undeformed 
L tubesheet 

.-1 _1_ ..... ~ _ ~""O"' 
r- a jO, 

f ) M" 

P12 0" 

dWj 
OJ = - dr i=1,2 

Fig. 9.3.1. Deformation and stress variables for tubesheets. 
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where d* is an effective tube hole diameter which may include part or all of 
the tube wall (see Chapter 8 for details). 

In this analysis for fixed and floating head units, we will assume that the 
tubesheet interior is fully perforated; hence, we need not incorporate any 
interior solid regions into a modified definition of ligament efficiency. As 
noted in Chapter 8, for analysis purposes, the perforated region of the 
tubesheet is replaced by an equivalent solid region having effective elastic 
constants; the ligament efficiency 'Y/ is the significant parameter influencing 
the values of these effective constants. References [9.3.3, 9.3.4] contain 
discussions on the subject of elastic constants for tubesheets, and a 
correlation of the work of several investigators into a usable analytical 
expression for one of the effective constants. In our analyses here, we 
denote the effective constants for a particular perforated region as E*, v* 
and we assume that these effective values are available. 

We will show, in what follows, that with minor changes in definition, and 
in boundary conditions, the same basic model can be employed to analyze 
units where both tubesheets are fixed to the shell (integral construction), or 
where one tubesheet (say the upper tubesheet) is permitted to float, (floating 
head construction). The details of the analysis are carried through first for 
integral construction; subsequently, the changes required to adapt the 
equations to model floating head construction are discussed. 

In order to obtain the solutions valid in the interior region of the 
tubesheets, we define Wi (r), (i= 1,2) to be the elastic deformation (normal 
to the tube sheet plane) of the ith tubesheet relative to the shell; then 
referring to Fig. 9.1.1, we can write down the expression for the total 
change in tube length as 

(9.3.4) 

Here, ~s represents the elastic stretch of the shell due to axial forces, and 
due to internal pressure (Poisson ratio effects). ~so represents the stretch of 
the shell due to the shell average temperature change above the assembly 
condition, and Ils is the shell metal weight density. We can now use Eqs. 
(9.2.5), (9.3.1), and (9.3.4) to obtain expressions for the net surface 
pressure on each tubesheet in terms of WI' W2, and the applied loadings. 
Defining the positive pressure directions in the positive direction of WI' W 2 , 

the net effective pressure on the bottom tubesheet is 

PIIAO' PI2A i 
q ----q ---
1- A* Tl A* 

I I 

Similarly, the net effective pressure on the top tubesheet is 

P21 A O' P22A i q ----q ---
2 - Ar T2 A~ 
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Substituting for qn and qn from Eq. (9.2.5), and replacing 0 by the 
r.h.s. of Eq. (9.3.4) gives the effective pressures as 

ql (r) =QI -~(WI +W2); q2(r) =Q2 -~(WI +W2) 

Qi are defined as 

1 
QI = Af (PllA6'-P12A f) +H.::lTO -.::lso -.::ls +.::lTPR 

+ .::lTG - J1-s (/32 -ll)/2Es ) 

(9.3.5) 

(9.3.6) 

In the above, A ~, A ;,A * are defined as A ~ = 7ra2, A 7 = total tubesheet plan 
form area within radius a after drilling (including tube walls), and 
A ~ = A 7 - nA T" Note that if gravitational pressure loss and pressure 
gradient effects are neglected, then the above expressions simplify con­
siderably, since 

J1-S=J1-T=O; P22 =PI2; P21 =Pll; QI =Q2 

We note that all quantities in Eq. (9.3.6) are known at this point except .::ls, 
WI and W 2 • With tubesheet pressures ql ,q2' now defined, the governing 
equations for the deformation of the tube sheets in the perforated region r 
=:; a can be written down immediately by referring to the general plate 
equation in Appendix A at the end of the text. The final equations for 
deflection Wi are: 

(9.3.7) 

The tubesheet stiffness coefficients Df, Di are given in terms of the ef­
fective elastic constants E7, v7 and the thicknesses hi as 

E*h~ 
D~= I I • i= 1 2 

' 12(I-v7 2 )' , 
(9.3.8) 

Solutions to the coupled system of equations are most directly obtained by 
solving initially for the combination WI + W2 and WI - W 2 • For the in­
terested reader, the details of the solution are given in Appendix 9.A. The 
final expressions for displacement, rotation, bending moments and 
peripheral shear force can be written, in the region 0 =:; r =:; a, in the form (i 
= 1,2): 
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2 1 dw 
M .=v*M-D*(1-v~ ) __ ' 

0, fl 1 1 r dr 

(9.3.10) 

(9.3.11) 

(9.3.12) 

(9.3.13) 

In Eqs. (9.3.9)-(9.3.12) the following parameters have been introduced: 

,,;=(_1);+1; (3f=UD,/,; fJ.;=(3f/(34; i=I,2 (9.3.14) 

where (34 = (314 + (324 and ~ is given by Eq. (9.2.6). The parameters C3 , C4 , 

defined in terms of the known Q;, are 

c -~+~. C -2( ~_ Q2) 
3 - D* D*' 4 - fJ. 2 D* fJ. 1 D* 

1 2 I 2 

(9.3.15) 

The functions ¢; «(3r), i= 1,2, introduced above, are the Ber and Bei Kelvin 
functions. ¢: indicates differentiation with respect to the argument (3r, and 
functions 1/;1. «(3r), 1/;2. «(3r) are defined as: 

1 1 

(1- v{) 
1/;1; «(3r) =¢2«(3r) + ~ ¢{({3r) 

(9.3.16) 
(1 - v{) 

1/;2; «(3r) = ¢1 ({3r) -~ ¢;({3r) 

The solutions in the perforated regions given by Eqs. (9.3.9-12) contain 
four integration constants Ao, A I, A 2 , A 3 • These integration constants will 
shortly be determined in order to satisfy appropriate boundary or con­
tinuity conditions. 

9.4 ANALYSIS OF AN UNPERFORA TED TUBESHEET RIM 

We now turn to an analysis of the unperforated rim which connects the 
tubesheet perforated region to the shell and channel. Figure 9.4.1 shows a 
free body of the lower tube sheet and adjacent shell and channel. Shell and 
channel stress resultants are shown on this figure for subsequent use in the 
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solution formulation. The outer radius b is defined to be the average of the 
shell and channel mean radii as> aco respectively. The region a ~ r ~ b (the 
rim of the tubesheet) is treated in the subsequent analysis as an annular 
plate since it is conceivable to have a unit with significant untubed rim 
region. The expression for deflection W; (r) in this annular region can be 
obtained from simple plate theory as (i = 1,2): 

(9.4.1) 

Bo; - B 3; are additional constants of integration, D; =E;h/ /[12(1- vl)], 
and we introduce new pressure terms Api' Ap2 with the relations 

(9.4.2) 

Appropriate differentiation of the displacement function yields expressions 
for the rotations, bending moments, and shear force, for i = 1,2 

dw· B2· Ap·r 
-' =2Bli r+ ~ +B3;(r+2rlnr)+ ' 
dr r 16 D; 

(9.4.3) 

[ 
B2; 

Mr;=-D; 2Bli (l+v)-72 (l-v)+B3;(3+v)+ 

(3 + v) ] + 2B3;(1 + v)ln r+ Ap;r2 
16D; 

(9.4.4) 

Nl1 

CHANNEL 

N12 

b -----~ • .tl 
Fig. 9.4.1. Freebody of lower tubesheet, shell and channel (members 
shown in deformed condition). 
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2 1 dWi 
MOi=vMri- D i(1-v)- -d 

r r 

(9.4.5) 

(9.4.6) 

The solutions so far determined are expressed in terms of twelve 
unknown integration constants, namely A o' A I> A 2, A 3, BOi' B2i' B3i' 

(i= 1,2). From Fig. 9.4.1, we see that there are five additional unknown 
reactions at the lower tubesheet-shell-channel junction, namely M ll , Qll' 
Nil, M 12 , and Q12' Similarly, there may be five additional unknown 
reactions at the upper tubesheet-shell-channel junction for the integral 
tubesheet heat exchanger unit being modelled. Therefore, in order to solve 
for the twenty-two unknown quantities, we must impose a like number of 
equilibrium and/or continuity conditions between the tubesheet perforated 
region and the annular rim, between the rim and the shell, and between the 
rim and the channel. These continuity conditions, imposed on both 
tubesheets, provide twenty-two linear equations to enable the unknown 
constants to be determined. We now discuss the specification of these 
twenty-two conditions which permit us to determine the integration con­
stants. Referring to Fig. 9.4.1, we see first that the header force resultant in 
the lower channel barrel is completely defined by force equilibrium 
requirements on the lower channel; a force balance in the direction of N12 
yields 

(9.4.7) 

WI is the total weight of the lower channel including all of the contained 
fluid supported by the lower channel. If the analysis being undertaken is of 
a horizontal vessel than WI = 0 in Eq. (9.4.7). Figure 9.4.2 shows free body 
diagrams of the upper tubesheet unperforated rim, the upper channel 
barrel, and the upper part of the heat exchanger shell; five more unknown 
force and moment resultants are introduced, namely M 21 , Q21' N 21 , M22 
and Q22' We see here that the upper channel barrel force resultant N22 is 
also obtained directly from force equilibrium requirements on the upper 
channel 

(9.4.8) 

Wc2 is the weight of the upper barrel. The twenty-two unknown constants 
can be represented by the vector (x}, where 
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[-r- "","c",,,,, 
p" 1 _0" 

-"Wc2 

--,M" 
h, Q ~Q22 

r2 M22 ----.... 

(l ~I ;----=--,1 Q" 

~" l Q".~M" 
••• + -Q" dq, _ 

p,,[~:" 
I " 

i SHELL 

1 N" 

Fig. 9.4.2. Freebody of upper tubesheet, shell, aud channel (members 
shown in un deformed condition). 

[X}T= lAo,Al,A2,A3,BOl,Bll,B21,B31' 

B02,BI2,B22,B32,NIl ,MIl ,QIl, 

j 
(9.4.9) 

We now set down the twenty-two algebraic equations that determine the 
elements of [x}. We will first state the conditions and then give a brief 
discussion of each set of conditions. Eight of these twenty-two equations 
come from enforcing compatibility of displacement, rotation, moment and 
shear at r = a of each tube sheet. That is, there can be no sudden jump in the 
value of these quantities as we cross from the perforated region into the 
unperforated rim. Force and moment relations, involving tubesheet, shell 
and channel unknowns at r = b of each tubesheet, yield four additional 
conditions; two more relations arise from the condition that the tubesheet 
displacement must be zero at r = b since the displacement was defined 
relative to the shell. The remaining eight equations are obtained by 
requiring continuity of displacement and rotation between the shell, 
channel and tubesheet at r = b. Appendix 9.B presents the computer code 
FIXSHEET and user guide to analyze the configuration considered; the 
computer code accepts necessary geometry, material, and loading data, 
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solves the above-mentioned twenty-two equations, and calculates and 
outputs all relevant information necessary to qualify the unit for service 
under specified stress and deformation limits. Since computer im­
plementation is emphasized, there is no compelling reason here to involve 
the reader with extensive algebraic manipulation in search of elusive sim­
plifications; it is sufficient to present the relevant equations in sufficient 
clarity for the potential user to move from text to computer implementation 
with confidence. 

As noted previously, continuity requirements at r = a of each tubesheet 
require that the following eight conditions be satisfied (i taking on the 
values 1,2) 

Wi (a) (Eq. (9.3.9» = w;(a) (Eq. (9.4.1» (9.4.10) 

dW") 
_I (Eq. (9.3.10» 
dr r=a 

dW") = _I (Eq. (9.4.3» 
dr r=a 

(9.4.11) 

M ri ) r=a (Eq. (9.3.11» =Mri ) r=a (Eq. (9.4.4.» (9.4.12) 

Qri) r=a (Eq. (9.3.12» = Qri) r=a (Eq. (9.4.5» (9.4.13) 

From Fig. 9.4.1, we note that the net shear and moment, referred to the 
tube sheet midsurface at r = b, can be written in terms of the shell and 
channel resultants, as (il is the thickness of the annular rim) 

tl 
Qrl (b) =Nll -NI2; Mrl (b) = -Mil +M12 -2:(QI2 -Qll) (9.4.14) 

From Fig. 9.4.2, we can construct a similar set of relations at the upper 
tubesheet connection: 

t2 
Qr2 (b) =N21 -N22 ; Mr2 (b) = -M21 +M22 - 2: (Q22 - Q21) (9.4.15) 

We can use the above equations to evolve four relations involving the 
unknown elements of {x] by using Eq. (9.4.4) and (9.4.5) (for i = 1,2) in 
Eqs. (9.4.14) and (9.4.15). 

Since Wi (r) has been defined as the elastic lateral displacement of the ith 
tubesheet relative to the shell (recall Eq. (9.3.4», two additional relations 
are obtained by using Eq. (9.4.1) for i = 1,2 and requiring that 

Wi (b) =0, i= 1,2 (9.4.16) 

The remaining eight compatibility equations are easily visualized from 
Figs. 9.4.1 and 9.4.2 and enforce displacement and rotational compatibility 
at r = b. These equations are simply the geometric conditions 

W = II dW I ) = _ II () 
sl 2 dr r=b 2 sl 

(9.4.17) 



9/ Fixed and Floating Head HXS Tubesheets 429 

W = _ II dW I ) = _ II () 
cJ 2 dr r=b 2 cJ 

(9.4.18) 

W = 12 dW2) = _ 12 () 
52 2 dr r=b 2 52 

(9.4.19) 

W = _ 12 dW2) = _ 12 () 
c2 2 dr r=b 2 c2 

(9.4.20) 

In the above eight equations, Eq. (9.4.3) (for i = 1,2) provides the ex­
pression for dw;/dr; the expressions for W5;, Wei, ()5;' ()ci follow from the 
equations of classical thin cylinder theory. Referring to Appendix A on the 
general plate and shell equations, we can easily show that w5j , ()5j, U = 1,2) 
are given as 

(9.4.21) 

(9.4.22) 

The shell flexural rigidity D5 and attenuation coefficient (35 are defined by 
the relations 

D = E5 h53 3(1-,,2) 
5 ----,--2-; (3/ = 5 

12(1-"5) a2h2 
5 5 

(9.4.23) 

Similarly for the channel barrels, for j = 1,2, we can write 

(9.4.24) 

(9.4.25) 

Note that in Eqs. (9.4.21), (9.4.22), (9.4.24), and (9.4.25), the positive 
directions for moments and shears are opposite to the directions used in 
Appendix A. The channel barrel flexural rigidity and attenuation coef­
ficient are defined as: 

(9.4.26) 

To complete the set of conditions, we note that the elastic stretch of the 
shell, introduced in Eq. (9.3.4) and later submerged into the parameters Q; 
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by Eqs. (9.3.5), (9.3.6), is given in terms of the unknown shell resultants 
Nll ,N21 and the shellside pressures Pll ,P21 as 

1 [ (12+/3)] 
Lls = -- NIl 13 + N21/2 - vsas (Pll + P21) 

Eshs 2 
(9.4.27) 

Equation (9.4.27) could be used to completely eliminate Lls from the for­
mulation; however, it is convenient to treat Lls as an assumed parameter and 
permit the computer to iterate on the solution until Eq. (9.4.27) is satisfied 
to the desired degree of accuracy. Note that a shell side expansion joint may 
be simply accommodated by introducing the term N211KEf or NllIKEJ> 
where KEf is the spring constant per unit circumferential shell length of the 
expansion joint, on the right side ofEq. (9.4.27). 

9.5 METHOD OF SOLUTION AND COMPUTER 
IMPLEMENTATION 

The previous sections have set down a brief description of the relevant 
equations governing the behavior of a fixed tubesheet heat exchanger under 
applied mechanical and thermal load. As noted, we made no attempt to 
write these equations out in full; rather our aim has been solely to indicate 
that all equilibrium and compatibility requirements are satisfied. In this 
section, we discuss the solution procedure for the previous equations that is 
utilized in the computer code of Appendix 9.B. 

Rather than eliminate Lls from the twenty-two governing equations, we 
use the following iteration scheme for computer implementation. 

Assume a value for Lls, the elastic expansion of the shell between the 
two tubesheets. 

ii Use the assumed value in Eqs. (9.3.6) to compute QI and Q2 for 
given loading conditions. 

iii Set up and solve the twenty-two equations for the unknown elements 
of the vector {x} defined by Eq. (9.4.9). 

iv Use Eq. (9.4.27) to computer a corrected value of Lls once N ll , N12 
are obtained from step 3. 

v If the value of Lls calculated in step 4 is equal to the assumed value in 
step 1 (within a specified tolerance), then coverage is achieved and 
the solution established. If convergence is not achieved, then assume 
a new Lls as the average of the assumed Lls and the corrected Lls from 
the previous step and return to step 2. 

The aforementioned procedure is implemented into the computer code 
presented in Appendix 9.B. A variety of simulations indicate that 
satisfactory convergence is achieved with two or three iterations. Once the 
vector {x} is determined, all stress and displacement variables of interest 
may be computed at any point in the unit. For example, tube stress at the 
lower tubesheet is given as 
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ET 
aTi = L [WI + W2 +.6.s + .6.so - .6.TO + /-ts (ll-!22)12Es 

- /-tTL2 12ET - .6.TPR ] 

The corresponding tube stress at the upper tubesheet is given as 

aT2 = aTi + /-tTL 

The longitudinal membrane stress in the shell, as, is given by 

Nil 
as = - +/-tsY ;(O<Y<!3) 

hs 

N21 
as= h -/-ts(L-y) ;y>!3 

s 
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(9.5.1) 

(9.5.2) 

(9.5.3) 

where y is measured along the tubes starting at the lower tubesheet. Bending 
stress at the surface of the shell or channel at the tube sheet junction is 
computed as 

where ii = hs or he and i, j 
have appropriate values 

(9.5.4) 

Finally, tube sheet bending stresses a"ao may be computed in either 
tubesheet, at any r, by using calculated values of M" Mo. For structural 
integrity checks of the tubesheet, it is ofttimes convenient to define the 
stress intensity in the tubesheet by the relation 

6K*M; 
a=---

T/h? 
i= 1,2 (9.5.5) 

where T/ is the ligament efficiency, and M; is the largest in absolute value of 
Mr and Mo in the ith tubesheet. The stress multiplier K* in Eq. (9.5.5) is 
defined in [9.3.1]. Appendix 9.B contains the user manual, and listing for 
computer code FIXSHEET. 

Prior to illustrating our analysis with a numerical example, we must 
discuss the computation of the differential thermal expansion term .6.TO -
.6.so appearing in Eq. (9.3.6). We will show how this quantity can be derived 
in terms of the coefficients of thermal expansion of the tube and shell 
materials, and in terms of the inlet and outlet temperatures of the tubes ide 
and shellside streams. 

9.5.1 Differential Thermal Expansion Between the Shell and the Tubes 

We will construct an expression for the differential thermal expansion 
.6.TO - .6.so , defined as the net longitudinal expansion of the tubes over the 
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shell. The tube side and shell side fluids are assumed to exchange sensible 
heat as shown in Fig. 9.5.1. All of the assumptions invoked in the derivation 
of the well known "Log-Mean Temperature Difference" [9.5.1] are 
presumed to hold. Referring to Fig. 9.5.1, theLMTD, 8m , is defined as 

1 r-
8m = L J 8dy 

which can be solved to give 

where 

8m•x = Larger of (numerical magnitudes) { (t; - To), (to - T;) } 

8min = Smaller of (numerical magnitudes) { (t; - To) , (to - T;) } 

(9.5.6) 

The algebraic signs of 8m•x and 8min in Eq. (9.5.6) are assumed to be 
retained. We note that the metal temperature of the tubes at a generic point 
Ais given by 

(9.5.7) 

where 
,_ 0.5 Rm +Rft +Rt 

aI-
Rs +Rfs +Rm +Rft +Rt 

(9.5.8) 

In Eq. (9.5.8), Rm = the tube metal resistance referred to the outer tube 
surface, Rfs> Rft = the shell side and tube side fouling resistance, referred to 
the tube outer surface, and Rs, R t · are the film resistances for the shell side 
and tube side, referred to the tube outer surface. If we let 0* = ATe - Ase 

to 
I 
I 
I 
I 

TI I 
I 

Fig. 9.5.1. Fluid temperature profiles. 
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do* 
dy =cxt(trn-ta) -cxs(T-ta) 

Substituting for t rn from Eq. (9.5.7) yields 

do* 

where 

dy =a l T+a2 t + a3 

a2 = (1- cxncxt 

a3 =(cxs-cxt)ta 

From Eq. (9.5.10) we obtain by differentiation: 

~o* dT dt 
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(9.5.9) 

(9.5.10) 

(9.5.11) 

dy2 =a l dy +a2 dy (9.5.12) 

The requirement of continuity of heat flux across a differential surface of 
length dy yields: (Cvs , Cvt are specific heats of the respective fluids) 

dQ= UcOdy= - WsCvsdT= - WtCvtdt (a) 

or 

dT - Uc _ - ( To - Ti ) _ 
- = -- ()= () 
dy WsCvs L()rn 

(b) (9.5.13) 

dt - Uc - - (ti - to) -
-= --()= () 
dy WtCvt L()rn 

(c) 

where 0 = t - T, U is the overall heat transfer coefficient, c is the tube 
circumference, and Wt, Ws are the appropriate flow rates. From Eqs. 
(9.5.12)-(9.5.13), we obtain 

(9.5.14) 

where 

(9.5.15) 

Performing double integration in Eq. (9.5.14) we have 

IL IYI do* I 0* = -PI dYI OdY+L-d o 0 y y=o 
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Appealing to the mUltiple integration formula and Eq. (9.5.10), we have 

0*= -Pit (L-y)Ody+L(a I To +a2 t;+a3 ) 

We now require a simple expression for the integral 

From Eq. (9.5.13a), we note 

Hence 

or 

where 

r - - WsCvs r 
jyOdy= Uc jydT 

r - - WtCvt r 
jyOdy= Uc jydt 

( Uc UC) r - r­-- - -- jyOdy= - jydO 
WtCvt WsCvs 

Uc Uc 
P2= -- ---

WtCvt WsCvs 

which is further simplified, via Eq. (9.5.l3b,c), to 

P2 = 
LOm 

(9.5.15a) 

(9.5.16) 

(9.5.17) 

(9.5.18) 

Using Eq. (9.5.17), performing the necessary integrations in Eq. (9.5.15a), 
and simplifying, yields 

(9.5.19) 

where 

(9.5.20) 

Equation (9.5.19) defines 0*, where the term Om is defined by Eq. (9.5.6). 
The constants ai' a2 , and a3 are defined in Eq. (9.5.11). A less accurate 
expression for 0*, currently used in the industry, is given by 
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0* =L[c~t (t/n -to) -0.5as (T; + To - 2to)] 

where 

9.5.2 Sample Application of Analysis 

435 

(9.5.21) 

(9.5.22) 

To illustrate the solution procedure we consider a typical vertically 
mounted integral tubesheet heat exchanger with specified shell side and tube 
side design pressures equal to 300 psi and 100 psi, respectively. Other 
pertinent data is given below. as = ae = b = 18.19", a = 16.5", L = 
432",/2 = 228",/3 = 204", WI = 2760#, We2 = 1270#,flpt=ilps = O. 
Shell and channel; SA240 - 304 material, hs = 0.375", Es = Ee = 29 X 

106 psi, "s="e=0.3, JLs=JLe=0.289 #/in.\ he=0.3125". Tubes; 70:30 
Cu-Ni material, 1348 tubes, 5/8" 0.0. X 0.049" wall, roller expanded into 
0.635" diameter nominal holes in the tubesheet at 0.8125" triangular pitch, 
ET = 22 X 106 psi, and JLT = 0.322 #/in. 3 • Taking credit for 950/0 of the 
tube wall in the ligament, we have hL = 0.2706" which yields, via Eq. 
(9.3.3),1J = 0.333. Using the curves given in the ASME Codes, the effective 
elastic constants of the equivalent solid plate for the perforated region are 
estimated as Ei = 9.19 x 106 psi, "i = 0.35, where EI = 31.7 X 106 psi 
and "I = 0.3 for the tubesheet material (monel). Both tubesheets are of 
equal thickness. 

The following additional data is required to evaluate the differential 
thermal expansion 0* . 
t; = 78°P, to = 131.8°P, T; = 201.5°P, To = 106°P, to = 70 oP, at = 8.2 
X 10-6 0p_ l , Rm = 0.000136, RJt = 0, RJs = 0.0005, Rs = 0.0005714, R t 
= 0.000677. All thermal resistances are in fe- 0p - Hr/Btu. as = 9.5 X 
1O- 6 °P-I. 

Equations (9.5.8) and (9.5.6), respectively, yield a{ = 0.3956, and Om = 
- 45.rp. Performing the required arithmetic in Eqs. (9.5.11), (9.5.19), and 
(9.5.20), we obtain 0* = -0.1373". The less accurate formula, Eq. 
(9.5.21), yields-0.1551" a nearly 13% overestimate over the accurate 
value. This difference may be more pronounced in other cases. 

Using the TEMA [9.1.1] design method, the tubesheet thickness is 
calculated to be 1.14" corresponding to 0* = -0.1551", and tube sheet 
allowable stress equal to 23250 psi. 

The maximum tube and shell stresses are predicted to be 1800 psi and 
3320 psi, respectively. Pigure 9.5.2 shows the tubesheet radial bending 
moment, M" (in the equivalent solid plate) due to the individual action of 
pressure and 0*, and also their combined effect. Both tubesheets develop 
identical reactions in this case. The peak value of M" 2410 #in.lin., occurs 
at r = 13.1". This corresponds to approximately 33800 psi maximum 
tubesheet bending stress (stress multiplier K* = 1.01). Thus the calculated 
bending stress in the tubesheet is nearly 46% over the nominal stress used in 
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the TEMA calculations. Recalling that the AS ME Code permits the primary 
bending stresses to exceed the nominal allowable stress by 50070, the TEMA 
designed tubesheet shows a remarkably close agreement with the results of 
this analysis. 

The tube longitudinal stress is tabulated for selected values of r in Table 
9.5.1. We note that the maximum tube tensile stress occurs at r = a. We 
also observe in Table 9.5.1 that the maximum tube compressive stress 
occurs at a small value of r, and it will be maximized when shell side 
pressure is not present. The shell longitudinal stress is computed to be - 430 
psi. 

Table 9.5.1. Tube Lougitudinal Stress, (1/, psi, as a Function of Radius, 
Nominal Design Pressures, and Differential Thermal Expansion 

Radius 
r 

Loading 
Case 

d. Tubeside 
pressure 
only 

c. Shellside 
pressure 
only 

b. Differential 
expansion 
only 

a. Combination 
of 
above loads 

-1600 

:2 
o 
.!: 
:c -1200 
o 
.s 
g 
c 
~ -800 
o 
E 
Cl 
c 

=g -400 
'" D 

(ij 
U 
~ 

" '" ~ 
'" '" D 
:J 
I-

460 

0 3.3" 

-613. -618. 

1374 1378 

-532 -553 

229 207 

rAT Legend: 
~ Tubeside pressure only 

o Shellside pressure only 

[B Differential expansion only 

o Above three loadings combined 

2 4 

6.6" 9.9" 13.2" 16.5" 

-596 -439 -11. 677 

1322 1011 216 -996 

-486 67 1621 4188 

240 639 1826 2869 

radius, r (inch) 

Fig. 9.5.2. Bending moment in the tubesheet as a function of radius. 
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We next compute the stresses in the tubesheet, tubes and the shell taking 
into account the weight of metal, contained fluids (water), and assuming 
that the exchanger is subject to a vertical seismic acceleration of 3g. 11-1' and 
11-2* = 62.4 lb.lcubic ft. Multiplying the weights and densities by 4 (to ac­
count for the vertical seismic acceleration factor of 3), and performing the 
necessary arithmetic in Eq. (9.3.1) yields, Pll = 362.4 psi, P12 = 167.3 psi, 
P21 = 300 psi and P22 = 104.9 psi. 

Similarly, Eqs. (9.4.7)-(9.4.8) yield, N12 = 1618.2 lb.lin. and N22 = 
909.6 lb.lin. Table 9.5.2 shows the radial bending moment in the bottom 
and top tubesheets for selected values of the radius r. The contribution of 
each loading component is separately shown. The maximum value of Mr 
due to the combined action of all loads in the lower tubesheets occurs at r = 
13.2 in. (-2532Ib.-in.lin.). In the upper tubesheet, it occurs atr = 11.55" 
(-2741 lb.-in.lin.). This corresponds to a maximum bending stress of 
35100 psi and 38000 psi, respectively. The maximum tensile tube 
longitudinal stress (Fig. 9.5.3) is 7104 psi at r = a (at top tubesheet level), 
and the maximum compressive stress is - 224 psi at r = 4.95" (Bottom 
tubesheet level). 

~ 
~ 

4000 

3000 

~ 2000 

o ~~~~n~~lght of shell and tubes 

@] Tubeslde pressure and channel metal weight 

@] Sheltslde pressure only 

[§] Differential thermal expansion only 

[!] Above loading combined 

~ 1----:,------__ 
'g 

i 1000 

Top 

~ ~====~~~~~~~ 

-1000 :--------

10 12 14 16 

Radius r, Inch 

Fig. 9.5.3. Tube longitudinal stress as a function of radius. 

Finally, Fig. 9.5.3 and Table 9.5.2 illustrate a typical structural response 
of integral tubesheet heat exchangers. Table 9.5.2 shows that the radial 
moment distributions in the two tubesheets are markedly different. 
Moreover, the stress resultants due to each load type (dead weight, dif­
ferential expansion, etc.) are also quite different. Thus, in general it is 
difficult to identify a priori the load combinations that will produce the 
maximum stress in (either of the two) tubesheets. Figure 9.5.3 shows that 
the tube side pressure develops compressive stresses in the inner tube rows, 
and tensile stresses in the outer tube rows. Negative values of 0* also 
produce compression in the inner tube rows, although the stresses in the 
outer tube rows are tensile and more severe. These observations underscore 
some of the less ostensible structural characteristics of fixed tubesheet 
exchangers. 
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We have, in the above, shown the application of the fixed tubesheet 
computer code, FIXSHEET described in Appendix 9.B. In the next section, 
we include some remarks concerning the modification of the program so it 
can be used for the analysis of floating head units. 

9.6 MODIFICATIONS FOR FLOATING HEAD EXCHANGERS 

It is a straightforward exercise to modify the above formulation and 
solution procedure to accommodate most floating head units. In what 
follows, we assume the upper tubesheet as the floating tubesheet, and the 
lower tubesheet as the stationary tubesheet. For a unit with a floating head, 
the total tube growth * does not depend on the shell growth. Hence, the 
initial modification to the equations governing fixed tubesheet exchangers, 
to make them apply to a unit having a floating head, is to redefine the 
growth oas 

(9.6.1) 

where Wi (r) ; = 1,2, are absolute tubesheet lateral deformations. Equation 
(9.6.1) replaces Eq. (9.3.4) and we clearly see that Eqs. (9.3.4), (9.3.6) are 
simplified by omitting all reference to .dS6 , .ds , Jl.s (ll -Il )I2E •. We note 
that shell growth in a floating head unit imposes a rigid body movement on 
both tubesheets but has no effect on the state of stress. 

For typical floating head constructions, examination of Fig. 9.4.2 in­
dicates that the first of Eqs. (9.4.15) should be replaced by the condition 

(9.6.2) 

where Q* is a specified edge shear. Since the shell force resultant N21 in the 
region 12 ~ Y ~ L is now a known quantity, dependent only on the par­
ticular floating head construction being modelled, and since Q21' M21 no 
longer have any significance to the tubesheet solution, we must remove 
three conditions from the set of twenty-two conditions discussed in Section 
9.4. Equation (9.4.16) for ;=2 is deleted since W2 (b) is not required to 
match any shell movements; the two additional deleted conditions are those 
expressed by Eq. (9.4.19). If we choose to ignore any compatibility 
requirements between the floating tubesheet and its floating channel cover, 
then we may also ignore the requirements of Eq. (9.4.20) and neglect Q21' 
M 21 • In such a case, the second of Eqs. (9.4.15) may be replaced by the 
requirement that M'2 (b) be given a known edge value, M*. Note that since 
.ds no longer enters the formulation through the parameters QI' Q2' 
analysis of a floating head unit requires no iteration. NI2 is determined 
from the first of Eq. (9.4.14) . .ds is still given by Eq. (9.4.27) but need be 
evaluated only to establish the constant term in the displacement WI (r); the 
effect of .ds does not enter the tubesheet stress state since it has the 

·The terms "growth" is used loosely hereto indicate "change in length". 
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character of a rigid body movement. It would be a relatively straight­
forward process to modify the general computer code to enable treatment 
of floating head construction. Particular values used for Q* and M* and for 
N21 would depend on the particular floating head construction being 
simulated. For example, referring to Chapter I Appendix I.A, (Fig. I.A.4) 
we see that the shell force N21 may be obtained from the equation 

ac (P21 - P22) 2 2 
N 21 =-N22 + 2 (as -ac)-J-tshs(L-y) 

as as 
(9.6.3) 

for the case of a TEMA Class S or T construction. N 22 , the channel force 
resultant, is also determined from an analysis of the particular construction. 
For a TEMA Class W construction, Eq. (9.4.8) could be used to evaluate 
N 22 • For an outside packed floating head (TEMA Class P), the appropriate 
expression for N21 is 

(9.6.4) 

if we neglect friction at the packing-tubesheet skirt interface, and gravity 
effects. 

The specified edge loadings Q* and M* have appropriate forms 
depending upon unit construction. For example, TEMA class W con­
struction dictates that 

Q*=M*=O (9.6.5) 

while TEMA Class P construction may be simulated by the expression 

Q* = PZ2 b (9.6.6) 
2 

TEMA Class S construction may be approximated by M* = 0 and by an 
appropriate value for Q*, while TEMA class T construction would be 
simulated by a Q* and M* appropriate to the bolting condition. Strictly 
speaking, for some head simulations, the value of b used for the floating 
tubesheet will be different from the value of b used for the stationary 
tubesheet and hence the b/a ratio for each tubesheet needs to be input into 
any computer coding. In the code presented in Appendix 9.B, these changes 
are not incorporated. The user is cautioned, therefore, to apply the code in 
its present version only to fixed tubesheet exchangers with integral channels. 

9.7 SIMPLIFIED ANALYSIS OF STATIONARY TUBESHEET IN AN 
INTEGRAL OR FLOATING HEAD HEAT EXCHANGER 

We have just presented the development of the governing equations for a 
fixed tubesheet heat exchanger based on modelling each of the two 
tubesheets as thin plates resting on an elastic foundation. The foundation 
represents the effect of the tube assembly and has the effect of coupling the 
behavior of the two tubesheets under mechanical and/or thermal load. The 
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resulting equation set is not amenable to any simplified hand calculations; 
the user must rely on a computer to effect a solution. At the other end of the 
spectrum of tube sheet design methods for fixed tubesheet heat exchangers is 
the simplified calculation provided in Ref. [9.1.1]. This simplified approach 
to choosing a tubesheet thickness requires some iteration but the entire 
calculation procedure can be carried out manually. 

In this and the following sections, we devote considerable attention to 
showing how the complex, and rather rigorous, developments of Sections 
9.2-9.6 can be reduced, in a systematic manner, to evolve the simplified 
design formula found in the TEMA Standards [9.1.1]. We will clearly 
demonstrate all of the assumptions that must be made to evolve the sim­
plified approach so that the user will have a clear understanding of any 
hidden restrictions on the applicability of the TEMA method set forth in 
[9.1.1]. In the course of our development, we also take the opportunity to 
develop some simpler computer codes based on the equations we develop. 

We now introduce certain additional assumptions which lead to con­
siderable simplification of the field equations. Because of the sim­
plifications, we can proceed much further with manipulation of the 
equations and illustrate, in detail, the evaluation of the boundary con­
ditions. The computer is still found to be a necessity even with the sim­
plifications; however, here we employ the computer code only for 
numerical calculations, not as an equation solver. In the course of the 
analysis of this section, we find it convenient to use the notation employed 
in Refs. [8.1.1,8.1.2, and 8.1.3]. We introduce these notation changes since 
these cited works are well known in the heat exchanger stress analysis 
community; and some notations therein have acquired synonymity with the 
quantities they represent. 

The following additional considerations are employed in conjunction 
with the previous general analysis: 

i. The deformation and geometry of both tubesheets in the unit are 
assumed identical. 

ii. The unperforated rims are assumed to be identical and are modelled 
as rings rather than as annular plates. 

iii. Gravitational, fluid flow pressure loss, and pressure gradient effects 
are ignored. 

Of all the above assumptions, the first one requires some discussion. In a 
unit with both tube sheets of integral construction, the assumption may be 
very nearly true. However, in floating head construction, even if the 
tubesheet geometry is the same, the boundary conditions at the edge of the 
unit are certainly different; thus, assumption 1 in floating head construction 
is usually far from being satisfied. Assumptions 1 and 3 do, however, 
permit us to assume symmetry of the unit about the midpoint of the shell, 
and focus attention only on one half of the system and hence on a single 
tubesheet-shell-tube interaction problem. Therefore, in the interest of 
searching for a simpler representation as well as giving more insight into the 
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various equilibrium and compatibility conditions that arise, we choose to 
invoke these assumptions in this section. 

If complete symmetry about the midpoint of the heat exchanger is 
assumed, then WI (r) = W2 (r) and dWI/dr = dW2/dr. By virtue of our 
assumption of symmetry and the neglect of gravity and pressure gradients, 
we see from Eqs. (9.3.6) and (9.3.15) that C4 = o. If we now form the 
expression WI (r) - W2 (r) = 0 by using Eq. (9.3.9) for i = 1,2, and take note 
of the values for Ai> fJ-i given by Eq. (9.3.14), we obtain Ao + A3 r = O. 
Similarly, using Eq. (9.3.10) and forming dW I /dr - dWzldr = 0 yieldsA3 r 
= o. We therefore conclude that our additional assumptions introduced in 
this section immediately result in the determination thatA o = A3 = 0 in the 
expressions for tubesheet behavior in the perforated region. To bring the 
form of the resulting simplified solutions into coincidence with the works of 
Refs. [8.1.1, 8.1.2, and 8.1.3], we introduce the new variables v(r) and 
O(r) into Eqs. (9.3.9)-(9.3.12). These new variables are related to our 
variables used in Section 9.6 as follows: 

v=-W; 
dv 

0= -
dr 

(9.7.1) 

From Eq. (9.3.14), we note that {31 = {32 for our symmetric case so that {34 
= 2UD* with ~ defined in Eq. (9.2.6) and D* defined in Eq. (9.3.8). We 
also find it useful to introduce a dimensionless parameter Xa defined by 

(9.7.2a) 

Making the indicated substitutions, the following expression for Xa is 
obtained: 

[ 24n ETAT(1- V*2)J 114 
x =a 

a 7ra2 L E*h3 

We will encounter Xa repeatedly in subsequent analyses. 

(9.7.2b) 

It is seen that Xa turns out to essentially relate the stiffnesses of the 
tubesheet and the tubes. Generally speaking, smaller values of Xa usually 
result when thick tubesheets are involved in the design so that the tube sheet 
stiffness effect predominates. Large values of Xa usually imply a unit with a 
stiff tube bundle and a thinner tubesheet. 

The general solutions given in Eqs. (9.3.9)-(9.3.13) can now be rewritten 
as (drop the subscript notation and use the upper tubesheet sign convention 
for moments and shears-see Fig. 9.3.1) 

vD*/a4 = -Q/xa4 + (C/xa4 )[¢1 +H¢21 

OD*/a3 = (C/xa3)[¢{ +H¢{] 

M,x} / a2 = C[H1/;2 -1/;1] 

Q,/a= (C/xa)[¢{ -H¢{] 

(9.7.3) 

(9.7.4) 

(9.7.5) 

(9.7.6) 
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(9.7.7) 

Note that the integration constants A I , A2 have been replaced by related 
constants C, H, and that ¢;, 1/;; are functions of x (Eq. (9.7.2». 

Our analysis in this section will consist of the following parts: 

i. We consider first the perforated region of the tubesheet and assume 
that it is subjected to a moment Ma and a shear Va at the edge of the region 
(radius a). Applying these edge conditions enables us to determine the 
integration constants C and H, and hence, to completely determine the 
solution in the perforated region in terms of Ma, Va, and the load 
parameter Q (which involves Ns and the various pressure terms). 

ii. We next turn our attention to the annular ring, the shell, and the 
channel. Using classical thin shell theory, we can determine the loading, 
acting on the ring, due to the presence of the shell and the channel. We 
subsequently form an expression for the rotation of the ring, in terms of the 
applied pressures, the bolt load (if any), and the edge loads M a, Va. 

iii. We will find that the problem is completely· solvable once we 
determine Ma, Va, and Ns (in the case of a fixed tube sheet exchanger). We 
will show that three equations to determine the above quantities are evolved 
from a force equilibrium equation, together with two compatibility 
equations which enforce rotation compatibility between the ring and the 
perforated region, and which enforce displacement compatibility between 
the tubesheet and the shell. 

The net pressure acting on the tubesheet is given by Eq. (9.3.5) and can be 
rewritten in terms of our new notation, as 

(9.7.8) 

The loading term Q= QI = Q2 in the previous equations is given by Eq. 
(9.3.6). We also choose to include here a shell expansion joint. As noted in 
Section 9.4, a shell expansion joint is easily introduced into the expression 
for ~s; we define Sj' the spring rate of the joint (total axial force divided by 
elongation) so that Eq. (9.4.27) becomes, for the symmetric unit being 
discussed here, 

(9.7.9) 

For later use, we introduce a parameter J defined as 

(9.7.10) 
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In Eq. (9.7.9) and (9.7.10), we have used b as the mean radius of the shell. If 
we now substitute the complete expression for .ds into Eq. (9.3.6), we find 
that the loading parameter Q, for this symmetric unit, is given in terms of 
the thermal loading, the pressure loading, and the shell side meridional 
tension by the equation 

[ AsPs ATPIJ NsL 
QI2~=LI2 OI.T.dTT-OI.s.dTs+----- ---

Es ET 2EshJ 
(9.7.11) 

where we have used the expression L(OI.T.dTT - OI.s.dTs) = .dTe - .dse . 
Here Ns = NIl = N21 is the axial force per unit circumferential length in 

the shell, and As, AT are defined by the relations 

As=~(Ati)+~+ vd ~ 
~L Ai hs 2t ET 

(9.7.12) 
A = E T (A i ) + v (d - 2t) 

T ~L Ai 2t 

Ati, Ai, Ai are the tubesheet areas defined just after Eq. (9.3.6). P .. PI are 
the shells ide and tubeside pressures. 

9.7.1 Evaluation of Integration Constants 

In this sub-section, we express the constants C and H in terms of shear Va 
and Ma at the edge of the perforated region. Subsequently, the lateral 
deflection v and rotation 6 are also written in terms of Ma and Va' 

We can determine the integration constants C and H to satisfy the 
boundary conditions 

(9.7.13) 

M a, Va are the edge moment and force resultants at the edge of the per­
forated region. Figure 9.7.1 shows these resultants acting on the untubed 
rim. Using Eqs. (9.7.5)-(9.7.6), evaluated at X=Xa , leads to two equations 
for determination of C and H; in terms of M a, Va, the radial bending 
moment is 

(9.7.14) 

where the moment distribution functions QM (x), Qv (x) are given as 

QM (x) = [1/;2 (x) CP{(Xa) -1/;1 (x) CP{(Xa) ]/Za 

Qv (x) = [1/;2 (x) 1/;1 (Xa) -1/;1 (x) 1/;2 (Xa) ]/XaZa 

Za = CP{(Xa) 1/;2 (Xa) - cp{ (Xa) 1/;1 (Xa) 
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The tubesheet cross section rotation angle 6 is given in terms of Ma and Va 

by 6(x)D* 
--- = MaZM (x) +aVaZV(x) (9.7.15) 

a 
where 
ZM (x) = [1>{ (x) 1>{ (xa) + 1>{ (x) 1>{(xa) ]I(xaZa) 

Zv (x) = [1>{ (x) ~2 (xa) + 1>{(x) ~l (xa) ]I(x} Za) 

at 

UNTUBED 
RIM 

N, 

--.'\(}, 
Pt w,/ 

~Q, 
f~ M, 

N, 

N, 

P, 

<t R' = .5(a + at) N, 

Fig. 9.7.1. Two side integral construction. 

Similarly, after eliminating C and H, we find that the tube sheet lateral 
displacement is 

u(x)D* Qa2 

--2 - = - ----:-::1 + MaZv(x) + aVaZD(x) (9.7.16) 
a Au 

where 

Finally, the effective tube pressure is given in terms of M a, Va by 

Max;, Vax;, 
q(x) = -2-ZV(X) + -- ZD(X) 

a a 
(9.7.17) 
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We see that the tubesheet behavior in the perforated region is determined 
as soon as M a, Va are obtained for any conditions of edge support. In 
Chapter 8, we showed how tubesheet design equations for tubesheets in U­
tube exchangers could be developed for a variety of support conditions. In 
particular, we considered two side integral, one side integral-one side 
gasketed, and two side gasketed. Now that we have made the assumption 
here that the untubed annular region follows the tenets of ring theory, we 
can pursue the same line of analysis and examine the effect of the three 
classes of edge support on the final design equations for the tubesheets in 
fixed and floating head units. Figures 9.7.1,9.7.2, and 9.7.3 show the free 
body diagrams for the untubed rim for the three classes of edge support 
being considered. 

I ~.~--------db----------~ 

I V a ,..........~-+-L...L..L. ........... ------t--, 

, tf 1MB 
~TT~ .. "rr.-~~~-~ 

I: a ·1 P. 
b 

a, 
ct 

UNTUBED 
RIM 

Fig. 9.7.2. Channel side gasketed, shell side integral construction. 

BOLT 
LINE 

I· db ~ 
I 

V. ] • ft 
M • 

a • 1 P. 

G. 

b 

a, 
ct 

Fig. 9.7.3. Two side gasketed construction. 
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9.7.2 Development of Expressions for Ring Rotation 

Two Side Integral Support 

Referring to Fig. 9.7.1, we see that force equilibrium along the heat 
exchanger axis yields the result 

Nsb= aVa +Ptb2 /2 + f¥J(b2 - a2)/2 (9.7.18) 

where we have used the result thatNe =ptae/2,and we have set f¥J=Ps -Pt. 
The net ring moment M R , acting at radius R* on the ring in the direction of 
the ring rotation CPR shown in Fig. 9.7.1, is given as 
R*MR = -aMa +aVa (R* -a) +Nsb(b-R*)-Neae (ae -R*) 

_Pt (a2-a2)(R*- [ae+a]) +Ps (b2-a2)(R*- [a+b]) 
2 e 2 2 2 

+a (M - ~Q)-b(M - ~Q) e e 2e s 2s (9.7.19) 

We now consider the shell Eqs. (9.4.21)-(9.4.25). In the interest of sim­
plicity, we neglect the Poisson effect in these equations so that the axial 
shell or channel membrane force does not contribute to the lateral 
deflection. Specializing the shell equations to the notation of Fig. 9.7.1 
yields 

(2(3sMs + Q.) e = ___ --C-

s 2(3~Ds 
(9.7.20) 

e = (2(3e M e + Qe) 
e 2(3~De 

We now assume that radial movement at the tubesheet midsurface can be 
ignored. Therefore, requiring compatible displacement between ring and 
channel, and between ring and shell yields 

(9.7.21) 

Using Eq. (9.7.20) in Eq. (9.7.21) enables us to determine Qe and Qs as: 

Q __ - (3 M _ 2(3~De (Ptae 2 ) 

e - "Ie eel + (3sh/2 Eehe 

Q __ - (3 M _ 2(3~Ds ( Psb2 ) 
s - "Is s s 1 + (3sh/2 Eshs 

(9.7.22) 

where 

1e = (1 + (3e h)/(l + (3e h /2); 1s = (1 + (3sh)/(l + (3sh/2) 
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Qs and Qe are now eliminated from the expressions for Os and Oe, and the 
requirements on cross section rotation imposed: 

Os=-Oe=q,R (9.7.23) 
These conditions allow us to obtain expressions for M., Me in terms of the 
ring rotation q,R as 

2 

Me= -2(1+f3eh/2)f3eDeq,R+2f3~De( Ptae ) 
Eehe 

Ms = 2(1 + f3sh/2)f3sDsq,R + 2f3~Ds ( Psb2 
) 

Eshs 

(9.7.24) 

Eliminating Me, Ms from Eq. (9.7.22) allows us to write Qe, Qs in terms of 
q,R' Therefore, we can now return to Eq. (9.7.19) and eliminate Me, M., Qe, 
Qs from the expression in favor of terms involving q,R' We note also that the 
equation relating q,R and the net ring moment MR is the familiar ring 
equation (see Section 3.9) 

12R*MR -
q,R = Eh3lnk ; K=a1la (9.7.25) 

Finally, Ns can be eliminated from the expression for MR by using Eq. 
(9.7.18). After all of the indicated substitutions are in place, Eq. (9.7.19) 
and Eq. (9.7.25) yield the relation between q,R' Va, Ma, Ps' Pt as 

Eh3 

- (Ink + P.)q,R = a2 Va(K -1) - aMa + psa3 "Is + Pta3 "It (9.7.26) 
12 

In Eq. (9.7.26). we have introduced the rotational resistance parameter p. 
and the coefficients "Is, "It defined by the relations 

Eh3 p. _ 2 2 2 2 
24 - f3s bDs(1 + f3sh + f3sh /2) + f3e aeDe(1 + f3e h + f3eh /2) 

"Is = [(K2 -1)(K -1)/4] - [2f3~Ds(1 + f3sh)K3 IEshs] 

"It = [(Iq -1)(Ke + 1)/4] -(Jq -K)/2+[2f3~De(1 +f3eh)JqIEehe] 

where we recall that K = bl a and we have defined 

(9.7.27) 

(9.7.28) 

Note that p. is completely defined in terms of the geometric data and 
elastic constants of the rim, the shell and the channel. Therefore Eq. 
(9.7.26) defines the rotation of the rim q,R in terms of edge shear Va and 
edge moment Ma. The corresponding expression for rotation of the per­
forated region was developed in sub-section 9.7.1 (Eq. 9.7.15). 
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One Side Integral- One Side Gasketed Support 

449 

We now consider Fig. 9.7.2 and develop the expression for CPR similar to 
Eq. (9.7.26) for this class of support. On the channel side (gasketed), the 
line load B, giving the effect of the bolt preload, is related to the gasket load 
G e by the condition 

Geae =Bdb -Pea~/2 (9.7.29) 

Forming the net ring moment MR yields the expression 

R*MR = -aMa +aVa(R* -a)- ~ (a~ -a2)(R* _ (ae ;a)) 

+ p; (b2 -a2)(R* - (b;a)) + Geae(ae -R*)-Bdb(db -R*) 

+Nsb(b-R*)-b(Ms - ~ Qs) (9.7.30) 

Eliminating Ge by using Eq. (9.7.29), Ns by using Eq. (9.7.18), M., Qs by 
using Eqs. (9.7.22) and (9.7.24), and employing the ring relation (9.7.25) 
yields the final result: 

Eh3 - 2 3 
- (lnK)cpR = a Va(K -1) - aMa + a (Ps'Ys + PI "II ) + Bdba 'Yb 
12 

where, for this case, 

Eh3 

24 J-t {3s bDs(1 + {3sh + (3; h2 /2) 

"II [(~ - 1 )(Ke + 1)/4] - (K;, - K)/2 

'Yb Ke-db/a 

and "Is is the same as given by Eq. (9.7.27). 

Two Side Gasketed Support 

(9.7.31) 

(9.7.32) 

Here, we employ Fig. 9.7.3 to obtain an appropriate expression for 
R* MR and note the additional gasket relation 

Gsb=Bdb -Nsb (9.7.33) 

The equation for the net ring moment MR for this case is 

R*MR = -aMa +aVa(R* -a) - ~ (a~ -a2)(R* _ [ae ;a]) 

Ps 2 2 ( [b + a] ) * * +2(b -a) R*- -2- +Geac<ae-R )-Gsb(b-R) (9.7.34) 
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Proceeding as before, and eliminating Go Gs> Ns> yields 

Eh3 - 2 3 1"2 (lnK)cf>R = a Va(K - 1) - aMa + a (Ps'Ys + Pt'Yt) + Bdba'Yb 

where 
"Is = (K2 -1)(K -1)/4 

'Yb = Ke- K 
and'Ye isasgiveninEq. (9.7.32). 

(9.7.35) 

(9.7.36) 

9.7.3 Determination of Perforated Region Edge Force, Edge Moment, 
and Shell Axial Force 

We can summarize the analysis to this point by noting that it remains for 
us to determine Va, Ma and, for the case of a fixed tubesheet exchanger, the 
shell force N s. We see that one equation relating Va and Ns is the ring force 
equilibrium Eq. (9.7.18); a second equation relating Va and Ma is the 
rotation compatibility requirement that at X=Xa, the tubesheet rotation at 
the edge of the perforated interior be equal to the untubed rim rotation. 

O(Xa)=cf>R (9.7.37) 

We write Eqs. (9.7.26), (9.7.31), and (9.7.35), in the general symbolic form 

Eh 3 - 2. 3 1"2 (lnK+/-t)cf>R = -aMa+a Va(K-l)+a (Pt'Yt+Ps'Ys)+Bdba'Yb (9.7.38) 

(note that for certain constructions, /-t, 'Yb, 'Yt> "Is may be zero) and use Eq. 
(9.7.15) for O(xa); then Eq. (9.7.37) yields an expression relating Va and Ma 
in the form 

(9.7.39) 
where 

(9.7.40) 

(9.7.41) 

and 
D*=eD; D=Eh3/12(1-v2 ) (9.7.42) 

The parameter "e" serves to define the flexural efficiency for the per­
forated region. 

For the case of a floating head exchanger, we point out that equilibrium 
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Eq. (9.7.18) can be solved directly for aVa sinceNs is a known quantity. For 
example, for the class of constructions where it is permissible to assume 
Ns = Psb/2, if we assume ac = b for simplicity, then Eq. (9.7.18) yields 

a Va = Dopa2 /2 (9.7.43) 

so that Eq. (9.7.39) solves directly for Ma to yield 

Dopa2 _ a2 (p1'Y1 +Ps'Ys) + Bdb'Yb 
Ma = -2- Q + (1 - Ii) _ 

1 + --(InK + P,)ZM(Xa ) 

(9.7.44) 

e 

With Ma given by Eq. (9.7.44), we can find the state of stress in the 
tubesheet by substitution into Eq. (9.7.14) to determine the radial bending 
moment distribution, and by substitution into Eq. (9.7.17) to determine the 
tube loading. As noted earlier in Section 9.6, no iterative solution is 
required in floating head construction since shell length change is decoupled 
from the lateral deflection of the tubesheet. 

For the case of integral tubesheet construction, however, Ns cannot be 
determined from statics alone, so that we must determine Va, Ma and Ns 
together. The ring equilibrium equation, Eq. (9.7.18), remains valid as does 
the relation between Ma and Va deduced in Eq. (9.7.39). A third equation is 
provided by noting that for integral tube sheet construction, the tubesheet 
deformation is defined relative to the shell (recall the discussion leading to 
Eq. (9.3.4)); therefore, we use Eq. (9.7.15) and Eq. (9.7.16) in the relation 

v(xa) + aO(xa)(K - 1) = 0 (9.7.45) 

which assures that the tube sheet displacement at r= b is equal to zero. The 
resulting equation is an additional condition relating N s, Va, Ma. 

a3 V 
+ _a [ZD(xa)+(K-1)Zv(xa)] 

D* 

(9.7.46) 

where Qa4 /D*xa4 = Q/2~ involves Ns as well as the pressure and tem­
perature loads. Equations (9.7.18), (9.7.39), and (9.7.46) suffice to 
determine Va, M a, Ns for specified pressure and temperature conditions. 
With Ma, Va, and Ns determined, the radial bending moment distribution 
in the perforated region and the tube loading are obtained from Eqs. 
(9.7.14)-(9.7.17). The details of the solution are briefly outlined in the 
following. 

Let Qe' PI (xa), P2 (xa), ~* be defined by the relations: 

AsPs PI ( ET b 1) Qe = OlTt::.TT-OlSt::.Ts + -- - -- AT+ -- --
Es ET 2Es hs J 
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PI (Xa) =Zv (Xa) + (K -1)ZM (xa) (9.7.47) 

P2 (xa ) =ZD (xa) + (K-l)Zv(xa); ~* = 27fbEshslnETAT 

Qe is a measure of the unit loading, with As, AT given by Eq. (9.7.12) and J 
defined in Eq. (9.7.10). The functions Zv, ZM' ZD are defined in Eqs. 
(9.7.15) and (9.7.16). ~* is simply the ratio of shell axial stiffness to total 
tube bundle axial stiffness. In terms of these new quantities, Eq. (9.7.46) 
now becomes 

L ( P1b) NsL a2Ma a2 Va 
"2 Qe + 2E Jh - 2E Jh = -----rr-PI + D* P2 (9.7.48) 

s s s s 

If we eliminate Ma by using Eq. (9.7.39), and eliminate Ns by using Eq. 
(9.7.18), we can obtain an expression for aVa which, after some 
manipulation, can be written in the form 

a2 Pe aKEshJQe -0.5[J~*x;,PI (xa )M;+ 11pa2(K2 -1)] 

aVa = -2- = 1 +J~*Qzx;,12 (9.7.49) 

Pe can be thought of as an equivalent uniform pressure, applied to the 
surface of the perforated region, which represents the effect of all 
mechanical and thermal loads applied to the particular construction on the 
tubesheet perforated surface. 

The function Qz (xa,K) in Eq. (9.7.49) is defined as 

(9.7.50) 

and we have made use of the following relationship between Xa and h 

E h I EL = x;,e ( ~ ) 3 ~ 
s s 48(1 - ,/) a K (9.7.51) 

Equation (9.7.51) can be developed by using Eq. (9.7.2) together with Eqs. 
(9.2.6) and (9.3.8). 

We note that Eq. (9.7.49) serves to define the effective pressure, due to 
mechanical and thermal load, acting on the fixed tubesheet. The in­
troduction of the effective pressure simply brings the form of Eq. (9.7.49) 
into correspondence with the similar result for a floating head unit given in 
Eq. (9.7.43). We will see later that a further reduced form of Eq. (9.7.49) 
plays a key role in the simplified TEMA method in [9.1.1]. For a given unit 
geometry and loading, a Va is completely specified so that Eq. (9.7.39) 
provides a final solution for Ma. The radial bending moment distribution 
can be written in terms of a Va as: 

(9.7.52) 

Similar expressions, in terms of aVa, can be easily derived for Me (x), and 
for the tube loading function. 
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Despite the simplifications that have been made in this section, the 
presence of Bessel Functions still demands computer implementation to 
effect numerical results. We have provided, in Appendix 9.C, a user's guide 
and Fortran source code to generate results based on the analysis outlined in 
this section. In what follows, specific design examples are presented to 
illustrate the application of this computer code. Some of the design results 
obtained here will be referred to again in subsequent sections as we continue 
our simplification of the tubesheet equations down to the TEMA hand 
calculation form. 

9.7.4 Computer Aualysis Using Program FIXFLOAT of Appendix 9.C: 
A parametric analysis of a fixed tubesheet heat exchanger using the 

foregoing analysis is presented in the following. The example configuration 
analyzed is one which amplifies the discrepancy between the FIXFLOAT 
solution and the TEMA design formulas. The TEMA fixed tubesheet design 
method, introduced in the fifth edition of the standards wrought a 
breakthrough in the state-of-the-art design practice. However, the sim­
plifications used to produce a manual design procedure exact the inevitable 
toll in accuracy in a certain range of parameters. We attempt to delineate 
the range of doubtful accuracy by examining a suitably chosen problem. 

Table 9.7.1 shows the complete input and output for a typical analysis of 
a tubesheet with integral support in a fixed tubesheet heat exchanger. The 
initial part of the table is an echo of the problem input as accepted by the 
computer code. The expansion joint spring constant has been set to a value 
sufficiently large so that the system response ignores any expansion joint 
effect. The code is designed to be executed by a user at an interactive ter­
minal; the programming is such that transfer of the source code to any 
machine should proceed with little difficulty. 

The computet code in this sample application requests user input for 
tubesheet, shell, and channel thickness, a value for the local shell thickness 
amplification factor FRA, a stiffness value for the expansion joint spring 
rate, a support parameter, and a printout control. FRA provides for a local 
thickness change of the effective shell and channel wall, in the vicinity of the 
tubesheet-shell-channel joint, to simulate an increased rotational resistance 
at the connection, say, due to a hubbed flange. The local bending stress in 
the wall, at the joint, is also reduced if FRA> 1. Considering the shell, for 
example, the computer code replaces the shell thickness TS with the ef­
fective shell thickness (TS*FRA) in all computations dealing with rotation 
of the shell wall in the vicinity of the tube sheet joint. Axial growth of the 
shell, however, is based solely on TS. The support parameter takes the 
values 0, 1, or 2. The value "2" corresponds to a tubesheet integral with 
both channel and shell; the value" 1" implies that the tubesheet is integral 
with the shell side only; and, the value "0" implies both sides gasketed. 

Continuing with the description of the workings of the computer code, 
after all input data is reprinted in report format, the code computes and 
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prints out the tube sheet ligament efficiency (see Chapter 8) and requests 
input of E* / E and v* from appropriate curves (see Figs. 8.1.1 and 8.1.2 for 
example). In this particular example, for an assumed tubesheet thickness of 
4.375" , output is requested for shellside pressure, for thermal loading, and 
for a combination of pressure plus thermal loading. We particularly point 
out that, for the configuration being examined, the computed value of the 
parameter Xa (see Eq. (9.7.2) or (Eq. 9.7.51)) is 1.52. We will recall this 
piece of information in subsequent discussion of the results. Table 9.7.1 
also contains a summary of the output for the three loading cases. It is clear 

Table 9.7.1. Analysis of Fixed Tubesheet Construction Using Program 
FIXFLOAT 

***** INPUT DATA ***** 
SAMPLE PROBLEM A 

* 
STEP SIZE FOR MOMENT PRINTOUT ,NP= 20 
XA: 4.37500 

SUPPORT TYPE--2=1/1; I=G/I; O=G/C NST= 
MEAN RAOIUS OF CHANNEL, AC= 12.0000 
MEAN RADIUS OF SHELL, B= 12.0000 

MEAN RADIUS OF DRILLED PORTION OF TUBESHEET ,A= 10.0000 
SHELLWALL THICKNESS,TS= .500000 

CHANNEL THICKNESS, TC= .500000 
OUTER RING RADIUS, AI= 12.0000 
BOLT CIRCLE RADIUS, 0= 12.0000 
BOLT PRELOAD, BLD= .OOOOOOE+OO 
NUMBER OF BOLTS, NB= 40 

OUTER DIAMETER OF TUBE ,0= .750000 
TUBEWALL THICKNESS, T= .490000E-OI 
NUMBER OF TUBES, NT = 382 
TUBE LENGTH, RLENTH= 192.000 
TUBE PITCH,PITCH= .937500 
TUBE PATTERN DRILLING ANGLE, THETA= 60.0000 
ELASTIC MODULUS OF TUBE MATERIAL,ET= .240000E+08 
ELASTIC MODULUS OF TUBESHEET MATERIAL,E= .280000E+08 
ELASTIC MODULUS OF SHELL MATERIAL,ES= .290000E+08 
ALLOWABLE STRESS OF TUBE SHEET MATERIAL,SALL= 17500.0 
SHELL EXPANSION JOINT STIFFNESS,SJ= .290000E+12 
EXPANSION JOINT BELLOWS INSIDE DIAMETER,DJ= 24.0000 
EXPANSION COEFFICIENT OF TUBE,ALPHAT= .900000E·05 
EXPANSION COEFFICIENT OF SHELL ,ALPHAS= .700000E·05 
TUBESHEET DESIGN STRESS FACTOR,OMEGA= 2.00000 
TUBES IDE PRESSURE ,PTO= .OOOOOOE+OO 
SHELLSIDE PRESSURE,PSO= 200.000 
OPERATING TEMPERATURE OF TUBE, TEMPTO= 350.000 
OPERATING TEMPERATURE OF SHELL, TEMPSO= 200.000 
ASSEMBLY TEMPERATURE OF THE UNIT, TEMPA= 70.0000 
CALCULATION OPTIONS (NTYPE=O,CALCULATION FOR FLOATING HEAD UNIT;NTYPE=I,FOR FIXED TUBESHEET) ,NTYPE= 
RATIO OF ROLL DEPTH TO TUBESHEET THICKNESS= 1.00000 
PRINTOUT OPTIONS (NW=O,DO NOT PRINT OUT QV,QM VS X;NW=l,PRINT OUT QV,QM VS X), NW= 
POISSION RATIO,BNU= .300000 

LIGAMENT EFFICIENCY,EFS= .289600 
VALUE OF E'/E READ IN = .270000 

EFFECTIVE POISSION RATIO,ANUSTA= .370000 
EFFECTIVE MODULUS OF TUBESHEET ,ESTAR= .756000E+07 
FLEXURAL RIGIDITY RATIO,EFRR= .284671 

***** OUTPUT DATA ***** 
SAMPLE PROBLEM A 
FOLLOWING RESULTS ARE FOR FIXED TUBESHEET: 

B/ A = 1. 20000 AC/ A= 1. 20000 AI/A= 1.20000 
DEL TA= .131213 
U= .382986 

I • XA= 1. 52204 
********************************************* 
********************************************* 
********************************************* 

(I) SHELLS IDE PRESSURE LOAD ONLY: 

.MPLE PROBLEM A 
._-_. INTERMEDIATE COEFFICIENTS .. _·-
AMU= .254056 

"Refer to Appendix 9.C for aid in the definition of terms. 
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LIMIT VALUES OF TEMA PARAMETERS 
LAMDA= .450661E-Ol FM=MA)MAX/(P*A*A)= .141962 
FQ=QZ*XA**4/2.= 1.21714 

---·-RESULTS FOR TUBESHEET THICKNESS H= 4.37500 ,SHELL THICKNESS TS= .500000 CHANNEL THICKNESS TC= .500000 
LOCAL SHELL/CHANNEL THICKNESS AT JOINT= .500000 .500000 

1.5*SA= 26250.0 ; 1.5*OMEGA*SA= 52500.0 
EDGE SUPPORT PARAMETER NST= 2 

AVA= 5257.14 ; MA= -613.441 
MAXIMUM RADIAL BENDING MOMENT ,AMRMAX= 1492.62 ,AT X= .OOOOOOE+OO; R/A= .OOOOOOE+OO 
RADIAL BENDING MOMENT DISTRIBUTION: 
1492.62 1413 .85 1174.45 765.721 174.684 -613.441 

MAXIMUM RADIAL BENDING STRESS,SRTS= 1615.65 
MAXIMUM CIRCUMFERENTIAL BENDING MOMENT ,AMTMAX= 1492.62 AT X= .OOOOOOE+OO; R/A= .OOOOOOE+OO 
CIRCUMFERENTIAL BENDING MOMENT DISTRIBUTION: 

1492.62 1443.32 1293.80 1039.39 673.095 186.746 
MAXIMUM CIRCUMFERENTIAL BENDING STRESS,STTS= 1615.65 
MAX. TUBESHEET STRESS, STRESS= 1615.65 
OUTERMOST TUBE TENSILE LOAD,STRESS= 39.5824 366.806 
LONGITUDINAL SHELL STRESS,SS= 1609.52 
EDGE BENDING STRESS IN SHELL,SBS= 10133.0 

EDGE BENDING STRESS IN CHANNEL,SBC= 1409.74 
TOTAL LONGITUDINAL SHELL STRESS,STOT= 11742.5 
SHEAR STRESS AT EDGE,SSHR= 414.928 
TUBESHEET RING ROTATION,PHYR= .449318E-02 (DEGREE.) 

********************************************* 
********************************************* 
********************************************* 

(3) SHELLS IDE PRESSURE + THERMAL LOAD: 
SAMPLE PROBLEM A 
-- ---INTERMEDIATE COEFF IC I ENTS-----
AMU= .254056 
LIMIT VALUES OF TEMA PARAMETERS 
LAMDA= .45066lE-01 FM=MA)MAX/(P*A*A)= .183658 
FQ=QZ*XA**4/2.= 1.21714 

-----RESULTS FOR TUBESHEET THICKNESS H= 4.37500 ,SHELL THICKNESS TS= .500000 CHANNEL THICKNESS TC= .500000 
LOCAL SHELL/CHANNEL THICKNESS AT JOINT= .500000 .500000 

1.5*SA= 26250.0 ; 1.5*OMEGA*SA= 52500.0 
EDGE SUPPORT PARAMETER NST= 2 

AVA= 124717. ; MA= -3114.92 
MAXIMUM RADIAL BENDING MOMENT,AMRMAX= 45810.6 ,AT X= .OOOOOOE+OO; R/A= .OOOOOOE+OO 
RADIAL BENDING MOMENT DISTRIBUTION: 

45810.6 44027.8 38584.7 29208.1 15478.3 -3114.92 
MAXIMUM RADIAL BENDING STRESS,SRTS= 49586.4 
MAXIMUM CIRCUMFERENTIAL BENDING MOMENT ,AMTMAX= 45810.6 AT X= .OOOOOOE+OO R/A= .OOOOOOE+OO 
CIRCUMFERENTIAL BENDING MOMENT DISTRIBUTION: 
45810.6 44695.1 41298.4 35474.6 26998.4 15591.7 

MAXIMUM CIRCUMFERENTIAL BENDING STRESS,STTS= 49586.4 
MAX. TUBESHEET STRESS, STRESS= 49586.4 
OUTERMOST TUBE TENSILE LOAD,STRESS= -2019.28 -IB712.5 
LONGITUDI NAL SHELL STRESS, 55= 21519.6 
EDGE BENDING STRESS IN SHELL,SBS= 65778.8 

EDGE BENDING STRESS IN CHANNEL,SSC= 57055.6 
TOTAL LONGITUDINAL SHELL STRESS,STOT= 87298.4 
SHEAR STRESS AT EDGE,SSHR= 9843.51 
TUBESHEET RING ROTATION,PHYR= .181850 (DEGREE.) 

-----TEMA RESULT FOR TUBESHEET THICKNESS-----
TEMA RESULT :BENDING CONTROL THICKNESS,HHB= 2.14447 
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that in this application, the thermal loading dominates the response. Output 
of the bending moment distribution is given from the center of the tubesheet 
to the outer edge of the perforated region at user specified increments. For 
the purposes of the ensuing discussion of particular design results, the 
following criteria are suggested for design limits. If SA is the specified 
allowable stress under membrane type mechanical loading, then stress limits 
for primary membrane stress or for primary bending stress plus membrane 
stress are SA and 1.5S A, respectively (see Chapter 2). When thermal loading 
alone, or in combination with mechanical loading, is present, membrane 
stress is presumed limited to 1.5SA , and membrane plus bending stress at a 
given location is limited to 3SA • * 

Examining the final combined output in Table 9.7.1 shows that, for the 
assumed tubesheet thickness of 4.375" , the tubesheet stress just meets the 
secondary stress limits of 3SA = 52500 psi for combined thermal and 
mechanical load. The longitudinal shell membrane stress exceeds SA = 
17,500 psi, but since this stress is also dominated by thermal loading, it may 
be considered as a secondary stress. Because of severe local bending at the 
shell-he ad-tube sheet joint, the total shell stress at the joint exceeds 3SA • The 
values given for the parameters A, FM, and FQ will be discussed further in a 
later section. The small value of 0.254 for the rotational resistance 
parameter fJ- (AMU in the output) indicates that the tubesheet receives little 
rotational support from the barrel of the exchanger. 

The final option in the computer code permits an iterative calculation of 
the tubesheet thickness per the TEMA formulas in Ref. [9.1.1]. We see that 
the TEMA formula predicts a significantly thinner tube sheet thickness 
(2.14") with tubesheet bending being the controlling factor. Note that this 
final TEMA calculation option is only valid for fixed tubesheet exchangers 
and assumes that b = a = ac = 12". In subsequent discussions in this 
chapter comments will be made on the significant discrepancy between the 
results just quoted and the results predicted by the well established but 
approximate TEMA formulation. 

Table 9.7.2 summarizes a series of simulation cases using the computer 
code. The five studies done all involve the fixed tubesheet exchanger whose 
configuration and loading is set down in Table 9.7.1. 

Table 9.7.2. Summary of Sample Applications 
Case Remark 

I Base configuration (see Table 9.7.1) 
2 Increase shell and channel thickness from 0.5" to 0.75" 
3 Base case except effective shell/channel thickness increased to 1.125" near 

tubesheet, shell and channel junction by changing FRA 
4 Base case except a = b so untubed rim is eliminated. 
5 Base case except channel side rotational resistance neglected 

• If the unit is subjected to loadings causing stress reversals, then the limit on secondary stress 
combinations should be applied to the stress range. 
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Table 9.7.3, below, summarizes the important results of the above case 
studies. Case 2 shows the results obtained when the shell and channel 
thicknesses are increased to 0.75" everywhere in the unit. As expected, the 
rotational resistance parameter AMU (/l as defined by Eq. (9.7.27)) is in­
creased, although its value is such as to still imply minimal rotational 
restraint of the tubesheet. The increase in shell wall thickness has a 
negligible effect on tube sheet stress; the tubesheet stress level increases 
slightly because the thermal load is now acting on a stiffer sytsem. As ex­
pected, the mean shell stress decreases significantly; the local shell stress, 
primarily due to bending at the joint, also decreases but still exceeds 3SA • 

Therefore, the design is still marginal if the previously stated design limits 
are assumed to govern. 

Table 9.7.3 Summary of Results from Sample Calculations Using 
Program "FIXFLOAT" for Fixed Tubesheet Heat Exchanger 

Case Tubesheet Shell! Channel Shell Tensile xa I'-
Max. Stress Max. Stress Stress 

(psi) (psi) (psi) 

1 49586 87298 21520 1.52 .254 
2 50899 78965 16995 1.52 .547 
3 43315 56553 17482 1.52 1.20 
4 41993 78995 21883 1.67 .254 
5 53366 95607 21216 1.52 .127 

Case 3 examines the effect of locally increasing the shell thickness to 
HLOC = TS*FRA where FRA = 1.5 with all other geometry the same as 
that given in Table 9.7.1. The results of the thermal plus mechanical load 
combination show that increasing the shell bending resistance near the 
tubesheet joint reduces both the tubesheet stress level and the local mem­
brane plus bending stress in the shell. 

It is important to note that the TEMA tubesheet design formula [9.1.1] 
makes no computation of local membrane plus bending stress in the shell 
and in the channel wall. However, even if this stress level is not considered 
in the more detailed computation, there still exists a significant discrepancy 
between our prediction of minimum tubesheet thickness and that of TEMA 
using the simple formulas of the TEMA standards. It is emphasized again 
that the computed value of Xa for this configuration, based solely on a 
tubesheet stress level that does not exceed 3SA , is significantly under 3.0. 
The significance of this point will be clarified later in this chapter when we 
discuss, in detail, the simplifications required to evolve the TEMA design 
method. 

In case 4, we examine the effect of the unperforated rim on the response 
of a fixed tubesheet exchanger under mechanical and thermal loads. The 
case 1 configuration in Table 9.7.1 is recomputed with the only 
modification being that the perforated radius a is increased to equal b = 
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12" so that the effect of any unperforated rim is eliminated. Results for a 
tubesheet thickness of 4.375" are presented. A direct comparison with the 
results given in Table 9.7.1 shows that for the loading and geometry con­
sidered, it is non-conservative to neglect the effect of an unperforated rim. 
Whether this non-conservatism extends through the entire gamut of 
loadings and geometries can only be ascertained by parametric analysis; one 
can only be cautioned that unit design based on assuming bl a = 1 for the 
sake of simplicity may lead to underprediction of tubesheet maximum 
stress. 

Finally, in case 5, we present results for the unit with the channel side 
rotational resistance neglected. Some stress increase is observed in the unit. 
We note that in none of the simulations carried out was the rotation 
resistance parameter very large. Therefore, the tubesheet behaved essen­
tially as a simply supported unit. The signific::ant rotations at the outer 
radius leads to the high shell and channel local bending stresses. In a real 
situation, local yielding will occur in the shell and channel wall near the 
joint at some load level; subsequent to that point, the tubesheet will truly 
behave like a simply supported unit until the maximum load state is 
reached. 

The foregoing discussion highlights the potential limitation of the TEMA 
solution method. The example problem chosen is somewhat contrived to 
magnify the difference since TEMA methods give remarkably accurate 
solutions for the great majority of practical cases. A detailed comparison of 
analysis-based methods and TEMA formulas may be found in [9.7.1]. A 
study, similar to the above, for a floating tubesheet construction is next 
presented. 
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Table 9.7.4. Analysis of Stationary Tubesheet in a Floating Head Con­
struction Using Program FIXFLOAT 

***** INPUT DATA·***** 
SAMPLE PROB. B FLOATING HEAD 
STEP SIZE FOR. MOMENT PRINTOUT ,NP= 20 
XA: 5.50000 

SUPPORT TYPE--2=I/I; I=G/l; O=G/G NST= 
MEAN RADIUS OF CHANNEL, AC= 16.5000 
MEAN RADIUS OF SHELL, B= .16.5000 

MEAN RADIUS OF DRILLED PORTION OF TUBESHEET,A= 13.5200 
SHELLWALL THICKNESS,TS= 2.25000 

CHANNEL THICKNESS, TC= 2.25000 
OUTER RING RADIUS, AI= 16.5000 
BOLT CIRCLE RADIUS, D= 16.5000 
BOLT PRELOAD, BLD= .OOOOOOE+OO 
NUMBER OF BOLTS, NB= 40 

OUTER DIAMETER OF TUBE,D= 1.00000 
TUBEWALL THICKNESS,T= .650000E-OI 
NUMBER OF TUBES,NT= 341 
TUBE LENGTH ,RLENTH= 168.000 
TUBE PITCH,PITCH= 1.25000 
TUBE PATTERN DRILLING ANGLE, THETA= 90.0000 
ELASTIC MODULUS OF TUBE MATERIAL,ET= .2B7000E+08 
ELASTIC MODULUS OF TUBESHEET MATERIAL,E= .276000E+08 
ELASTIC MODULUS OF SHELL MATERIAL,ES= .276000E+08 
ALLOWABLE STRESS OF TUBE SHEET MATERIAL,SALL= 15000.0 
SHELL EXPANSION JOINT STIFFNESS,SJ= .276000E+12 
EXPANSION JOINT BELLOWS INSIDE DIAMETER,DJ= 33.0000 
TUBE SHEET DESIGN STRESS FACTOR,OMEGA= 2.00000 
TUBES IDE PRESSURE,PTO= 2015.00 
SHELLS IDE PRESSURE ,PSO= .OOOOOOE+OO 
CALCULATION OPTIONS (NTYPE=O,CALCULATION FOR FLOATING HEAD UNIT;NTYPE=I,FOR FIXED TUBESHEET) ,NTYPE= 
RATIO OF ROLL DEPTH TO TUBESHEET THICKNESS= 1.00000 
PRINTOUT OPTIONS (NW=O,DO NOT PRINT OUT QV,QM VS X;NW=l,PRINT OUT QV,QM VS X), NW= 

POISSION RATIO,BNU= .300000 
LIGAMENT EFFICIENCY,EFS= .304000 

VALUE OF E*/E READ IN = .380000 
EFFECTIVE POISSION RATIO,ANUSTA= .335000 
EFFECTIVE MODULUS OF TUBESHEET ,ESTAR= .104880E+08 
FLEXURAL RIGIDITY RATIO,EFRR= .3B9513 

***** OUTPUT DATA ***** 
SAMPLE PROB. B FLOATING HEAD 
FOLLOWING RESULTS ARE FOR THE FIXED TUBESHEET OF A FLOATING HEAD UNIT: 

B/A = 1.22041 AC/A= 1.22041 Al/A= 1.22041 
DELTA= .113377 
U= .405137 

I • XA= 1.67662 
(2) TUBES IDE PRESSURE LOAD ONLY: 

SAMPLE PROB. B FLOATING HEAD 
----- I NTERMED lATE COEFF IC I ENTS----­
AMU= 2.97087 

LIMIT VALUES OF TEMA PARAMETERS 
LAMDA= .403933 FM=MA)MAX/(P*A*A)= .106855 
FQ=QZ*XA**4/2.= .OOOOOOE+OO 

-----RESULTS FOR TUBESHEET THICKNESS H= 5.50000 ,SHELL THICKNESS TS= 2.25000 CHANNEL THICKNESS TC= 2.25000 
LOCAL SHElL/CHANNEL THICKNESS AT JOINT= 2.25000 2.25000 

1.5*SA= 22500.0 ; 1.5*OMEGA*SA= 45000.0 
EDGE SUPPORT PARAMETER NST= 2 

AVA= -184161. ; MA= 39357.0 
MAXIMUM RADIAL BENDING MOMENT,AMRMAX= 39357.0 ,AT X= 1.67662 ; R/A= 1.00000 
RADIAL BENDING MOMENT DISTRIBUTION: 
-34322.8 -31550.0 -23127.2 -8765.61 11934.4 39357.0 
MAXIMUM RADIAL BENDING STRESS,SRTS= 25678.8 
MAXIMUM CIRCUMFERENTIAL BENDING MOMENT,AMTMAX= 34322.8 AT X= .OOOOOOE+OO; R/A= .OOOOOOE+OO 
CIRCUMFERENTIAL BENDING MOMENT DISTRIBUTION: 
-34322.8 -32656.7 -27605.8 -19023.7 -6703.56 9564.62 
MAXIMUM CIRCUMFERENTIAL BENDING STRESS,STTS= 22394.2 
MAX. TUBESHEET STRESS, STRESS= 2567B.8 
OUTERMOST TUBE TENSILE LOAD,STRESS= 1484.15 7773.26 
LONGITUDINAL SHELL STRESS,SS= .OOOOODE+OO 
EDGE BENDING STRESS IN SHELL,SBS= 20289.0 

EDGE BENDI NG STRESS I N CHANNEL, SBC= 47143.3 
TOTAL LONGITUDINAL SHELL STRESS, STOT= 20289.0 
SHEAR STRESS AT EDGE, SSHR= -8146.78 
TUBE SHEET RING ROTATION,PHYR= -.510539E-OI (DEGREE.) 

"Refer to Appendix 9.C for aid in the definition of terms. 
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Table 9.7.4 presents complete results obtained for the stationary 
tubesheet of a typical floating head exchanger. Analysis is performed for a 
shell thickness of 2.25" and for a tubesheet thickness of 5.5" . Note that the 
calculated value of p., the rotational restraint parameter, is approximately 
3.0 indicating that the shell restraint on tubesheet bending is probably not 
equivalent to a fully clamped support. It is of interest to note that the 
TEMA method, which considers shell rotational restraint to be simply a 
function of shell thickness to diameter ratio, would consider this unit as 
being clamped. The results obtained using the complete analysis of this 
section indicate that with a tubesheet thickness of 5.5", the maximum 
tubesheet bending stress, occurring at the center of the tubesheet, is 
somewhat in excess of the allowable value under solely mechanical loading 
of 1.5SA = 22500 psi. Table 9.7.5 shows the results of certain simulation 
studies carried out on this floating head configuration. Case 6, of course, is 
the base case presented in Table 9.7.4 for an assumed tubesheet thickness of 
5.5" . 

Table 9.7.5. Summary of Results from Sample Calculations for Floating 
Head Exchanger 

Case Tubesheet Barrel Xa JL 
Max. Stress Max. Stress 

(psi) (psi) 

6 25679 54531 1.68 2.97 
7 23560 io lO 8 29443 1.65 
9 41444 55234 1.85 2.97 

10 26073 52936 1.55 1.81 

In case 7, we simply increase the thickness of the tubesheet to 6.25" in an 
attempt to achieve a stress level below 22500 psi. Using a thickness of 6.25" 
reduces the tubesheet stress to 23560 psi. Using the method in [9.1.1], for a 
clamped unit, and assuming a tubesheet fully perforated with pressurized 
diameter 33" , predicts that a 4.84" tubesheet yields a satisfactory design. 
Case 8 results indicate what happens to the configuration if we assume an 
artificially large FRA value in order to obtain a very large value for p.. In 
this case (compare with case 6) the maximum tubesheet stress shifts to the 
outer edge of the perforated region but still exceeds the permitted value of 
1.5SA • Thus, the results of the computer calculation indicate that a 
thickness in excess of 6.25" is required for adequate design following the 
spirit of the AS ME Code. 

Cases 9 and 10 are the same as cases 6 and 7 except that the unperforated 
rim has been removed. It is seen that for this geometry and load value, the 
presence of an unperforated rim has a beneficial effect on tubesheet stress; 
that is, a thicker tubesheet is required to keep the tubesheet stress on the 
order of 1.5SA if no unperforated rim is present for the same tubesheet 
outer diameter. 
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Other than to note that the computed Xa value for the unit considered in 
Tables 9.7.5 is below 2.0, no attempt is made here to explain the 
discrepancy between our results and the predictions obtained from use of 
the TEMA formula [9.1.1] for thickness of a stationary tubesheet in a 
floating head exchanger. We note, however, that when the analysis is ap­
plied to a situation where a thinner tube sheet results, yielding an Xa value 
much in excess of 3.0, the agreement between TEMA and our more rigorous 
computer analysis is better. We will demonstrate this fact shortly. 

The next sections examine further simplifications to our tubesheet 
analysis and consider the derivation of the TEMA design formula. We will 
show that this potential limitation of the TEMA fixed tube sheet design 
formula can be correlated with the value of xa appropriate to the con­
figuration. 

9.8 REDUCTION OF ANALYSIS TO SIMPLIFIED FORM 

We have demonstrated that rigorous analysis of a fixed or floating head 
exchanger tubesheet leads to equations of sufficient complexity to require 
the use of special purpose computer codes to effect usable design results. In 
this section, we focus our attention on reducing our complex formulation to 
simplified forms which are amenable to hand computation, if desired. We 
will show that if we can present some of the key expressions involving 
Kelvin functions in either graphical form, or in their simplified asymptotic 
representation, then we will be able to reduce our computerized fomulation 
to a procedure amenable to manual computations. The endpoint of our 
discussions here in this section will be the well established TEMA design 
formula [9.1.1] for fixed tubesheets; we will demonstrate how the TEMA 
design equations can be developed, in a logical manner, from the rigorous 
analyses presented here to this point. As a by-product of our reductions, we 
will also develop a design procedure that involves the use of graphical data 
in -conjunction with manual (or computerized) computations. This in­
termediate design procedure can be classified as a method that is less 
restrictive than the TEMA procedure, yet involves sufficient simplification 
to permit a manual computation of tube sheet thickness. 

We begin our simplifications by defining the parameter <1>, where 

(9.8.1) 

In Eq. (9.8.1), k is the unperforated ring outer to inner radius ratio (see Fig. 
9.7.1), JL is the ring rotational stiffness parameter, and e is the flexural 
efficiency of the perforated region. We note that for a given unit con­
figuration, any assumed tubesheet thickness will provide a numerical value 
for <1>. In terms of the parameter <1>, the function Q(xa,K,<I», given by Eq. 
(9.7.40), can be written as 
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Q= K-1-cI>Z v(xa) 

1 + cI>ZM (xa) 
(9.8.2) 

Computation of Q for any assumed geometry and material specifications 
can be made once the value of Xa is established and Zv, ZM calculated. 
Equation (9.7.51) is a convenient equation to evaluate Xa for any assumed 
tubesheet thickness. A manual computation of Q is easily performed by 
using Fig. 9.8.1a,b which provide data for Zv, ZM as functions of Xa. We 
note that the range of Q, for values of k s 1.5, 0 s cI> s 00, is roughly 
given by the expression below 

-0.25sQsO.5 (9.8.3) 

In constructing results for Zv, ZM' we have arbitrarily assumed p* = 0.40. 
We now recall the equation for aVa (Eq. (9.7.49». For ease in following our 
developments, we repeat some relevant expressions here 

a2p 
aVa=T 

=------------------------------------

where 

PI (xa,K) =Zv (xa) + (K -l)ZM (xa) 

P2(xa,K) =ZD (xa) + (K -l)Zv (xa) 

(9.7.49) 

(9.7.50) 

(9.7.47) 

From these expressions, we see that defining Fq = Qzxa412 yields an ex­
pression for Fq in the symbolic form: 

where 

qzl (xa,Q) = [ZD (xa) + QZv(xa )].x!12 

qdxa,Q) =[Zv(xa) + QZM(xa)]x!12 
(9.8.5) 

If we restrict p* to be 0.40 wherever it appears in ZD,ZV,ZM' then Figs. 
9.8.2 and 9.8.3 provide graphical results for qzl' qz2 as a function of Xa with 
Q as a parameter. Thus, with the aid of this data, the parameter Fq is easily 
computed from Eq. (9.8.4). We note also that PI (xa,K) is also easily 
computed using the data provided by Fig. 9.8.1a,b. We now see that a 
manual computation of a Va in the case of a fixed tubesheet exchanger is 
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feasible using Eq. (9.7.49) and (9.7.51) and the graphical data provided. We 
recall that our only approximation to this point has been a setting of v* to 
be 0.40 wherever it appears in ZD,ZV,ZM (see the definitions of these 
functions given earlier in this chapter). It would be a simple matter to 
provide additional curves for other values of v*; we choose here, however, 
to use our results for all ligament efficiencies. 

Summarizing our efforts to this point, we have assumed that the unit 
geometry, material, and loading have been specified, including an 
assumption on the necessary tubesheet thickness. We have been able to 
compute Xa, the parameters il> and Q, and can determine aVa = a2 Pe f2. 
The calculations can all be carried out manually since we have reduced the 
complicating effect of the Kelvin functions to graphical form. At this point, 
we can also compute Ma / a Va using the equation 

(9.8.6) 

If we recall Eqs. (9.7.39) and (9.7.41), we see that the negelct of M: in Eq. 
(9.8.6) is akin to saying that we will neglect the effects of pressure loading 
acting on the shell and channel walls, and on the unperforated rim, and 
consider only the contribution of effective pressure Pe • Note that for some 
floating head units, Pe = tlp = Ps -PI (see Eqs. (9.7.18) and (9.7.43». 

With Q* determined for the configuration, we can now evaluate the 
effective tube pressure q(x), and the tubesheet rotation 8(x). For our 
design purposes here, it is sufficient to compute the tube pressure and the 
tubesheet rotation only at x = Xa since the values are critical for design at 
this location. From Eqs. (9.7.15) and (9.7.17), we find that q(xa), 8(xa) 
can be written in the form 

q(xa)a2 _ 
--- = [ZD (xa ) + Q* Zv (xa ) )~12 

2aVa 
(9.8.7) 

We see that q(xa), 8(xa) can be obtained using Figs. 9.8.2 and 9.8.3 by 
simply interpreting the parameter as Q* in those figures. We do note 
however that we cannot easily establish what the bounds on Q* are for the 
wide range of configurations that we might encounter in practice; thus for 
use in design codes, we may need to expand the parameter range in Figs. 
9.8.2 and 9.8.3. In any case, having results for q(xa) enables a hand 
calculation of the tube load at the outer limit of the perforated region. 
Similarly, having results for 8(xa ) (equal to the rotation of the un­
perforated rim) enables us to compute the edge bending moment Me, Ms in 
the shell and channel using Eqs. (9.7.24). 

To establish the validity of our assumed tubesheet thickness, we must also 
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calculate the maximum stress in the perforated region of the tubesheet. We 
assume here that the radial bending moment always governs the design. 
From Eq. (9.7.14), we find that 

Mr (x) -
--=Qv(x) +Q*QM(X) 

aVa 

which can be rewritten as 

Mr (x) 1 -
a2Pe = 2: (Qv(x) +Q*QM(X» 

For design purposes, we need the maximum value for Mr (x); we write this 
in the form 

where (9.8.8) 

Figure 9.8.4 presents results for FM as a function of Xa and the parameter 
Q*. Again, in a practical case, these curves may need to be extended since 
Q* may not fall in the range plotted. Note that the neglect of M; in the 
computation of Ma (see Eq. (9.8.6)) insures that Q* = Q. It is of interest to 
note that for certain negative values of Q*, 2F M - Q* for either the entire 
Xa range, or for the higher values of Xa. It can be shown that this occurs 
when the maximum moment occurs at Xa; i.e., we can easily show 
analytically that Qv (xa) + Q* QM (xa) = Q*. 

A solution procedure can now be developed based on the graphical data. 
If all geometry, material, and loading parameters are specified, then an 
assumed tube sheet thickness h establishes Xa , cI> (xa ) and Q. Using ap­
propriate graphical data, Q* and F M can be ascertained, and therefore P e 

and Mr)max can be established. The maximum radial bending stress is then 
given as: 

(9.8.9) 

The stress efficiency 1/s is usually set equal to the ligament efficiency 1/. If SA 
is the allowable material stress under membrane behavior, then an ASME 
design criteria for tubesheet bending may be interpreted as a limit on the 
radial bending stress (J B 

(9.8.9a) 

where {1 = 1.0 if Pe involves only pressure loading, and {1 = 2.0 if Pe in­
volves only thermal loading or both mechanical and thermal loading. We 
can think of the design procedure as being continuing assumptions for the 
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tubesheet thickness h until an acceptable value of aB' satisfying Eq. 
(9.8.9a), is obtained. 

The use of Figs. 9.8.1-9.8.4 enables a manual determination of h to be 
carried out with relatively small effort for the entire range of Xa values, edge 
restraint conditions, and geometries. Alternatively, a programmable 
calculator or a microcomputer can be efficiently utilized to perform all of 
the required calculations based on data read in from the appropriate figures 
by the designer. Appendix 9.D presents an interactive BASIC code, 
developed for a TRS-80 Model III, that uses the information from Figs. 
9.8.1-9.8.4, and generates values for tubesheet stress, tube effective 
pressure and ring rotation. Table 9.8.1 shows typical hardcopy results 
obtained using the simplified method based on the same input data used for 
the fixed tubesheet exchanger example presented in the previous section. 
The program requires that a printer be available. 

Summarizing our efforts to this point, we note that we have gone through 
two levels of simplification of the most general tubesheet equations and 
have developed design approaches of varied sophistication. It is now of 
interest to consider even further reductions of the simplified method 
presented in this section. Specifically, our intent now is to show how the 
simple TEMA design formulation [9.1.1], for a tubesheet in a fixed 
tubesheet heat exchanger, is evolved from the work given here. 

To this end, we invoke the following additional assumptions: 

(i) We assume that there is no unperforated rim, and that 
b=a=ac =as 

(ii) We neglect M: completely in this analysis. * 
(iii) We restrict consideration to units configured so that xa > > 3. 

All of the above assumptions are necessary to evolve the TEMA design 
formula. We note that with the above considerations Q* = Q, and the ef­
fective pressure can be written as (recall Eqs. (9.7.49) and (9.7.50» 

2 aEshJQe 
aV =a P /2=------

a e I+J~*Fq(xa) 
(9.8.10) 

Fq = Qzxa4 12 

Since tubesheet thickness h is proportional to l/X/333 (see Eq. (9.7.2b», a 
limitation to Xa > 3 restricts a TEMA designed tubesheet to an upper limit 
on thickness in order to obtain valid results. As we have already seen in 
some of the numerical studies in the previous section, there are certainly 
some units which may not meet this limitation. The current TEMA design 
standards [9.1.1] do not explicitly point out this potential limitation. 

For the moment, we restrict the boundary rotational restraint parameter 

"That is, we consider the only loadings of importance to be the pressure difference in the 
perforated region, and the thermal loading caused by differential changes in length in the tubes 
and in the shell due to temperature (see the analysis leading to Eqs. (9.7.39-41». 
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Table 9.8.1 
ASME FIXED TUBESHEET 

SUPPORT PARAMETER= 2 
is. 2.9E+01 Es 2.8E+01 
HS- .5 L= 192 
NT- 382 TOD= .15 
HT- .049 
AS- 1E-06 
TEMPS- 130 
PSHELL= 200 

B- 12 
RC= 12 
BL= 0 
K= 1.2 
VALUE OF MU­

AVA- 125181 
MA=-2198.14 

AT- 9E-06 
TEMPT- 280 
PTUBE- 0 

A- 10 
Rl= 12 
D" 0 
KC- 1.2 

.253939 

FQ= 1.205 FM= .181 
DESIGN STRESS • 52500 

ET- 2.4E+01 
SA- 11500 

SEa: .2896 

KBAR- 1.2 

FOR XA- 1.522 AND PHI- 1.39444 
ZV= .169 ZM= .6815 
QZ1= 1.125 QZ2- .4 
EFFECTIVE PRESSURE- 2515.13 
ASSUMED THICKNESS= 4.315 
THE FINAL TUBESHEET STRESS- 50921.1 

475 

EC= 2.9E+01 
HC- .5 

FE- .2841 

THE VALUE FOR Q(XA), THE TUBE EFF. PRESSURE- 2811.62 
THE VALUE FOR THETA(XA), THE RING ROTATION- 2.91428E-03 
BENDING STRESS IN CHANNEL=-52388.9 
BENDING STRESS IN SHELL- 61056.2 
LONGITUDINAL DIRECT SHELL STRESS- 21691.8 
LONGITUDINAL DIRECT CHANNEL STRESS- 0 

to be either simply supported (q,=0) or to be completely restrained (q,- 00). 
The condition K = 1 reduces the term Qz of Eq. (9.7.50) to the result 

Qz =ZD (xa) + QZv (xa) (9.8.11) 

where, using Eq. (9.8.2), we see that 

Q = 0 (simply supported tubesheet, q, - 0) 

- Zv(xa ) Q= - (clamped tubesheet q, - 00) 
ZM(Xa ) 

It is important to. emphasize that the use of the condition K = 1 and the 
restriction to the limiting cases of either pinned or clamped tubesheet edge 
conditions eliminates the flexural efficiency e as a parameter in the 
determination of aVa. Using the expressions for Zv(xa) and ZM(Xa) (see 
Eq. (9.7.15», Qbecomes 



476 Mechanical Design of Heat Exchangers 

Q= _}..[ ¢l (xa) ¢;(xa) + ¢z(xa) ¢;(xa) J 
xa[¢;z(xa) +¢?(xa)] 

(9.8.12) 

where we introduce the parameter }... }.. = 0 for the pinned tubesheet and }.. 
= 1 for the clamped tubesheet. We continue the derivation of the TEMA 
tubesheet formula by reduction of the more general analysis, by using the 
following Bessel Function expansions for large values of Xa [9.8.1]. 

(9.8.13) 

Using Eq. (9.8.13) in Eq. (9.8.12) gives an asymptotic expression for Q, 
valid for large Xa , as 

Q __ ~. ~ = 0 (simply supported) 
.J2 x' A= 1 (clamped) 

a 

(9.8.14) 

We note in passing that the parameter}.. is also calculated and is part of 
the output in the computer code of Section 9.7 (Appendix 9.C). F q , given by 
Eq. (9.8.10), as well as FM , defined in Eq. (9.8.8), are also calculated and 
printed out in the computer code of Appendix 9.C. 

If we use Eq. (9.8.13), the expressions for ZD (xa ), Zv (xa ), given in Eqs. 
(9.7.15) and (9.7.16), give the following asymptotic results: 

Z ( ) .J2 [ (1- v*).J2] 
D xa --- 1+----

xj 2 xa 
(9.8.15) 

The asymptotic expression for the quantity Fq = Qzxa4 12, in the ex­
pression for aVa given by Eq. (9.8.10), can be written in the form: 

Qzxa4 (1 - v*) ~ .J2 ( ~ ) 
-- - -- - - (1 - 2v*) + - x 1 - -

2 2 4 2 a 2 
(9.8.16) 

For}.. = 1 (clamped), 
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Qzxa4 1 r 
F =----(I+'V2x) 

q 2 4 a 
(9.8.17) 

while for}., = 0 (simply supported), and v* = 0.5 we have 

Qzx a4 1 r 
F = -- - - (1 + 2'V 2 x ) 

q 2 4 a 
(9.8.18) 

It is clear from our previous analyses that the rotational resistance 
provided by the shell-channel assemblage is, in fact, a function of the 
tubesheet thickness. Nevertheless, the TEMA design approach is to in­
troduce a factor F, dependent solely on the barrel thickness to diameter 
ratio, which is used to specify the degree of edge rotational restraint 
provided to the tubesheet. For the fixed tubesheet heat exchanger the 
TEMA factor Fis in the range 0.8 < F < l.0. F = 0.8 represents a clamped 
tubesheet while F = 1.0 is appropriate for a simply supported tubesheet. 
There is no basis in fact for the TEMA F factor, yet it appears to have 
served quite well in practical usage for units within the range of validity of 
the TEMA approximations. 

Using the F factor, Malek [9.8.2] shows that Eqs. (9.8.17) and (9.8.18) 
are fit by the empirical relation 

Qzxa4 

Fq = -2- =0.25 + 1.766(F-0.6)xa (9.8.19) 

with F = 0.8 matching Eq. (9.8.17) and F = 1.0 matching Eq. (9.8.18). The 
factor Fq in the form represented by Eq. (9.8.19), is defined by TEMA in 
[9.1.1], once the replacement of Xa is made using Eq. (9.7.51). Introducing 
the pressurized diameter G = 2a yields 

[ 6(1 - v2 )(1. 766)4 Eshs ( G) 3 ] 0.25 
F =0.25+(F-0.6) -- -

q 'e E L ~* h 
(9.8.20) 

To obtain the result quoted in the TEMA Standards, e is set equal to 
0.177 (corresponding to a tube pitch to diameter ratio = 1.25). Since Fq 
involves the tubesheet thickness h, the TEMA calculation procedure for 
tubesheet thickness in a fixed tubesheet exchanger still requires iteration. A 
value for tube sheet thickness h must be assumed in order to compute Fq and 
hence the effective pressure Pe (see Eq. (9.8.10». Using Q .. given by Eq. 
(9.7.47) for either thermal loading, for tubeside pressure, or for shellside 
pressure, brings Eq. (9.8.10) into the proper TEMA form; to obtain an 
exact correspondence requires that, within the limits of the classical thin 
plate and shell theory employed here, terms involving the ratio of shell 
thickness to shell diameter in Ref. [9.1.1] should be neglected in comparison 
to unity. 

Once the effective pressure P e is calculated, the maximum radial bending 
moment follows from Eq. (9.8.8). Gardner [8.1.1, 8.1.2] shows that for 
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large Xa and for b 1 a = 1, F M (xa) can be approximated for either simply 
supported or for clamped units by 

IFMI "",e- 7r/4 12xa (simply supported) 
(9.8.21) 

(clamped) 

Equation (9.8.9) can now be formally solved for h to yield 

~ =(~)112 (~)112 
2ao 1/s OSA 

(9.8.22) 

Note that since F M =F M (xa), and since Fe = Fe (h) for a fixed tubesheet 
heat exchanger, Eq. (9.8.22) does not provide a direct solution for tube sheet 
thickness. For a stationary tube sheet in a floating head heat exchanger, Fe 
is known in terms of the pressure differential; however, F M is still a function 
of xa. In an attempt at some simplification, TEMA replaces the factor 
(FM(Xa)/1/s)l12 by F12 (where 0.8 < F < 1.0 is the TEMA rotational 
resistance parameter), and therefore evolves a final approximate equation 
for tubesheet thickness as 

h F Fe 112 

2JTEMA = 2 (OSA) 
(9.8.23) 

For a fixed tubesheet exchanger, Eq. (9.8.23) still requires iteration; Fe can 
only be determined after a tubesheet thickness is assumed. For the 
stationary tubesheet of a floating heat exchanger, Eq. (9.8.23) does provide 
a direct solution for h since Fe does not involve the tubesheet thickness h. 

It is of interest to calculate the ratio 

F12hEMA 
h * = -----=-:::...::..:.,_=_ 

( IFM I/"s)l12 h) ., Eq. (9.8.22) 

(9.8.24) 

which, for the same given value of effective pressure Fe' gives a comparison 
of the TEMA formula for tubesheet thickness with a formula following the 
"design by analysis" approach for large xa. For this illustration, we use the 
ligament efficiency 1/s = 0.2 or 0.3 (which are reasonable for many practical 
units). The table below shows the value of h* for different xa. Equation 
(9.8.21) is used in obtaining tabulated results. 

Table 9.8.2. h* vs. xa for Simply Supported and Clamped Tubesheets 

b/a= l,xa>3 

Xa Simply Supported, 'l/s Clamped, 'l/s 

0.2 0.3 0.2 0.3 

3 0.811 0.993 0.52 0.638 
5 1.047 1.282 0.673 0.824 
7 1.239 1.52 0.795 0.975 
10 1.481 1.81 0.95 1.17 
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It is obvious that if we consider Eq. (9.8.22) as the "exact" solution in the 
range Xa > 3, then for the conditions considered, the TEMA tubesheet 
thickness formula is conservative if the tubesheet support permits rotation, 
but possibly yields a non-conservative thickness value if the tubesheet-shell 
joint inhibits rotation. Nevertheless, despite its potential non-conservative 
thickness prediction, the TEMA formulation has been utilized with a high 
degree of success for a considerable time period in the heat exchanger in­
dustry. It is clear that in the range xa > 3 the essential difference between 
the TEMA calculation of thickness by Eq. (9.8.23) and the "exact 
calculation of thickness by Eq. (9.8.9) (or (9.8.22)) is the neglect of the 
stress efficiency factor 11s and the elimination of the variation of IF M I with 
xa' The intent of TEMA is clearly one of simplicity; that is, to provide a 
simple formula for thickness requiring minimal iterations. It is useful to 
compare the TEMA analysis with our final simplified method espoused 
herein using graphical data. We will take care in these comparisons to 
choose a configuration where Xa > 3 (i.e., within the range of the ap­
proximations leading to the TEMA design formula). 

The vehicle for comparison is Sample Problem 4 in the TEMA Sample 
Problem Book [9.8.3]. We consider the following fixed tubesheet exchanger 
with tubesheets not extended as flanges: 

Shell Side 
20" O.D.; 0.25" wall-thickness; mean shell metal temperature 250°F; no 
shell expansion joint; SA-312-304 material. 

Tubesheets 
Material SA-240-304 at 300°F 

Tubing 
300-3/4" O.D. X 16BWG (0.065") X 20 ft long; SA-249-304; 15/16" 
triangular pitch; mean tube wall metal temperature = 180°F; (Xt = 9.28 X 
10 -6 in.lin. OF 

Shellside = 180 psig; Tubeside = full vacuum and 180 psig 

The TEMA iterative solution assumes a tubesheet thickness of 1.25" , and 
bases the solution on the length between tubesheet faces of 237.5" , a mean 
assembly temperature of 70°F, and an allowable stress SA = 16,600 psi. 
Following TEMA, the critical pressure for design is based on an effective 
pressure involving tubeside pressure plus thermal loading. The F factor in 
the TEMA solution is 1.0 based on a shell wall thickness of 0.25" and an 
inner diameter of 19.5". The final calculated tubesheet thickness is 1.24" 
using the TEMA method and is deemed to be in good agreement with the 
initial assumed value of 1.25" . 

The microcomputer code given in Apendix 9.D, which utilizes graphical 
input, is used to reexamine the above problem, first under the. assumption 
that the effective roll depth is zero (see Chapter 8) so that the lIgament and 
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flexural efficiencies are based on the tube O.D.; and second, under the 
assumption of a 1000/0 effective roll so that the ligament and flexural ef­
ficiencies are based on the tube I.D. The computer code examines only the 
critical combination of tubeside pressure and thermal loading. The criteria 
for allowable stress (Eq. (9.8.9a)) is used as the design requirement. The 
stress efficiency SE, (1/s), is taken as the ligament efficiency in either case, 
and the flexural efficiency e (determined from Eq. (9.7.42)), is denoted as 
FE in the code. Table 9.8.3 shows the output obtained on the printer when 
running the code. From the results given in Table 9.8.3, we see clearly the 
effect of stress efficiency on the computed thickness. For the case where the 
tube wall is neglected in the computation of ligament efficiency, the 
predicted thickness is greater than 1.251/. When the tube wall is included in 
the ligament efficiency calculations, the predicted tubesheet thickness is 
approximately 1.01/. The TEMA calculated thickness is bounded by these 
two values and the computed Xa value using either approach is in the range 
of 3.20 > xa > 4.10. The results obtained herein again demonstrate that 
under certain conditions, the margin of safety defined by the ASME Code 
may be encroached upon by a fixed tubesheet designed strictly by the 
TEMA formulas given in [9.1.1]. The concept of ligament efficiency and 
stress efficiency appears to be an effect that should be incorporated into any 
tubesheet design methodology. Note that the value for Xa obtained for the 
final configuration is greater than 3.0; it is seen that in this example, there is 
essentially no great difference in the tubesheet thicknesses predicted by the 
TEMA formula and by the computer methods developed here. However, 
we must point out that shell and channel bending stress levels are still very 
high and indicate that a considerable amount of plastic action has occurred 
at the joints. The next section presents some additional solutions which 
elaborate on the critical role played by the parameter xa' 

Table 9.8.3. Solutiou of TEMA Sample Problem 4 (Ref. 9.8.3) Using the 
Computer Code "MICROFIXFLOAT" in Appendix 9.D 

A5ME FIXED TUBESHEET 
SUPPORT PARAMETER- 2 

ES- 2.8E+07 E- 2.8E+07 
HS- .2~ L- 237.5 
NT- 300 TOO· .75 
HT- .065 
AS" 9.4E-06 
TEMPS" 180 
P5HELL" 0 

B- 9.75 
RC- 9.75 
BL" 0 
K- 1 
VALUE OF MU-

AT .. 9.28E-06 
TEMPT" 110 
PTUBE" 180 

A= 9.75 
Rl= 9.75 
D. 0 
KC" 1 

.489898 

ET" 2.8E+07 
SA= 16600 

SE= .2 

KBAR= 1 

EC- 2.8E+07 
HC= .25 

FE" .261 
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AVA--32562.2 
IA= 2882.71 
FQ- 2.1 FM- .055 

DESIGN STRESS .. 49800 
FOR XA= 3.39314 AND PHI= 1.70807 
ZV- .085 ZM= .435 
QZ1- 2.1 QZ2- 3.5 
EFFECTIVE PRESSURE--685.07 
ASSUMED THICKNESS= 1.5 
THE FINAL TUBESHEET STRESS--47757.9 

THE VALUE FOR Q(XA), THE TUBE EFF. PRESSURE=-1438.65 
THE VALUE FOR THETA(XA), THE RING ROTATION--7.42262E-03 
BEHDING STRESS IN CHANNEL= 88864.3 
BEHDING STRESS IN SHELL=-76036.8 
LONGITUDINAL DIRECT SHELL STRESS=-9848.86 
LONGITUDINAL DIRECT CHANNEL STRESS- 3510 
B- 9.75 A= 9.75 SE= .339 FE= .417 
RC- 9.75 Rl= 9.75 
BL- 0 D- 0 
K- 1 KC= 1 KBAR= 1 
VALUE OF MU- 1.19266 

AVA--30095.3 
lA- 2568.68 
FQ- 2.5 FI- .0425 

DESIGN STRESS • 49800 
FOR XA= 4.09069 AND PHI- 2.60268 
ZV- .06 ZM- .355 
QZ1- 2.5 QZ2= 4.5 
EFFECTIVE PRESSURE--633.168 
ASSUMED THICKNESS= 1 
THE FINAL TUBESHEET STRESS--45276 

THE VALUE FOR Q(XA), THE TUBE EFF. PRESSURE=-1646.24 
THE VALUE FOR THETA(XA), THE RING ROTATION=-7.84031E-03 
BENDING STRESS IN CHANNEL= 82917.2 
BENDING STRESS IN SHELL=-70095.2 
LONGITUDINAL DIRECT SHELL STRESS=-8836.77 
LONGITUDINAL DIRECT CHANNEL STRESS= 3510 

481 

9.9 RANGE OF APPLICATION OF THE TEMA BENDING 
EQUATIONS GIVEN IN REF. [9.1.1] 

In previous sections of this chapter, we have shown that the well 
established TEMA tubesheet equations may give results not in agreement 
with results predicted by the design by analysis methods developed in this 
chapter. We have pointed out earlier, without elaboration, that in cases 
where discrepancies between the results arise, the value of the parameter X a , 

predicted by the rigorous formulations, is significantly less than 3.0. Now 
that we have examined the approximations inherent in the TEMA design 
formulas, and have shown that the TEMA equations are based on asymp­
totic approximations of certain Bessel Functions which limit their range of 
validity to Xa > 3.0, such discrepancies are not totally unexpected. In 
addition, a further approximation introduced into the TEMA equations 
essentially neglects an important functional variation of Xa and replaces this 
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functional variation of Xa with a constant depending only on a presumed 
degree of edge restraint. These approximations, taken in toto, can lead to 
some discrepancy in results when the calculated unit thickness turns out to 
imply Xa to be on the order of 3.0 or less. 

We now re-examine some of our earlier examples in order to clearly 
demonstrate the effect of the final Xa value obtained. We give some results 
of simulations which show that when the unit geometry, material 
parameters, and loading are such as to predict a parameter value for Xa > > 
3, then results obtained from the comprehensive analysis of Section 9.7 and 
from the TEMA design formula, are in reasonable agreement. 

We first consider a re-analysis of the unit configuration described by 
Table 9.7.1. The loading on this fixed tubesheet heat exchanger is decreased 
so that the final tube sheet thickness will be relatively thin (leading to a 
larger Xa value). Specifically, in this re-analysis, the tube and shell metal 
temperature are reduced to 98°F, 83°F, respectively. We also consider a 
reanalysis of the stationary tubesheet in the floating head exchanger 
previously described by Table 9.7.4. For this unit, we reduce the pressure 
loading to 300 psi in order to reduce the final tubesheet thickness. Table 
9.9.1 shows the results obtained for these units with lower loadings, and the 
corresponding predictions using the TEMA design formulas for the same 
units. 

Table 9.9.1. Comparison of Computer Solutions (FIXFLOAT) of Section 
9.7 with TEMA for Units with Xa > 3 

Case b/a Tubesheet Shell FIXFLOAT xa /.t TEMA 
Max. Stress Max. Stress thickness thickness 

(psi) (psi) (in.) (in.) 
11 1 48823 16340 .675 6.77 16.53 .61 
12 1.2 33013 28612 .675 6.18 16.53 
13 1.2 53600 26089 .438 8.56 53.8 
14 1.0 22592 35484 ·2.25 3.62 2.12 2.33 
15 1.0 24924 35612 2.125 3.78 2.42 
16 1.2 12137 38411 2.125 3.42 2.42 

Case 11 reconsiders the fixed tubesheet heat exchanger of Section 9.7 
(case 1 of Tables 9.7.2 and 9.7.3). Recall that the critical load case is 
pressure plus thermal loading so that the tubesheet stress can be set as high 
as 3SA = 52500 psi (see Table 9.7.1). We see from Table 9.9.1 that 
neglecting the unperforated rim gives a tubesheet thickness below 0.675" 
for a satisfactory design as predicted by FIXFLOAT. While this tubesheet 
thickness would not be used in a practical application with 3/4" 0.0. 
tubes, the purpose here is served since the computed Xa value is 6.77. The 
TEMA thickness calculated for this unit is 0.61" . Cases 12 and 13 in Table 
9.9.1 examine the effect of including the unperforated rim in the analysis as 
carried out by FIXFLOAT on this unit with a relatively thin tube sheet. By 
comparison of the stress results for cases 12, 13, we see that the inclusion of 
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the unperforated rim reduces the tube sheet thickness required to a value 
slightly in excess of 0.4375". We recall that in Section 9.7, a similar study 
on the effect of unperforated rim led to the conclusion that including the 
rim caused higher unit stresses. Here, we find that the critical stresses are 
lowered! The difference in our conclusion now is simply caused by the fact 
that the higher loaded unit of Section 9.7 gives maximum tubesheet stress at 
the center; here, the unit with lower thermal loading has the critical stress 
for tubesheet design at the outer limit of the perforated zone. Thus, we 
conclude that the effect of unperforated rim and the location of maximum 
tubesheet stress level are inexorably connected insofar as drawing any 
conclusion as to the conservatism of the final result for a fixed tubesheet 
heat exchanger. 

Case 14 of Table 9.9.1 re-examines the design of the stationary tubesheet 
in the floating head unit previously analyzed in Section 9.7 (see Table 9.7.4 
for results). Here, we lower the tubeside pressure to 300 psi so as to predict a 
thickness leading to a larger xa value (recall that Xa < 2.0 in the initial 
solution). In the revised problem, Xa increases to 3.62 and the computer 
simulation predicts an acceptable tubesheet thickness of 2.25" using a shell 
wall thickness of 0.75" and neglecting the unperforated rim. The 
corresponding solution using the TEMA equation in Ref. [9.1.1] predicts 
that a tubesheet thickness of 2.33" is required and that the unit should be 
considered as simply supported. 

The final cases considered in Table 9.9.1 show the effect of unperforated 
rim on this low load (thinner tubesheet) floating head exchanger con­
figuration. We see that for the same assumed tubesheet thickness (2.125"), 
the inclusion of unperforated rim again lowers the stress level in the 
stationary tubesheet of a floating head heat exchanger. 

Based on the analysis and discussions presented in this chapter, we 
suggest that the tubesheet analyst carefully examine any suggested simple 
design formulas for the range of validity of their predictions. The 
microcomputer code presented in Appendix 9.D provides a viable technique 
for preliminary design analysis when coupled with accurate graphical data. 

To satisfy the requirements of design by analysis specifications, the more 
elaborate and sophisticated computer codes of Appendices 9.B and 9.C 
should be considered for specific applications. On the basis of the analyses 
presented here, the TEMA design formulas of the sixth edition (and earlier 
editions) should be applied with caution when the predicted value of Xa is 
near or below 3.0. 

9.10 CLOSURE 

A comprehensive method for stress analysis of fixed and floating head 
type heat exchangers has been presented. The reduction of governing 
equations written for a generalized case to the specific case of symmetrical 
geometry (identical pair of tubesheets, and spatially invariant pressure in 
each chamber) is carried out systematically to elucidate the assumptions 
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made in the industry design standards. Enroute the process of sim­
plification, the heretofore unstated limitations of the TEMA formulas for 
fixed tubesheet exchangers are uncovered. The significance of these 
limitations in practical design work is illustrated by numerical examples. 
The chapter contains three computer programs, with varying levels of rigor 
and scope, which can be used for design/analysis work. The need for 
computer codes for routine design application is of unarguable importance 
in fixed tube sheet exchanger design work, owing to the "structural quirks" 
of this type of construction. For example, increasing the tubesheet thickness 
can increase the tubesheet stress [9.1.9]; and as shown in this chapter, in­
creasing the rim width can increase the tubesheet stress!! The limiting 
loading condition may consist of any combination of shellside pressure, 
tubeside pressure, and differential thermal expansion between the shell and 
the tubes. The last loading may itself consist of several cases (depending on 
the number of operating conditions). The search for the most limiting 
loading group is best carried out using a computer program. The computer 
code can be utilized to arrive at the optimal design by adjusting the 
tubesheet thickness, shell expansion joint stiffness, and shell and channel 
thicknesses at their junctions with the tubesheet. The optimal design is one 
which minimizes the tubesheet thickness and tube to tubesheet joint load, 
and provides ample margin against tube buckling. 

The analysis presented in this chapter is limited to axially symmetric 
loadings. The cases of multi-pass units and large untubed regions, en­
countered in units with impingement plates, and no-tubes-in-window 
designs, are not covered. Such non-axisymmetric problems are best tackled 
by a suitable finite element program. The analysis is based on thin plate and 
shell equations, and therefore is limited to the designs where these theories 
hold. 

NOMENCLATURE 

a 
a l 

A~,Ai,A6 
as 
b 

ac 

A o,A l ,A 2 ,A 3 

AT 
Bji U = 0, 1,2,3 

i= 1,2) 
B 

Radius of perforated region 
Outer radius of ring (Fig. 9.7.1) 
Area measures defined after Eq. (9.3.6) 
Shell mean radius (Sections 9.2-9.6) 
Shell mean radius (Section 9.7) 
Channel mean radius (Sections 9.2-9.7) 
Integration constants (Eqs. (9.3.9)-(9.3.12) 
Tube metal cross section area 
Integration constants appearing in deflection Eq. 
(9.4.1) for unperforated rim 
Bolt line load (defined by Eq. (8.4.3)) shown in Fig. 
9.7.2 
Specific heats of the shellside, tubeside streams, 
respectively 
Load parameters defined in Eq. (9.3.15) 
E;h//[12(1- /In] 



9 I Fixed and Floating Head HXS Tubesheets 485 

e 

F 
FM,Fq 
F I ,F2 

Gc>Gs 

hL 
hl,h2 
he,hs 

h 
J 

Ke 
KEf 

k 
K 

K* 
1; (i=2, .. 5) 

L 
M,;,Mo; 

M; 
M, 
MR 

Ma,Va 

M*,Q* 
Me,Ms 

Ns 
Nij 

n 
p 

Pij 
Ps 

Shell flexural rigidity = E s hF[12(l - v/)] 
Tube outer diameter 
Channel flexural rigidity 
Effective flexural rigidity of tubesheet (Eq. (9.3.8» 
Young's Modulus of unperforated ring (used in Section 
9.7, firstdefinedinEq. (9.7.25» 
Young's modulus of shell metal 
Young's modulus for tube material 
Effective elastic constants for tubesheet i (i = 1 lower, 
i=2, upper) 
Flexural efficiency of the perforated interior of the 
tubesheet-Eq. (9.7.42) 
Unmodified Young's modulus and Poisson ratio of 
tubesheet i, respectively 
TEMA tubesheet edge support factor 
Tubesheet functions defined in Section 9.8 
End forces in a single tube (Eq. (9.2.5» 
Gasket loads (Eqs. (9.7.29), (9.7.33» 
Tubesheet nominal ligament width 
Tubesheet thicknesses-Section 9.3 
Channel, shell thickness, respectively 
Tubesheet thickness (Section 9.7-8) 
Expansion joint parameter (Eq. (9.7.10» 
aJa(Eq. (9.7.28» 
Expansion joint spring rate 
alla(Eq. (9.7.25» 
bla 
DefinedinEq. (9.5.5) 
Lengths defined in Fig. 9.1.1 
Tube effective length between tube sheets 
Tubesheet bending moments 
Tubesheet moment parameter defined in Eq. (9.7.41) 
Tubesheet bending moment (Eq. (9.7.5» 
Net moment on unperforated rim-Eq. (9.7.19) 
Tubesheet moment and shear at the edge of the per­
forated region 
Specified edge loads in a floating head unit 
Edge moments in channel, shell (Eq. (9.7.24» 
Shell axial force in fixed tube sheet exchanger 
Membrane forces in shell or channel (Eqs. (9.4.7), 
(9.4.8» 
Number of tubes in unit 
Tube pitch 
Tubesheet pressures (Eq. (9.3.1) 
Shellside static pressure at top of chamber (Eq. (9.3.1) 
or design shellside pressure 
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Pt = Design tubeside pressure 
Pc 

qzl,qz2 
qn ,qn 

Q; 

Rm 
R fs 

Rft 
Rs 
R t 

R* 

Channel static pressure at the top channel cover level 
(Eq. (9.3.1» 
Functions of Xa defined by Eq. (9.7.47) 

= Effective tubesheet pressure on a tubesheet in a fixed 
tubesheet exchanger (Eq. (9.7.49» 
Shells ide and tubeside pressures averaged over the tube 
length 
Functions of Xa defined by Eq. (9.8.5) 
Effective pressures on tubesheets due to tube loading 
Parameters defined by Eq. (9.3.6) 
Tubesheet shear forces 
Load parameter defined by Eq. (9.7.42) 
Edge shears in channel, shell (Eq. (9.7.22» 
Parameter relating M a, Va (Eq. (9.7.40» 
Tube metal resistance 

= Shellside fouling resistance 
Tubeside fouling resistance 
Shells ide film resistance 
Tubeside film resistance 
Centroidal radius of unperforated ring (Fig. 9.7.1) 

QM (x) ,Qv (x) 
Qr 

= Moment distribution functions defined in Eq. (9.7.14) 
Tubesheet shear force (Eq. (9.7.6» 

rc = Radius to outermost tube hole center (Eq. (9.3.2» 
Qz Defined byEq. (9.7.50) 
Sj = Spring rate of expansion joint (Eq. (9.7.9» 

t Tube wall thickness 
T,t 

t; 
t;,To,to,T; 

u 

= Generic temperatures (Eq. (9.5.7» used only in sub­
section 9.5.1 

= Thickness of un perforated rim (Fig. 9.4.2) 
Temperatures defined in Fig. 9.5.1 and used in sub­
section 9.5.1 
Overall heat transfer coefficient 

v = Displacement of tubesheet in perforated region 
(Section 9.7-Eq. (9.7.3» 

x 

y 

= Flow rates of shellside, tubeside streams 
Tubesheet displacement (Eq. (9.3.4» 
Channel and shell radial displacement 

= Dimensionless tubesheet design parameter - defined in 
Eq. (9.7.2) 
Dimensionless radial coordinate = {3r describing radial 
location in perforated tubesheet 
Coordinate measured along the tube starting at the 
lower tubesheet (Eq. (9.5.3» 

= Functions of x,xa-Eqs. (9.7.15), (9.7.16) 
Coefficient of thermal expansion for tube metal 
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as 
{3 

{3s 
{3c 

"I .. "In 'YB 
0 

0* 
tlTG 
tlT8 

tlTPR 
tlTT 

tlTs 

tls 
tlS8 
!:.pi 

¢i'!/;i 
<I> 

YJs 
Ai ,{3i,l-'i 

}.. 

A"AT 
YJ 
~ 

I-'T 
I-'s 

I-'t 
1-'2* 
Pi 

A 
()n()s 

() 

I-' 
()m 

aT 
8 

aB 
VT 
n 

= 

Coefficient of thermal expansion of shell metal 
Defined by {34 = 2~ / D* in Section 9.7 
Shell attenuation coefficient (Eq. (9.4.23}) 
Channel attenuation coefficient 
Coefficients defined in Section 9.7 
Total extension of tube in a fixed or floating head heat 
exchanger 
Defined in Eq. (9.5. 9) as tlT8 - tlso 
Change in tube free length due to gravity 
Change in tube free length due to temperature 
Change in tube free length due to Poisson ratio effects 
Effective temperature change, above assembly tem­
perature, of the tube wall 
Effective change in temperature, above assembly 
temperature, of the shell wall. 
Elastic stretch of shell (Eq. (9.4.27}) 
Change in shell free length due to temperature change 
Pressure differences defined in Eq. (9.4.2) 
Bessel Functions (Eq. (9.3.16}) 
Rotational stiffness parameter (Eq. (9.8.1}) 
Stress efficiency factor 
Parameters defined in Eq. (9.3.14) 
Fixety parameter introduced in Eq. (9.8.12) 
Parameters defined in Eq. (9.7.12) 
Ligament efficiency 
Tube spring rate (Eq. (9.2.6}) 
Weight/unit volume of tube metal 
Weight/unit volume of shell metal 
Weight density of shells ide fluid (Eq. (9.3.1}) 
Weight density of tubeside fluid (Eq. (9.3.1}) 
Parameters used in subsection 9.5.1 and defined by 
Eqs. (9.5.15), (9.5.18) 
Parameter defined by Eq. (9.5.20) 
Channel and shell edge rotations 
Rotation of tubesheet in perforated region (Eq. 
(9.7.4}) 
Rotational stiffness parameter (Eq. (9.7 .27)} 
Log-mean temperature difference (Eq. (9.5.6}) 
Tube stress (Eq. (9.5.2}) 
Temperature difference defined by Eq. (9.5.13) 
Radial bending stress in tubesheet 
Poisson's ratio for tube material 
Allowable stress amplification factor 
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APPENDIX 9.A 

SOLUTION OF COUPLED PLATE EQUATIONS 

Let us consider the equations (Eq. 9.3.7); 

D t V 4wt = Qt - ~(Wt + w2) 

D2 V4W2 = Q2 - HWt + w2) 

where V4( ) is the biharmonic operator and is solely a function of r in this 
application. Let 

Zt = Wt + W2; Z2 = Wt - W2 

Then Zt satisfies the equation 
V 4zt + {34 Zt = (;3 

where 

and 
(;3 =QtlDt +Q21D2 = constant 

A solution for Zt which remains finite at r= 0 is given as 
Zt = (;3 I {34 + A t ¢t ({3r) + A2 ¢2 ({3r) 

where ¢t, ¢2, are the Ber and Bei functions, respectively. A corresponding 
equation for the function Z2 is 

4 2 4 4 4 4 ( (;3 ) V Z2 = {34 ({32 Qt - (3t Q2) + ({32 - (3t ) Zt -7 
and a solution for Z2(r) which remains finite at r=O is given by 

({3t 4 - (32 4) 
Z2(r)=Ao+A3 r + ~ [At ¢t({3r) +A2¢2({3r)] 

+(;4 r4 164 

where 
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- 2 4 4 
C4 = (34 «(3z QI - (31 QZ) = constant 

Solutions for WI (r), Wz (r) in terms of the four integration constants Ao - A4 
are easily obtained from the equations 

ZI -Zz 
W z = --

2 

APPENDIX 9.B 

COMPUTER PROGRAM FIX SHEET 

9.B.l Scope 

Computer program FIX SHEET performs a complete stress analysis of 
integral tubesheet heat exchangers (integral both shell and tubeside) in the 
manner of the analysis presented in Sections 9.2-9.5. The scope of the 
current version of the code, produced in this appendix, is delineated below. 

(i) Geometry: The program assumes that the two tubesheets are 
identical, and are integrally connected (welded) to their respective 
shell and channel ends. 

(ii) Orientation: Both vertical and horizontal orientations are permitted. 
The program allows input of different shell and channel pressures at 
the two tubesheet locations which means that the effect of elevation 
in vertically mounted units, pressure loss due to fluid flow, and 
seismic acceleration effects in all orientations can be incorporated. 
This feature is of particular importance in relatively long heat ex­
changers. Equation 9.3.1 gives the necessary formulas to compute 
the various static pressures. 

(iii) Channel header loads: The longitudinal force per unit circumference 
in both channel headers are known from direct equilibrium and are 
therefore input quantities in the program. Formal expressions for 
these header loads are given by Eqs. 9.4.7-8. In addition, header 
loads arising for other sources (not included in Eqs. 9.4.7-8), such as 
the axial thrust from a connected piping, may be incorporated. 

(iv) Unequal shell course thicknesses: In long heat exchangers, designers 
often increase shell thickness in the courses containing nozzle 
penetrations to make the shell "self-reinforcing". The shell 
thickness adjacent to the tube sheets (assumed to be equal near the 
two tubesheets) should be input. The designer may adjust the shell 
Young's Modulus that the modified Young's modulus times the 
input shell thickness is equal to the unmodified Young's modulus 
times the average shell thickness. This is an approximate way to 
incorporate the effect of unequal shell course thicknesses. 
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(v) Expansion Joint: In vertically mounted units, the expansion joint 
may be located above or below the main support (Fig. 9.1.1). The 
case of no expansion joint is simulated by setting the expansion joint 
stiffness an order of magnitude larger than the shell axial stiffness. 

The present version of the code does not treat non-integral channel, or 
floating head designs. The ability to treat such cases can be readily in­
corporated as discussed in Section 9.6. 

9.B.2 Input Data For: FIXSHEET 

All Input is in Free Field Format 

Line 1: Index = 0, means another set of data follows this set. 
= 1, means terminate the program after running this 

problem set 

Line 2: Heading cards, any alphanumeric string 72 characters long 

Line 3: Tubesheet and tube data 

Item 

Ligament area in the perforated 
region 
Area outside the tubes in the tubed region on 
the tubesheet surface in the shellside 
Mean tube radius 
Poisson's ratio of tube material 
Tubewall thickness 

Line 4: Pressure data (Fig. 9.1.1) 

Shellside pressure at the bottom 
tube sheet level, PI I 
Shells ide pressure at the top 
tubesheet level, P21 

Channels ide pressure at the bottom 
tubesheet level, PI2 
Channelside pressure at the top 
tubesheet level, P22 

Bottom channel longitudinal force 
per unit circumference 
Top channel longitudinal force per 
unit circumference 

Line 5: Other data 

Free differential expansion of tubes 
over the shell 

Fortran 
Symbol 

AL 

AO 
TUBRAD 
PRT 
TUBWAL 

Pll 

P21 

P12 

P22 

AN12 

AN22 

DELTA 
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Item 

Young's modulus of tube material 
Outer radius of tubesheet 

Line 6: Tubesheet data 

Tubesheet Thickness 
Equivalent Poisson's ratio of the 
perforated region 
Poisson's ratio of tube sheet 
material 
Equivalent Young's modulus of 
the perforated interior 
Young's modulus of tube sheet 
material 
Interface radius of perforated region and 
annular rim 

Line 7: Channel and shell data 

Channel material Poisson's ratio 
Channel material Young's modulus 
Channel wall thickness 
Shell material Poisson's ratio 
Shell material Young's modulus 
Shell wall thickness 

Line 8: Miscellaneous data 

Weight density of tube material 
Weight density of shell material 
Length of shell above the support 
line, 12 
Length of shell below the support line, 13 
Expansion joint locater 
index = 0, expansion joint is between 

the lower tubesheet and support; 
= 1, expansion joint is between 

the top tubesheet and the support) 
Expansion joint axial stiffness, 
(force per unit circumference for 
unit axial separation of the joint) 

Return to line 1 if INDEX = ° in the preceding card set. 

Fortran 
Symbol 

ET 
BR 

T 
PRI 

PR2 

El 

E2 

A 

PRC 
EC 
HC 
PRS 
ES 
HS 

AMUT 
AMUS 
EL2 

EL3 

IEXP 

AKEXP 
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PROGRAM FIX SHEET 

C DEFINITION: 
C INDEX = 0: REPEAT WITH A NEW SET OF DATA 
C INDEX = 1: TERMINATE THE PROGRAM 

493 

DIMENSION B(22,22) , G(500), F(22),W(3),RM(3),Q(3),DWDR(3),TM(3) 
DIMENSION HEAD(18) 

C 

CHARACTER TODAY*27 
CALL DATE(TODAY) 

1 READ(5,559) (HEAD(I),I=1,18) 
ACCEPT INDEX 
ACCEPT AL,AO,TUBRAD,PRT,TUBWAL 
ACCEPT P11,P21,P12,P22,AN12,AN22 
ACCEPT DELTA,ET,BR 
ACCEPT T,PR1,PR2,E1,E2,A 
ACCEPT PRC,EC,HC,PRS,ES,HS 
ACCEPT AMUT,AMUS,EL2,EL3,IEXP,AKEXP 

TOL=.OOOl 
EL = EL2 +EL3 
A1=3.1415*A*A 
AT = AL-AO 
AI = A1-AL 
ASTAR=3.1415*BR*BR 

TBWEIT=(EL2+EL3)*AMUT*(AL-AO) 
PTWEIT=TBWEIT/A1 

DISPLAY TODAY 
WRITE(6,711) (HEAD(I),I=1,18) 
WRITE(6,700) AI,AL,AO,A1,ASTAR,AT,P11,P21,P12,P22, DELTA,EL,ET,BR 
WRITE(6,701) T,PR1,PR2,E1,E2,A, PRC,EC,HC,PRS,ES,HS 

DISPLAY "TUBE WEIGHT PRESSURE=",PTWEIT 
DISPLAY "AN12,AN22= ",AN12,AN22 

DELWT=.5* ((AMUT*EL*EL/ET)-( AMUS*(EL3*EL3-EL2*EL2)/ES)) 
1 -PRT*.5*(P12+P22-P11-P21)*TUBRAD*EL/(TUBWAL*ET) 

D1=E1*T**3/ (12.*(1.0-PR1*PR1)) 
D2=E2*T**3/ (12.*(1.0-PR2*PR2)) 
DS=ES*HS**3/ (12.*(1.0-PRS*PRS)) 
DC=EC*HC**3/ (12.*(1.0-PRC*PRC)) 
BETAS=SQRT(SQRT(3.*(1.0-PRS*PRS))/ (BR*HS)) 
BETAC=SQRT(SQRT(3.*(1.0-PRC*PRC))/ (BR*HC)) 
S=D1/D2 
P1=Pll-P12 
P2=P21-P22 
Z=ET*AT/(A1*EL) 
Zl=2.*Z/D1 
WRITE(6,706)S,P1,P2,Zl 
WRITE(6,703) D1,D2,DS,DC,BETAC,BETAS 
FK=Zl**.25 
X=FK*A 
CALL BESSEL(X,BERO,BER1,BER2,BER3,BEIO,BEI1,BEI2,BEI3) 
FLOG=ALOG(A) 
FLOGB=ALOG(BR) 
DELS=O. 
DO 500 N=1,200 
C2=(P21*AO - P22*AL) /A1 + Z*(DELTA-DELS+DELWT)-PTWEIT 
C1=(P11*AO - P12*AL) /A1 + Z*(DELTA-DELS+DELWT) 
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C3=(C1+C2)/D1 
C4=(C1-C2)/D1 

C DEVELOP MATRIX 

C 

C 

C 

C 

C 

100 1=1,22 
F(I) = O. 
DO 200 J=1,22 

200 B(I,J) =0.0 
100 CONTINUE 

B(1,l) =BERO*. 5 
B(1,2) =2.*BEIO/(FK*FK) 
B(1,3) =.5 
B(1,4) =.5*A*A 
B(1,5)=-1.0 
B(1,6)=-A*A 
B(l,7)=-FLOG 
B(1,8) =-A*A*FLOG 
F(1)=P1*(A**4) /(64.*D2) - .5*(C3/Z1*(1.0-BERO) + C4*(A**4)/64.) 
B(2,1) = FK*BER1*.5 
B(2,2) = 2.*BEI1/FK 
B(2,4) =A 
B(2,6) =-2.*A 
B(2,7) =-1.0/A 
B(2,8)=-( A +2.*A*FLOG) 
F(2)=(P1*A**3/(16.*D2))-.5*(-C3*FK/Z1*BER1+C4*A**3/16.) 

B(3,1)= .5*S*(FK*FK*BER2 + PR1*FK/A*BER1) 
B(3,2) = 2.*S*(BEI2+PR1*BEI1/(FK*A)) 
B(3,4) = S*( 1.0+PR1) 
B(3,6) = -2.*(1.0+PR2) 
B(3,7} =(1.0-PR2)/(A*A) 
B(3,8) =-(3.+PR2 + 2.*(1.0+PR2)*FLOG) 
F(3) = P1*A*A*(3.+PR2}/( 16.*D2) + C3*.5*S*(FK*FK/Z1*BER2 + PR1 

1 *FK*BER1/(Zl*A)) - S*C4*A*A/32.*(3.0+PR1) 

B(4,1)=-.5*S*FK**3*BEI1 
B(4,2) = 2.*S*FK*BER1 

B(4,8)=-4./A 
F(4) = (P1*A/(2.*D2))-(C3*.5*S*FK**3*BEI1/Z1)-.25*C4*S*A 
B(5,1) =B(l,l) 
B(5,2) = B(1,2) 
B(5,3)=-B(1,3) 
B(5,4}=-B(1,4) 
B(5,9)= B(1,5) 
B(5,10)= B(1,6) 
B(5,11)= B(l,7) 
B(5,12)= B(1,8) 
F(5)=P2*(A**4) / (64.*D2) - .5*(C3*(1.0-BERO)/Zl- C4*(A**4)/64.) 

B(6,1) = B(2,1} 
B(6,2) = B(2,2) 
B(6,4) = -B(2,4) 
B(6,10) = B(2,6) 
B(6,11) = B(2,7) 
B(6,12) = B(2,8) 
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C 

C 

C 

C 

C 

C 

C 

C 

C 

F(6) = P2*(A**3) / (16.*02) + .5*(FK/Z1*C3*BER1 + C4*(A**3)/16.) 

B(7,1) = B(3,1) 
B{7,2) = B(3,2) 
B(7,4) =-B(3,4) 
B(7,10) = B(3,6) 
B(7,11) = B(3,7) 
B(7,12) = B(3,8) 
F(7) = P2*A*A*(3.+PR2)/(16.*02)+ S*C3*.5*(FK*FK*BER2/Z1 + PR1 

1 *FK*BER1/(Zl*A))+C4*S*A*A*(3.+PR1)/32. 

B(8,1) = B(4,1) 
B(8,2) = B(4,2) 
B(8,11) = B(4,7) 
B(8,12) = B(4,8) 
F(8) = (P2*A/(2.*02))-(C3*.5*S*FK**3*BEl1/Z1)+.25*C4*S*A 

B(9,5) =1.0 
B(9,6) = BR*BR 
B(9,7) = FLOGB 
B(9,8) = BR*BR*FLOGB 
F(9) = -P1*(BR**4)/(64.*02) 

B(10,9) = B(9,5) 
B(10,10) = B(9,6) 
B(10,11) = B(9,7) 
B(10,12) = B(9,8) 
F(10) = -P2*(BR**4)/(64.*02) 

B(11,6) = 2.* (1.0+PR2) 
B(11,7) = -(1.0-PR2)/(BR*BR) 
B(11,8) = ((3.+PR2) + 2.*(1.0+PR2)*FLOGB) 
B(11,19) = 1.0/02 
B(11,14)=-1.0 /02 
B(11,15) = .5*T/02 
B(11,20) = -B(11,15) 
F(11)=-P1*BR*BR*(3.+PR2)/(16.*02) 

B(12,10) = B(11,6) 
B( 12,11 )=B (11,7) 
B(12,12)=B(11,8) 
B(l2 ,21 )=1.0/02 
B(12,17)=-1.0/02 
B(12,18)=B(11,15) 
B(12,22) = B(11,20) 
F(12)= -P2*BR*BR*(3.+PR2)/(16.*02) 

B(13,8) = 4./BR 
B(13,13) =-1.0/02 
F(13)=-(AN12+P1*BR*.5)/02 

B(14,12)=B(13,8) 
B(14,16)=B(13,13) 
F(14)=-(AN22+P2*BR*.5)/02 

B(15,6) = BR*T 
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C 

C 

C 

C 

C 

C 
C 

Mechanical Design of Heat Exchangers 

B{15,7} = T/{2*BR} 
B{15,8} = 0.5*T*BR*{1.+2*FLOGB} 
B{15,13} = PRS*BR/{ES*HS} 
B{15,14} = -1.0/{2.*BETAS*BETAS*OS} 
B{15,15} = B{15,14} /BETAS 
F{15}=P11*BR*BR/{ES*HS} -P1*T*BR**3/{32.*02} 
B{16,10} = B{15,6} 
B{16,11} = B{15,7} 
B{16,12} = B{15,8} 
B{16,16} = B{15,13} 
B{16,17} = B{15,14} 
B{16,18} = B{15,15} 
F{16} = P21*BR*BR/{ES*HS}-P2*T*BR**3/{32.*02} 
B(17,6} = - BR*T 
B{17,7} = -T/{2.*BR} 
B{17,8} = -T*BR*.5*{1+2*FLOGB} 
B{17,19} = -1.0/{2.*BETAC*BETAC*OC} 
B{17,20} = B{17,19}/BETAC 
F{17} = P12*BR*BR/{EC*HC} - PRC*AN12*BR/{EC*HC} 

1 {32.*02} 

B{18,10} = B{17,6} 
B{18,11} = B(17,7} 
B(18,12} = B{17,8} 
B(18,21} = B{17,19} 
B{18,22}=B{17,20} 

+P1*T*BR**3/ 

F(18}= P22*BR*BR/{EC*HC} - PRC*AN22*BR/{EC*HC}+P2*T*BR**3/{32*02} 

B{19,14} = 2./{BETAS*OS} 
B(19,15} = 1.0/{BETAS*BETAS*OS} 
B{19,19} = 2./{BETAC*OC} 
B{19,20} = 1./{BETAC*BETAC*OC} 
F(l9} = 0.0 

B{20,17} = B(19,14} 
B{20,18} = B{19,15} 
B{20,21} = B{19,19} 
B{20,22} = B(19,20} 
F{20} = 0.0 

B(21,6} = 2.*BR 
B{21,7} = 1.0/BR 
B(21,8} = BR + 2.*BR*FLOGB 
B(21,14} = 1.0/{BETAS*OS} 
B{21,15} = 1.0/{2.*BETAS*BETAS*OS} 
F{21} = -P1*{BR**3} /{16.*02} 

B(22,10} = B{21,6} 
B{22,11} =B{21,7} 
B{22,12} = B{21,8} 
B{22,17}=B{21,14} 
B{22,18}=B{21,15} 
F{22}= -P2*BR**3/(16.*02) 

DO 300 1=1,22 
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DO 400 J= 1,22 
400 G{{I-1)*22 + J) = B{J,I) 
300 CONTINUE 

CALL SIMQ{G,F,22,KS) 
IF{KS.EQ.O) GO TO 450 
WRITE{6,702) 
STOP 

450 CONTINUE 
C 

DELT = (F(13)*EL3+F{16)*EL2 -.5*EL*PRS*BR*{P11+P21))/{ES*HS) 
1 + (F{10+3*IEXP)/{AKEXP)) 

IF{ ABS{DELT-DELS) .LT. ABS{.OOl*DELS)) GO TO 350 
DISPLAY DELS,DELT 

500 DELS=.5*{DELS+DELT) 
WRITE{6,707) 
STOP 

350 CONTINUE 
WRITE{6,704) (F{I), 1=1,22) ,DELS 
WR ITE (6 , 709) 
DO 520 1=1,21 
R= A*{I-1)*.05 
RR=R*R 
X= FK*R 
CALL BESSEL{X,BERO,BER1,BER2,BER3,BEIO,BEI1,BEI2,BEI3) 
DO 530 J=1,2 
N= (--1)** (J+ 1) 
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W{J) = .5*{{C3/Z1 + (F(1)-C3/Z1) * BERO + 4.*F(2)*BEIO/{FK*FK)) + 
1 N*{F(3)+F{4)*RR + C4*R**4/64.)) 

IF{I .EQ. l)GO TO 529 
RM{J) = -.5*D1*{F(1)*{FK*FK*BER2 + FK*PR1*BER1/R) + 

1 F(2)*{4.*BEI2+4.*BEI1*PR1/{FK*R))-C3*{FK*FK*BER2/Z1 + FK*PR1*BER1 
2 I{Zl*R)) + N*{2.*F(4)*{1.+PR1) + C4*RR*{3.+PR1)/16.)) 
TM{J)=-.5*D1*{F{1)*{PR1*FK*FK*BER2+FK*BER1/R) + 4.*F(2)*{BEI2 

1 *PR1+BEI1/{FK*R))-C3*{{FK*BER1/{Zl*R))+ (PR1*FK*FK*BER2/Z1)) 
2 +N*{2*F(4)*{1.+PR1) + C4*R*R*{1.+3.*PR1)/16.)) 
Q{J) = .5*D1*{F(1)*{FK**3*BER3 + FK*FK*BER2/R - FK*BER1/RR) 

1 + F(2)*4.*{FK*BEI3 + BEI2/R - BEI1/{FK*RR)) - C3*{FK**3*BER3 
2 IZ1 + FK*FK*BER2/{Zl*R) - FK*BER1/{Zl*RR)) + N*C4*R*.5) 

GO TO 530 
529 Q{J)=O. 

RM{J)= -D1*{1+PR1)*{F{2) + N*F(4)) 
TM{J) = RM{J) 

-530 DWDR{J) = .5*{{FK*{F(1) - C3/Z1)*BER1 + 4.*F(2)/FK *BEI1) + N* 
1 (2.*F(4)*R + C4*R**3/16.)) 

STUBE=-{DELTA+DELWT-DELS-W(1)-W{2))*ET/EL 
STTOP = STUBE +AMUT*EL 
WRITE{6,708) R,{W{J),TM{J),RM{J),Q{J),J=1,2),STUBE,STTOP 

520 CONTINUE 
WR ITE (6 ,710) 
DO 540 1=1,5 
R= A+{I-l)*{BR-A)*.25 
RR=R*R 
RLOG= ALOG{R) 
X=FK*R 
CALL BESSEL{X,BERO,BERl,BER2,BER3,BEIO,BEI1,BEI2,BEI3) 
DO 550 J=1,2 
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M=(J-1)*4 
P=P1+(P2-P1)*(J-1) 

Mechanical Design of Heat Exchangers 

W(J) = F(5+M) + F(6+M)*RR + F(7+M)*RLOG + F(8+M)*RR*RLOG + P*R**4 
1 1(64.*D2) 

RM(J) = -D2*(2.*F(6+M)*(1.+PR2) - F(7+M)*(1.-PR2)/RR + F(8+M)*((3. 
3 +PR2) + 2.* RLOG*(1.+PR2)) + P*RR*(3.+PR2)/(16.*D2)) 
Q(J) = D2*(4.*F(8+M)/R + P*R/(2.*D2)) 

550 DWDR(J) = 2.*F(6+M)*R + F(7+M)/R + F(8+M)*(R+2.*R*RLOG) 
1 + P*R**3/(16.*D2) 
WRITE(6,708) R,(W(J), DWDR(J), RM(J), Q(J), J=1,2) 

540 CONTINUE 
559 FORMAT(18A4) 
700 FORMAT{/II,5X, "D AT A",1,5X, 30("--"),11, 

15X,"TUBE HOLE AREA (AI) =", F10.1, I, 5X,"LlGAMENT AREA (AL) =", 
2 F10.1,1, 5X, "AREA OUTSIDE OF TUBES(AO) =", F10.1,1, 
35X,"TOTAL PERFORATED PLATE AREA(A1) =", F10.1,1, 
4 5X, "CHANNEL BARREL AREA (ASTAR) =",FlO.1,1, 
5 5X, "TUBE METAL CROSS SECTION (AT) =" ,FlO.3,1 I, 
6 30X,"BOTTOM",4X,"TOP" ,I, 5X,"SHELL PRESSURE (P11,P21)",F7.0, 
7 2X,F6.0,1,5X,"TUBE PRESSURE (P12,P22)", F7.0,2X,F6.0,11, 
8 5X,"DIFFERENTIAL THERMAL EXPANSION OF TUBES OVER SHELL (DELTA) =" 
9 ,E15.4,1,5X,"SHELL LENGTH (EL)=", F9.3,1, 
1 5X,"YOUNGS MODULUS OF TUBE (ET) =",E15.4,1, 
2 5X,"SHELL AND CHANNEL MEAN RADIUS (BR) =",F12.4) 

701 FORMAT{//,5X,"TUBESHEET THICKNEESS (T) =",F8.4,1, 
1 5X, "POISSON RATIO OF TUBE SHEET AND RIM (PR1,PR2) =" ,2(3X,F8.4),1 
2 ,5X,"YOUNGS MODULUS OF TUBESHEET AND RIM (E1,E2) ",2(3X,E10.2),I, 
3 5X, "INTERFACE RADIUS (A) =",F10.4,11, 
4 14X,"POISSON RATIO" ,3X,"YOUNGS MOD" ,3X,"THK",I, 
5 5X,"CHANNEL",5X,F4.2,10X,E8.2,3X, F6.4, I, 
6 6X,"SHELL", 6X,F4.2,10X, E8.2,3X,F6.4,11,5X,30("--"),III) 

702 FORMAT(5X," SINGULAR SET OF EQUATIONS, NO SOLUTION") 
703 FORMAT(5X, "D1 ,D2=", 2E14.4,3X, "DS,DC=" ,2El4.4,3X, "BETAC,BETAS=" 

1 , 2E14.4) 
704 FORMAT(lHO,II,10X,"ROOTS",11,5X, "RHO 0",7X, "RHO 2",7X, "RHO 1",7 

IX, "RHO 3",7X, "ALFA1",7X, "BETA1",7X, "GAM 1",7X, "DEL 1",7X, 
2 "ALFA", 7X, "BETA2" , 7X, "GAMA2" ,I , 11 (2X, ElO.3) I I 
3 5X,"DELTA2",9X,"N11",9X,"M11",9X,"Q11",9X,"N21",9X,"M21 ",9X, 
4 "Q21 ",7X,"M12 ",7X, "Q12 ",7X,"M22 ",7X, "Q22 ", 
5 1,11(2X,E10.3),III, 5X, "DELTA S =",E12.4) 

705 FORMAT{/II," DELTA S =",E12.3) 
706 FORMAT{/,5X,"RIGIDITY RATIO (S) =",F6.3,",",6X,"P1=",F6.0,",",6X, 

1"P2=",F6.0,",",6X,"Zl=",E12.3) 
707 FORMAT(5X,"NO CONVEGENCE IN DELTA S") 
708 FORMAT(F8.3,10E12.4) 
709 FORMAT(lH1, 17X, "BBB 000 TTT TTT 000 MMM", 12X, 14( "-") , 

I" TTT 000 PPP ",15("-"),7X,"TUBESTRESS",1,10X,6("-"), 
2" BBB 000 TTT TTT 000 MMM ",8("-"),18X,"TTT 000 PPP", 
31 I ,4X,"R" ,2(l1X,"W" ,10X,"TM" ,11X,"MR" ,10X,"Q") ,8X,"BOTTOM" ,8X, 
4"TOP",II) 

710 FORMAT{/) 
711 FORMAT(III,5X,18A4) 

IF(INDEX.EQ.O) GO TO 1 
STOP 
END 
SUBROUTINE BESSEL(XP,BERO,BER1,BER2,BER3,BEIO,BEI1,BEI2,BEI3) 
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DIMENSION G(4),A(4),B(4),C(4) 
EXTERNAL CALC 
X=XP*.5 
X4=X**4 
F=1.0 
DO 100 J=1,4 

100 G(J)=O.O 
DO 200 1=1,51,2 
K=I-1 
CALL CALC(K,A,F) 
F=F*(2*K+1)*(2*I) 
CALL CALC(I,B,F) 
DO 300 J=1,4 
C(J) =(X4**K)*(A(J)-X4* B(J)) 

300 G(J)=G(J)+C(J) 
DO 301 J=1,4 

301 C(J)=ABS(C(J)/G(J)) 
IF(AMAX1(C(1),C(2),C(3),C(4)) .LT •• 00001) GOTO 400 

00 F=F*(2*I+1)*(2*I+2) 
400 BERO=G(l) 

BER1=-G(2)*(X**3) 
BEIO=G(3)*X*X 
IF(XP.LT. 1.0E-6) GOTO 500 
BEIl=G(4)*X 
BER2=-BEIO-BER1/XP 
BEI2= BERO-BEI1/XP 
BER3=-BEI1 + BER1/(XP*XP) - BER2/XP 
BEI3= BER1 + BEI1/(XP*XP) - BEI2/XP 
GO TO 600 

500 BER2=0. 
BEI2=.5 
BER3=0. 
BE13=O. 

600 CONTINUE 
1=(1+1) /2 
RETURN 
END 
SUBROUTINE CALC(K,A,F) 
DIMENSION A(4) 
A(l)=l.O/(F*F) 
A(2) = 2.*(K+1)/ ((F*(2*K+1)*(2*K+2))**2 
A(3)=1.0/ ((F*(2*K+1))**2) 
A(4) =(2.* K+1)*A(3) 
RETURN 
END 
SUBROUTINE SIMQ(A,B,N,KS) 
DIMENSION A(400) ,B(20) 
TOL=O.O 
KS=O 
JJ=-N 
DO 65 J=l,N 
JY=J+1 
JJ=JJ+N+1 
BIGA=O. 
IT=JJ-J 
DO 30 I=J, N 

499 
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1J=IT+1 
1F(ABS(B1GA)-ABS(A(1J))) 20,30,30 

20 B1GA=A(IJ) 
1MAX=1 

30 CONTINUE 
1F(ABS(B1GA)-TOL) 35,35,40 

35 KS=l 
RETURN 

40 Il=J+N*(J-2) 
IT=1MAX-J 
DO 50 K=J, N 
Il=Il+N 
12=Il+IT 
SAVE=A( 11) 
A(Il)=A(12) 
A(12)=SAVE 

50 A(11)=A(11)/B1GA 
SAVE=B(lMAX) 
B( 1MAX)=B(J) 
B(J)=SAVE/B1GA 
1F(J-N) 55,70,55 
1QS=N*(J-1 ) 
DO 65 1X=JY,N 
1XJ=1QS+1X 
IT=J-1X 
DO 60 JX=JY,N 
1XJX=N*(JX-1)+1X 
JJX=1XJX+IT 

60 A(1XJX)=A(1XJX)-(A(1XJ)*A(JJX)) 
65 B(1X)=B(1X)-(B(J)*A(1XJ)) 
70 NY=N-1 

IT=N*N 
DO 80 J=l,NY 
1A=IT-J 
1B=N-J 
1C=N 
DO 80 K=l,J 
B(1B)=B(1B)-A(1A)*B(1C) 
1A=1A-N 

80 1C=1C-1 
RETURN 
END 

APPENDIX 9.e 

USER MANUAL FOR TUBESHEET ANALYSIS PROGRAM "FIX­
FLOAT" AND SOURCE LISTING 

I. Introduction 
This program can be used for the following kinds of tubesheet. 
(i) tubesheets of fixed tube sheet heat exchanger, 
(ii) fixed tube sheet of floating head heat exchanger. 
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This program can be used in two ways: 
(a) to compute tube sheet thickness and stresses for given range of values 

ofxa: 

x = (2au) v. • 
a h ' 

h,a=tubesheet thickness and perforated region radius; d,t=tube O.D., 
thickness. This option is useful for parametric studies. Option (b), 
described below, is more attuned to the designer's needs. 

(b) to compute stresses for a given tubesheet thickness and compute a 
thickness for comparison using the formulas outlined in the TEMA 
Standards. 

For a fixed tubesheet heat exchanger, the program computes stresses 
for the following six load combinations so that the maximum stresses 
can be found. 

(1) shells ide pressure load only; 
(2) thermal load only; 
(3) shells ide pressure and thermal load; 
(4) tubeside pressure and thermal load; 
(5) shells ide and tubeside pressure loads: 
(6) tubeside pressure load only. 

For the fixed tube sheet of a floating head construction the program 
computes stresses for the following load cases: 

(1) shellside pressure alone 
(2) tubeside pressure alone 

II. Input Data 
A. Input data from terminal (follows line 2 of the data file, described 

on the next page) 
When NXA = 0, XA(l) = 0, the program will compute stresses for a 
given tubesheet thickness, and will compute a thickness using the 
TEMA method. The computer will request the following input data 
from the keyboard. 

(i) Input support type: 
NST = 2 both shell and channel joints integral 
NST = 1 channel side gasketed 
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(ii) 
NST=O 
H 

TS 
TC 
FRA 

SJ 

NQ 

Mechanical Design of Heat Exchangers 

both sides of unit gasketed 
thickness of tubesheet given for 
computing stress 
shell thickness 
channel thickness 
local amplification factor for 
shell thickness 
The stiffness of shell expansion 
joint (for no joint, reading in 
0.0 gives a value of SJ = 10 4 times 
the shell Young's Modulus 
Input data report printout option 
(0,1,2) ° = full, 1 = medium, 2 = limited 

(iii) Code will ask for E* IE, v* after giving a printout of ligament ef­
ficiency. Data should be obtained from available published charts in 
this text or elsewhere. 

(iv) Code will also ask for JSTART, JSTOP (the beginning and ending 
parameters of a do loop). The parameters 1-6 refer to the load cases 
given above. The user can select all or any group in ascending order. 
In putting ° for JSTARTends the loading cases. 

Code will return to input line (ii) of terminal input or go on to 
compute an estimate of a TEMA thickness, depending on the answers 
given to the terminal queries. 

B. Input data from data file (logical unit number 14) 
Line (1) NXA Number of values of Xa ° :s NXA :s 10 

JHP - Printout step size for details. If JHP = 0, 
program sets JHP = 5 automatically. (used 
with NW option, line 7). 

NS Low limit for moment printout. If NS = 0, 
program sets NS = 1 automatically. 

NF High limit for moment printout. If NF = 0, 
program sets NF = 101 automatically. 

NP Step size for moment printout. If NP = 0, 
program sets NP = 5 automatically. 

L Logical unit number for output 

Line (2) XA(I) , 1= 1, NXA-input values of Xa' If NXA, XA(I) are 
not equal to zero, this program computes tubesheet thickness 
and stresses for every given XA. If NXA=O, XA(I)=O, this 
program computes stresses for given tubesheet thickness, and 
computes TEMA thickness for comparison). 
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Line (3) B Mean radius of shell 
A 

AC 
Al 
DI 

SALL 
DJ 

Mean radius of tubesheet drilled portion 
Mean radius of channel 
Outer radius of tubesheet untubed rim 
Radius of bolt circle 
Allowable stress of tubesheet material 
Expansion joint bellows I.D. 

Line (4) D Outer diameter of tube 

Line (5) 

Line (6) 

Line (7) 

T 
NT 

RLENGTH 
PITCH 

THETA 

ET 
ES 

ALPHAT 

ALPHAS 

OMEGA 
AREA* 

PERIM* 

E 
EC 

PTO 
PSO 

TEMP TO 

TEMPSO 
TEMP A 

BLT 
NB 

Tube wall thickness 
Number of tubes 
Effective tube length between tubesheets 
Tube pitch 
Tube pattern drilling angle (degrees) 

Young's Modulus of tube material 
Young's Modulus of shell material 
Thermal expansion coefficient of tube 
material 
Thermal expansion coefficient of shell 
material 
Tubesheet design stress factor = 2.0 
Total area enclosed by perimeter of per-
forated region 
Tube layout perimeter 

Young's Modulus of tube sheet 
Young's Modulus of channel 
Tubeside pressure 
Shellside Pressure 
Operating temperature of tube (and 
tubesheet) 
Operating temperature of shell 
Assembly temperature of the unit (OF) 
Bolt load for seating of one bolt 
Number of bolts 

NTYPE - Calculation option: NTYPE = 0, calculation 
for the fixed tubesheet of floating head unit. 
NTYPE = 1 for fixed tubesheet unit. 

RTUBE - Ratio of roll depth to assumed tube sheet 
thickness 

"nA 2 and 2'nA are defaults, These quantities are only used for a TEMA calculation. 
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NW - Printout option 
NW = 0, do not printout QV, QM vs. X 
NW = 1, printout QV, QM vs. X 

Line (8) (Only if NXA not equal to zero, i.e., user is inputting XA 
values rather than thickness of the tubesheet) 

PROGRAM MAIN 

TS 1 TC 
FRA see part A user input 
SJ 
NQ 
NST 

PROGRAM FIXFLOAT 

C TUBESHEET ANALYSIS PROGRAM. VERSION 11/83 A.SOLER 
DIMENSION XA(lO),QM(lOl,lO),QV(lOl,lO),AMR(lOl,lO),AMRMAX(lO), 

& QMT(lOl,lO),QVT(lOl,lO),AMT(lOl,lO),AMTMAX(lO),XT(lO) 
& ,XR(lO) 

CHARACTER*4 TITLE(20) 
READ(14,*) NXA,JHP,NS,NF,NP,L 
IF(JHP.EQ.O) JHP=5 
IF(NS.EQ.O) NS=l 
IF(NF.EQ.O) NF=lOl 
IF(NP.EQ.O) NP=5 
READ(14,*) XA 

C IF NXA,XA(l) ARE NOT EQUAL TO O,THIS PROGRAM COMPUTES TUBESHEET 
C THICKNESS AND STRESS FOR GIVEN XA; 
C IF NXA=O,XA(l)=O,THIS PROGRAM COMPUTES STRESSES FOR GIVEN 
C TUBESHEET THICKNESS,AND COMPUTES TEMA THICKNESS FOR COMPARISON. 

WRITE(6,*)' TUBESHEET PROGRAM VERSION 4 APRIL 1983' 
IF(XA(l).EQ.O.O) WRITE(6,*)'PROGRAM IS RUNNING .•.• ' 
IF(XA(1).EQ.0.)WRITE(6,*)' INPUT TUBESHEET EDGE SUPPORT TYPE' 
IF(XA(l).EQ.O.) READ(5,*) NST 
IF(XA(l).EQ.O.O) WRITE(6,*)'INPUT VALUES FOR H,TS,TC,FRA,SJ,NQ:' 
IF(XA(l).EQ.O.O) READ(5,*) XA(l),TS,TC,FRA,SJ,NQ 
WRITE(6,*)' INPUT A RUN TITLE FOR 1.0. PURPOSES' 
READ(5,30000)(TITLE(J),J=1,20) 

30000 FORMAT (20A4) 
READ(14,*) B,A,AC,A1,D1, SALL,DJ 
READ(14,*) D,T,NT,RLENTH,PITCH,THETA 
READ(14,*) ET,ES,ALPHAT,ALPHAS,OMEGA,AREA,PERIMT 
READ(14,*) E,EC,PTO,PSO,TEMPTO,TEMPSO,TEMPA,BLT,NB 
READ(14,*) NTYPE,RTUBE,NW 
IF(NXA.NE.O) READ(14,*)TS,TC,FRA,SJ,NQ,NST 

C PRINTOUT OF INPUT DATA. 
IF(SJ.EQ.O.O) SJ=lOOOO.O*ES 
IF(DJ.EQ.O.O) DJ=2.0*B 
IF(AREA.EQ.O.O) AREA=3.14159265*A*A 
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IF(PERIMT.EQ.O.O) PERIMT=2.0*3.14159265*A 
IF(FRA.EQ.O.O) FRA=I.0 
SPRIM=1. 5*SALL 
SSEC=I.5*OMEGA*SALL 

BNU=0.3 
WRITE(L,*)'***** INPUT DATA *****' 
WRITE(L,30000)(TITLE(J),J=I,20) 

IF(NQ.EQ.2) GO TO 36310 
WRITE(L,*) 'STEP SIZE FOR MOMENT PRINTOUT,NP=',NP 
WRITE(L,*)'XA:' ,(XA(I),I=1,NXA) 
WRITE(L,*), SUPPORT TYPE--2=I/I; I=G/I; O=G/G NST=' ,NST 
WRITE(L,*), MEAN RADIUS OF CHANNEL, AC=' ,AC 
WRITE(L,*)' MEAN RADIUS OF SHELL, B=',B 
WRITE(L,*) 'MEAN RADIUS OF DRILLED PORTION OF TUBESHEET,A=' ,A 
WRITE(L,*)'SHELLWALL THICKNESS,TS=' ,TS 
WRITE(L,*)' CHANNEL THICKNESS, TC=' ,TC 
WRITE(L,*)' OUTER RING RADIUS, A1=',Al 
WRITE(L,*)' BOLT CIRCLE RADIUS, D=' ,Dl 
WRITE(L,*), BOLT PRELOAD, BLD=',BLT 
WRITE(L,*)' NUMBER OF BOLTS, NB=' ,NB 
WRITE(L,*) 'OUTER DIAMETER OF TUBE,D=' ,D 
WRITE(L,*)'TUBEWALL THICKNESS,T=' ,T 
WRITE(L,*) 'NUMBER OF TUBES,NT=' ,NT 
WRITE(L,*)'TUBE LENGTH,RLENTH=' ,RLENTH 
WRITE(L,*) 'TUBE PITCH,PITCH=' ,PITCH 
WRITE(L,*) 'TUBE PATTERN DRILLING ANGLE,THETA=',THETA 
WRITE(L,*) 'ELASTIC MODULUS OF TUBE MATERIAL,ET=' ,ET 
WRITE(L,*) 'ELASTIC MODULUS OF TUBESHEET MATERIAL,E=',E' 
WRITE(L,*) 'ELASTIC MODULUS OF SHELL MATERIAL,ES=' ,ES 
WRITE(L,*) 'ALLOWABLE STRESS OF TUBESHEET MATERIAL,SALL=' ,SALL 
WRITE(L,*) 'SHELL EXPANSION JOINT STIFFNESS,SJ=' ,SJ 
WRITE(L,*) 'EXPANSION JOINT BELLOWS INSIDEDIAMETER,DJ=' ,DJ 
IF(NTYPE.EQ.O) GO TO 36311 
WRITE(L,*) 'EXPANSION COEFFICIENT OF TUBE,ALPHAT=' ,ALPHAT 
WRITE(L,*) 'EXPANSION COEFFICIENT OF SHELL,ALPHAS=',ALPHAS 

36311 CONTINUE 
WRITE(L,*)'TUBESHEET DESIGN STRESS FACTOR ,OMEGA= , ,OMEGA 
WRITE(L,*)'TUBESIDE PRESSURE,PTO=' ,PTO 
WRITE(L,*)'SHELLSIDE PRESSURE,PSO=' ,PSO 

IF(NTYPE.EQ.O) GO TO 36312 
WRITE(L,*) 'OPERATING TEMPERATURE OF TUBE,TEMPTO=' ,TEMPTO 
WRITE(L,*) 'OPERATING TEMPERATURE OF SHELL,TEMPSO=',TEMPSO 
WRITE(L,*) 'ASSEMBLY TEMPERATURE OF THE UNIT,TEMPA=' ,TEMPA 

36312 CONTINUE 
IF(NQ.EQ.l) GO TO 36310 
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WRITE(L,*) 'CALCULATION OPTIONS (NTYPE=O,CALCULATION FOR FLOATING 
& HEAD UNIT;NTYPE=I,FOR FIXED TUBESHEET),NTYPE=',NTYPE 

WRITE(L,*) 'RATIO OF ROLL DEPTH TO TUBESHEET THICKNESS=' ,RTUBE 
WRITE(L,*) 'PRINTOUT OPTIONS (NW=O,DO NOT PRINT OUT QV,QM VS X;NW=1 

&,PRINT OUT QV,QM VS X), NW=' ,NW 
WRITE(L,*)' POISSION RATIO,BNU=' ,BNU 

36310 CONTINUE 
BD=NB*BLT/6.28 

EFS=(PITCH-D+RTUBE*2.0*T*ET/E)/PITCH 
EFS1=(PITCH-D+2*T)/PITCH 

IF(EFS.GT.EFS1)EFS=EFSI 
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WRITE(L,*) 'LIGAMENT EFFICIENCY,EFS=' ,EFS 
IF(L.NE.6)WRITE(6,*)'LIGAMENT EFFICIENCY=' ,EFS 
WRITE(6,*)'INPUT E*/E,NUSTAR FROM CHARTS' 
WRITE(6,*)' IF E*/E READ IN AS NEG. NUMBER, THEN INPUT' 
WRITE(6,*)' VALUE INTERPRETED AS -(FLEX.EFF.)/E' 

READ(5,*) ESTAR,ANUSTA 
WRITE(L,*)' VALUE OF E*/E READ IN =' ,ESTAR 
ESTAR=ESTAR*E 
WRITE(L,*) 'EFFECTIVE POISSION RATIO,ANUSTA=' ,ANUSTA 
WRITE(L,*) 'EFFECTIVE MODULUS OF TUBESHEET,ESTAR=' ,ESTAR 
EFRR=(ESTAR*0.91)/(E*(1.0-(ANUSTA**2))) 
IF(ESTAR.LT.O.O) GO TO 10 
GO TO 20 

10 EFRR=-ESTAR 
20 CONTINUE 

WRITE(L,*) 'FLEXURAL RIGIDITY RATIO,EFRR=',EFRR 
WRITE(L,*) 
WRITE(L,*)'***** OUTPUT DATA *****' 
WRITE(L,30000)(TITLE(JK),JK=1,20) 
IF(NTYPE.EQ.1) GO TO 50 
WRITE(L,*) 'FOLLOWING RESULTS ARE FOR THE FIXED TUBESHEET OF A FLOA 

&TING HEAD UNIT:' 
GO TO 80 

50 WRITE(L,*) 'FOLLOWING RESULTS ARE FOR FIXED TUBESHEET:' 
80 THETA=THETA*3.14159265/180.0 

.S=1.0-3.14159265*D*D/(4.0*PITCH*PITCH*SIN(THETA)) 
FT=1.0-3.14159265*((D-2.0*T)**2)/(4.0*PITCH*PITCH*SIN(THETA)) 
AT=3.14159265*(D*D-((D-2.0*T)**2))/4.0 

10000 CONTI NUE 
IF(SJ.EQ.O.O) SJ=lOOOO.O*ES 
IF(FRA.EQ.O.O) FRA=l.O 
ALJ=2*ES*B*TS*3.14159265/(SJ*RLENTH) 
PSYS=FS*PITCH*PITCH*SIN(THETA)/AT+l.O*BNU*B*ET/(TS*ES)+0.5*BNL 
PSYT=FT*PITCH*PITCH*SIN(THETA)/AT+BNU*(O.5*D/T-1.0) 

& +0.5*B*ET/(TS*ES)*(1+ALJ) 
RK=B/A 
RKC=AC/A 
RKB=A1/A 
BATAC=(3.*(1.-BNU*BNU))**.25/SQRT(AC*FRA*TC) 
DS=ES*(FRA*TS)**3/10.91 
DC=EC*(FRA*TC)**3/10.91 
BATAS=(3.0*(1.0-BNU*BNU))**O.25/SQRT(B*TS*FRA) 
DALTA=FLOAT(NT)*T*(D-T)/(A*A) 
U=(3.0*(1.0-0.3*O.3)*DALTA*ET*A/(E*RLENTH*EFRR))**(1.O/3.0) 
WRITE (L, *) 
WRITE(L,*)'B/A =',RK,' AC/A=',RKC,' Al/A=',RKB 
WRITE(L,*)'DELTA=' ,DALTA 
WR ITE (L , *) , U=' , U 
NTST=O 
IF(NXA.EQ.O) NTST=l 
IF(NXA.EQ.O) XA(1)=(2.0*A*U/XA(1))**(3.0/4.0) 
IF(NXA.EQ.O) NXA=l 
DO 1000 I=1,NXA 
CALL BESSEL(XA(I),BERO,BER1,BER2,BEIO,BEI1,BEI2) 
ZlXA=BERO 
Z2XA=BEIO 
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Z3XA=BERl 
Z4XA=BEIl 
Z5XA=(1.0-ANUSTA)*BEI2+ANUSTA*BERO 
Z6XA=-(1.0-ANUSTA)*BER2+ANUSTA*BEIO 
Z7XA=ZlXA*Z3XA+Z2XA*Z4XA 
Z9XA=Z3XA**2+Z4XA**2 
ZlOXA=Z4XA*Z5XA-Z3XA*Z6XA 
WRITE(L,*)I,'. XA=',XA(I) 
IF(NW.EQ.O) GO TO 90 
WRITE(L,*)' R/A X QV QM 

& QVT QMT' 
JPRNT=JHP 

90 DO 100 J=l,lOl 
X=XA(I)*FLOAT(J-l)/FLOAT(lOO) 
CALL BESSEL(X,BERO,BERl,BER2,BEIO,BEIl,BEI2) 
Z5X=(1.0-ANUSTA)*BEI2+ANUSTA*BERO 
Z6X=-(1.0-ANUSTA)*BER2+ANUSTA*BEIO 
QM(J,I)=(Z5X*Z4XA-Z6X*Z3XA)/ZlOXA 
QV(J,I)=(Z5X*Z6XA-Z6X*Z5XA)/(XA(I)*ZlOXA) 
QMT(J,I)=(BERl*Z3XA+BEIl*Z4XA)/(XA(I)*ZlOXA) 
QVT(J,I)=(BERl*Z5XA+BEIl*Z6XA)/(XA(I)*XA(I)*ZlOXA) 
HOlO=FLOAT(J-l)/FLOAT(lOO) 
IF(NW.EQ.O) GO TO 100 
IF(J.LT.JPRNT) GO TO 100 
JPRNT=JPRNT +JHP 
WRITE(L,*)HOlO,X,QV(J,I),QM(J,I),QVT(J,I),QMT(J,I) 

100 CONTINUE 
Ul=Z9XA/(XA(I)*ZlOXA) 
U2=Z7XA/(XA(I)*XA(I)*ZlOXA) 
U3=(ZlXA*Z5XA+Z2XA*Z6XA)/(ZlOXA*(XA(I)**3)) 
HH=2.0*A*U/(XA(I)**(4.0/3.0)) 
GAMS= .2.5*(RK*RK-l )*(RK-l) 
IF(NST.GT.0)GAMS=GAMS-BATAS**2*(FRA*TS)**2*RK**3 

1*(1.+BATAS*HH)/(6.*(1.-BNU*BNU)) 
GAMC=.25*(RKC**2-l.)*(RKC+l.)-.5*(RKC**3-RK) 
IF(NST.GT.l)GAMC=GAMC+BATAC**2*(FRA*TC)**2*RKC**3 

1*(1.+BATAC*HH)/(6.*(1.-BNU*BNU)) 
GAMB=O. 
IF(NST.EQ.O)GAMB=RKC-RK 
IF(NST.EQ.1)GAMB=RKC-Dl/A 
AMU=O. 
IF(NST.GE.l)AMU=BATAS*B*DS*(1.+BATAS*HH+(BATAS*HH)**2/2.) 
IF(NST.EQ.2)AMU=AMU+BATAC*AC*DC*(1.+BATAC*HH+(BATAC*HH)**2/2.) 
AMU=24.*AMU/(E*HH**3) 

C FOR KNOWN RK,EFRR,AMU,XA(i),COMPUTE FOLLOWING VARIABLES: 
AMUNU=(ALOG(RKB)+AMU)*(l.-BNU*BNU)/EFRR 
QD=l.+AMUNU*Ul 
Q2=((RK-l.0)/1.0-AMUNU*U2)/QD 
IF(NTYPE.EQ.1) GO TO 300 

C FOR FLOATING HEAD UNIT, THE FIXED TUBESHEET BENDING MOMENT: 
WRITE(6,*)' INPUT KSTART,KSTOP (0-2)' 

READ(5,*) KKl,KK2 
IF(KK1.EQ.0) GO TO 1000 

DO 8000 KKK=KK1,KK2 
IF(KKK.EQ.2) GO TO 110 
WRITE(L,*)' (1) SHELLS IDE PRESSURE LOAD ONLY:' 

507 
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PT=O.O 
PS=PSO 
GO TO 115 
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110 WRITE(L,*), (2) TUBES IDE PRESSURE LOAD ONLY:' 
PT=PTO 
PS=O.O 

115 AVA=0.5*(PS-PT)*A*A 
Q1=(PT*A**2*GAMC+PS*A*A*GAMS+BD*GAMB)/QD 
AMA=Q2*(PS-PT)*A*A/2.+Q1 
AMRMAX(I)=O.O 
AMTMAX(I )=0.0 
DO 200 J=1,101 
AMR(J,I)=AMA*QM(J,I)+AVA*QV(J,I) 
IF(J.EQ.1) GO TO 556 
X=XA(I)*FLOAT(J-1)/FLOAT(100) 
AMT(J,I)=ANUSTA*AMR(J,I)+(1.0-ANUSTA**2)*XA(I)/X 

& *(AMA*QMT(J,I)+AVA*QVT(J,I)) 
556 IF(J.EQ.1) AMT(J,I)=AMR(J,I) 

IF(ABS(AMR(J,I)).GE.AMRMAX(I)) GO TO 150 
GO TO 160 

150 AMRMAX(I)=ABS(AMR(J,I)) 
XR(I)=XA(I)*FLOAT(J-1)/FLOAr(100) 
JR=J 

160 IF(ABS(AMT(J,I)).GE.AMTMAX(I)) GO TO 170 
GO TO 200 

170 AMTMAX(I)=ABS(AMT(J,I)) 
XT(I)=XA(I)*FLOAT(J-1)/FLOAT(100) 
JT=J 

200 CONTINUE 
GO TO 600 

C FOR FIXED TUBESHEET UNIT, TUBESHEET BENDING MOMENT: 
300 CONTINUE 

WRITE(6,*)' INPUT JSTART,JSTOP (0-6)' 
READ(5,*) JJJ1,JJJ2 

IF(JJJ1.EQ.0) GO TO 1000 
DO 8000 JJJ=JJJ1,JJJ2 

WRITE(L,*)'*********************************************' 
WRITE(L,*)'*********************************************' 
WRITE(L,*)'*********************************************' 

GO TO (301,302,303,304,305,306),JJJ 
301 WRITE(L,*)' (1) SHELLS IDE PRESSURE LOAD ONLY:' 

PT=O.O 
PS=PSO 
TEMPS=TEMPA 
TEMPT=TEMPA 
GO TO 350 

302 WRITE(L,*)' (2) THERMAL LOAD ONLY:' 
PS=O.O 
PT=O.O 
TEMPT=TEMPTO 
TEMPS=TEMPSO 
GO TO 350 

303 WRITE(L,*)' (3) SHELLS IDE PRESSURE + THERMAL LOAD:' 
PT=O.O 
PS=PSO 
TEMPT=TEMPTO 
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TEMPS=TEMPSO 
GO TO 350 

304 CONTINUE 

509 

WRITE(L,*)' (4) SHELLS IDE AND TUBESIDE PRESSURE + THERMAL LOAD: 
PS=PSO 
PT=PTO 
TEMPT=TEMPTO 
TEMPS=TEMPSO 
GO TO 350 

310 WRITE(L,*)' (4) TUBES IDE PRESSURE + THERMAL LOAD:' 
PS=O.O 
PT=PTO 
TEMPT=TEMPTO 
TEMPS=TEMPSO 
GO TO 350 

305 CONTINUE 
WRITE(L,*)' (5) SHELLS IDE AND TUBESIDE PRESSURE LOADS:' 
TEMPS=TEMPA 
TEMPT=TEMPA 
PT=PTO 
PS=PSO 
GO TO 350 

306 WRITE(L,*)' (6) TUBES IDE PRESSURE LOAD ONLY:' 
PS=O.O 
PT=PTO 
TEMPS=TEMPA 
TEMPT=TEMPA 

350 CONTINUE 
EMASTR=(PT*A*A*GAMC+PS*A*A*GAMS+BD*GAMB)/QD 

Z1=U2+(RK-1 )*U1 
Z2=U3+(RK-1)*U2 
QZ=Z2+Q2*Z1 

ALJ=2.0*ES*3.14159265*B*TS/(SJ*RLENTH) 
AJ=1./ (1.+ALJ) 

P7=ALPHAT*(TEMPT-TEMPA)-ALPHAS*(TEMPS-TEMPA)+(PSYS*PS-PSYT*PT)/ET 
XIS=6.28319*B*ES*TS/(NT*ET*AT) 
X1=.5*AJ*XIS*XA(I)**4*Z1*EMASTR+.5*(PS-PT)*A*A*(RK*RK-1) 
X2=QZ*XA(I)**4/2. 
AVA=(A*RK*ES*TS*AJ*P7-X1)/(1.+AJ*XIS*X2) 
AMA=Q2*AVA+EMASTR 

AMRMAX (I) =0.0 
AMTMAX(I)=O.O 
DO 500 J=1,101 
AMR(J,I)=AVA*QV(J,I)+AMA*QM(J,I) 
IF(J.EQ.l) GO TO 555 
X=XA(I)*FLOAT(J-l)/FLOAT(lOO) 
AMT(J,I)=ANUSTA*AMR(J,I)+(1.0-ANUSTA**2)*XA(I)/X 

& *(AMA*QMT(J,I)+AVA*QVT(J,I)) 
555 IF(J.EQ.l).AMT(J,I)=AMR(J,I) 

IF(ABS(AMR(J,I)).GE.AMRMAX(I)) GO TO 400 
GO TO 450 

400 AMRMAX(I)=ABS(AMR(J,I)) 
XR(I)=XA(I)*FLOAT(J-1)/FLOAT(100) 
JR=J 

450 IF(ABS(AMT(J,I)).GE.AMTMAX(I)) GO TO 460 
GO TO 500 
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460 AMTMAX(I)=ABS(AMT(J,I)) 
XT(I)=XA(I)*FLOAT(J-1)/FLOAT(100) 
JT=J 

500 CONTINUE 
C THE OUTERMOST TUBE LOAD: 
600 RROA=FLOAT(JR-1)/FLOAT(100) 

RTOA=FLOAT(JT-1)/FLOAT(100) 
WT=-PITCH*PITCH*SIN(THETA)*(PT*FT-PS*FS 

& +AVA*«XA(I)**4)/(A*A))*(Q2*U2+U3)+EMASTR*U2) 
STUBE=WT/(0.7854*(D**2-(D-2.0*T)**2)) 

C TUBESHEET EDGE SHEAR STRESS: 
SSHR=AVA/(EFS*HH*A) 

C THE MAXIMUM RADIAL BENDING STRESS OF TUBESHEET: 
SRTS=6.0*AMRMAX(I)/(EFS*HH*HH) 

C THE MAXIMUM CIRCUMFERENTIAL BENDING STRESS OF TUBESHEET: 
STTS=6.0*AMTMAX(I)/(EFS*HH*HH) 

C THE LONGITUDINAL SHELL STRESS: 
SS=(2.0*AVA/A+PS*A*«RK**2)-1.0)+A*PT)/(2.0*TS*RK) 
SCS=PT*AC/(2.*TC) 

C THE BENDING MOMENT IN THE SHELL (OR CHANNEL): 
PHYR=12.0*A/«ALOG(RKB)+AMU)*E*(HH**3)) 

& *«RK-1.0)*AVA-AMA+EMASTR*QD) 
AMBS=+2.0*BATAS*(ES*(TS*FRA)**3/10.91)*(1.0+BATAS*HH*0.5)*PHYR 

AMBS=AMBS+2*BATAS**2*PS*B**2*(FRA*TS)**2/10.91 
IF(NST.EQ.O) AMBS=O. 

AMBC=-2*BATAC*DC*(1.+.5*BATAC*HH)*PHYR 
AMBC=AMBC+2*BATAC**2*PT*AC**2*(FRA*TC) **2/10.91 
IF(NST.LT.2)AMBC=0. 
SBS=6.0*ABS(AMBS)/(TS*TS*FRA*FRA) 

SBC=6*ABS(AMBC)/(TC*TC*FRA*FRA) 
STOT=ABS(SS/FRA)+SBS 
STOTC=ABS(SCS/FRA)+SBC 
STRESS=STTS 
IF(SRTS.GE.STRESS) STRESS=SRTS 
PHYDG=PHYR*180.0/3.14159265 

HLOCS=TS*FRA 
HLOCC=TC*FRA 

OUTPUT PRINTOUT 
WRITE(L.30000)(TITLE(K1),K1=1,20) 
WRITE(L,*)'--~--INTERMEDIATE COEFFICIENTS-----' 
WRITE(L,*)'AMU=' ,AMU 

ELAM1=-1.414*XA(I)*Q2 
EFM1=AMRMAX(I)/(2.*ABS(AVA)) 
WRITE(L,*)' LIMIT VALUES OF TEMA PARAMETERS' 

I WRITE(L,*)' LAMDA=' ,ELAM1,' FM=MA)MAX/(P*A*A)=' ,EFM1 
WRITE(L,*)' FQ=QZ*XA**4/2.=' ,X2 

WRITE(L,*)' , 
IF(NW.EQ.O) GO TO 800 
WRITE(L,*)'U1=',U1,' U2=',U2,' U3=',U3 
IF(NTYPE.EQ.1) GO TO 700 
WRITE(L,*)' QD=' ,QD, , Q2=' ,Q2 
GO TO 800 

700 WRITE(L,*)'QD=',QD,' Q2=' ,Q2 
WRITE(L,*)'Zl=',Zl,' Z2=',Z2,' QZ=',QZ 
WR ITE (L , *) , P 7 =' , P 7 

800 WRITE(L,*)'-----RESULTS FOR TUBESHEET THICKNESS fl=' ,HH,' ,SHELL THI 



9/ Fixed and Floating Head HXS Tubesheets 511 

&CKNESS TS=' ,TS,' CHANNEL THICKNESS TC=' ,TC 
WRITE(L,*)' LOCAL SHELL/CHANNEL THICKNESS AT JOINT=', HLOCS,HLOCC 
WRITE(L,*) '1.5*SA=' ,SPRIM,'; 1.5*OMEGA*SA=' ,SSEC 
WRITE(L,*), EDGE SUPPORT PARAMETER NST=',NST 
WRITE(L,*)'AVA=',AVA,'; MA=' ,AMA 
WRITE(L,*) 'MAXIMUM RADIAL BENDING MOMENT,AMRMAX=' ,AMRMAX(I),' ,AT X 

&=' , XR ( I ) , '; R/ A= ' , RROA 
WRITE(L,*) 'RADIAL BENDING MOMENT DISTRIBUTION:' 
WRITE(L,*)(AMR(J,I),J=NS,NF,NP) 
WRITE(L,*) 'MAXIMUM RADIAL BENDING STRESS,SRTS=' ,SRTS 
WRITE(L,*) 'MAXIMUM CIRCUMFERENTIAL BENDING MOMENT,AMTMAX=' ,AMTMAX( 

&I),'AT X=',XT(I),'; R/A=',RTOA 
WRITE(L,*) 'CIRCUMFERENTIAL BENDING MOMENT DISTRIBUTION:' 
WRITE(L,*)(AMT(J,I),J=NS,NF,NP) 
WRITE(L,*) 'MAXIMUM CIRCUMFERENTIAL BENDING STRESS,STTS=' ,STTS 
WRITE(L,*) 'MAX.TUBESHEET STRESS,STRESS=' ,STRESS 
WRITE(L,*) 'OUTERMOST TUBE TENSILE LOAD,STRESS=' ,WT,STUBE 
WRITE(L,*) 'LONGITUDINAL SHELL STRESS,SS=' ,SS 

WRITE(L,*) 'EDGE BENDING STRESS IN SHELL,SBS=',SBS 
WRITE(L,*)' EDGE BENDING STRESS IN CHANNEL,SBC=' 

1,SBC 
WRITE(L,*) 'TOTAL LONGITUDINAL SHELL STRESS,STOT=', 

&STOT 
WRITE(L,*) 'TOTAL LONGITUDINAL HEAD STRESS=' ,STOTC 
WRITE(L,*) 'SHEAR STRESS AT EDGE,SSHR=' ,SSHR 
WRITE(L,*)'TUBESHEET RING ROTATION,PHYR=' ,PHYDG,' (DEGREE.)' 
WRITE(L,*) 

8000 CONTINUE 
1000 CONTINUE 

IF(NTST.NE.1) GO TO 4000 
WRITE(6,*)'INPUT NEW HH,TS,TC,FRA,SJ;OR INPUT -1/ ' 

C FOLLOWING VALUE OF XA(l) IS REALLY A NEW SHEET THICKNESS. 
READ(5,*)XA(l),TS,TC,FRA,SJ 
IF(XA(l).EQ.-1.0) GO TO 4000 
NXA=O 
DO 20000 1=1,5 
WRITE(L,*) 

20000 CONTI NUE 
GO TO 10000 

4000 WRITE (L, *) 
WRITE(6,*)'IF NEED AN "TEMA" TUBESHEET THICKNESS,INPUT "1";' 
WRITE(6,*)'IF NOT,INPUT "0".' 
READ( 5, *) NEED 
IF(NEED.EQ.O) GO TO 9000 
WRITE(6,*)'INPUT ASSUMED TUBESHEET THICKNESS,HHA,TO START TRIAL:' 
READ(5,*) HHA 

C COMPUTE TUBESHEET THICKNESS USING TEMA METHOD FOR COMPARISON. 
C (1) EQUIVALENT DIFFERENTIAL EXPANSION PRESSURE:PD 

WRITE(L,*)'-----TEMA RESULT FOR TUBESHEET THICKNESS-----' 
NSTEP=l . 
DO=2.0*B+2.0*TS 
IF(SJ.GT.9900.0*ES) GO TO 1010 
IF(SJ.LT.(DO-TS)*TS*ES/(10.0*RLENTH)) GO TO 1020 
AJ=1.0/(l.0+(3.14159265*TS*ES*(DO-TS))/(SJ*RLENTH)) 
GO TO 1030 

1010 AJ=l.O 
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GO TO 1030 
1020 AJ=O.O 
1030 RATSID=TS/(2.0*B) 
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C FOR FLOATING HEAD AND FIXED TUBESHEET EXCHANGER 
IF(RATSID.LT.0.02) GO TO 1040 
IF(RATSID.LT.0.05) GO TO 1050 
F=0.8 
GO TO 1200 

1040 F=1.0 
GO TO 1200 

1050 F=1.0-(RATSID-0.02)*0.2/0.03 
GO TO 1200 

1200 AK=ES*TS*(DO-TS)/(ET*T*NT*(D-T)) 
G=2.0*B 

2000 FQ=0.25+(F-0.6)*((300.0*TS*ES*((G/HHA)**3)/(AK*RLENTH*E))**0.25) 
IF(FQ.LT.1.0) FQ=1.0 
PD=4.0*AJ*ES*TS*(ALPHAS*(TEMPSO-TEMPA)-ALPHAT*(TEMPTO-TEMPA))/ 

& ((DO-3.0*TS)*(1.0+AJ*AK*FQ)) 
PBT=O. 
PBS=O. 

C (3) EFFECTIVE SHELLSIDE DESIGN PRESSURE:PEFCS 
FS=1.0-FLOAT(NT)*((D/G)**2) 
PSE=PSO*(0.4*AJ*(1.5+AK*(1.5+FS))-(((1.0-AJ)/2.0)*((DJ*DJ/(G*G)) 

& -1.0)))/(1.0+AJ*AK*FQ) 
P1=ABS((PSE-PD)/2.0) 
P2=ABS(PSE) 
P3=ABS(PBS) 
P4=ABS((PSE-PD-PBS)/2.0) 
P5=ABS((PBS+PD)/2.0) 
P6=ABS(PSE-PBS) 
PEFCS=AMAX1(P1,P2,P3,P4,P5,P6) 

C (4) EFFECTIVE TUBESIDE DESIGN PRESSURE:PEFCT 
FT=1.0-FLOAT(NT)*(((D-2.0*T)/G)**2) 
IF(HHA.EQ.-l.O) WRITE(L,*) 'HHB=' ,HHB,' PCT=' ,PCT, '%.' 
IF(HHA.EQ.-1.0) GO TO 1500 
PTE=PTO*(1.0+0.4*AJ*AK*(1.5+FT))/(1.0+AJ*AK*FQ) 
IF(PSE.LT.O.O) GO TO 1300 
P1=ABS((PTE+PBT+PD)/2.0) 
P2=ABS(PTE+PBT) 
PEFCT=AMAX1(P1,P2) 
GO TO 1400 

1300 P1=ABS((PTE-PSE+PBT+PD)/2.0) 
P2=ABS(PTE-PSE+PBT) 
PEFCT=AMAX1(P1,P2) 

C (5) EFFECTIVE DIFFERENTIAL DESIGN PRESSURE:PEDF 
1400 P1=ABS(PTE-PSE+PBT) 

P2=ABS((PTE-PSE+PBT+PD)/2.0) 
P3=ABS(PBS) 
P4=ABS((PBS+PD)/2.0) 
P5=ABS(PTE-PSE) 
P6=ABS((PTE-PSE+PD)/2.0) 
P7=ABS(PBT) 
PEDF=AMAX1(P1,P2,P3,P4,P5,P6,P7) 

C DESIGN PRESSURE 
PPP=AMAX1(PEFCS,PEFCT,PEDF) 
IF(NTYPE.EQ.O)PPP=ABS(PT-PS) 
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WRITE(6,*)'PS,PT,PDIF,PDESIGN=' ,PEFCS,PEFCT,PEDF,PPP 
IF(NSTEP.EQ.1) GO TO 1450 
GO TO 1550 

C (6) TUBESHEET THICKNESS----BENDING FORMULA 
1450 HHB=0.5*F*G*(SQRT(PPP/SALL)) 

IF(NTYPE.EQ.O) GO TO 1500 
PCT=(HHB-HHA)*100.0/HHA 

IF(ABS(PCT).LT.1.5)WRITE(6,*)'HBEND=' ,HHB 
IF(ABS(PCT).LT.1.5)WRITE(L,*)'HBEND=' ,HHB 

IF(ABS(PCT).LT.1.5) GO TO 1500 
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WRITE(6,*) 'BENDING PCT,' ,PCT,'%,IS LARGER THAN THE ALLOWABLE 1.5 
& %.' 

WRITE(6,*) 'TRY A NEW THICKNESS,HHA,AGAIN.' 
WRITE(6,*)'INPUT A NEW HHA,OR INPUT -1/ TO STOP TRIAL.' 
READ(5,*) HHA 
IF(HHA.EQ.-l.O) WRITE(6,*) 'HHB=' ,HHB,' PCT=' ,PCT,'%.' 
IF(HHA.EQ.-1.0) GO TO 9000 
GO TO 2000 

C (7) TUBESHEET THICKNESS----SHEAR FORMULA 
1500 CON=1.6*(1.0-D/PITCH)**2 

IF(PPP/SALL.LT.CON) GO TO 1600 
DL=4.0*AREA/PERIMT 

1550 HHS=0.31*DL*(PPP/SALL)/(1.0-D/PITCH) 
IF(NTYPE.EQ.O) GO TO 1560 

PCT=(HHS-HHA)*100.0/HHA 
IF(ABS(PCT) .LT.1.5)WRITE(6,*) 'HSHR=' ,HHS 
IF (ABS(PCT) . LT .1.5) WRITE (L, *) 'HSHR=' ,HHS 

IF(ABS(PCT).LT.1.5) GO TO 1560 
WRITE(6,*)' SHEAR PCT,' ,PCT ,'%, IS LARGER THAN THE ALLOWABLE 1.5 

& %.' 
WRITE(6,*)'TRY A NEW THICKNESS,HHA,AGAIN.' 
WRITE(6,*)'INPUT A NEW HHA,OR INPUT -1/ TO STOP TRIAL.' 
READ(5,*) HHA 
IF(HHA.EQ.-1.0) WRITE(6,*)' HHS=' ,HHS,' PCT=' ,PCT ,'%.' 
IF(HHA.EQ.-1.0) GO TO 9000 
NSTEP=2 
GO TO 2000 

1560 CONTINUE 
IF(HHS.LT.HHB) GO TO 1600 

WRITE(6,*)'TEMA RESULT:SHEAR CONTROL THICKNESS,HHS=' ,HHS 
WRITE(L,*)'TEMA RESULT:SHEAR CONTROL THICKNESS,HHS=' ,HHS 
GO TO 9000 

1600 WRITE(6,*) 'TEMA RESULT:BENDING CONTROL THICKNESS,HHB=' ,HHB 
WRITE(L,*)'TEMA RESULT:BENDING CONTROL THICKNESS,HHB=' ,HHB 

9000 STOP 
END 
SUBROUTINE BESSEL(XP,BERO,BER1,BER2,BEIO,BEI1,BEI2) 
DIMENSION G(4) ,A(4) ,B(4) ,C(4) 
X=XP/2.0 
X4=X**4 
F=1.0 
DO 100 J=l,4 

100 G(J)=O.o 
DO 200 1=1,51,2 
K=I-1 
CALL CALC(K,A,F) 
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300 

301 

200 
400 

500 

600 

C 
C 
C 
C 
C 
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F=F*(2.0*FLOAT(K)+1.0)*(2.0*FLOAT(I)) 
CALL CALC(I,B,F) 
DO 300 J=1,4 
X55=1.0 
IF(K.GT.O) X55=X4**K 
C(J)=X55*(A(J)-X4*B(J)) 
G(J)=C(J)+G(J) 
DO 301 J=1,4 
C(J)=ABS(C(J)/G(J)) 
IF(AMAX1(C(1),C(2),C(3),C(4)).LT.0.00001) GO TO 400 
F=F*(2.0*FLOAT(I)+1.0)*(2.0*FLOAT(I)+2.0) 
BERO=G( 1) 
BER1=-G(2)*(X**3) 
BEIO=G(3)*X*X 
BEIl=X*G(4) 
IF(XP.LT.1.0E-6) GO TO 500 
BER2=-BEIO-BER1/XP 
BEI2=BERO-BEI1/XP 
GO TO 600 
BER2=0.0 
BEI2=0.5 
CONTINUE 
RETURN 
END 

SUBROUTINE CALC(K,A,F) 
DIMENSION A( 4) 
A(1)=1.0/(F*F) 
A(2)=2.0*(FLOAT(K)+1.0)/((F*(2.0*FLOAT(K)+1.0) 

& *(2.0*FLOAT(K)+2.0))**2) 
A(3)=1.0/((F*(2.0*FLOAT(K)+1.0))**2) 
A(4)=(2.0*FLOAT(K)+1.0)*A(3) 
RETURN 
END 

APPENDIX 9.D 

BASIC COMPUTER CODE MICRO-FIXFLOAT FOR SIMPLIFIED 
CALCULATION OF TUBESHEET THICKNESS 

User Information: 

User inputs FT or FH depending on unit type (fixed or floating head). 
User inputs tubesheet support parameter 0,1,2 
User also decides whether to include effect of Ma* 

ES,E,ET,EC 

HS,HC 

Young's modulus of shell, tubesheet, tubes, 
channel, respectively 
shell and channel thickness 
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L tube length between tubesheets 
number of tubes 
tube O.D., thickness 
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NT 
TOD,HT 
J expansion joint coefficient as defined by TEMA 

(Read in 1 or 0. Read in 1 if floating head unit) 
SA 
AS,AT 

TS,TT 

PS,PT 
B,A,RC,RI 
SE 

FE 

BL,D 

AS ME code allowable stress for tubesheet material 
coefficient of thermal expansion for shell, tube 
material, respectively 
temperature rise above ambient for shell, tube 
metal, respectively 
shellside, tubeside pressures 
radii b, a, an aI' from Figs. 9.7.1-9.7.3 
stress efficiency (set this value equal to ligament 
efficiency calculated on basis of % roll, materials, 
etc.) 
flexural efficiency e calculated from Figs. 8.1.1, 
8.1.2 
Bolt line load, bolt circle radius 

** If B < 0, program ends 
If B = 0, program returns to first line of input data requested. 

Use of this code requires input of graphical data from Figs. 9.8.1-9.8.4 
when prompted. 

LISTING OF "MICRO-FIXFLOAT" 

10 CLS:LPRINT:LPRINT 
20 PRINT"DIRECT SOLUTION OF TUBESHEET EQUATIONS":INPUT" READ IN TYPE 'FT'(FIXED 
TUBESHEET UNIT) OR 'FH'(STATIONARY TUBESHEET OF A FLOATING HEAD UNIT)";F. 
30 IF F •• ··FT .. THEN PRINT"ASKE FIXED TUBESHEET" ELSE PRINT"ASKE STATIONARY TUBESH 
EET IN FLOATING HEAD EXCHANGER" 
40 IF F •• ··FT .. THEN LPRINT"ASKE FIXED TUBESHEET" ELSE LPRINT"ASKE STATIONARY TUBE 
SHEET IN FLOATING HEAD EXCHANGER" 
:50 PRINT"INPUT SUPPORT TYPE 0,1,2" 
60 PRINT"TYPE-O GIG" 
70 PRINT" -1 GIl" 
80 PRINT" '2 III" 
90 INPUT "SUPPORT PARAKETERs"; ZS 
100 LPRINT" SUPPORT PARAKETER''';ZS 
110 INPUT "IF KA(STAR) IS TO BE ZERO INPUT 0, ELSE INPUT 1";1 
120 INPUT "READ IN ES,EC,E,ET";ES,EC,E,ET 
130 INPUT"READ IN HS,HC,L,NT";HS,HC,L,NT 
140 INPUT"READ IN TOD,HT,J"SA";TD,HT,J,SA 
1:50 IF F .... FH .. THEN GOTO 170 
160 INPUT"READ IN AS,AT,TS,TT";AS,AT,TS,TT 
170 INPUT"READ IN PS,PT";PS,PT:DP--(PT-PS) 
180 LPRINTIIES·";ES," E- II ;E," ETall:ET," EC='";EC 
190 LPRINT'"HS-";HS,"'L·";L,·'SA-'";SA,·· HCa";HC 
200 LPRINT"NT-";NT,"TOD''';TD:LPRINT''HTs'';HT 
210 IF F .... FH .. THEN GOTO 230 
220 LPRINT"AS,";AS,"AT,";AT:LPRINT"TEKPS,";TS,"TEKPT,";TT 
230 LPRINT"PSHELL''';PS,''PTUBE,'';PT 
240 INPUT" READ IN B,A,SE,FE";B,A,SE,FE 
2:50 IF B<O THEN END ELSE IF B-O GOTO 120 
260 INPUT"READ IN RC,Rl";RC,Rl 
270 INPUT "READ IN BL,D";BL,D 
280 LPRINT:LPRINT:LPRINT 
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Z90 IS-l:IC-l 
300 IF ZS<Z THEN IC-O 
310 IF ZS-O THEN IS-O 
3Z0 U-l 
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330 LPRIHTIOS·u;B,IOA=";A,"SE;cOl;SE,"FEs";FE 
340 LPRINT"RC·",RC,"Rl·";Rl:LPRINT"BL''';BL,''O='';D 
350 PI-3.14159:AA-PI·(TO-HT)-HT:Cl-Z.PI-B.ES.HS/(NT·ET·AA) 
360 INPUT" READ IN TRIAL VALUE FOR H ";H 
370 X4-48'.91'ES'HS/(Cl.FE.E'L).(A/H) [3.B/A 
380 XA.X4[.Z5 
390 BS'(Z.73) [.Z5/«B.HS) [.5) 
400 BC-(Z.73) [.Z5/CCRC'HC) [.5) 
410 OS-IS.ES.HS[3/10.9Z:0C-IC'EC.HC[3/10.91 
4Z0 KU-BS.B.OS'(l+BS.H+(BS.H) [Z/Z.) 
430 IF ZS·Z THEN KU·KU+BC.RC.OC'(l+BC'H+(BC.H) [Z/Z) 
440 IF ZS.O THEN KU-O 
450 KB.Rl/A:KC·RC/A:K=B/A:KU=KU.Z4/(E'H.H.H) 
460 LPRINT·'K-" ;K, "KC." ;KC, "KBAR-" ;KB :LPRINT"VALUE OF MU=" ;KU 
470 PH=.91/FE'(KU+LOGCKB» 
480 PRINT" XA'" ;XA, ·'PHIo" ;PH 
490 INPUT" INPUT ZV FROK GRAPH";ZV:INPUT" INPUT ZK FROK GRAPH";ZK 
500 QB·(K-l-PH'ZV)/(l+PH.ZK):PRINT"QBARo";QB 
510 REK CALCULATE KA(STAR) HERE ••••••••••• 
5Z0 GS'(K.K-l)'(K-l)/4:IF ZS>O THEN GS-GS-Z.BS.BS.OS.(l+BS.H)'K.K'K/(ES.HS) 
530 GC-(KC'KC-l)'(KC+l)/4-.5'CKC'KC'KC-K) 
540 IF ZS-Z THEN GC-GC+Z.BC.BC.OC.(l+BC.H).KC'KC'KC/(EC.HC) 
550 GB-O:IF ZSol THEN GB=KC-O/A 
560 IF ZS'O THEN GB-KC-K 
570 KS=A[Z'CPT'GC+PS'GS)+BL.O'GB:KS-KS.I/Cl+PH.ZK) 
580 REM CALCULATE PE ••••••••••••••••••• 
590 Zl.0:ZZ-0:FQ'0:IF F.· .. FH .. THEN GOT0700 
600 INPUT"REAO IN QZl FROK GRAPH"; Zl: INPUT'·REAO IN QZZ FROK GRAPH"; Z2 
610 QZ.Zl+CK-l).Z2:FQ-QZ:Z3-1+J.Cl'FQ:RH-ZV+CK-l).ZK 
6Z0 QE-J'(AT.TT-AS.TS):IF QE-O THEN U'l ELSE UoZ 
630 Al-PI'A'A:AL=Al-CNT'PI'CTO-Z'HT) [Z)/4. 
640 AO'AL-NT'AA 
650 LT-AL/ (NT'AA) + .·15. (TO-Z'HT) /HT 
660 LS.ES/ET.Al/(NT'AA)'AO/Al+.3.B/HS+.15'TO/HT.ES/ET 
670 QE-QE+J'LS'PS/ES-PT/ET.(J'LT+ET'B/(Z'ES'HS» 
680 PE.B.ES'HS'QE-(PS-PT) •• 5'A'A.(K'K-l).I 
690 PE-PE-.5.J'Cl.X4.RH'KS:PE-PE/Z3'Z/CA.A) 
700 IF F .... FH .. THEN PEoOP 
710 VA-PE'A'A/Z:QS-QB+KS/VA:PRINT"QBAR(STAR)''';QS 
7Z0 INPUT"READ IN VALUE FOR Z.FK FROK GRAPH";FX:FK'.5.FX 
730 LPRINT" AVA''';VA:KA=VA.QB+KS:LPRINT'' KA=";KA 
740 LPRINT'· FQ-" ;FQ," FK." ;FK 
750 SB.l.5'U,SA:SC-6.FK'PE'A.A/(SE'H.H) 
760 PRINT" ALLOWABLE DESIGN STRESS=";SB 
770 PRINT" CALCULATED TUBESHEET STRESS''';SC 
780 INPUT" DO YOU WANT ANOTHER TRIAL? (Y/N)";Y. 
790 IF Y .... N .. THEN GOTO 800 ELSE GOTO 360 
800 LPRINT" DESIGN STRESS o";SB 
810 LPRINT" FOR XA''';XA,'' AND PHI-";PH 
8Z0 LPRINT'· ZV'''; ZV," ZK."; ZK 
830 LPRINT" QZ1''';Zl,'' QZZo";ZZ 
840 LPRINT" EFFECTIVE PRESSURE''';PE 
850 LPRINT" ASSUKED THICKNESS·";H 
860 LPRINT" THE FINAL TUBESHEET STRESS''';SC 
870 PRINT"QBAR(STAR)-";QS:INPUT"USING NEW QBAR(STAR) INPUT NEW QZ1";Zl 
880 INPUT"USING NEW QBAR(STAR) INPUT NEW QZZ";Z2 
890 YQ·Zl·Z·VA/(A·A):YR-2.'ZZ·A·VA/(FE·E·H.H·H/l0.9Z'XA[4) 
900 LPRINT"THE VALUE FOR QCXA), THE TUBE EFF. PRESSURE.";YQ 
910 LPRINT"THE VALUE FOR THETA(XA), THE RING ROTATION-";YR 
9Z0 KB-Z.(l+BS'H/Z).BS·OS·YR+Z.BS.BS.DS.(PS·B·B/(ES.HS» 
930 IF ZS-O THEN KBoO 
940 KC--Z.Cl+BC.H/Z).BC.DC·YR+Z·BC·BC·OC·PT·RC·RC/(EC.HC) 
950 IF ZS<Z THEN KC-O 
960 SC·6'KC/CHC.HC):SS-6.KB/CHS'HS) 
970 LPRINT"BENOING STRESS IN CHANNEL''';SC 
980 LPRINT"BENOING STRESS IN SHELLo";SS 
990 SL-CZ'VA/A+PS.A.(K.K-l)+A'PT)/CZ·HC.K) 
1000 CL-PT'RC/CZ'HC) 
1010 LPRINT"LONGITUOINAL DIRECT SHELL STRESS·";SL 
10Z0 LPRINT"LONGITUOINAL DIRECT CHANNEL STRESSo";CL 
1030 FOR JJ-1T06:LPRINT:NEXT JJ:GOTO Z40 



10. SPECIAL TUBESHEET CONSTRUCTION­
DOUBLE TUBE SHEET 

10.1 INTRODUCTION 

In many heat exchange applications, intermingling of shellside and 
tubes ide fluids may cause undesirable results, not the least of which may be 
safety related. Therefore, prevention of any fluid leakage between shell side 
and tube side of shell and tube heat exchangers becomes a prime design 
consideration. One method to inhibit mixing of component fluids is to 
employ double tubesheet construction. Double tubesheet construction has 
been used in submarine systems primarily for safety reasons. In commercial 
applications, double tubesheet designs in standard heat exchangers have 
been used for a variety of reasons, such as the case where mixing of shell 
and tube side streams could lead to an explosive mixture. In recent years, 
double tubesheet construction has also been found in large power plant 
condensers. In the condenser application to large rectangular tubesheets, 
the primary concern has been prevention of contamination of treated and 
demineralized water due to the leakage of circulating water (raw water) into 
the condenser steam space. 

The double tubesheet configuration consists basically of two tubesheets, 
which may be closely spaced, at either or both ends of the exchanger, 
connected to each other by the tubing. The two tube sheets can have dif­
ferent edge conditions, and may be close enough to act together as a single 
"sandwich" plate under mechanical and thermal loading. This con­
figuration may be employed in U-tube exchangers, floating head units, or in 
fixed tube construction. Photograph 10.a shows a double tubesheet in a 
kettle reb oiler. In certain applications, the gap between the two closely 
spaced tubesheets may be enclosed and filled with a non-reacting fluid at a 
slightly higher pressure than either the shell side or tube side streams. In this 
case, tube joint leakage in either tubesheet causes leakage of nonreacting 
fluid into either the shell side or tube side. 

Previous chapters of this text have been concerned with analysis of single 
tube sheets in fixed, V-tube, and floating head types of heat exchanger 
construction. Tubesheet design for stress in single tubesheet construction is 
governed either by mechanical loading alone, or by a combination of 
mechanical and thermal loading. The thermal loading considered 
heretofore occurs in fixed tubesheet heat exchangers and induces bending in 
the tubesheet due to differential thermal growth between the tubes and the 
shell wall along the length of the unit; the critical design stress in the 
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Photograph to.a. Double tubesheet construction in a kettle reboiler. 
(Courtesy Joseph Oat Corporation, Camden, N.J.) 

tubesheet is caused by tubesheet bending alone. In a double tubesheet 
construction, in addition to the usual thermal loading, a new thermal 
condition arises due to in-plane differential thermal loading of the two 
tubesheets. This differential radial expansion of the adjacent tubesheets can 
be caused by the two tubesheets having different coefficients of thermal 
expansion and/or different mean metal temperatures. Depending on the 
restraint provided against radial growth at the outer edge, membrane 
stresses as well as bending stresses can arise in the tubesheets. The tube 
bundle, between the two tubesheets, induces coupling between out-of-plane 
bending and direct radial expansion of the two tubesheets. Therefore, in 
contrast to the single tubesheet analyses examined previously, any double 
tubesheet analysis must encompass both tubesheet bending and tubesheet 
radial growth. The key design quantities of interest are not only tubesheet 
stress and axial stress in the tubing, but additionally, tube bending and 
shear stress in the portion of the tube bundle between the two closely spaced 
tubesheets. These last items are generally most affected by the gap between 
the two tubesheets. 

Because of the presence of two tubesheets, and the consequential 
coupling between bending and radial expansion, this configuration is 
amenable to solution only by computer analysis . 

This chapter presents a complete formulation of the governing equations 
for two closely spaced fully perforated double tubesheets. A computer code 
is developed based on a direct integration of the governing equations. 
Typical numerical results are presented to show the influence of various 
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loadings on the system behavior. Because of the character of the solution 
technique used, the method fails when the gap/tubesheet diameter ratio 
becomes very small. To overcome this problem, the second part of this 
chapter focuses on a special purpose finite element computer code complete 
with pre and post-processors to study the double tubesheet problem when 
the gap between tubesheets is small enough to consider only shear and 
extension in the tubes. As a by-product of the finite element code, the effect 
of shear deformation on a single thick tubesheet can also be studied quite 
efficiently. Therefore, this chapter will also present some results for single 
tubesheets which clarify the accuracy of the thin plate theories (used in 
Chapters 8 and 9) when applied to configurations where shear deformation 
and non-classical stress distributions through the tubesheet thickness may 
be of some importance. 

10.2 FORMULATION OF THE DOUBLE TUBESHEET EQUATIONS 

Figure 10.2.1 shows the double tubesheet configuration to be modelled. 
We assume that only one half of the heat exchanger need be modelled, and 
hence, only one pair of tube sheets requires a detailed analysis. 

Prior to beginning the detailed analysis with all couplings included, it is 
appropriate to briefly note a simplified approach to the development of a 
method to choose the spacing L between tubesheets. As mentioned above, 
the gap spacing L strongly influences the tube bending and shear stress 
induced by differential radial growth of the two tubesheets. For the 
moment, if we assume that the tubesheets do not bend, but simply grow 
radially by different amounts due to thermal action, then a simple relation 
between the stress, the thermal loading, and the gap length L can be 
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Fig. 10.2.1. Double tubesbeet configuration. 
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developed by focusing attention on a single tube, treated as a guided 
cantilever beam, undergoing a differential end displacement Ll. For a thin 
walled tube, treated as a beam of length L, subject to zero end rotations, 
and to displacement Ll at one end, we can derive the following relationship 
[10.2.1]. 

L = [3ET d LlJ 112 (10.2.1) 
aA 

In Eq. (10.2.1), ET = tube Young's Modulus, d=tube outer diameter, 
a A = allowable stress of tube material in tension, and Ll = I (XI TI - (Xz Tz II. In 
the foregoing, Ll represents the unrestrained differential in-plane thermal 
movement between the tubesheets that induces lateral tube flexure, 
(X; (i = 1,2) are thermal expansion coefficients of the two tubesheet materials, 
and T; are the respective temperature changes above the unit assembly 
temperature. The length I is the characteristic length over which 
unrestrained radial thermal expansion of the tubesheet occurs; in the case 
shown in Fig. 10.2.1, I = a. Application of the above equation is reasonable 
when the resulting L is such that d/ L < < 0.1. Choice of the gap length L, 
while fixing the tube bending moment, does not yield any information 
about stress in the tube sheet and therefore cannot be touted as a complete 
design method. In addition, the application of the above equation to large 
units generally results in gap spacings in excess of 10 inches. This large gap 
can lead to alignment problems during assembly, and unit costs may be 
increased because of excess tubing which does not contribute to heat 
transfer capacity. The cost penalty is significant when expensive, corrosive 
resisting tube materials are used. 

It has been suggested [10.2.1] that the above problems may be reduced or 
eliminated by decreasing the gap L between tubesheets. Reducing the gap, 
however, requires appropriate design procedures which accurately account 
for tubesheet interaction, for effects of tube and tubesheet shear as well as 
bending, and for all mechanical and thermal loadings. Formulations of the 
double tubesheet problem, which include interaction between adjacent 
tubesheets, have been presented in the literature; representative of these are 
References [10.2.2, 10.2.3]. However, the formulation in [10.2.2] becomes 
suspect for smaller gap length L since tube shear deformation has been 
neglected. The following sections focus on the development of the complete 
field equations for closely spaced double tube sheets which, in theory, can 
treat problems involving both large and small gap spacings. The work to be 
discussed closely follows an AS ME paper. [10.2.4]. 

10.3 THEORETICAL ANALYSIS OF DOUBLE TUBESHEET 
CONSTRUCTION USING PLATE THEORY 

In this section, we outline· the development of the field equations 
governing the double tubesheet behavior. We begin with the equations of 
classical plate theory as presented in Appendix A at the end of the text, and 
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extend the analysis to two coupled tubesheets. Axisymmetric loading and 
geometry is assumed herein in keeping with accepted tube sheet design 
practice. The local effects of the perforation array are replaced by effective 
stress and flexural efficiency factors as has been done in previous chapters. 
We also assume that both tubesheets are fully perforated. Figure 10.3.1 
shows an element of one of the tubesheets with all force and moment 
resultants acting. N r, Mr, V, No, Mo are the stress resultants used in a 
classical plate analysis, while 7, q, m are surface loadings defined with 
appropriate subscripts to reflect their surface of application. * These surface 
loadings on either tubesheet reflect the effect of applied external loading 
and the effect of the tube bundle. Note that in contrast to previous analyses 
in this text, the effect of tube shear and tube rotation on tubesheet response 
is included in the analysis. In previous chapters, only the elastic foundation 
effect of the tubes acting in tension and compression was accounted for in 
the analysis. This led to q being the only surface loading acting on the 
tubesheet. Here, we include the effect of tube end moments (which leads to 
a surface moment m on the tubesheets), and the effect of tube end shear 
force (which leads to a surface shear 7 loading on the tubesheet). 

Our procedure in this chapter will be to write equilibrium and constitutive 
equations for each of the tube sheets being modelled. We will then consider 
equilibrium equations for the tube regions and we will show how the tube 
bundle couples the behavior of the two tubesheets through the requirement 
for compatibility at the tube-tubesheet joint. It will also become clear as to 
why we need to consider in-plane expansion of the tubesheets as well as the 
familiar bending components. The result of all of our development will be a 
set of equations governing the spatial distribution of twelve variables 
characterizing the behavior of the configuration. 

We first write down the classical equilibrium equations for a plate 
element. The force and moment equilibrium equations for either of the two 
tubesheets described by Fig. 10.3.1 are written as (i = 1,2):t 

dVi Vi 
-+-=q ·+ql· d u/ I r r 

(l0.3.1a) 

dNri Nri - NOi --+ + 71· - 7 . = 0 d I u/ r r 
(1O.3.1b) 

dMri Mri - MOi [ hi J -- + + Vi - mui +m li + -[7ui +71il =0 
~ r 2 

(l0.3.1c) 

A detailed development of these equations may be found in Appendix A 
and in [10.3.1, 10.3.2]. The usual displacement assumptions for thin plate 
theory, including shear effects, are employed herein. The radial 

*' and u surfaces are indicated in Fig. 10.2.1 
t Subscript "i" is appended to the field quantities to indicate that they pertain to tube sheet i 

(i = 1,2) in Fig. 10.2.1 
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displacement Uri and the lateral displacement Uz; for each tube sheet are 
taken as (i = 1,2): 

qL ~ + 
mL ,"""" ....... ........ ........ ,...,. 

'- - - - - - VflJ.V 

"JJf--~Ii: ~---mll:::::: 
- ~ -- - -I' 
"--' ~ "-" "-" "-" ~ u 
~ + ~ ~ ~ qu 

r -I_ Ar 

~Me 

Nr-iG--------- -1--Nr~""Nr 
tMr+Al.Mr 

MII~ TOP VIEW NOT ALL 
Na/ --... FORCES AND MOMENTS 

8 SHOWN 

Fig.10.3.1. Tubesheet free body diagram. 

Uri (r,z) 

Uz; (r,Z) 

Uo; (r) +zO; (r) 

W; (r) (10.3.2) 

If we start from Hooke's law relating radial and circumferential stresses to 
radial and circumferential total and thermal strains, we can average the 
equations through the thickness of the plate, and evolve a set of constitutive 
equations relating forces and moments N r , M r , N e, Me to deformation 
variables Uo, 0, W. Appendix A * illustrates this averaging procedure for a 
typical plate element. For the circular plate element of interest here, we 
obtain 

dUo; 

dr 

dO; 

dr 

Uo; Nr;+N;* 
-v·-+----, r K; 

0; Mr;+M;* 
-v·- + ----

'r D; 

Eh2 O. 
-'-' ~ +v;Mr;-M;*(1-v;) 

12 r 
• Appendix A follows Chapter 22 in this book. 

(10.3.3) 
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In Eq. (10.3.3), the following quantities have been defined following 
Appendix A: 

£.ex )O.5h 
N;* = _'_' T;(r,z)dz; 

1- V; -O.5h; 

K; = 
E;h; 

1- V;2 ' 

Kh2 
D.=-'-'-

1 12 (10.3.4) 

E;, V;, ex; are the effective Young's Modulus, Poisson's Ratio, and coef­
ficient of thermal expansion for the tubesheet, and T; (r,z) is the tem­
perature distribution in the tubesheet. 

The familiar equation relating plate shear force and averaged shear strain 
for a plate is used here to provide the relations between the lateral defor­
mation and the plate rotation. For i = 1,2, we have 

dW; 6 V; 
-=-();--- (10.3.5) 

dr 5 G;h; 

where G; is the shear modulus of the ith tubesheet. 
Equation (10.3.5) involves an arbitrary introduction of the factor 6/5 to 

reflect shear deformation effects in plates. The neglect of shear deformation 
in the tubesheets can be accommodated by simply setting the shear modulus 
G; = 00 in Eq. (10.3.5). Note that inclusion of the shear deformation effect 
means that the cross section rotation () is different from the centerline slope 
dW/dr. 

The surface loadings T, q, m involve the applied pressures in the three 
regions of interest shown in Fig. 10.2.1, and also provide the mechanism for 
coupling the response of the two tubesheets. Figure 10.3.2 shows a typical 
deformed tube with force, moment, and kinematic variables defined. 
Reference [10.3.3] presents a stiffness matrix for a beam (tube) which in­
cludes the effect of shear deformation. It is shown there that the relation 
between end force resultants and kinematical quantities arising due to beam 
(tube) bending can be written in the matrix form: 

HIT VI 

MIT 1/;1l 
='Y[KT ] 

V 2 H2T 

(10.3.6) 

M2T 1/;12 

where 

2ET / T /L 3 

'Y= 2; g=2ET / T /G TA T 
1 + 12g/L 

(10.3.7) 

and the stiffness matrix [KT ] has the form: 
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6 3L -6 3L 

3L 2L2(l +3g/L2) -3LT L 2 (1 - 6g / L 2 ) 

[KTl = 
-6 -3L 6 -3L 

3L L2(l- 6g/ L2) -3L 2L2(l + 3g/L2) 

(10.3.8) 

E T, GT, IT> AT, are the tube Young's modulus, shear modulus, metal 
moment of inertia, and metal area, respectively. Considering the tube as a 
beam described by the above matrix relation, we can represent the effect of 
the tubing between the two tubesheets in Fig. 10.2.1 by relating resultants 
HiT' MiT' to 7, m, q, and by relating V, 1/; to tubesheet deformation 
variables. 
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Fig. 10.3.2. Tube free body diagram. 
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The effect of the tubing on the shell side of the assemblage is represented 
by shear force and bending moment H3T> M 3T , Eqs. (10.3.6)-(10.3.8) hold 
also for the shell side tubing (with appropriate notation changes), although 
we may neglect the tube shear deformation in that area. We let the length of 
shell side tubing considered for bending effects, be 5, the span to the first 
support plate; if we assume that V4 =0 (see Fig. 10.3.2), the following 
relations are obtained by manipulating Eqs. (10.3.6)-(10.3.8) applied to the 
shell side tubing. 

(10.3.9) 

(10.3.10) 

We now assume that 1/;22 =aV3 + b1/;21 where a, b are constants chosen to 
reflect the presence of the remaining cross baffles not modelled in Fig. 
10.2.1. Reference [10.3.4] shows that if we now consider a hypothetical 
configuration where V3 = 0, then a separate theoretical development leads 
to 

(10.3.11) 

where Fn is a function of the number of baffles and of the baffle spacing. 
Comparing Eq. (10.3.10) (with V3 =0 and 1/;22=1/;22 (V3' 1/;21» with Eq. 
(10.3.11) leads to the result 

b= (Fn/2)-2 

Since the matrix [K*] defined by the equations 

(10.3.12) 

and implied by'Eqs. (10.3.9)-(10.3.10), must be symmetric, then the 
remaining parameter a is given as 

a=3b/5 

and the matrix [K*] is given as: 

9 
-F -12 

[K*] = 2ETIT 
2 n 

53 

35(~-1) 

35(~ -1) 

(10.3.13) 

Fn 2 
-5 
2 
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Examination of Figs. 10.3.1, 10.3.2 shows that the tube deformation 
variables are related to the kinematic variables describing tubesheet 
deformation by the following expressions: 

VI = UOI + (hi 12)01 ; V2 = U02 - (h212)02 

dW2 
1/;12 = 1/;21 = - --

dr 

dWI 
1/;11 = --­

dr 
(10.3.14) 

It is clear from the above relations that we have assumed that the tube and 
the tubesheets have equal displacement values at the respective tubesheet 
surfaces. Also, we have assumed that a tube cross section remains per­
pendicular to the tubesheet mid-surface. Finally, note that we make no 
attempt to model the effects of the tube within the tube sheet. 

The previous analysis of the tubing serves to describe the effect of tube 
shear and bending in the two tubed regions of interest. The effect of tube 
stretching, giving rise to tube axial forces FIT> F 2T , leads to the following 
"elastic foundation" relations which neglect Poisson effects of internal 
pressure in the tubing: 

ETAT -
F IT = ~ (W2 - WI)-aTETATLlTI 

(10.3.15) 

LlTI , LlT2 represent tube metal mean temperature changes above the initial 
assembly temperature. In the following analyses, we choose to neglect LlTI , 
LlT2 since we are interested primarily in the effects of radial thermal growth 
on the configuration. The effects of LlTI , LlT2 are easily included in the 
subsequent solution method and computer code. 

Figure 10.3.3 shows the familiar tube pattern in the drilled portion of a 
tube sheet. We consider the mechanical loading on the double tubesheet 
configuration to be a tubeside pressure PI' a shell side pressure P3' and 
possibly a pressureP2 in the gap between the two closely spaced tubesheets. 
The tubesheet solidity factor Ai (i = 1, 2) is defined by the relations (See Fig. 
10.3.3). 

(10.3.16) 

A HOLE = 'lrd h 2/4; A = p2 sin2cp; d h is the effective hole diameter. Al for the 
tube side pressure is based on the tube. inside diameter, while A2 for the shell 
side and for the gap region is based on the outer diameter of the tubing. In 
terms of quantities previously defined, the effective pressures on each face 
ofthe double tubesheet configuration are given as (see Figs. 10.3.1-10.3.2). 
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Tubesheet #1 

(10.3.17) 

Tubesheet #2 

(10.3.18) 

We see that tubesheet coupling is induced through the appearance of tube 
force and moment resultants in the effective pressures quI' ql2 that act on 
the surfaces of the tubesheets. 

With the addition of appropriate boundary conditions at r = 0 and r = a 
for each tubesheet, the formulation of the field equations is complete. In 
the next section we give the outlines of a complete solution of the field 
equations. A source code using the solution procedure is given in Appendix 
1O.A. A typical set of results from a simulation is also presented. In closing, 
we note that it should be clear, that the above field equations do not lend 
themselves to any simple reduction to code-type design rules. 

o o o o 
o o o 

o b=2Psin<t> 

o o o 
o o o o 
Fig. 10.3.3. Triangular (or staggered) tube layout. 
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10.4 SOLUTION OF THE DOUBLE TUBESHEET EQUATIONS BY 
DIRECT INTEGRATION AND APPLICATION TO A 
SELECTED UNIT 

Using the final two equations in the set (10.3.3) permits elimination of 
No;, MOi (i = 1,2) from the remaining equilibrium and constitutive 
equations. The complete set of field equations governing the behavior of 
double tubesheets can then be cast as a system of twelve coupled first order 
ordinary differential equations involving six force and moment resultants, 
and six deformation variables. In matrix form, the field equations evolve 
into the final set of twelve equations given below: 

d 
- I z] = [A]{ z] + I B (P) ] + I C( T) ] 
dr 

(10.4.1) 

It is not important, for our purposes herein, to explicitly set down the 
specific quantities appearing in [A], I B] , and I C] . 

The dependent variable I z] vector is concisely written as 

Iz] T = I VI' V2,Nrl ,Nr2 ,Mrl ,Mr2,UOI ,U02 ,81 ,82 , WI' W2 ] T 

where I z] T is the transposed matrix. 

(10.4.2) 

VI; V2 Shear force per unit circumference in tubesheets 1 and 2, 
respectively (Fig. 10.3.1). 

Nrl ; Nr2 Radial in-plane force per unit circumference in tubesheets 1, 
2, respectively (Fig. 10.3.1). 

Mrl ; Mr2 Radial bending moments per unit circumference in 
tube sheets 1,2, respectively (Fig. 10.3.1). 

UOl ; U02 In-plane radial displacement of tube sheets 1, 2, respectively 
(Fig. 10.3.1). 

81 ; 82 Mid-surface rotations of tubesheets 1, 2, respectively (Fig. 
10.3.1). 

WI; W2 Lateral deflection of mid-surface of tubesheets 1, 2, 
respectively. 

The 12 x 12 matrix [A], and the column matrices IB], I C] involve the 
independent variable r, various geometric and material properties of the 
system, and the contribution of the mechanical and thermal loadings. 
Associated with Eq. (10.4.1) are six boundary conditions at the center of the 
tubesheet r = 0, as well as six boundary conditions which must be specified 
at r=a. Symmetry, and the requirements of finiteness of the solution at 
r = 0, implies that we must impose the following conditions at r = 0: 

(10.4.3) 

The six conditions imposed at r=a depend on the type of construction 
utilized to support the outer circumference of the two tubesheets. 

The set of equations (10.4.1), with properly assigned boundary con­
ditions, form a well posed boundary value problem which is most efficiently 
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solved by changing the problem into a series of initial value problems and 
then utilizing direct numerical integration along the radial coordinate. The 
technique is well documented in Ref. [10.4.1]. In Appendix 1O.A, we 
present a computer code for analysis of double tubesheets using the theory 
set forth above. The particular solution algorithm used in the code is 
described in Reference [10.4.2]. 

It is not our intent to dwell on the details of the computer implementation 
of the double tubesheet field equations; rather, we content ourselves with an 
illustration of the application of the computer code and with elucidation of 
the problems that must be considered in a double tubesheet design. 
Therefore, we consider a specific configuration and investigate the effect of 
gap spacing L, and the effect of boundary conditions at r=a, on critical 
stresses in the various configuration components. The double tube sheet 
problem defined by the data in Table 10.4.1 is used for the numerical 
illustration with appropriate account taken of the weakening effect of the 
perforations in the tubesheets. 

Table 10.4.1. Double Tubesheet Specifications 

Tubesheet 1 

EI 30x 106 psi 

1/1 ErlEI =0.3; VI =0.28; hI =1" 

£XI = 9.3xlO- 6(in.lin.oF);Shellradiusa=20" 

Tubesheet 2 

E2 30x 106 psi; 1/2 =Ei/E2 =0.3; 

V2 0.28; h2 = 1 "; £X2 = 6.3 x 10 -6 (in.lin. OF) 

Tubes 

Pitch = 1.25"; tube wall thickness = 0.049" 
TubeO.D.=I~; S=40" 
ET = 30x 10 psi; L2 =200" 

Loading 

PI 100psi; P2 =P3 =0 

TI T2 = 100°F 

We initially consider the case of mechanical loading only. As boundary 
conditions for the outer rim of the tubesheets, we assume, at r = a, 

N rl =Nr2 =01 =02 = WI = W2 =0, (10.4.4) 

so that the outer rim of both tubesheets is restrained against lateral out of 
plane deformation and cross-section rotation, but is free to expand radially. 
Numerical solution of the foregoing configuration has been obtained for 
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various gap spacings L between the two tubesheets using the computer code 
DOUBLESHEET in Appendix 1O.A. The range of L is given below: 

10" ~L~0.5" (10.4.5) 

Results of the study are shown in Fig. 10.4.1, where various force and 
moment resultants at r = a are plotted against the dimensionless gap variable 

(10.4.6) 

In order to plot all of the results on the same scale, the vertical axis of Fig. 
10.4.1 represents the absolute value of any of the dimensionless quantities 
M;/Mo; ViIVo; HiTIHTO; MiriMO' Mi, Vi' HiT> MiT are defined in Fig. 
10.3.1 for the ith tubesheet, and in Fig. 10.3.2 for the tubes. The reference 
values, M o, Vo, H TO ' for plotting purposes, are taken as 

Mo 100 lb. in.lin. 

Vo = HTo = 100 lb. in.lin. (10.4.7) 

The ordinate of the figure is labelled with a generic FI Fo. 
Figure 10.4.1 shows, for the mechanical loading PI = 100 psi, the critical 

stress resultants at r=a as a function of the gap between the tubesheets. The 
curve for tube moment MIT has been extended, without calculations, to 
zero gap spacing since it is clear that the tube bending moment must ap­
proach zero as the gap is eliminated. The tube shear force, HIT' must also 
approach a finite value for zero gap, but the numerical simulation was not 
carried to a small enough gap so that this limit could be ascertained. From a 
practical point of view, it appears that the lower limit of gap spacing in­
vestigated is sufficient for most practical designs. Once tube forces and 
moments are determined, stress levels in the various components are easily 
identified. For example, from the results shown in Fig. 10.4.1, the 
maximum shear stress in the tubes (due to HIT) and the axial stress in the 
tubes (due to MI T) is obtained, for a gap of 0.5" , as 

HIT 
7" = 2 - =6776.4 psi 

AT 

(J = a 

MITd 
-- = 3924 psi 

2fT 
(10.4.S) 

For design checks, the bending stress at the rim of tube sheet 1 may be found 
from the relation 

(10.4.9) 

Note that the gross bending stress must be scaled up by the stress efficiency 
YJs for each tubesheet. 

Although not shown in Fig. 10.4.1, shear transfer between the tubesheets, 
for the case of small separation, allows the double tubesheet assemblage to 
resist gross lateral movement by developing direct compressive forces in 
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Fig. 10.4.1. Force and moment resultants versus separation for 
mechanical loading. 

tubesheet 1, and direct tensile forces in tubesheet 2. These direct radial 
forces are negligible near r= a because of the specified boundary conditions 
on radial deformation; i.e., the tubesheets are allowed to freely expand 
radially in this example, and reach their maximum value at the center of the 
tubesheets. 

For mechanical loading only, significant stress reduction in the tubesheets 
is obtainable using the double tubesheet configuration since direct tension 
and compression loads in the two tubesheets act to develop a major portion 
of the internal bending moment that arises to resist bending of the 
assemblage. 

A more interesting set of results is obtained for the case of purely thermal 
loading of the tubesheet configuration. We develop a thermal driving force 
here by specifying different thermal expansion coefficients, but the same 
temperature rise for both tubesheets. It is clear from the original equations 
that the numerical results shown in Fig. 10.4.2 are valid for any thermal 
driving force as long as the combinations, (al T I ), (a2 T2), remain un­
changed. 

Figure 10.4.2 shows the variation of relevant force and moment 
resultants that appear critical for design purposes, as a function of 
tubesheet gap. Reference values for Mo, Vo, HTo are again given by Eq. 
(10.4.7) for ease in plotting. Initially, results are obtained for the same 
boundary conditions used for the case of mechanical loading. The results 
obtained for thermal loading indicate that changes in values of the forces 
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and moment resultants, as tubesheet separation decreases, are considerably 
more severe than in the case of mechanical loading alone. It is clear, 
however, that the design of a double tube sheet configuration with a small 
separation between tube sheets is possible; from the results shown in Fig. 
10.4.2, the direct )shear stress in the tubes, due to the force HIT, will 
probably govern the design. As noted in the beginning of this chapter, the 
new loading configuration requires checking not only the tubesheets, but 
also the tube stresses in the region between the tubesheets. 

For the configuration studied, we have also plotted results for the tube 
bending moment that are implied by using Eq. (10.2.1) but instead solving 
for the stress induced for a given separation, L. The results show the ex­
pected conservative nature of Eq. (10.2.1) when the tubesheet separation is 
large, and also indicate the departure from reality that results if Eq. (10.2.1) 
is applied to a configuration where significant tubesheet interaction occurs 
(i.e., for small gaps). 

To assess the possible effect of different boundary conditions at r=a on 
the design, we now reconsider the double tubesheet configuration under 
thermal load, and replace the boundary conditions given in Eq. (10.4.4) by 
a new set of boundary conditions at r = a: 

(10.4.10) 
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That is, we presumably make the system somewhat more flexible by 
allowing cross-section rotation to occur at the outer edge of both 
tubesheets. Figure 10.4.2 also shows some results of interest which occur for 
this set of edge conditions. Of significance to contemplated designs is the 
fact that tube shear forces and bending moments decrease dramatically; it is 
clear that this might have been expected since, in a thermal loading 
situation, one can generally surmise that an increase in system flexibility 
will decrease the thermal stresses. As noted previously, all of the results 
illustrated have been obtained using the computer code in Appendix 1O.A. 
The input data file and the final results for one set of values used in 
producing Fig. 10.2.1 is included in Appendix 1O.B. 

Our prime motivation to this point has been to show that double 
tubesheet designs having gap spacing on the order of one or two tube 
diameters are certainly feasible, but require a more refined analysis to 
ensure structural integrity in service under mechanical and thermal loading. 
The results obtained for the single configuration studied seem to imply that 
stress caused by in plane thermal loadings are more sensitive to the 
tubesheet separation. In any specific design study, the computer solution 
should be used to obtain maximum force and moment resultants in all 
critical areas. If desired, extensive parametric studies can be carried out to 
ascertain the effect on the design of varying one or more of the geometric or 
material parameters. Of course, in the case of a fixed tubesheet exchanger, 
the effect of differential axial growth between tubes and tubesheet needs to 
be considered. As noted, the code given in Appendix 1O.A must be modified 
to include this effect. Such an effect can be added quite simply if the elastic 
stretch of the shell is neglected. As noted previously, the effect of tube mean 
temperature change appears in the expressions for tube axial force given by 
Eq. (10.3.15). From Eq. (10.3.18), we note that the effect of F2T appears in 
the effective pressure acting on the tubesheet exposed to the shellside 
stream. Referring back to Chapter 9 dealing with fixed tubesheets, it can be 
seen by referring to Eq. (9.3.6) or (9.7.11) for the effective pressure as 
defined there, that the effect of the thermal differential between shell and 
tube may be simply incorporated by replacing a T f1T2 in Eq. (10.3.15) by the 
quantity (aT f1T2 . - asf1T.) with as> f1Ts representing the coefficient of 
thermal expansion and the temperature change of the shell above the initial 
assembly temperature. This simple modification does assume that the 
stretch of the shell due to axial force is neglected; however, because of this 
any stress results obtained due to the driving force a T f1T2 - asf1T. will be 
conservative. The effect of including this driving force will simply modify 
one of the terms in the matrix C in Eq. (10.4.1). If axial growth is included, 
then W2 should be zero at the outer edge when setting the boundary con­
ditions in the computer simulation. 

Because of the numerical solution method used in this chapter, which 
requires that a boundary value problem be changed to a series of initial 
value problems, the procedure becomes extremely sensitive to the ratio, 
L/a. For L/a too small, the solution procedure may yield inaccurate results. 
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During the course of the solution, subtraction of nearly equal large numbers 
occurs and all control of error is lost. The occurrence of this difficulty has 
long been recognized by the users of this solution procedure [l0.4.1], 
[10.4.2], and extensions of the technique to overcome this problem are well 
established. We note that the present computer simulation of the double 
tube sheet problem may also experience this effect to some extent and 
therefore is unsuitable for analysis of very small gaps in very large units. 
Any user of the code DOUBLESHEET should remain alert to this dif­
ficulty. We discuss, in the next sections of this chapter, the application of 
the finite element method to double tubesheet design. We also use the finite 
element method to re-consider a selected single tubesheet unit; the specific 
intent of the re-consideration being the examination of the effect of 
tubesheet thickness to radius ratio on the validity of our previous "design 
by analysis" solutions based on thin plate theory (covered in Chapters 8 and 
9). 

10.5 THE FINITE ELEMENT METHOD IN TUBESHEET ANALYSIS 

With the advent of large mainframe computers and, more recently, super 
mini-computers, the application of finite element analysis to routine day to 
day structural design problems becomes feasible and cost effective. The 
finite element method is an established procedure for idealizing a body for 
structural, dynamic, or thermal analysis, by discrete beam, shell, or solid 
elements, etc. It is not the purpose of this section to expound on the un­
derlying theory of the finite element method; rather, we intend to show by 
example how the method can be applied to tube sheet analysis. For the 
reader desiring some background on the theory and application of the finite 
element method, we suggest Refs. [10.5.1], [l0.5.2], although there are 
many other similar texts which may be used. 

In order to provide a convenient starting point for our discussion, we will 
briefly describe the fundamentals of the finite element method so that the 
reader has some feel for the analyses to follow. As a vehicle for our 
description, we consider the two dimensional structure shown in Fig. 
10.5.1. 

We idealize the body by a series of triangular elements using a fine 
enough mesh to adequately follow the structure boundaries, and to 
adequately model any displacement or stress gradients expected. A typical 
element having nodes I, J, K is shown in the enlarged view with its nodal 
displacements. The essence of the finite element method is a description of 
the displacement distribution u(x,y), v(x,y), within each element, in terms 
of the displacements at the corner nodes of each element. The local spatial 
variations within the element are the defined "shape functions" P(x,y) for 
the element; therefore, a displacement distribution can be written, for 
example, as 

(l0.5.1) 
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VJ 

.---III"UJ 

Fig. 10.5.1. 2-D Finite element grid. 

where Uf , U" UK are nodal displacements in the global x direction of the 
complete structure. The shape functions, within each element, must satisfy 
certain criteria in order to ensure that the results of the analysis will con­
verge to the exact solution in the limit as the number of elements used in­
creases and the element mesh becomes finer. For our purposes here, we 
need not discuss these criteria for convergence any further. The usual finite 
element formulation employs an energy principle to evolve the element 
stiffness matrix associated with the particular choice of displacement 
assumptions. Using well documented and verified techniques, the in­
dividual element stiffnesses can be assembled into a global stiffness matrix 
for the entire structure. The final equations that are solved, in the case of a 
linearly elastic structure, are a set of linear algebraic equations for the 
unknown nodal displacements at each unconstrained nodal point. In the 
case shown in Fig. 10.5.1, if there are N unconstrained nodes in the model, 
the unknowns are the N nodal displacement U, and the N nodal 
displacements V. In the course of developing these final equations, ap­
propriate account is taken of the contribution of the given applied loads, 
and any coordinate transformations between local element coordinate 
systems and the primary global coordinate system. 

It is clear that N is usually a very large number for most practical 
structures; hence, solution of the resulting equations for the 2N 
displacement unknowns, while conceptually simple, requires the aid of 
efficient computer coding and the availability of either special purpose or 
general purpose computer codes pertinent to the problem under con-



536 Mechanical Design of Heat Exchangers 

sideration. The bare essence of any finite element computer code contains a 
"user friendly" routine to input a model description (materials, node 
points, loading, boundary conditions), a routine. or set of routines to 
calculate element stiffness matrices and to assemble the global stiffness 
matrix, an efficient equation solver, and a routine or set of routines to 
calculate and to output results at the element level. If the code is to be used 
by different personnel of varying experience levels, pre-and post-processing 
routines are usually made available for ease in input and interpretation of 
results. 

For our purposes, we focus on the use of the finite element method for 
the analysis of double tubesheets, and for the analysis of a single thick 
tubesheet. Specifically, for the latter example, we use a finite element code 
to study the effect of thickness to radius ratio of a typical tubesheet on the 
state of stress. In the previous chapters, the tubesheet has always been 
modelled, for analysis purposes, by classical thin plate theory. This leads to 
bending stress distributions which are linear through the tubesheet 
thickness. For small thickness to radius ratios, the classical plate assump­
tions turn out to be adequate. However, for units with larger thickness to 
radius ratios, the question must arise as to how valid the results are in view 
of the fact that the underlying plate theory becomes suspect at large 
thickness to radius ratios. 

10.6 SAMPLE RESULTS USING THE FINITE ELEMENT METHOD 

We consider as an initial example the following double tubesheet con­
figuration: 

Tubesheet O.D. = 40"; perforated diameter = 38"; gap between 
tubesheets = 0.25" 

Tubesheet 1 - geometry and material 
h] = 1.0", E] = 15 X 106 psi; E] * /E] = 0.22; v] * = 0.4 
a] = 11.6 X 10- 6 in.lin. OF; ligament/stress efficiency = 0.25 

Tubesheet 2 - geometry and material 
h2 = 2.0"; E2 = 30 X 106 psi; E2 * /E2 = 0.22; V2 * = 0.4 
a2 = 6.5 X 10-6 in.lin. OF; ligament/stress efficiency = 0.25 

Boundary Conditions at Outer Edge 
Tubesheet 1 - clamped; tubesheet 2 - simply supported 

Tubes 
Tube O.D. = 1.0"; wall thickness = 0.049" 
ET = 30 X 106 psi; aT = 6.5 X 10-6 in.lin. OF 
Half length of unit = 100" 

Loading 
p] = P2 = P3 = 0; reference temperature = 70° 
operating temperature of tubesheet 1 = 90° 
operating temperature of tubesheet 2 = 120° 
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A finite element model has been constructed using 310 node points and 
270 elements. The finite element code used is a 2-D plane and axisymmetric 
code with three and four node elements. For a double tubesheet analysis, 
each tubesheet is modelled by three layers of elements; the tube array 
between the tubesheets is modelled by a single layer of elements. Element 
properties for the tube layer are modified, where appropriate, to account 
for the tube pattern, and to give the correct shear and tensile resistance to 
the adjacent tubesheet. The tube foundation effect on the shellside of the 
assemblage is also modelled by plane elements with tensile properties chosen 
to reflect the correct foundation resistance. We have also used a pre­
processor for ease in data input, and a post-processor to aid in summarizing 
the results. Because of their length, we have not included these three codes 
in the text; the codes are, however, available separately on tape with all of 
the other computer codes used in this text. It suffices to state that to develop 
the input file for this double tubesheet example problem requires only nine 
lines of data input. Figure 10.6.1 shows the distribution of radial stress at 
the center of the tubesheets and at the edge of the perforated region. We 
take note of the large bending moment at the edge of tubesheet 1 due to the 
clamped boundary condition. We notice also the beginnings of a non-linear 
stress distribution through the thickness. By employing the finite element 
method for double tubesheet constructions, we will have no problem 
examining very small gaps. Therefore, the finite element approach here 
complements our earlier special purpose code double tubesheet analysis 
which may be "gap limited" in certain circumstances. 

As a second example of the potential of the finite element method in 
tubesheet analysis, we consider a thick circular steel plate of outer radius = 

2 3 

a, X 10- 3 (psi) 

r=O" 

SHELlSIDE 

STEEL TUBESHEET 

2" CD 

O.25 N GAP REGION 

MUNTZTUBESHEET 

CD 

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 '6 7 a 9 

I TUBESIDE 
a, X 10- 3 (psi) 

r= 19" 

Fig.10.6.1. Double tubesheet finite element analysis - results for (fr. 
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20", thickness = 8", and Young's Modulus E = 30 X 106 psi. We subject 
this plate to a surface pressure p = 1000 psi and assume clamped boundary 
conditions at the outer edge. Our purpose here is simply to compare the 
predictions of a finite element solution with results obtained using classical 
thin plate theory. The finite element results are obtained using the same pre­
processor, finite element code, and post-processor used above in the first 
example. 

The model of a single tubesheet contains the same 310 node points and 
270 elements; here the single tubesheet is modelled by seven layers of 
elements. Figure 10.6.2 shows the radial stress distribution at the center and 
at the clamped outer edge of the tubesheet. For this second example, we 
have assumed a ligament efficiency equal to unity, and input values for tube 
moduli so small that the tube elastic foundation effect becomes in­
significant. Thus, our finite element special purpose tubesheet code simply 
models a clamped circular plate under a uniform surface pressure. Figure 
10.6.2 clearly shows the effect of large thickness to radius ratio. For the 
geometry and material assumed for this example, classical thin plate theory 
gives a linear stress distribution through the thickness with maximum ex­
treme fiber stresses 

3 R2 
10" (R) 1 = -p-

r 4 h2 
(10.6.1) 

For the geometry and loading given here, Eq. (10.6.1) gives radial stress 
extreme fiber values of 100r(0) 1 = 3047 psi, 100r (R) 1 = 4688 psi, respec­
tively. Figure 10.6.2 shows the stress distribution predicted by the thin plate 
theory at the two locations in question. 

-3 -2 -1 

a, X 10- 3 (psi) 

r=O" 

8" 

-5 -4 -3 -2 -1 

f f 11 
p = 1000 psi 

_ Classical Theory 

___ Finite Element Results 

a, X 10- 3 (psi) 

r=20" 

Fig. 10.6.2. (Jr in thick circular plate - H/R = 0.4. 

4 5 
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The results of the finite element solution (which can be thought of as the 
exact solution) are also plotted in Fig. 10.6.2. We can see the effects of the 
thin plate approximation especially at the outer edge. Classical plate theory 
will significantly underestimate the maximum extreme fiber stress near the' 
clamped edge. However, since this stress can be considered as a peak stress, 
its value mostly influences the fatigue life at the clamped edge. Never­
theless, the results obtained here do point out that simply calculating a 
stress using one of our tubesheet design methods based on classical theory 
does not guarantee that the stress level actually exists in the unit. If the 
tubesheet geometry does not fall within the bounds of a thin plate theory, it 
is highly likely that there will be some tubesheet locations where the stress is 
highly non-linear through the thickness. 

If we calculate the central plate deflection using thin plate theory, we 
obtain 

R4 
0= _P- = 0.001776" (D=Eh 3 112(1- p2)) 

64D 
(10.6.2) 

The finite element displacement at the center of the tubesheet is 0.00297" 
which is significantly larger. This discrepancy is simply the effect of shear 
deformation. In classical plate theory, deformation due to shear is neglected 
in order to evolve simple theories. For the thick plate analyzed here, shear 
deformation (and other 2-D effects) increases the central deflection by 50070. 

NOMENCLATURE 

a 
d 

dh 

D; 
ET 
E; 
E7 

FnHnMT 
h 

h; 
IT,AT 

K; 
I 

L 
L2 

Mr;,Mo; 
Nr;,No; 
N7,M7 

PI,P2,P3 
r 

Radius of perforated region in Table 10.4.1 
Tube diameter (Eq. (10.2.1)) 
Effective hole diameter (Eq. (10.3.16)) 
Out-of-plane rigidity of tube sheet (Eq. (10.3.4)) 
Young's Modulus oftube 
Tubesheet Young's Modulus (i = 1,2 for two tubesheets) 
Effective Young's Modulus for perforated region 
Tube force resultants 
Thickness of single tubesheet used in finite element model 
(Section 10.6) 
Tubesheet thickness in ith tubesheet 
Tube geometric properties 

= In-plane rigidity of tube sheet (Eq. (10.3.4)) 
Characteristic length for unrestrained expansion 
Length of tube between double tubesheets 
Half length of tubes (Fig. 10.2.1) 
Tubesheet bending moments 
Tubesheet membrane force resultants 
Thermal forces and moments 
Pressures in fluid region defined in Fig. 10.2.1 
Radial coordinate 
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R 

S 

Ti 

UI,Uj,UK 

UOi,()i, Wi 
V; 
Vi 
(Xi 

(XT 
~ 

~ti 

'YJi 
'YJs 

"t,g 
A1 ,A2 

Vi 
ITA 

T,m,q 
'i,ITa 

== 
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Radius of tubesheet (Eq. (10.6.1» used in finite element 
model 
Span of tubing from shells ide face of the tubesheet to first 
baffle 
Mean temperature rise above assembly 
temperature of tubesheets 
Finite element nodal displacements (Eq. (10.6.1» 
Tubesheet deformation variables (Eq. (10.3.2» 
Tubesheet shear resultant 
Tube end displacements (Fig. 10.3.2) 
Tubesheet coefficients of thermal expansion 
Coefficient of thermal expansion of tube material 
Differential displacement of tube ends 
Mean temperature rise above assembly temperature of tubes 
(Eq. (10.3.15» 
Deflection efficiency == E7/Ei 
Tubesheet stress efficiency (Eq. (10.4.9» 
Coefficients defined in (Eq. (10.3.7» 
Solidity factors (Eq. (10.3.16» 
Poisson's ratio (effective) for ith tubesheet 
Allowable stress of tube 
Surface loadings on tubesheets 
Tube stress (Eq. (10.4.8» 
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APPENDIX to.A 

USER'S MANUAL FOR DOUBLE TUBESHEET ANALYSIS­
COMPUTER CODE "DOUBLESHEET" 

The computer code gives a step by step solution of the matrix equations 

[Y'}=[A]{Y}+[B} 

starting from the center of the tubesheet pair out to the edge of the per­
forated region. No untubed rim is considered in the analysis. The vector Y 
contains the dimensionless variables for shear forces, membrane forces, 
bending moments, radial displacements, cross section rotations, and 
transverse displacements, for tubesheets 1 and 2, respectively. Denoting the 
dimensionless variables by overbars, the final dimensioned variables are 
given by the vector 

[Z} T = LVI, V2 ,NI ,N2 ,MI ,M2 ,UI ,U2 ,()1 '()2' WI' W 2J 
where 

Vi Eihi Vi; Ni=NiEihi 

Mi A.{Eih/; Ui=UJhi; ()i=Oi 

Wi UI)hi 

Upon execution, the code requests keyboard input for NR, NW, NTST, 
which are the logical unit numbers for subsequent read in data (NR) and for 
subsequent output (NW). NTST should be set equal to zero. Subsequent 
input requirements, from file NR, are given below and should be input in 
free format. 

LINE! 

XL 
H 
N 
JNDIC 

1.0 (length of integration region (dimensionless) 
initial integration step size 
12 (number of equations) 
number of step size changes in the integration length 0-1 
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KNDIC number of output points along tubesheet radius 
LNDIC 4 
INDIC 1 

LINE 2 

(BNA(I), 1= 1, N!2) The values of the N!2 prescribed variables (6 total) at 
the center of the tubesheets. 

LINE 3 

(BNB(I), 1= 1, N!2) The values of the N!2 prescribed variables (6 total) at 
the outer radius of the tubesheets. 

LINE 4 

(BCN(I, 1), I = 1, 12) If the Ith variable is specified at r = 0, BCN (1,1) = 0; if 
the variable is to be determined, BCN(I,l) = 1 

LINES 

(BCN(I,2), 1= 1, 12) Same as line 4 except for outer radius of tubesheet. 

LINE 6 (Insert only if JNDIC >0) 

(XCHG(I), DINT(I), 1= 1, JNDIC) 

LINE 7 

Locations where step size H will be changed in the 
dimensionless integration region (0-1.) to increase 
step size DINT should be greater than unity. To 
decrease stepsize DINT should be less than unity. That 
is, DINT(l) = 2 will double the stepsize at XCHG(1), 
while DINT(2) = 0.5 will return the stepsize to its 
initial value at XCHG(2). Up to 21 changes are per­
mitted. 

(insert only ifKNDIC>O) (XY(I), 1= 1, KNDIC). 
Locations (in the region 0-1.) where printout of the 
fundamental variables may be obtained. Up to 21 
locations, including 0.0, and 1.0 may be input. 

LINE 8 - tubesheet 1 properties 

HI 
Tl 
ALF1 
E1 
NUl 

thickness 
mean metal temperature above assembly 
coefficient of thermal expansion 
Young's Modulus 
effective Poisson's ratio (modified by perforations) 
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E* lEI for tubesheet 1 perforation effect ETA1 
TG11 temperature difference across surfaces (based on linear gradient) 

LINE 9 - tubesheet 2 properties 

H2 
T2 
ALF2 
E2 
NU2 
ETA2 
TG22 

LINE 10 

L tubesheet gap 
L2 halflength of tubes 
S spacing to first baffle 
P tube pitch 
T tube nominal thickness 
D tube diameter 
ET tube Young's Modulus 

LINEll 

ARADI 
PI 
P2 
P3 
FN 

LINE 13 

tubesheet outer radius 
pressure p 1 

pressure P2 
pressure P3 
coefficient F n (Eq. (10.3.11» 

JSKIP == upper bound for number of matrix printouts (used only for de­
bugging). Set to 0 for production runs. 

BEGIN Value for dimensionless independent variable where shift from 
A matrix valid for small radius to A matrix valid for larger 
radius occurs. Set equal to 0.01. 

LINE 14 

ALFAT 
ALFAS 
TTUBE 
TSHELL == 

== coefficient of thermal expansion for tube axial growth. 
== coefficient of thermal expansion for shell axial growth. 

temperature rise of tube above assembly temperature. 
temperature rise of shell above assembly temperature 
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PROGRAM DOUBLESHEET 

$CONTROL USLINIT,INIT,LOCATION,FILE=2l-23,FILE=30-3l,FILE=59-64,FILE=5-6 
$CONTROL MAP,SEGMENT=SEGMAIN 

C 

PROGRAM MAIN 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
DOUBLE PRECISION K,L,LG 
INTEGER BCN 
INTEGER FLAG 
DIMENSION Z(12,2l),TUBE(8,2l) 

DIMENSION Y(12,2l) 
COMMON/MTINP/ A(12,12),B(12),INDIC 
COMMON/PARAM/ XL,H,N,JNDIC,KNDIC,NR,NW 
COMMON/COM2/ BCN(12,2),BNA(6),BNB(6) 
COMMON/COM3/ XCHG(2l),DINT(2l),XY(2l) 
COMMON/COM4/0MEGA,DET,LNDIC 
COMMON/STORE/UDUMMY(24) 

COMMON/COM5/FLAG 
COMMON/DIMl/El,E2,ET,Hl,H2,Bl,B2,Cll,C12,C13,C2l,C22,C23,K,S,GSl 
COMMON/DIM2/GS2,L,GM,LG 

COMMON/TEST/NTST 

C SET FLAG FOR HELP 
FLAG=O 

C 
C ..•• SETUP INPUT PARAMETERS 

WRITE(6,50l) 

C 

501 FORMAT(17H BEGINNING DBLTSl) 
READ(5,*) NR,NW,NTST 
WRITE(NW,*)' DOUBLE TUBESHEET ANALYSIS PROGRAM' 
WRITE(NW,*)' PREPARED BY A.I. SOLER SEPT. 1983' 
WRITE(NW,*) 
WRITE(NW,*)' OUTPUT OF RAW INPUT DATA' 

500 FORMAT(2I2) 

READ(NR,*) XL,H,N,JNDIC,KNDIC,INDIC,LNDIC 
WRITE(NW,800l) XL,H,N,JNDIC,KNDIC,INDIC,LNDIC 

GO TO (1,6,8,9),INDIC 
1 DO 5 I=l,N 
5 READ(NR,*)(A(I,J),J=l,N) 

READ(NR,*)(B(I),I=l,N) 
GO TO 9 

6 DO 7 I=l,N 
7 READ(NR,*)(A(I,J),J=l,N) 

GO TO 9 
8 READ(NR,*)(B(I),I=l,N) 
9 Nl=N/2 

READ(NR,*)(BNA(I),I=l,Nl) 
WRITE(NW,8002)(BNA(M),M=1,Nl) 
READ(NR,*)(BNB(I),I=l,Nl} 

WRITE(NW,8002)(BNB(M),M=1,Nl) 



JO/Double Tubesheet 545 

DO 10 J=I,2 
10 READ{NR,*){BCN{I,J),I=I,N) 

DO 11 I=I,N 
12 FORMAT (I4,10X,I4) 
11 WRITE{NW,12){BCN{I,J),J=I,2) 

IF{JNDIC.GT.O) READ(NR,*){XCHG{I),DINT{I),I=I,JNDIC) 
IF{KNDIC.GT.O) READ{NR,*){XY{I),I=I,KNDIC) 

WRITE{NW,8002){XY(I),I=I,KNDIC) 
C •••• PRINT OUT INPUT PARAMETERS 
C 

WR ITE (NW, 7000) 
WRITE{NW,7001) XL,H,N,KNDIC,JNDIC 
WRITE (NW, 7003) 
IF{LNDIC.EQ.l) GO TO 20 

15 READ{NR,7002,END=60) OMEGA 
IF{NTST.EQ.l)WRITE{NW,*)'ENT COMP FROM MAIN' 

20 CALL COMP{Y) 
IF{LNDIC.EQ.2) GO TO 55 

C DEFINE Z ARRAY 
00100 I=I,KNDIC 

Z{I,I)=El*Hl*Y{I,I) 
Z{2,I)=E2*H2*Y{2,I) 
Z{3,I)=El*Hl*Y{3,I) 
Z{4,I)=E2*H2*Y{4,I) 
Z{5,I)=El*Hl*Hl*Y{5,I) 
Z{6,I)=E2*H2*H2*Y{6,I) 
Z{7 ,I)=Hl*Y{7 ,I) 
Z{8,I)=H2*Y{8,I) 
Z{9,1)=Y{9,1) 
Z(lO, 1)=Y{lO, 1) 
Z{11,I)=Hl*Y{11,I) 
Z{12,I)=H2*Y{12,I) 

100 CONTINUE 
C DEFINE TUBE ARRAY 

00110 I=I,KNDIC 
TUBE{I,I)=6.*GM*Z{7,I)+3.*GM*{Hl+L)*Z{9,I)-6.*GM*Z{8,I)+3.*GM*(H2+ 

lL)*Z{10,I)+18.*L*GM*{Z{1,I)/{GSl*Hl)+Z{2,I)/{GS2*H2))/5 • 
. TUBE{2,I)=3.*GM*L*Z{7,I)+GM*{1.5*L*Hl+2.*L*L+6.*LG)*Z{9,I)-3.*GM*L 
1*Z{8,I)+GM*{1.5*L*H2+L*L-6.*LG)*Z{10,I)+12.*{1.+3.*LG/(L*L))*Z{l,I 
2)*L*L*GM/{5.*GSl*Hl)+6.*{I.-6.*LG/{L*L))*Z{2,I)*L*L*GM/{5.*GS2*H2) 
TUBE{3,I)=Bl*{Z{12,I)-Z{11,I)) 
TUBE{4,I)=-TUBE{1,I) 
TUBE{5,I)=3.*GM*L*Z{7,I)+GM*{1.5*L*Hl+L*L-6.*LG)*Z{9,I)-3.*GM*L*Z( 

18,I)+GM*(1.5*L*H2+2.*L*L+6.*LG)*Z(10,I)+6.*(1.-6.*LG/(L*L))*Z(l,I) 
2*L*L*GM/(5.*GSl*Hl)+12.*{1.+3.*LG/(L*L))*Z(2,I)*L*L*GM/(5.*GS2*H2) 
TUBE{6,I)=-B2*Z(12,I) 
TUBE(7,I)=2.*ET*K/{S*S*S)*{Cll*Z(8,I)+C12*S*Z(10,I)+Cl3*Z(2,I)*S/( 

IGS2*H2)) 
TUBE(8,I)=2.*ET*K/(S*S)*{C21*Z(8,I)+C22*S*Z{lO,I)+C23*Z(2,I)*S/{GS 

12*H2)) 
110 CONTINUE 

WRITE(NW,*), RESULTS FOR TUBESHEETS' 
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9002 FORMAT(13(lX,lPD9.2)) 
WRITE(NW,*)' R/RO VI V2 N1 N2 

1M1 M2 U1 U2 Al A2 WI 
2 W2 ' 

DO 90000 KK=l,KNDIC 
WRITE(NW,9002)XY(KK),(Z(I,KK),I=1,N) 

90000 CONTINUE 
WR ITE (NW , *) 
WRITE(NW,*)' RESULTS FOR TUBE ARRAY' 
WRITE(NW,*)' R/RO H1TUBE M1TUBE F1TUBE H2TUBE M2 

1TUBE F2TUBE H3TUBE M3TUBE' 
DO 91000 KK=l,KNDIC 
WRITE(NW,9002)XY(KK),(TUBE(I,KK),I=I,8) 

91000 CONTINUE 
STOP 

55 WRITE(NW,7004) OMEGA,DET 
GO TO 15 

60 WRITE(NW,7005) 
6000 FORMAT(9(A8)) 
7000 FORMAT(lHl,10X,'A GENERAL COMPUTER PROGRAM FOR THE SOLUTION OF A 

1 TWO POINT BOUNDARY VALUE PROBLEM.'///) 
7001 FORMAT(30X,'LENGTH OF FUN X =' ,FI0.5,//30X,'STEPSIZE =', 

1 6X,FI0.5,//30X,'NUMBER OF EQS. =',I5,//30X,'NO. OUTPT PTS. =',15, 
2 //30X,'STEPSIZE CHGS. =' ,Ib) 

7003 FORMAT(IHO,////) 
7002 FORMAT(F15.6) 
7004 FORMAT(//////,IH,'OMEGA EQUAL TO' ,DI4.6,'PRODUCES A DETERMINANT 

1 EQUAL TO ',DI4.6) 
7005 FORMAT(////,lH,30X,'PROBLEM END') 
7008 FORMAT(lHl,///) 
8001 FORMAT(2FIO.5,5I5) 
8002 FORMAT(7FIO.5) 
8003 FORMAT(18I4) 
9003 FORMAT(' ',A8,8(3X,D11.4)) 

STOP 
END 

SUBROUTINE COMP(Y) 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
INTEGER BCN 

DIMENSION Y(12,21),PYY(84,21) 
COMMON/COMI/ YR(84),FR(84) 
COMMON/COM2/ BCN(12,2),BNA(6),BNB(6) 
COMMON/COM3/ XCHG(21),DINT(21),XY(21) 
COMMON/COM4/0MEGA,DET,LNDIC 
COMMON/PARAM/ XL,H,N,JNDIC,KNDIC,NR,NW 
COMMON/TEST/NTST 
N1=N/2 
N2=Nl+l 
N4=N2*N 
11=1 
ISUB=l 



lO/Double Tubesheet 

K=1 
C 
C INITIALIZE X 

X=O.DO 
12=1 

C •••• ASSIGN INITIAL CONDITIONS 
C 

DO 5 I=I,N 
DO 5 J=I,N2 

5 Y(I,J)=O.DO 
DO 15 I=I,N 
IF(BCN(I,I).EQ.O) GO TO 10 
GO TO 15 

10 Y(I,I)=BNA(K) 
K=K+l 

15 CONTINUE 
DO 30 I3=I,Nl 
DO 20 1=11, N 
IF(BCN(I,I).EQ.l) GO TO 25 

20 CONTINUE 
25 Y(I,I3+1)=I.DO 

11=1+1 
30 CONTINUE 

DO 31 I=I,N 
DO 31 J=I,N2 

IJ=I+(J-l )*N 
31 YR(IJ)=Y(I,J) 

C ••.• CHANGE STEPSIZE 
C •••• 

35 IF(JNDIC.EQ.0.OR.LNDIC.EQ.2) GO TO 40 
IF(X.LT.XCHG(I2)-H/2.0) GO TO 40 
H=H*DINT(I2) 
12=12+1 
IF(I2.GT.JNDIC) XCHG(I2)=XL+H 
WRITE(NW,4500) X,H 

C •••• ASSIGN VALUES OF YR TO TEMPORARY STORAGE FOR PRINT OUT 
C 

40 'IF(KNDIC.EQ.0.OR.LNDIC.EQ.2) GO TO 50 
IF(X.LT.XY(ISUB)-H/2.0) GO TO 50 
DO 45 I=I,N4 

45 PYY(I,ISUB)=YR(I) 
ISUB=ISUB+l 

C .••• IF X EXCEEDS XL TERMINATE INTEGRATION 
C •••• 

50 IF(X.GT.XL-H/2.0) GO TO 60 
C CALL RUNGE TO INTEGRATE ACROSS NEXT STEP 
C 

IER=O 
IF(NTST.EQ.l)WRITE(NW,*)'ENT RUNG FROM COMP' 
CALL RUNGE(X,IER,N4) 
IF(IER.EQ.O) GO TO 35 
WRITE(NW,4400) X 

547 
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WRITE(NW,4350)(YR(I),I=1,N) 
GO TO 535 

60 CONTINUE 
C •••• SOLVE FOR BOUNDARY CONDITIONS 
C 

IF(NTST.EQ.l)WRITE(NW,*)'ENT BCON FROM COMP' 
CALL BCON 
IF(LNDIC.EQ.2) RETURN 

C •••• SOLVE FOR Y 
C 

DO 75 K=l,KNDIC 
DO 70 I=l,N 
Y(I,K)=O.O 
DO 70 J=1,N2 
IJ=I+(J-l)*N 

70 Y(I,K)=PYY(IJ,K)*YR(J)+Y(I,K) 
75 CONTINUE 

535 RETURN 
4350 FORMAT(3X,'THE VALUE OF YR BEFORE REGISTER IS LOWERED IS:' 

1 //(lH,6D14.6)) 
4400 FORMAT(3X,'EXPONENT OVERFLOW X=',D14.6) 
4500 FORMAT(///3X,'AT X=' ,F12.4,3X, 

C 
C 

C 
C 
C 
C 
C 

C 

1 'THE STEPSIZE H WAS CHANGED TO',F12.4) 
END 

****************************************************************** 
SUBROUTINE HELP (R,FLAG) 
THIS SUBROUTINE LOADS EQUATIONS FOR SOLUTION OF DOUBLE TUBE SHEET 

THIS IS SUBROUTINE HELP 
FORMS MATRIX A + B 

NONDIMENSIONALIZED VERSION 

IMPLICIT DOUBLE PRECISION(A-I,K-Z) 
INTEGER FLAG,NR,NW,N,JNDIC,KNDIC 
INTEGER TRASH,NTST 
COMMON/MTINP/A(12,12),B(12),TRASH 
COMMON/COM6/JSKIP 
COMMON/DIMl/El,E2,ET,Hl,H2,Bl,B2,Cll,C12,C13,C2l,C22,C23,I,S,GSI 
COMMON/DIM2/GS2,L,GM,LG 
COMMON/STORE/Tl,T2,ALFl,ALF2,NUl,NU2,ETAl,ETA2,TGll, 

lTG22,L2,P,T,D,ARADI,Pl,P2,P3,FN,BEGIN,ALFAT,ALFAS,TTUBE,TSHELL 
COMMON/PARAM/ XL,H,N,JNDIC,KNDIC,NR,NW 
COMMON/TEST/ NTST 

IF(NTST.EQ.l)WRITE(NW,*) FLAG 

C SKIP READ DATA 
C 

IF (FLAG.GT.O) GO TO 1000 
C 
C DATA READ IN 

8 FORMAT(8D12.5) 
C 
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C 
C 
C 
C 
C 

1 

2 

FORMAT(8FI0.0) 
READ(NR,*)Hl,Tl,ALFl,El,NUl,ETAl,TGll 
WRITE(NW,8)Hl,Tl,ALFl,El,NUl,ETAl,TGll 
READ(NR,*)H2,T2,ALF2,E2,NU2,ETA2,TG22 
WRITE(NW,8)H2,T2,ALF2,E2,NU2,ETA2,TG22 
FORMAT(6FI0.3,F12.0) 
READ(NR,*) L, L2, S, P, T, D, ET 
WRITE(NW,2) L,L2,S,P,T,D,ET 

3 FORMAT(FI0.3,3FI0.1,F6.3,F6.3) 
READ(NR,*)ARADI,Pl,P2,P3,FN 
WRITE(NW,3)ARADI,Pl,P2,P3,FN 
READ(NR,*)ALFAT,ALFAS,TTUBE,TSHELL 
WRITE(NW,8)ALFAT,ALFAS,TTUBE,TSHELL 

6 FORMAT (110 ,FI0.5) 
READ(NR,*) JSKIP ,BEGIN 
WRITE(NW,6) JSKIP ,BEGIN 
JSKIP UPPER BOUND FOR NUMBER OF MATRIX PRINTED 
BEGIN VALUE WHERE MATRIX FOR LARGE R VALUES ARE BEGUN 

READ OUT DATA 

10 FORMAT(lHl) 
WRITE (NW, 10) 

11 FORMAT(llX,' INPUT DATA') 
WRITE (NW, 11) 

12 FORMAT('O','TUBE SHEET ONE:') 
WRITE (NW, 12) 

13 FORMAT(' ',' El=' ,FlO.0,3X, 'NUl=' ,F5.3,3X, 'THICKNESS=' ,F4.1,3X, 'T 
lEMP.=' ,F5.1) 
WRITE(NW,13)E1,NUl,Hl,T1 

14 FORMAT(' ',' ETAl(=ESljE1)=',F7.4,3X,'THERMAL COEFF.='Fl1.8) 
WRITE(NW,14)ETAl,ALFl 

15 FORMAT('O','TUBE SHEET TWO:') 
WRITE(NW,15) 

16 FORMAT(' ',' E2=' ,FlO.O ,3X, 'NU2=' ,F5.3 ,3X, 'THICKNESS=' ,F4.1 ,3X, 'T 
1EMP.=' ,F5.1) 
. WRITE(NW,16)E2,NU2,H2,T2 

17 FORMAT(' ',~ ETA2(=ES2jE2)=',F7.4,3X,'THERMAL COEFF.='Fl1.8) 
WRITE(NW,17)ETA2,ALF2 

18 FORMAT('O','TUBES:') 
WRITE(NW,18) 

19 FORMAT(' ',' DISTANCE L1=' ,F5.1 ,3X,' DISTANCE L2=' ,F5.1 ,3X,' DISTAN 
ICE S=' ,F5.1) 
WRITE(NW,19)L,L2,S 

20 FORMAT(' ',' ·PITCH=' ,F5.2,3X, 'THICKNESS=' ,F5.3,3X, 'DIAMETER=' ,F4. 
11,3X,'ET=',FI0.0) 

WRITE(NW,20)P,T,D,ET 
WRITE(NW,*), AXIAL THERMAL DATA' 
WRITE(NW,*), ALFAT=',ALFAT,' ALFAS=',ALFAS,' TTUBE=' 

1,TTUBE,' TSHELL=',TSHELL 
21 FORMAT('O' ,'GENERAL:') 

WR ITE ( NW , 21 ) 
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22 FORfvIAT(' ',' SHELL RADIUS=',F6.2,3X,'Pl=',F6.l,3X,'P2=',F6.l,3X,' 
lP3=' ,F6.l) 
WRITE(NW,22)ARADI,Pl,P2,P3 

23 FORMAT(' ',3X, 'FN=' ,F6.3) 
WRITE (NW ,23) FN 

24 FORMAT('O','MATRIX TERMS SHIFT AT R EQUALS',F8.5) 
WRITE(NW,24)BEGIN 

25 FORMAT(' 0' ) 
WRITE(NW,25) 

1000 CONTINUE 
C ASSIGN VALUES TO CONSTANT TERMS FROM INPUT DATA 
C 

PIE= 3.141592654 
NU=.30 
I=(D**4-(D-2.0*T)**4)*PIE/64 
G=ET/(2.0*(1.0+NU)) 
LG=8.0*ET/(G*(PIE*(D**2-(D-2.0*T)**2)))*I 
LM1=1.0-PIE*((D-2.0*T)**2)/(((P**2)*DSQRT(12.DO))) 
LM2=1.0-PIE*(D**2)/((P**2)*DSQRT(12.DO)) 
KS1=(El*Hl)/(1.-NU1*NU1)*ETAl 
KS2=(E2*H2)/(1.-NU2*NU2)*ETA2 
C11=9. *FN/2. -12. 
C12=3.*(FN/2.-l.)+Cll*H2/(2.*S) 
C13=18./5.*(FN/2.-l.) 
C2l=3.*(FN/2.-l.) 
C22=FN/2.+C2l*H2/(2.*S) 
C23=.6*FN 

ATUBE=PIE*(D-T)*T 
AAA=P*P*DSIN(PIE/3.DO) 
Xl=ET*ATUBE/AAA 
XT=X1*ALFAT*TTUBE 
XS=Xl*ALFAS*TSHELL 

GM=2.0*ET*I/(L**3+12.0*L*LG) 
GMA=GM 
GSl=El/(2.*(1.+NU1)) 
GS2=E2/(2.*(1.+NU2)) 
MS1=KSl*Hl*TGll*(1.+NU1)*ALF1/12. 
MS2=KS2*H2*TG22*(1.+NU2)*ALF2/l2. 
NS1=KS1*ALF1*Tl*(1.+NU1) 
NS2=KS2*ALF2*T2*(1.+NU2) 
SQG=2./((DSQRT(3.DO))*P**2) 
Bl=PIE*T*(D-T)*ET/L 
B2=PIE*T*(D-T)*ET/L2 
PLl=Pl*LMl 
PU1=P2*LM2 
PL2=P2*LM2 
PU2=P3*LM2 
F=GM*SQG 
AR=ARADI 

C SET FLAGS FOR LATER ROUTINES 
FLAG=2 

C 
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C REENTER AFTER SKIPPING READ & WRITE STATEMENTS 
C AND INITIALIZATION OF CONSTANT TERMS 
C 
C BOMB STOP 1 

IF (FLAG.EQ.O) GO TO 6000 
DO 50 Jl=1,12 

C INITIALIZE ARRAY A & B 
B(Jl) =0.0 

C 
C 

DO 50 J2=1,12 
50 A(Jl,J2)=0.0 

C SKIP TERMS FOR R CLOSE TO ZERO 
C 

IF (R.GE.BEGIN) GO TO 2000 
C ****************************************************************** 
C MATRIX VALUES FOR R CLOSE TO ZERO 
C ****************************************************************** 

A(1,11)=-AR*SQG*Bl/(2.*El) 
A(1,12}=AR*SQG*Bl*H2/(2.*Hl*El) 
A(2,11)=AR*SQG*Bl*Hl/(2.*H2*E2) 
A(2,12}=-AR*(Bl+B2}/(2.*E2)*SQG 
A(3,7)=3.*AR*F/El 
A(3,8)=-3.*AR*F*H2/(El*Hl) 
A(3,9)=1.5*AR*F*(Hl+L)/(El*Hl) 
A(3,10}=1.5*AR*F*(H2+L)/(El*Hl) 
A(4,7)=-3.*AR*F*Hl/(E2*H2) 
A(4,8)=1.5*SQG*AR/E2*2.*(ET*I*Cll/(3.*S*S*S)+GM) 
A(4,9)=-1.5*AR*F*(Hl+L)/(E2*H2) 
A(4,10}=1.5*AR*SQG/(E2*H2)*(2.*ET*I*C12/(3.*S*S)-GM*(H2+L)) 
A(5,7)=1.5*AR*F/El*(1.+L/Hl} 
A(5,8)=-1.5*AR*F*H2/(El*Hl)*(1.+L/Hl) 
A(5,9)=AR*F/(El*Hl)*(.75*{Hl+L)+(.75*L*Hl+L*L+3.*LG)/H1) 
A{5,10)=AR*F/(El*Hl)*(.75*(H2+L)+(.75*L*H2+L*L-3.*LG)/HI) 
A(6,7)=1.5*AR*F*Hl/(E2*H2}*(1.+L/H2) 
A(6,8)=1.5*AR*SQG/E2*(ET*I*C11/{3.*S*S*S)+2.*ET*I*C21/(3.*H2*S*S}-

1 GM*{1.+L/H2}) 
A(6,9)=AR*F/{E2*H2)*(.75*(Hl+L)+(.75*L*Hl+.5*L*L-3.*LG)/H2) 
A(6,10)=AR*SQG/(E2*H2)*(.75*GM*(H2+L)+ET*I*(C12/(2.*S*S)+C22/{H2* 

1 S))+GM/H2*(.75*L*H2+L*L+3.*LG)) 
A(7,3)=AR*{1.-NUl}/(ETAl*Hl) 
A(8,4)=AR*(1.-NU2}/(ETA2*H2) 
A(9,5)=12.*AR*{1.-NUl)/{ETAl*Hl) 
A(10,6)=12.*AR*(1.-NU2)/{ETA2*H2) 
A{ 11,9 )=-AR/Hl 
A{12,10)=-AR/H2 

C ***************************** 
B(1)=AR/{2.*Hl*El}*(PLl-PUl-XT) 
B(2)=AR/(2.*H2*E2)*(PL2-PU2+XS) 
B(7)=AR*NSl/(ETAl*Hl*Hl*El)*{1.-NUl} 
B(8)=AR*NS2/{ETA2*H2*H2*E2}*{1.-NU2) 
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C 

B(9)=12.*AR*MS1*(1.-NU1)/(ETA1*H1*H1*H1*E1) 
B(10)=12.*AR*MS2*(1.-NU2)/(ETA2*H2*H2*H2*E2) 

C END MATRIX TERMS EXCLUSIVELY FOR R CLOSE TO ZERO 
C 
C ****************************************************************** 
C MATRIX TERMS FOR ANY R 
C ****************************************************************** 

C 

2000 CONTINUE 
A(11,1)=-AR*El*6./(5.*H1*GS1) 
A(ll ,9)=-AR/H1 
A(12,2)=-6.*AR*E2/(5.*H2*GS2) 
A(l2,10)=-AR/H2 

C END OF COMMON TERMS 
C 

IF (R.LT.BEGIN) GO TO 3000 
C BOMB STOP 2 

IF (R.EQ.O.DO) GO TO 6001 
C *********************************** 
C MATRIX TERMS FOR R MUCH > ZERO 
C *********************************** 

A(l,l)=-l./R 
A(1,11)=-AR*SQG*B1/E1 
A(1,12)=AR*H2*SQG*B1/(E1*H1) 
A(2,2)=-1./R 
A(2,11)=AR*H1*SQG*Bl/(E2*H2) 
A(2,12)=-AR*SQG*(Bl+B2)/E2 
A(3,1)=18.*F*L*AR/(5.*GS1*Hl) 
A(3,2)=18.*F*L*AR*E2/(5.*GS2*H1*El) 
A(3,3)=(NU1-1.)/R 
A(3,7)=ETAl*Hl/(AR*R*R)+6.*AR*F/El 
A(3,8)=-6.*AR*H2*F/(El*H1) 
A(3,9)=3.*AR*F*(Hl+L)/(E1*H1) 
A(3,10)=3.*AR*F*(H2+L)/(El*H1) 
A(4,1)=-18.*AR*F*L*E1/(5.*GS1*H2*E2) 
A(4,2)=2.*ET*I*C13*AR*SQG/(GS2*H2*S*S)-18.*AR*F*L/(GS2*H2*5.) 
A(4,4)=(NU2-1.)/R 
A(4,7)=-6.*AR*F*Hl/(E2*H2) 
A(4,8)=6.*SQG*AR*(ET*I*Cll/(3.*S*S*S)+GM)/E2+ETA2*H2/(AR*R*R) 
A(4,9)=-3.*AR*F*(Hl+L)/(E2*H2) 
A(4,10)=(2.*ET*I*C12/(3.*S*S)-GM*(H2+L))*3.*AR*SQG/(E2*H2) 
A(5,1)=-AR/H1+9.*AR*L*F/(5.*GS1*H1)+12.*AR*F*L*L*(1.+3.*LG/(L*L))/ 

1(5.*Hl*Hl*GS1) 
A(5,2)=9.*AR*L*F*E2*H2/(5.*GS2*H2*H1*E2)+6.*E2*AR*F*L*L*(1.-6.*LG 

1 /(L*L))/(El*Hl*Hl*GS2*5.) 
A(5,5)=(NUl-1.)/R 
A(5,7)=3.*AR*F*(1.+L/Hl)/E1 
A(5,8)=-3.*AR*F*H2*(1.+L/Hl)/(E1*H1) 
A(5,9)=ETAl*Hl/(12.*AR*R*R)+AR*F/(E1*Hl)*(1.5*(H1+L)+(1.5*L*Hl+2. 

1 *L*L+6.*LG)/Hl) 
A(5,10)=AR*F/(E1*Hl)*(1.5*(H2+L)+(1.5*L*H2+L*L-6.*LG)/Hl) 
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A(b,I)=6.*AR*F*(I.-6.*LG/(L*L»*El*L*L/(5.*E2*H2*H2*GS1) 
A(6,2)=-AR/H2+ET*I/(GS2*H2*H2)*(2.*AR*SQG*C23/S+SQG*AR*H2*CI3/(S*S 

1 »+12.*AR*F*L*L*(I.+3.*LG/(L*L»/(5.*GS2*H2*H2) 
A(6,6)=A(4,4) 
A(6,7)=3.*AR*F*Hl*(I.+L/H2)/(E2*H2) 
A(6,8)=1.5*AR*SQG/E2*(2.*ET*I*CII/(3.*S*S*S)-2.*GM+2./H2*(ET*I*C2I 

I *2./(3.*S*S)-GM*L» 
A(6,9)=AR*F/(E2*H2)*(1.5*(HI+L)+(1.5*HI*L+L*L-6.*LG)/H2) 
A(6,10)=AR*SQG*(1.5*GM*(H2+L)+ET*I*(2.*S/H2*C22+CI2)/(S*S)+GM/H2* 

1 (1.5*L*H2+2.*L*L+6.*LG»/(E2*H2)+ETA2*H2/(12.*AR*R*R) 
A(7,3)=AR*(I.-NUl*NUl)/(ETAI*Hl) 
A( 7 ,7)=-NUl/R 
A(8,4)=AR*(1.-NU2*NU2)/(ETA2*H2) 
A(8,8)=-NU2/R 
A(9,5)=12.*AR*(I.-NUI*NUl)/(ETAI*Hl) 
A(9,9)=A(7,7) 
A(10,6)=12.*AR*(1.-NU2*NU2)/(ETA2*H2) 
A(l0,10)=A(8,8) 

C *********************************** 

C 

C 

B(1)=AR*(PLI-PU1)/(E1*H1) 
B(2)=AR*(PL2-PU2)/(E2*H2) 
B(3)=NSl*(NUl-l.)/(R*El*Hl) 
B(4)=NS2*(NU2-1.)/(R*E2*H2) 
B(5)=MSl*(NUl-I.)/(R*El*HI*Hl) 
B(6)=MS2*(NU2-1.)/(R*E2*H2*H2) 
B(7)=AR*NSl/(Hl*KSl) 
B(8)=AR*NS2/(H2*KS2) 
B(9)=12.*AR*MS1*(I.-NUl*NUI)/(ETAl*Hl*Hl*HI*EI) 
B(10)=12.*AR*MS2*(1.-NU2*NU2)/(ETA2*H2*H2*H2*E2) 

3000 CONTINUE 
RETURN 

7000 FORMAT (IHO, , BOMB STOP 1 ') 
6000 WRITE(NW,7000) 

STOP 
7001 FORMAT (lHO,' BOMB STOP 2') 
6001 WRITE(NW,700I ) 

STOP 
END 
SUBROUTINE RUNGE (X,IER,N) 

IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
DIMENSION PHI(84),SAVEY(84) 
COMMON/PARAM/ XL,H,NR,JNDIC,KNDIC,NRR,NW 
COMMON/COMl/"Y (84),F (84) 
COMMON/TEST/NTST 

IERI = 0 
IF(NTST.EQ.l)WRITE(NW,*)'ENT FUNI FROM RUNG' 

CALL FUNCT(X,IERI,N) 
IF(IERI.NE.O) GO TO 2500 
DO 22 J=l,N 
SAVEY(J) = Y(J) 
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PHI(J) = F(J) 
22 Y(J) = SAVEY(J) + H*F(J)/2.DO 

X = X+H/2.DO 
IF(NTST.EQ.l)WRITE(NW,*)'ENT FUN2 FROM RUNG' 

CALL FUNCT(X,IERl,N) 
IF(IERl.NE.O) GO TO 2500 
DO 33 J=l,N 
PHI(J) = PHI(J) + 2.DO*F(J) 

33 Y(J) = SAVEY(J) + H*F(J)/2.DO 
IERI = 0 
IF(NTST.EQ.l)WRITE(NW,*)'ENT FUN3 FROM RUNG' 

CALL FUNCT(X,IERl,N) 
IF(IERl.NE.O) GO TO 2500 
DO 44 J=l,N 
PHI(J) = PHI(J) + 2.DO*F(J) 

44 Y(J) = SAVEY(J) + H*F(J) 

X = X +H/2.DO 
IERI = 0 

IF(NTST.EQ.l)WRITE(NW,*)'ENT FUN4 FROM RUNG' 
CALL FUNCT(X,IERl,N) 
IF(IERl.NE.O) GO TO 2500 

DO 55 J=l,N 
55 Y(J)=SAVEY(J)+(PHI(J)+F(J))*H/6.DO 

RETURN 
2500 WR ITE (NW, 9000) IERI 
9000 FORMAT( , ERROR IN RUNGE. IERI = ',15) 

IER = 10 
RETURN 
END 

SUBROUTI NE BCON 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 

INTEGER BCN 
DIMENSION T(30,30) 
COMMON/PARAM/ XL,H,N,JNDIC,KNDIC,NR,NW 
COMMON/COMI/ YR(84),FR(84) 
COMMON/COM2/ BCN(12,2),BNA(6),BNB(6) 
COMMON/COM4/0MEGA,DET,LNDIC 
COMMON/TEST/NTST 
Nl=N/2 
N2=Nl+l 
N3=Nl**2 

C ••.• REARRANGE t'IATRIX 
C 

DO 30 I=l,N 
DO 30 J=l,N 

30 T(I,J)=O.DO 
Jl=l 
DO 55 I=l,Nl 
IF(BCN(I,2).NE.0) GO TO 35 
T(I, I)=1.DO 
IF(I.EQ.Nl) GO TO 35 
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GO TO 55 
35 DO 45 J=Jl,Nl 

IF(BCN(J+Nl,2).NE.0) GO TO 40 
T(I,J+Nl)=l.DO 
T(J+N1,1)=1.DO 
GO TO 50 

40 T(J+N1,J+N1)=1.DO 
45 CONTINUE 
50 Jl=J+l 
55 CONTINUE 

DO 60 I=l,N 
DO 60 J=1,N2 
IJ=I+(J-l)*N 
FR(IJ)=O.O 
DO 60 K=l,N 
KJ=K+(J-l)*N 

60 FR(IJ)=T(I,K)*YR(KJ)+FR(IJ) 
C .••• PARTITION MATRIX 
C 

DO 65 I=l,N3,N1 
DO 65 J=l,Nl 
IJ=I+J-1 
IJ1=IJ+I+N-l 

65 YR(IJ)=FR(IJ1) 
DO 70 I=l,Nl 

70 FR(I)=BNB(I)-FR(I) 
IF(LNDIC.EQ.1) GO TO 80 
IF(NTST.EQ.l)WRITE(NW,*)'ENT MINV FROM BCON' 
CALL MINV(Nl,N3,DET) 
RETURN 

80 CONTINUE 

C 

IF(NTST.EQ.l)WRITE(NW,*)'ENT SIMQ FROM BCON' 
CALL SIMQ(Nl,KS) 
IF(KS.NE.O) GO TO 2600 
YR(l )=1.0 
DO 85 I=l,Nl 

85 YR(I+l)=FR(I) 
RETURN 

2600 WRITE(NW,4200) KS 
4200 FORMAT(3X,'CALCULATION TERMINATED. KS=' ,15) 

RETURN 
END 
SUBROUTINE SIMQ(N,KS) 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 

DOUBLE PRECISION BIGA,TOL,A,B 
COMMON/COMl! A (84),B (84) 

C FORWARD SOLUTION 
C 

TOL=O.DO 
KS=O 

555 
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C 

JJ=-N 
DO 65 J=l,N 
JY=J+l 
JJ=JJ+N+l 
BIGA=O.DO 
IT=JJ-J 
DO 30 I=J,N 
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C SEARCH FOR MAXIMUM COEFFICIENT IN COLUMN 
C 

C 

IJ=IT+I 
IF(DABS(BIGA)-DABS(A(IJ))) 20,30,30 

20 BIGA=A(IJ) 
IMAX=I 

30 CONTINUE 

C TEST FOR PIVOT LESS THAN TOLERANCE (SINGULAR MATRIX) 
C lEST FOR PIVOT LESS THAN TOLERANCE (SINGULAR MATRIX) 
C 

C 

IF(DABS(BIGA)-TOL) 35,35,40 
35 KS=l 

RETURN 

C INTERCHANGE ROWS IF NECESSARY 
C 

C 

40 1l=J+N*(J-2) 
IT=IMAX-J 
DO 50 K=J,N 
Il=ll +N 
I2=Il+IT 
SAVE=A( Il) 
A( Il)=A(I2) 

A(I2)=SAVE 

C DIVIDE EQUATION BY LEADING COEFFICIENT 
C 

50 A(Il)=A(Il)/BIGA 
SAVE=B(IMAX) 
B( IMAX)=B(J) 
B(J)=SAVE/BIGA 

C ELIMINATE NEXT VARIABLE 
C 

IF(J-N) 55,70,55 
55 IQS=N*(J-l) 

DO 65 IX=JY,N 
IXJ=IQS+IX 
IT=J- IX 
DO 60 JX=JY,N 
IXJX=N*(JX-l)+IX 
JJX=IXJX+IT 

60 A(IXJX)=A(IXJX)-(A(IXJ)*A(JJX)) 
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65 B(IX)=B(IX)-(B(J)*A(IXJ)) 
C 
C BACK SOLUTION 
C 

70 NY=N-l 
IF(NY.EQ.O) GO TO 81 
IT=N*N 
00 80 J=I,NY 
IA=IT -J 
IB=N-J 
IC=N 
00 80 K=I,J 
B(IB)=B(IB)-A(IA)*B(IC) 
IA=IA-N 

80 IC=IC-l 
81 CONTINUE 

RETURN 
END 

SUBROUTINE FUNCT(X,IER,N) 
IMPLICIT DOUBLE PRECISION(A-H,O-Z) 

COMMON/PARAM/ XL,H,NR,JNDIC,KNDIC,NRR,NW 
COMMON/MTINP/ A(12,12),B(12),INDIC 
COMMON/COMI/ Y (84),F (84) 
COMMON/COM4/0MEGA,DET,LNDIC 

COMMON/COM5/FLAG 
COMMON/COM6/JSKIP 

COMMON/TEST/NTST 
INTEGER FLAG 

DATA M/O/ 
DATA XS/1234569.DO/ 

M=M+l 
N2=NR/2+1 

C •••• GUARD AGAINST OVERFLOW 
C •••• 

IER=O 
00 3I=I,N 

IF(DABS(Y(I)) .GE.ID.D70) GO TO 9050 
3 CONTINUE 

GO TO (25,5,10,20),INDIC 
5 CONTINUE 

.• INSERT EXPRESSIONS FOR VARIABLE ELEMENTS OF 
C •••• LOAD VECTOR B 

GO TO 25 
10 CONTINUE 

C •••• INSERT EXPRESSIONS FOR VARIABLE ELEMENTS OF 
C •••• MATRIX A 

GO TO 25 
20 CONTINUE 

C •••• INSERT EXPRESSIONS FOR VARIABLE ELEMENTS OF 
C •••• MATRIX A AND LOAD VECTOR B 
C 

IF(NTST.EQ.l)WRITE(NW,*)'ENT HELP FROM FUNC' 

557 
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CALL HELP (X,FLAG) 
C 

25 IF(M.GT.JSKIP) GO TO 38 
IF(XS.EQ.X) GO TO 38 

C .••• PRINT OUT A AND B MATRICES 
C •••• 

GO TO (26,27),LNDIC 
26 WRITE(NW,7000) X 

WRITE(NW,7005) 
GO TO 28 

27 WRITE(NW,7001) 
28 Kl=l 

K2=12 
29 IF(K2.GE.NR) K2=NR 

DO 30 I=l,NR 
30 WRITE(NW,7002)(A(I,J),J=Kl,K2) 

IF(K2.EQ.NR) GO TO 35 
Kl=K2+1 
K2=K2+12 
WR ITE (NW, 7003) 
GO TO 29 

35 CONTINUE 
IF(LNDIC.EQ.2) GO TO 38 
WRITE (NW, 7003) 
WRITE(NW,7004)(B(I),I=1,NR) 
WRITE (NW, 7003) 

38 CONTINUE 
XS=X 

DO 45 I=l,NR 
DO 40 J=1,N2 
IJ=I+(J-l)*NR 
F(IJ)=O.O 
DO 40 K=l,NR 
KJ=K+(J-l )*NR 

40 F(IJ)=A(I,K)*Y(KJ)+F(IJ) 
45 F(I)=F(I)+B(I) 

RETURN 
9050 . IER=l 

RETURN 
7000 FORMAT(IH,////,30X,'STATIC SOLUTION' ,////,20X,'THE INPUT MATRICES 

$ A AND B ARE FOR X EQUALS ',FIO.5 ) 
7001 FORMAT(IH,////30X,'NATURAL FREQUENCY ANALYSIS' ,////,30X,'THE 

1 INPUT MATRIX A IS:') 
7002 FORMAT(IX,12D9.2) 
7003 FORMAT(IH,////) 
7004 FORMAT(30X,DI2.6) 

7005 FORMAT(IHO) 

C 

END 
SUBROUTINE MINV(N,Nl,D) 

IMPLICIT DOUBLE PRECISION(A-H,O-Z) 
DIMENSION L(30),M(30) 
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COMMON/COMl/A(84),B(84) 
COMMON/PARAM/ XL', H, NR,JNDIC, KNDIC, NRR, NW 

0=1.0 
NK=-N 
DO 80 K=l,N 
NK=NK+N 
L(K)=K 
M(K)=K 
KK=NK+K 
BIGA=A(KK) 
DO 20 J=K,N 
IZ=N*(J-1) 
DO 20 I=K,N 
IJ=IZ+I 

10 IF(DABS(BIGA)-DABS(A(IJ))) 15,20,20 
15 BIGA=A(IJ) 

L(K)=I 
M(K)=J 

20 CONTINUE 
J=L (K) 
IF(J-K) 35,35,25 

25 KI=K-N 
DO 30 I=l,N 
KI=KI+N 
HOLO=-A(KI) 
JI=KI-K+J 
A(KI)=A(JI) 

30 A(JI) =HOLD 
35 I=M(K) 

IF(I-K) 45,45,38 
38 JP=N*( I-I) 

DO 40 J=l,N 
JK=NK+J 
JI=JP+J 
HOLD=-A(JK) 
A(JK)=A(JI) 

40 A(JI) =HOLD 
45 IF(BIGA) 48,46,48 
46 0=0.0 

WRITE(NW,5000) 0 
5000 FORMAT(II/,'MATRIX IS SINGULAR 0=' ,F14.6) 

RETURN 
48 DO 55 I=l,N 

IF(I-K) 50,55,50 
50 IK=NK+I 

A(IK)=A(IK)/(-BIGA) 
55 CONTINUE 

DO 65 I=l,N 
IK=NK+I 
HOLO=A(I K) 
IJ=I-N 
DO 65 J=l,N 
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IJ=IJ+N 
IF(I-K) 60,65,60 

60 IF(J-K) 62,65,62 
62 KJ=IJ-I+K 

A(IJ)=HOLD*A(KJ)+A(IJ) 
65 CONTINUE 

KJ=K-N 
DO 75 J=l,N 
KJ=KJ+N 
IF(J-K) 70,75,70 

70 A(KJ)=A(KJ)/BIGA 
75 CONTINUE 

D=D*BIGA 
A(KK)=1.0/BIGA 

80 CONTINUE 
K=N 

100 K=(K-l) 
IF(K) 150,150,105 

105 I=L(K) 
IF(I-K) 120,120,108 

108 JQ=N*(K-l) 
JR=N*(I-l) 
DO 110 J=l,N 
JK=JQ+J 
HOLD=A(JK) 
J I=JR+J 
A(JK)=-A(J I) 

110 A(JI) =HOLD 
120 J=M(K) 

IF(J-K) 100,100,125 
125 KI=K-N 

DO 130 I=1,N 
KI=KI+N 
HOLD=A(KI) 
JI=KI-K+J 
A( KI) =-A( J I) 

130 A(JI) =HOLD 
GO TO 100 

150 CONTI NUE 
RETURN 
END 
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APPENDIX 10.B 

SAMPLE INPUT AND OUTPUT FILES 
FOR EXAMPLE PROBLEM OF SECTION 10.4 

*** INPUT DATA FILE *** 

1.,.004,12,2,8,4,1 
0.,0.,0.,0.,0.,0. 
0.,0.,0.,0.,0.,0. 
0,0,1,1,1,1,0,0,0,0,1,1 
1,1,0,0,1,1,1,1,0,0,0,0 
.005 ,2. , .9, .5 
0., .3, .6, .9, .925, .95, .975,1. 
1.,100.,.0000093,30000000.,.28,.3,0. 
1.,100.,.0000063,30000000.,.28,.3,0 • 
. 5,200.,40.,1.25,.049,1.,30000000. 
20. ,0. ,0. ,0. ,3.46 
O. ,0. ,0. ,0. 
0, .01 

*** OUTPUT OF RESULTS*** 

DOUBLE TUBESHEET ANALYSIS PROGRAM 
PREPARED BY A.I. SOLER SEPT. 1983 

OUTPUT OF RAW INPUT DATA 
1.00000 .00400 12 2 8 4 1 

.00000 .00000 .00000 .00000 .00000 .00000 

.00000 .00000 .00000 .00000 .00000 .00000 
o 1 
o 1 
1 0 
1 0 
1 1 
1 1 
o 1 
o 1 
o 0 
o 0 
1 0 
1 0 
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.00000 .30000 .60000 .90000 .92500 .95000 .97500 
1.00000 

A GENERAL COMPUTER PROGRAM FOR THE SOLUTION OF A TWO POINT BOUNDAR 
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LENGTH OF FUN X = 1.00000 

STEPSIZE = .00400 

NUMBER OF EQS. 12 

NO. OUTPT PTS. 8 

STEPSIZE CHGS. 2 

.1000UO+01 .100000+03 .930000-05 .30000D+08 .280000+00 

.100000+01 .100000+03 .630000-05 .300000+08 .280000+00 
.500 200.000 40.000 1.250 .049 1.000 

.300000+00 .0000 

.300000+00 .0000 
30000000. 

20.000 .0 .0 .0 3.460 
.000000+00 .000000+00 .000000+00 .000000+00 

o .01000 
1 

INPUT DATA 
OTUBE SHEET ONE: 

E1= 30000000. NU1= .280 THICKNESS= 1.0 TEMP.=100.0 
ETA1(=ES1/El)= .3000 THERMAL COEFF.= .00000930 

OTUBE SHEET TWO: 
E2= 30000000. NU2= .280 THICKNESS= 1.0 TEMP.=100.0 
ETA2(=ES2/E2)= .3000 THERMAL COEFF.= .00000630 

OTUBES: 
DISTANCE Ll= .5 DISTANCE L2=200.0 DISTANCE S= 40.0 
PITCH= 1.25 THICKNESS= .049 OIAMETER= 1.0 ET= 3000000U. 

AXIAL THERMAL DATA 
ALFAT= .OOOOOOOOOOOOOOOOE+OO ALFAS= .OOOOOOOOOOOOOOOOE+OO TTUBE= .000000 

OGENERAL: 
SHELL RAOIUS= 20.00 Pl= .0 P2= .0 P3= .0 

FN= 3.460 
OMATRIX TERMS SHIFT AT R EQUALS .01000 
o 

AT X= .0040 THE STEPSIZE H WAS CHANGED TO .0080 

AT X= .9000 THE STEPSIZE H WAS CHANGED TO .0040 
RESULTS FOR TUBE SHEETS 

R/RO VI V2 Nl 
0.000+00 0.000+00 0.000+00 -1.960+03 
3.000-01 2.900+01 3.440+01 -1.880+03 
6.000-01 6.790+01 7.460+01 -1.600+03 
9.000-01 9.690+01 9.770+01 -1.040+03 
9.250-01 9.590+01 9.720+01 -9.430+02 
9.500-01 9.370+01 9.630+01 -7.920+02 
9.750-01 9.100+01 9.480+01 -4.860+02 
1.000+00 9.120+01 9.120+01 -2.230-01 

N2 Ml M2 
1.950+03 1.150+01 1.140+01 
1.870+03 3.350+00 3.260+00 
1.600+03 -2.610+01 -2.610+01 
1.040+03 -3.910+01 -3.910+01 
9.430+02 -2.120+00 -2.350+00 
7.920+02 7.420+01 7.330+01 
4.860+02 2.620+U2 2.620+02 
3.890-01 5.920+02 5.950+02 

U1 
0.000+0 
4.660-0 
9.350-0 
1.440-0 
1.480-0 
1.520-0 
1.570-0 
1.620-0 
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RESULTS FOR TUBE ARRAY' 
R/RO H1TUBE M1TUBE 

0.000+00 0.000+00 0.000+00 
3.000-01 4.590+01 1.150+01 
6.000-01 1.070+02 2.670+01 
9.000-01 2.670+02 6.610+01 
9.250-01 3.730+02 9.250+01 
9.500-01 5.750+02 1.430+02 
9.750-01 1.060+03 2.640+02 
1.000+00 1.900+03 4.750+02 

FlTUBE H2TUBE 
1.190+01 0.000+00 
1.420+01 -4.590+01 
1.730+01 -1.070+02 
5.890+00 -2.670+02 
2.880+00 -3.730+02 
2.620-01 -5.750+02 
0.000+00 -1.060+03 
0.000+00 -1.900+03 

M2TUBE 
0.000+00 
1.140+01 
2.670+01 
6.740+01 
9.380+01 
1.440+02 
2.650+02 
4.750+02 
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F2TUBE 
2.65D+01 
3.050+01 
3.480+01 
1.260+01 
8.800+00 
5.030+00 
1.350+00 
0.000+00 

H3TUBE 
0.000+0 
3.330-0 
4.890-0 
2.690-0 
2.730-0 
3.20D-O 
4.920-0 
8.470-0 



11. RECTANGULAR TUBESHEETS­
APPLICATION TO POWER PLANT 

CONDENSERS 

11.1 INTRODUCTION 

In previous chapters dealing with tubesheet stress analysis, we have 
focused exclusively on circular units and we have assumed that tubesheet 
geometry, loading, and edge conditions did not vary around the periphery. 
These restrictions permitted us to develop considerably detailed analytical 
models, leading either to numerical solution procedures, or to simplified, 
almost closed form, analytical solutions. Since the large majority of 
tubesheets are of circular shape, these analyses and solution methods have 
wide applicability. Tubesheets of non-circular shapes, however, are also 
used, particularly in low pressure, large volume flow rate conditions. 
Specifically, in this chapter, we will focus on the class of rectangular 
tubesheets used in large power plant condensers. We will provide a detailed 
discussion of the loading conditions and the geometry to highlight the 
complexities that obstruct the effort to obtain a satisfactory simplified 
solution. In the next section, we will first fully describe the power condenser 
tubesheet environment and provide an overview of the tube sheet design 
problem. Following this introductory material, we will present a very ap­
proximate design method, based on the theory of a beam strip on an elastic 
foundation. This approximate analysis, although replete with assumptions, 
both substantiated and unsubstantiated, at least permits investigation of the 
effect of various tubesheet parameters. We will fully develop the ap­
proximate method and show an application of it to the condenser tubesheet 
design problem. 

11.2 THE CONDENSER TUBESHEET DESIGN PROBLEM 

Figure 11.2.1 shows a side view of the basic power plant condenser. The 
dimensions of a typical tubesheet in a single pass of tubes may be of the 
order of 12' X 10', encompassing 16,000 tubes. Steam from the low 
pressure turbine is condensed inside of the condenser shell and gives up its 
latent heat to cooling water flowing through the tubes. The cooling water 
enters an inlet waterbox, passes through the tubes, and leaves the condenser 
through the outlet waterbox. Figure 11.2.1 shows a single pass unit for 
simplicity, although multiple pass units are used in many installations. Prior 
to the early '60's, most condenser installations were at minimum height 
above the cooling water source and often used a siphon circuit to minimize 
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STEAM 

TUBESHEET 

Fig. 11.2.1. Sectional view of condenser. 

pumping requirements. Under these siphon circuit conditions, the cir­
culating water system pressure (in the waterboxes and tubes) seldom ex­
ceeded 20-30 psi. Since under normal operating conditions, the condenser 
shell operates under a partial vacuum, the condenser tubesheet seldom 
experienced a pressure differential higher than 45 psi. Because of these 
relatively low operating pressures, design of condenser tubesheets was 
usually based on manufacturer's standards developed over years of service. 
Generally speaking, very little stress analysis of the condenser tubesheet 
appears to have been done on siphon circuit units; most tubesheets are on 
the order of 1" to 1.25" thick regardless of the particular operating 
pressure and the unit size. It appears that the choice of tubesheet thickness 
was made not from any consideration of bending stress in the tubesheet, but 
rather from the dictum that a certain minimum tubesheet thickness was 
required in order to provide sufficient surface for a satisfactory rolled tube­
to-tubesheet joint. Typically, a one-inch minimum tubesheet thickness was 
needed to provide adequate resistance against tube pullout under load. 

In recent years, as environmental concerns have played a larger role in 
plant design, the condenser tubesheet operating conditions have changed. 
Since the warm circulating water discharged from the condenser outlet can 
cause thermal pollution of the heat sink, many of the new units designed 
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since the 1960's require use of closed loop cooling systems. Where suitable 
holding techniques cannot limit thermal discharges to acceptable tem­
perature levels, cooling towers are employed in the circulating water system 
to dissipate the heat from the condensing steam. Because of long piping 
runs and added static heads involved in cooling tower circuits, circulating 
water system pressures in the condenser waterboxes have increased con­
siderably. It is now not uncommon to have 100 psi specified as unit design 
pressure with 150 psi mandated for the hydrostatic test condition. This large 
pressure increase, coupled with the popularity of substantial increases in 
plant sizes in the late 1960's through the middle 1970's (leading to con­
densers with larger tubesheets), has prompted a detailed stress analysis of 
condenser tubesheets to ensure that the tube sheet thickness is sufficient to 
keep stress levels within margins specified by safety codes. 

Prior to outlining the stress analysis procedure, it is necessary to delineate 
the various loadings involved, the structural geometries for typical in­
stallations, and the influence that these factors have on formulation of 
simplified design methods. Although variations in condenser geometries 
abound, Fig. 11.2.1 shows the basic configuration of condenser shell, tube 
bundle, tube support plates, tubesheets, and waterboxes. The unbalanced 
hydrostatic pressure on the water box is generally resisted solely by the tubes 
since an expansion joint is normally placed at one end of the shell. This 
expansion joint is almost always present in large units to minimize thermal 
stresses arising from differential expansion between tubes and shell (along 
the tube axis). The presence of the expansion joint means that for tubesheet 
stress analysis purposes, we can consider a floating head heat exchanger, 
carrying only mechanical loading, albeit of rectangular shape. If we neglect 
the small axial loading transmitted by the shell expansion joint, we see that 
the major loads acting on the tubesheet are the hydrostatic load from the 
waterbox and the local tubesheet surface pressure. These loadings are 
shown graphically in Fig. 11.2.2 and are resisted by loading of the in­
dividual tubes. Generally, the hydrostatic pull from the waterbox will vary 
around the periphery of the tube sheet. This is due to the fact that not only 

. must the tubesheet resist the direct load (the product of water box pressure 
and the full projected cross-section area of the waterbox), but must also 
resist bending moments caused by eccentric placement of large circulating 
water inlet and outlet nozzles. Thus, we can clearly see that the design 
problem for the condenser tubesheet involves consideration of a non­
uniform loading state acting around the periphery. At this point, we note 
that the distribution of this peripheral loading is unknown. 

In addition to the complications of non-uniform loading of the tube sheet 
from the waterbox, the condenser tubesheet requires two coordinates to 
describe a point. The problem is further complicated by a non-uniform tube 
layout pattern. Figure 11.2.3 shows an idealized layout of a typical unit, we 
note that the tube bundle is certainly not a uniformly spaced assemblage of 
tubes. The perforated portion of the tubesheet will generally have an 
irregular boundary with unperforated lanes. It is also quite common, as 
illustrated in Fig. 11.2.2, to have a narrower width of tube bundle at the top 
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of the unit. This non-uniform geometry helps to improve steam distrbution 
inside the condenser, but complicates the development of any straight­
forward analytical stress analysis method immeasurably. 

in Outer Tubes 

Unperforated Zone 
(No Tube.) 

Tube Zone 

Outline of 
Tube Bundle 

Load from Water 
Box (May Vary 

Around Perimeter) 

Water Pressure 
on Tubesheet 

Tube Bundle 

Tubesheet 

Fig. 11.2.2. Idealized representation of tubesheet loading. 

In Chapter 10, we gave an example ofthe application of the finite element 
method to the analysis of tubesheets. Although the particular application 
there involved a symmetric geometry and a circular tubesheet, thus per­
mitting use of a two-dimensional finite element code, the method may be 
applied to any three-dimensional structure. Therefore, if the designer has 
access to a general purpose finite element code, has the funds and time 
available to execute the job, and has the proper background and training to 
evaluate and interpret the results, the exact solution to the waterbox­
tubesheet-tube interaction problem in the specific application being 
discussed is within reach. In fact, given the various waterbox custom 
designs with nozzles, stiffeners, etc., at various orientations, the finite 
element method offers the only approach to a reliable solution for the stress 
and deformation pattern in the unit. Unfortunately, routine application of 
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the finite element method to the condenser tubesheet waterbox-tube in­
teraction problem does not appear to be a standard tool of design as yet. We 
suppose that the main reason for this lack of application may be that 
responses to client plant specifications must be completed in a relatively 
short time and the finite element method requires input of a large amount of 
data to develop an accurate model. The aforementioned problem can be 
overcome by writing special purpose pre- and post-processors that envelope 
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the application of the general purpose finite element code. To our 
knowledge, such special purpose pre-processors do not exist for the rec­
tangular condenser waterbox-tubesheet-tube configuration. 

In the middle 1970's, when large nuclear plants were being ordered in the 
United States and tubesheet stress analysis was recognized to be of con­
siderable import in the evaluation of a particular condenser design, the Heat 
Exchange Institute (HE I) (an association of heat transfer equipment 
manufacturers) published a discussion of the condenser tubesheet design 
problem, and a description of a possible approximate analysis that could 
serve as a means of choosing a tube sheet thickness under a given set of loads 
[11.2.1]. In subsequent technical papers [11.2.2, 11.2.3], the rectangular 
condenser tube sheet design problem was discussed further, and some ap­
proximate methodology presented. In Refs. [11.2.4, 11.2.5], an attempt was 
made to correlate a particular application of the previously proposed ap­
proximate method to a solution obtained using the finite element method. 
Because of its simplicity and popular appeal, it is appropriate to present 
here a complete discussion of the' 'approximate method" for application to 
the design of rectangular tubesheets. 

11.3 INTRODUCTORY REMARKS ON ANALYSIS OF A 
RECTANGULAR TUBESHEET USING BEAM STRIPS 

In this section, we begin the presentation of the beam strip method 
espoused as an approximate analysis procedure for condenser tubesheets. 
During the course of the development, we employ certain sweeping 
assumptions dealing with the behavior of the waterbox-tubesheet-tube 
configuration. We note at the outset that some of these assumptions can be 
substantiated by experience while others are employed, without sub­
stantiation, solely to permit the development a simplified, usable solution. 
We begin with a few comments, concerning the beam strip method as set 
forth in Refs. [11.1.1, 11.1.2]. The beam strip method discussed in those 
works begins with the designer disregarding the detailed interaction between 
the waterbox and the tubesheet. Rather, the effect of the waterbox is 
represented solely by the overall force and moment that is transmitted to the 
tube array by the peripheral loading distribution around the tubesheet. The 
tubesheet itself is not treated as a rectangular plate on an elastic foundation, 
but rather is analyzed by considering a few selected beam strips resting on 
an elastic foundation. The design models representative tubesheet strips as 
beams on an elastic foundation with strip geometry, elastic properties, and 
foundation parameters chosen to reflect local geometry of the tubesheet and 
the tube pattern. The modelling of tubesheet, elastic foundation properties, 
strip loading, and strip boundary conditions permits complete solution of 
the problem to determine the stresses for a given element (tubesheet) 
thickness. It is apparent that successful employment of the beam strip 
method depends on correct choice of beam strip location, correct 
assessment of the edge loading acting on the chosen strip, and correct 
assessment of the degree of fixety against edge rotation available at the strip 
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edge due to the adjacent waterbox structure. Figures 11.3.1, 11.3.2, 11.3.3, 
serve to illustrate the modeling of a beam strip. It is clear from the final 
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Fig. 11.3.2. Section A-A through beam strip of Fig. 11.3.1, showing 
loading from the waterbox acting on the end of the beam-strip. 
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Fig. 11.3.3. Structural model for beam-strip of Fig. 11.3.1 with tubes 
represented by a spring foundation. 
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model shown in Fig. 11.3.3 that for properly chosen values for P, PI' pz, 
and MA , the strip deformation and stress pattern can easily be established 
using beam analysis. Ref. [11.1.2] especially points out the difficulties in 
choosing P and MA • It is pointed out there that we have no direct 
knowledge of how the hydrostatic pull of the waterbox is distributed around 
the edge of the tubesheet; therefore, the designer working with an isolated 
beam strip must essentially make an educated guess as to the distribution of 
peripheral load around the tubesheet boundary that will be equivalent to the 
known applied force and moment resultant. Another uncertainty in the 
strip analysis model is the specification of end restraint on the chosen strip. 
The restraint against the tubesheet rotation not only can vary with type of 
waterbox, but also can vary around the tubesheet periphery. These 
variations have a strong influence on the tubesheet design since maximum 
tube load and tube sheet bending stresses are a strong function of end 
rotational restraint. 

We now discuss a modification to the beam strip method that uses 
multiple beam strips to support the applied load and moment. We will show 
that the employment of multiple beam strips will automatically choose the 
proper peripheral load distribution consistent with the assumptions em­
ployed in the overall analysis. The discussion herein is based on work 
reported in [11.2.3]. 

Figure 11.3.4 shows a free body diagram of the condenser waterbox. We 
make the assumption that the waterbox is sufficiently rigid to force the edge 
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Fig. 11.3.4. Waterbox free body. 
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of the tubesheet to undergo only a rigid body deformation. Because of this 
restriction placed on the tubesheet edge motion, we need not consider the 
load and deformation pattern in the waterbox in any great detail; it suffices 
to consider only the resultant force vector P and the resultant moment 
vector M representing the total effect of internal water box pressure, nozzle 
loadings, dead weight, etc. The only portion of P and M which are resisted 
by the tubes and therefore induce tubesheet bending deformation are the 
force components Fz k and the moment components Mx 1 + My J. As 
shown in the figure, overall equilibrium is maintained by the presence of the 
tube sheet edge shear force P(x,y), the tubesheet edge bending moment 
M(x,y), and the tube sheet edge twisting moment T(x,y). These edge 
reactions are given per unit of tubesheet periphery and are distributed 
around the four edges of the tubesheet. If we can solve for these edge 
reactions in terms of the components of the applied loading Fz , Mx, and 
My, and further, if we can establish the tubesheet stress and deformation 
pattern in terms of these edge reactions, then our design problem is 
solvable. Our task here is to introduce enough assumptions to successfully 
accomplish the above tasks and to yield a meaningful approximate analysis. 

Using the notation of Fig. 11.3.4, the stated rigidity of the waterbox 
permits us to assume that the edge of the tubesheet undergoes a rigid body 
deformation WB k, where 

(11.3.1) 

The notation xB , YB denotes a specific location on the tubesheet edge "B" 
(see Fig. 11.3.4). The essence of the multiple beam strip design method 
presented here is to determine 00, Ox, Oy in order to ensure satisfaction of the 
overall equilibrium equations implied by Fig. 11.3.4. Once these parameters 
are established, then the distribution of loading around the tubesheet 
periphery will be automatically determined; there will be no need for the 
designer to make an arbitrary decision for this distribution as he is forced to 
do if he considers only a single strip at some guessed at critical location. 

Our task now is to establish relationships between the boundary 
displacement WB (XB,yB) and the edge reactions P, M, T. If we were able to 
solve the exact plate equations analytically, we would find that P, M, Tat 
one point of the edge involve the edge displacements at all other points 
around the edge. Since our goal here is simplicity, we invoke the beam strip 
assumption that edge reactions at a particular point are related only to the 
edge displacements at that same point. That is, we will employ multiple 
beam strips around the periphery of the tubesheet to establish the 
relationship between P, M, T, at a given location, and WB at the same 
location. Figure 11.2.3 shows conceptually the breakup of a tubesheet into 
beam strips for analysis purposes. Typical strip patterns are also shown in 
Fig. 11.2.3. The number and orientation of these beam strips is left to the 
designer, but are presumably chosen to best reflect the variations in tube 
patterns around the periphery. 
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From Fig. 11.3.4, we now write down the equilibrium equations for the 
structure. We need only satisfy force equilibrium in the z direction, and 
moment equilibrium about the x and y axes through any point, say point P, 
on the tubesheet surface. We obtain the following three equations: 

(11.3.2) 

2 4 

+ E ~.M(XB'YB)dS+ E~. T(XB,YB)ds 
j~ 1 J j~3 J 

(11.3.3) 

4 2 

+ E ~.M(XB'YB)ds+ E~. T(xB,YB)ds 
j~3 J j= 1 J 

(11.3.4) 

In Eqs. (11.3.2-11.3.4), the following notation has been introduced for 
convenience: 

PO = YLJ + XL /, locates the point of application of the resultants F and 
M. 
~ ( ) ds = the line integral around the entire periphery "B" 

t ( ) ds = the line integral along the boundary segment Bj • j = 1 is the 
segment y=O, j=2 is the segment y=L*, j=3 represents the segment 
X= WI2, and j=4 represents the segment X= - WI2. The integration 
element ds is ± dy, ± dx, depending on the segment involved. 

Equations (11.3.2)-(11.3.4) provide three scalar equations to determine 
00, Ox, Oy once we have determined relationships between P(xB,YB), M(xB, 
YB), and T(xB ,YB) in terms of 00, Ox, and Oy. 

As noted above, the multiple strip method relies upon making the beam 
strip approximation all around the tubesheet edge in order to evolve 
analytical expressions for P, M and T in terms of the local tubesheet edge 
displacement. We can presume that the use of multiple strip theory will 
provide conservative results for the tubesheet analysis if we make the 
correct choice of edge rotational restraint conditions. We make this last 
statement on the basis that the use of beam strips for anlaysis purposes 
simply replaces the actual plate-like tubesheet by a weaker series of in­
dependently deflecting strips with no cross-connection. 
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11.4 ANALYSIS OF A SINGLE BEAM STRIP 

In this section, we present a detailed exposition of the beam strip analysis 
and we show how the local tubesheet edge displacement W B can be related to 
P, M, T, the strip edge reactions. We will show that the simplification of the 
tubesheet model to a series of elastic strips leads to the derivation of a series 
of local spring constants such that the relationships given below apply at 
each boundary pointxB =XBi , YB = YBi. 

P(XBi,yBi) =KiwBi +KpiP 

M(XBi,yBi) =CMiWBi-CpiP (11.4.1) 

In the above equations, the local spring rates K i , K pi , C Mi , Cpi , C Ti are 
functions of particular location around the tubesheet periphery. The 
rotation angle 8=8x along the edgesxB = ± WI2, 8=8y along the edgesYB 
= 0, L *, and the direction of T is such as to always resist twisting of the 
strip. It is essential to realize that the feature of the beam strip assumption is 
that it permits the statement to be made that edge reactions P, M, T on a 
strip are affected only by local pressure, geometry, and edge displacements 
of the same strip. 

In the following pages, we present a fairly complete development of the 
relevant spring rates. It is necessary to study the following analysis in detail 
to obtain an in-depth understanding of the formulation. However, for those 
interested primarily in application rather than analysis, a cursory reading up 
to the beginning of Section 11.5 will be sufficient. 

We begin the detailed analysis by considering Fig. 11.4.1, which shows a 
free body of the unperforated region of length L of a typical beam strip, 
and a free body of the adjacent perforated region. The width of the 
beam strip to be analyzed is b, and is chosen on the basis of the local tube 
pattern. Particular choices for b have already been shown in Fig. 11.2.3. 
Force and moment equilibrium requirements yield the following equations 
relating edge reactions PI, MI to interior reactions P 2 , M 2 : 

(11.4.2) 

If DI denotes the bending modulus EI of the beam strip of width b, 
thickness t, and length L, then simple beam theory can be used to relate the 
deflections and rotations at each end of the unperforated strip. If we 
examine the untubed strip in Fig. 11.4.1, we see that the deflections and 
rotations at ~ = O,L are related by the expressions 

WI (L) = WI (0) - L81 (0) - .lwc 
(11.4.3) 
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-I 

where AWe> ABc are the elastic deformation and rotation of a beam strip 
clamped at ~ = 0 and subjected to pressure load along the strip, and end 
loads P 2 , M 2 , respectively, at ~ = L. From any strength-of-materials text, 
results for AWe and ABc are given as 

P2L 3 M2L2 pbL4 

AW = -- +--+--
e 3Dl 2Dl 8Dl 

(11.4.4) 
P2L 2 M2L pbL3 

AB=--+--+--
e 2Dl Dl 6Dl 

If we substitute Eq. (11.4.4) into Eq. (11.4.3) and then use Eq. (11.4.2), to 
put the results in terms of PI' M l , we obtain the following set of equations 
for the untubed strip region: 

P lL 3 MlL2 pbL4 

WI (L) =wl(O)-BI(O)L+ - - -- - -- (11.4.5) 
6Dl 2Dl 24Dl 

(11.4.6) 
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As stated previously, our goal in this section is to obtain relations be­
tween PI' MI and WI (0) (which is the edge displacement denoted as WB 

earlier). These final relations will evolve from Eqs. (11.4.5), (11.4.6) after 
we eliminate (JI (L), WI (L). We must now analyze the interior perforated 
region in order to determine WI (L) in terms of the characteristics of the 
interior region of the tubesheet. 

To begin an analysis of the perforated beam strip, we consider the in­
terior strip to be subjected to edge loads Pz, M z , and to a surface pressure 
'Ap=j*pb. The factor j* reflects the fact that the strip is perforated. We 
have previously encountered this pressure reduction factor in our work on 
circular tubesheets. The beam strip in the perforated region feels the effect 
of the condenser tubing as an elastic foundation; as pointed out in previous 
chapters, each tube resists longitudinal force by stretching and therefore 
behaves as a simple spring. We take the spring constant of a single tube in 
tension or compression as ErArlLr where ET> AT> Lr are the Young's 
Modulus, the metal area of the tube, and the half length of the condenser 
between tubesheets, respectively. In addition, as shown in Chapter 10, since 
each tube is supported at discrete points along the length of the condenser 
by full width baffle plates, some resistance against bending of the tubesheet 
is also provided by the tube array. As noted in Chapter 10, a single tube, 
pinned at both ends and subjected to an end moment M n , has the following 
relation between Mn and the magnitude of the end rotation I (In I . 

I I _FnErlr. 
Mnl (In ---8-' (3:5Fn:54) (11.4.7) 

Fn is a function of the number of baffles and the baffle spacing, Iris the 
tube metal moment of inertia, and 8 is the span from the tubesheet to the 
first baffle support plate. 

If we wish to account for both the extensional resistance of the tubing as 
well as for the rotational resistance, we can develop the governing equations 
for the beam deflection by a proper reduction of the field equations for 
double tubesheets presented in Chapter 10. Accounting for the fact that we 
are dealing with a beam strip rather than a portion of a circular plate (let dr 
- dx and r- 00 in the relevant equations of Chapter 10), we can write the 
necessary field equations for bending (say for tubesheet 1) as 

dM 
-+V-m=O 
dx 

d(Jz 
M=D-; 

dx 

(11.4.8) 

(11.4.9) 

(11.4.10) 
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dW2 
-m=K*­

dx 

(11.4.11) 

(11.4.12) 

We have temporarily employed the sign convention used in Chapter 10 and 
we have used D to represent the EI of the beam strip (appropriately 
modified to reflect the perforation effect). D is the bending modulus of the 
interior of the strip with appropriate reduction for the effect of perforations 
(i.e., including an effective Young's Modulus), W2 is the deflection of the 
strip in the perforated region, ()2 is the cross section rotation, and Ko, K* are 
the spring constants reflecting tube resistance to deflection and to rotation 
of the tubesheet. If 1* is the length, along the beam strip, of a repeated tube 
pattern (see Fig. 11.2.3), and n is the number of tubes in the strip area bl*, 
then 

(11.4.13) 

If we combine Eqs. (11.4.8)-(11.4.13) into a single equation for the 
deflection W2 (x), and if we define the parameter {34 = Ko/4D, then we can 
obtain the equation 

(11.4.14) 

where 2 _ Fn LT d 2 ( 2t T 2t l ) P --- 0 1--+-
8 S do d/ 

(11.4.15) 

Equation (11.4.15), involving the tube outer diameter do and wall thickness 
t T, evolves by noting that the ratio I d AT of the tube cross section is 0.125 
do2 (1- 2tT/do + 2tl/do2). 

If we neglect the effect of tube resistance to tubesheet rotation, then the 
second term in Eq. (11.4.14) disappears and the ordinary beam on elastic 
foundation equation results. 

The solution to Eq. (11.4.14), valid in the semi-infinite regionx>O, can 
be written in the form 

(11.4.16) 

assuming that the tube rotational resistance effect is small enough so that 
p2 {32 < 1. A and B represent constants of integration which can be evaluated 
in terms of M2 and P2 at x = O. Noting the directions for positive moments 
and shears used in Chapter 10 and comparing with Fig. 11.4.1, we have 
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(11.4.17) 

(11.4.18) 

After differentiation with respect to x of Eq. (11.4.16), evaluation of the 
results at x=O, and substitution into Eqs. (11.4.17), (11.4.18), we can solve 
for A and B in terms of P2 and M 2 • If we then use Eq. (11.4.16) and its first 
derivative to evaluate w2 (0) and 82 (0) - dW2 I dx)o, we obtain the ex­
pressions 

(11.4.19) 

d12 d22 
-O(O)=--P+-M 

2 2(32 D 2 (3D 2 (11.4.20) 

where 

(11.4.21) 

Having the results for the perforated strip represented by Eqs. 
(11.4.19)-(11.4.21), the results for the unperforated region represented by 
Eq. (11.4.5), (11.4.6), the equation of equilibrium, (11.4.2), and the 
compatibility conditions 

WI (L) = w2 (0); 01 (L) = O2 (0) 

we can combine the results into the final symbolic form 

2(33D(wl(0)-01(0)L) =PIB ll -(3MIBI2 -pbLBl3 

2(32 DOl (0) = PI B21 - (3MI B22 - pbLB23 

where 

Bll = d ll + (3Ld12 - (33 L3 13DI 

B12 =d12 +2(3Ld22 -(32L2D/DI 

Bl3 =dll +dI2 (3L12+.f*/2(3L-(33L3DI12DI 

B21 =d12 + (32L2D/DI 

B22 =2d22 +2(3LD/DI 

B23 = d l2 + (3Ld22 + (32 L2 D /3DI 

(11.4.22) 

(11.4.23) 

(11.4.24) 

(11.4.25) 
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Equations (11.4.23), (11.4.24) are almost in the final form desired in that 
they relate the beam strip edge reactions PI ,MI to the beam strip local edge 
displacement WI (0) = wB • However, the relations still involve 81 (0) which 
reflects a measure of the resistance to strip rotation provided by the 
heretofore neglected waterbox structure adjacent to the particular beam 
strip being considered. Without a detailed water box analysis, a proper 
relation for 81 (0) is difficult to establish. For the moment, we simply state 
that if a detailed analysis of the local water box structure could be made, we 
would find that 81 (0) is proportional to M I , and to the local pressure P 
acting on the waterbox. Without any analysis, we simply write this relation 
in the form: 

8 (0) = _E_I _ B22 M _ E2 B 23 b L 
I 1 _ EI 2(3D I 2(32 D P 

(11.4.26) 

EI, E2 are convenient parameters that reflect the character of the restraint 
provided "by the waterbox. The first term in Eq. (11.4.26) is simply the 
rotational stiffness of the waterbox structure attached to the tubesheet strip; 
the second term gives the influence of local water box pressure on the edge 
rotation. Using Eq. (11.4.26) in Eq. (11.4.24) and solving for MI yields the 
result 

[ B21 B 23 ] MI =(1-EI) --PI -(1-E2)--P b L 
(3 B22 (3 B22 

(11.4.27) 

We can see that a particular waterbox structure having a parameter value 
E = 1 corresponds to a simply supported edge for the tube sheet strip. 
Similarly, a clamped edge (81 (0) = 0) is provided by the adjacent waterbox 
structure if the parameter values EI , E2 are both set equal to zero. 

The spring rate functions for strip bending, defined in Eq. (11.4.1) at the 
beginning of this section, are now directly obtainable by combining Eqs. 
(11.4.23), (11.4.24), (11.4.26), and (11.4.27) to obtain forces and moments 
per unit of tubesheet periphery as 

where 

Kp 

L 

P=Pllb=K wl(O)+Kpp 

M=Mllb=CMwl(O)-Cpp 

2(33 D/b 

=-----------------------------------

(11.4.28) 

(11.4.29) 

(11.4.30) 
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(11.4.31) 

(11.4.32) 

It is clear that K, Kp , CM' Cp , being functions of local strip geometry, will 
in general, vary around the tubesheet periphery. 

A similar, but much simpler analysis, using the free body for torsion in 
Fig. 11.4.1, yields the twisting spring rate function CT in Eq. (11.4.1), 
consistent with the beam strip idealization, as 

C = GJ ~ 
T bL 1 + 11-

(11.4.33) 

where 

G*J 
11-= GJ aL; (11.4.34) 

GJ, G* J are the torsional rigidities of the beam strip rectangular cross 
section in the unperforated and perforated regions, respectively. CT will 
also vary around the tubesheet periphery. We suggest here that a reasonable 
approximation for J for a strip of width b and thickness tis 

b4 t4 

J"",O.3-~--:­
(bt3 + tb3 ) 

(11.4.35) 

Having established appropriate values for the spring rates in Eq. (11.4.1), 
as promised, we now return to the mainstream of our development and 
employ Eq. (11.4.1) in the satisfaction of the overall equilibrium equations 
and in the eventual determination of the edge displacement parameters 00, 
OX,Oy first introduced in Eq. (11.3.1). 

11.5 DEVELOPMENT OF FINAL EQUATIONS FOR EDGE 
DISPLACEMENTS 

In the previous section, we presented a derivation of the relevant 
parameters reflecting the modelling of a tubesheet region by a beam strip. 
The spring rates obtained are functions of local strip geometry, of material 
properties, and of foundation moduli; they include the effect of interaction 
between the particular beam strip and the adjacent waterbox structure. In 
the development of the strip spring rates, we require the effective moduli E* 
(and G*) which reflect the perforation effect. The same procedures 
suggested in previous chapters for circular tubesheets can be applied here to 
obtain the reduced moduli required for each strip around the tubesheet 
periphery. 

We are now in a position to complete the formulation of the equilibrium 
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equations, which to this point are represented by Eqs. (11.3.2)-(11.3.4). If 
we use Eqs. (11.4.1) and replace WB; by the edge displacement of Eq. 
(11.3.1), then the following three equations can be obtained to solve for 00, 
()x, ()y: 

All 00 +A I2 ()x +A 13 ()y =Fz -BIP 

A 21 00 + A22 ()x + A 23 ()y =FzYL ~,Mx - B2P (11.5.1) 
/ 

A 31 00 +A32()x +A33()y =FzXL,~My -B3P 

Appendix 11.A contains a summary of the expressions for Au and B; in 
terms of line integrals of the various spring rates. The Appendix also gives 
some details on the computation of the coefficients. We note that in a large 
majority of configurations, the y-z plane in Fig. 11.3.4 is a symmetry plane. 
In such a case, XL =My =B3 =A 13 =A31 =A23 =An = ()y =0, and Eqs. 
(11.5.1) reduce to two equations to solve for 0 and ()x. The solutions are 
easily obtained once the Au, B;, which reflect the variation of tubesheet 
flexibility around the periphery, are computed. Finally, we recall that Fz , 

Mx, My, are all expressible in terms of the waterbox hydrostatic pressure, 
plus any additional known mechanical loads. 

Some comments on the computation of the parameters fl , f2 as defined in 
Eq. (11.4.26) are now warranted. As noted in Refs. [11.2.1, 11.2.2], these 
values must be estimated by the tubesheet designer and reflect interaction 
between the tubesheet strip and the adjacent waterbox structure. In essence, 
the choice, or rational derivation of appropriate values for fl , f2' reflects an 
attempt to incorporate the stiffening effect of the waterbox on the tubesheet 
while still essentially neglecting consideration of the complex stress and 
deformation patterns that certainly arise in a loaded waterbox. Results of a 
finite element study of an idealized waterbox tubesheet unit [11.2.5] verify 
that the complex waterbox geometry causes the edge fixety parameters fl , f2 

to vary considerably around the tubesheet periphery. 
We will show later that the values set for f; can strongly influence the 

results obtained for a particular tubesheet geometry. Therefore, in lieu of 
an arbitrary choice of the f; parameters based on experience (or guesswork), 
we suggest that a strip model be employed for the adjacent waterbox 
structure solely to provide some rational for the choice of fl' f2. Figure 
11.5.1 shows some representative geometries for waterbox strips which can 
be used to obtain fl' f2. For example, considering Fig. 11.5.1b with LI =0 
for simplicity, we can write expressions for 01, ()I as follows: 

01 = HIL33 _ MI L32 _pL34 b 
3E1 2E1 8E1 

(11.5.2) 

()I = _ HILl + MI L 3 + pL33 b 
2E1 E1 6E1 
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Fig.11.S.1. Waterbox strip geometry. 

Requiring that 0, = 0 yields a solution for H, as 

3 M, 3 
H, = - -- + - pL3 b 

2 L3 8 

583 

(11.5.3) 

so that the rotation B, at the junction with the tubesheet has the form: 

M,L3 pbL33 
B, = 4El - 48El (11.5.4) 

Comparing Eq. (11.5.4) with Eq. (11.4.26) yields equations to determine E" 

E2 in terms of the waterbox-tubesheet material parameters and geometry as 

E\ (2{3D) L3 2{32 D ( L32 ) 

1 - E, = B22 4El; E2 = B23L 48El 
(11.5.5) 

Similar estimates for E" E2 can be obtained for other waterbox strips 
around the tubesheet periphery. We can easily demonstrate the importance 
of a realistic choice for the value of the edge fixety parameters. Consider, 
for example, a beam strip with no unperforated region, zero surface 
pressure, but subjected to an edge load P, . Also, assume that the rotational 
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resistance of the tubes can be neglected so that 1 ± (12 p2 "" 1. For this case, 
with L = 0, and no surface pressure, the edge moment M[ becomes 

p[ 
M[ =(1-Ed-

2(1 
(11.5.6) 

We can also show that the solution for the interior bending moment 
distribution M(x) in this case, can be obtained from the general solution 
(given as Eq. (11.4.16» in the form 

M(x) = [M[ (cos(1x+ sin(1x) - ~ sin,6x] e- f3x (11.5.7) 

We can plot M(x) (1/ p[ versus x for various values of E[ in order to examine 
the effect of E[. Figure 11.5.2 shows the results of such a calculation. It is 
clear that for this idealized problem, the most efficient use of material is 
associated with an edge fixety factor E[ = 0.6. In the context of this exercise, 
we note that values of E[ <0 are of mathematical interest only. 

Assuming that we can establish a reasonable estimate of the fixety 
parameters for each tubesheet strip used in modelling a particular unit, then 
Eqs. (11.5.1) solve for Do, Ox> 0y, appropriate to the unit geometry and 
loading, and establish the edge boundary displacement WB (XB,yB) (see Eq. 
(11.3.1» around the periphery. Substitution back into Eqs. (11.4.1) then 
yields numerical values for the edge loading on each beam strip around the 
tubesheet. We have thus established the peripheral load distribution acting 
on the tubesheet consistent with the assumed edge displacement pattern. 
Tubesheet design can proceed by examining the strip having the most severe 
edge loading to establish stress levels and tube loading. Usually, critical 
stresses are at the edge and at the beginning of the perforated regions. To 
find the bending moment in the interior of the perforated region, the 
designer must calculate M(x) = -Dcfw2 ldr with w2 (x) given by Eq. 
(11.4.16). Note that calculated bending stresses in the perforated region 
should be amplified by the appropriate stress efficiency factor to account 
for the effect of the perforations. 

The approximate method presented here can easily be coded into a user 
oriented design package. The method is, of course, of interest only if it can 
be established that it yields useful results. Experience with the concepts and 
design methods of this chapter indicates that the approximate method 
appears to yield useful results when considered as an application aid in the 
preliminary design stage. The method has been applied to evaluate certain 
units which have experienced field failures. Usually, these failures manifest 
themselves by tube pull out around the unit periphery (due to excessive tube 
loading) or to severe tubesheet bending. In most cases, the failure is not due 
to unit underdesign, but rather to an unanticipated overload above design 
pressures. In most cases, these reported tubesheet problems surfaced on 
units designed prior to industry awareness of the need for strength design 
due to higher waterbox pressures. The multiple beam strip method has been 
applied to certain of these reported failures, and, when good engineering 
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practice has been employed in developing the model, is found to predict 
either an overstress condition or high tube loads under the conditions ac­
tually present in the field when a particular failure occurred. Although the 
beam strip method can be useful in simplifying a very complex problem to a 
relatively simple analysis, the potential user is cautioned that the method is 
best employed in a preliminary design analysis and then only in conjunction 
with conservative design margins on tube sheet stress levels and on allowable 
tube loading. 

1.0 

13M 

0.1 

- 0.1 

4.0 
~~~--~~--~----------~~-=====~(3X 

Fig. 11.5.2. Bending moment distribution in tubed region. 



586 Mechanical Design oj Heat Exchangers 

11.6 A SPECIFIC APPLICATION OF THE MULTIPLE BEAM STRIP 
METHOD TO INVESTIGATE THE EFFECTS OF 
TUBESHEET GEOMETRIC AND MATERIAL PARAMETERS 

In this section, we show a typical application of the multiple beam strip 
method. Usually, a user will write a special purpose computer code in­
corporating the strip equations with a pre- and post-processor for data 
input and results interpretation. 

The designer must input geometry and material properties required to 
compute Fz , Mx , My, to compute strip spring rates, and to compute edge 
fixity parameters. The user must also input the number and type of strips 
(tube patterns) to be modelled around the periphery. Experience indicates 
that 10-15 strips along the long edges is sufficient to define a typical 
tubesheet. For an assumed tubesheet thickness, the computer code can 
calculate the coefficients Ai, Bi necessary to assemble and solve the 
equilibrium Eqs. (11.5.1). Thus, the boundary displacement around the 
periphery, per unit applied hydrostatic pressure, can be computed. With 
this deformation determined, stresses and tube loads per unit pressure can 
be calculated for each strip location. Based on allowable design stress and 
tube load, a maximum hydrostatic pressure for the assumed tubesheet 
thickness can be ascertained. Generally, only tubesheet thickness would be 
varied until a unit which meets design specifications is achieved. The 
reduced area in the perforated region available for load carrying should be 
correctly accounted for using a stress efficiency factor in the computation 
of strip stresses in the perforated region. Depending on geometry and edge 
fixity, the maximum strip stress at a given peripheral location will be either 
at the edge of the strip, at the interface between the unperforated and 
perforated region, or in the interior of the perforated region. 

Since the condenser waterbox-tubesheet unit is generally a custom design 
requiring special purpose computer coding, we do not present any source 
code for the method given in this chapter; however, we will present results 
of a typical application study using the multiple beam strip method. To 
illustrate the design method, we consider the following hypothetical con­
struction which has been used in Ref. [11.2.3], and repeat the sample 
calculations presented there. 

Tubesheet: L * = 120 in.; W = 72 in. 
E = 29 X 106 psi 

Tubes: Outer diameter = 1 in.; length = 360 in.; thickness = 0.049 
in.; ligament width = 0.25 in.; ET = 16 X 106 psi. Tube 
pattern is 60° diagonal* along the lower edge of width W, 
and 60° lanedt along sides of length L * and along the top 
edge. (See Fig. 11.3.4). 

·The term "diagonal" refers to a fully perforated region, and 60° refers to angle 8 (see Fig. 
11.2.3). 

tThe term "laned" refers to a region having an interrupted tube layout (see Fig. 11.2.3). 
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Waterbox: 

Loading: 

E = 29 X 106 psi; 180 0 wrap (Fig. 11.5.1a) along the sides, 
with R = 36 in.; tz = 0.5 in., Ll = 3 in., tl = 1.25 in. 
Along the top and bottom edges, the water box is represented 
as flat plate (Fig. 11.5.1b)withL I + L3 = 18in.,t1 = t3 = 
1.25 in. 
The effects of water box pressurization are assumed as an 
external moment Mx having magnitude 1.83 x 106 in.lb. at 
a hydrostatic pressure of 50 psi, and an external force Fz = 
432,000 lbs. at the same hydrostatic pressure. The waterbox 
metal weight and weight of internal water yields a constant 
positive external moment Mx = 0.163 X 106 in.lbs. 

The property values and design stress levels employed are typical of a 
steel waterbox and tubesheet with aluminum brass tubes. The bending stress 
at hydro test pressure is assumed to be limited to 1.25 times the material 
yield stress for the purposes of establishing maximum allowable pressures 
for a given tubesheet thickness. 

The computer simulation of the unit described above is executed for an 
initial tubesheet thickness of 1 inch and increased in increments of 0.25 
inch. The result of each simulation is the allowable hydro test pressure 
consistent with the permitted maximum stress level. The design method 
should also check maximum tube loading around the periphery and ter­
minate the simulation at a lower pressure if the designated maximum tube 
load is exceeded anywhere around the periphery. For the sample 
calculations here, the maximum allowable tube load is set high enough so 
that the limiting hydrostatic test pressure is always governed by maximum 
bending stress conditions in the tubesheet. In actual design situations, the 
limiting criteria may well be maximum tube loading, rather than the 
tubesheet stress level emphasized in the simulation reported here. When 
high tube loads govern a design, the tube loading may be reduced by 
reducing the external loads on the tubesheet, or by increasing the number of 
peripheral tubes which can carry the loading. 

Results of a number of simulations are summarized in Fig. 11.6.1 with 
the results presented in S.1. units. The permitted unit test pressure p is 
presented as a function of tubesheet thickness. Also presented are results 
for maximum tube load/unit pressure as a function of tubesheet thickness. 
The following unit simulations are used to illustrate effects of certain 
geometry and material variations on maximum pressure and on maximum 
tube load. 

Case I-The unit as previously described. 
Case 2-Same configuration as case 1, with tube material changed to 

steel. 
Case 3-Same configuration as case 1, with tubesheet material changed 

to Muntz metal (E = 15 x 106 psi). 
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Case4-Same configuration as case 3, with waterbox plate assumed 
sufficiently ribbed to maintain the tubesheet periphery fully 
fixed against rotation. 

The material yield stresses governing the permissible unit bending stress 
levels are: 

Muntz-20,000 psi; Steel-30,000 psi 

The four cases (5-8) also shown in Fig. 11.6.1 are similar to cases 1-4 above 
except that the tube pattern around the periphery is changed. We replace the 
60° laned strips along the unit side with 30° diagonal strips. Along the top 
edge, we replace the laned configuration with 60° fully diagonal strips. 
Thus, cases 5-8 compare with cases 1-4, respectively, and illustrate the 
effect of tube layout. 
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Fig. 11.6.1. Results of typical simulation. 
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Figure 11.6.1 shows the expected general results that increasing tubesheet 
thickness permits the unit to sustain a higher test pressure with lower 
maximum tube load/unit pressure. The decrease in tube loading/unit 
pressure is a direct effect of thicker tubesheets spreading the total load over 
more tubes. Examination of the results for cases 1 and 2 on Fig. 11.6.1 
shows that increased tube Young's Modulus and yield stress results in a 
decrease in permitted pressure for a given thickness. Finally, comparison of 
case 3 and case 4 illustrates the effect of water box stiffening on unit 
allowable pressures. The cause of the abrupt change in local slope of the 
pressure curves for cases 1-3 is easily explained by the location of the 
maximum stress that limits the pressure. For cases 1-3, the limiting bending 
moment occurs at the joint between the tubesheet strip and the adjacent 
waterbox plate. For smaller tubesheet thickness, the limiting stress is in the 
tubesheet. As the tubesheet thickness increases the limiting stress occurs in 
the waterbox wall adjacent to the tubesheet. We note that in this study the 
water box plate thickness does not change as the tubesheet thickness is in­
creased. As the tubesheet thickness increases, the allowable unit pressure 
continues to increase, albeit at a much slower rate. The increase reflects the 
effect of edge fixity condition El which tends to increase as the tubesheet 
thickness increases. For the case 4 simulation, the waterbox plate never 
governs the limiting stress state; the limiting stress condition always occurs 
in the tube sheet. For the particular configuration studied, the 1 inch 
tubesheet thickness has its limiting stress condition at the edge; for in­
creased thickness, the limiting state occurs at the beginning of the per­
forated region. 

It is of interest to note the change in edge fixity parameter as the 
tubesheet thickness increases with the waterbox plate geometry constant. 
We find for case 3, for example, that for the 60° diagonal strips along the 
lower edge, the interaction with the flat plate waterbox yields the range of 
values 0.9> (1 - El) >0.41 for tube sheet thickness 1.0-3.5 inch, respectively. 
The laned strips on the side of the unit in case 3 have edge fixity variations 
0.76> (1 - El ) > 0.17 for the tubesheet thickness range given above. These 
lower values reflect the increased flexibility of the cylindrical wrap. 

The effect of a change in tube pattern on test pressure is shown by the 
second set of pressure-thickness results in Fig. 11.6.1 (cases 5-8). The trends 
are similar to cases 1-4, but the pressure permitted for a given thickness is 
increased. 

11.7 CONCLUDING REMARKS 

In closing this chapter, we emphasize again that the complex nature of the 
condenser waterbox-tubesheet-tube configuration makes it very difficult to 
evolve any simplified, accurate analysis technique. We have presented the 
outline of a very approximate method which has the virtue of relative 
simplicity and appears useful if applied with caution and good engineering 
judgment. The method is based on simulating the tube sheet by a series of 
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well chosen beam strips reflecting the tubesheet geometric characteristics, 
and simulating the waterbox by parameters that hopefully reflect the 
character of the edge restraint provided by the waterbox. We close this 
chapter with the caution to a potential user that if the preliminary design 
appears marginal, good engineering practice dictates that a more elaborate 
finite element analysis of the complete unit, with all components included, 
be considered in order to accurately establish the merits of the probable 
configuration. 

NOMENCLATURE 

b 

= Parameters defined by (Eq. (11.5.1» and in Appendix 
II.A 
Width of beam strip (Fig. 11.2.3) 
Coefficients defined by (Eq. (11.4.25» 

= Local spring rates for edge moments (Eq. (11.4.1» 
Bending modulus of beam strip in unperforated and 
perforated region, respectively 

dij Coefficients defined by (Eq. (11.4.21» 
do = Tube outer diameter 
e Young's Modulus 

1* Amplitude modifier for pressure in perforated region (Eq. 
(11.4.11» 

K,Kp 
K" 
K* 

L 

L* 
LT 

MA 
M,T 

M 1,M2 

M(x) 

Waterbox direct load 
Approximate torsional parameter defined by (Eq. 
(11.4.35» 
Local spring rates for edge displacement (Eq. (11.4.1» 

= Tube spring ratefor deflection (Eq. (11.4.13» 
Tube spring rate for rotation (Eq. (11.4.13» 
Length of unperforated region (Section 11.4) of a beam 
strip 
Height of waterbox (Fig. 11.3.4) 

= Half length of condenser shell 
Edge moment 
Edge moments on tubesheet (Fig. 11.3.4) 

= Beam strip moments (Eq. (11.4.2), Fig. 11.4.1) 
Tubesheet strip moment defined by (Eq. (11.5.7» 
Waterbox external moments (Fig. 11.3.4) 

= Tubesheet pressure (Eq. (11.4.2» 
Edge load on tubesheet (Fig. 11.3.4) 

= Beam shear loads (Eq. (11.4.2), Fig. 11.4.1) 
= Tube wall thickness 

Tubesheet thickness 
W2 = Tubesheet displacement in perforated region 

Edge deformation oftubesheet (Eq. (11.3.1» 
= Width of waterbox 

WB 

W 
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XL 

YL 
(3 

00 ,Ox ,f)y 

1"1,1"2 

D.Oc 
D.Wc 

p 
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APPENDIX II.A 

COEFFICIENTS OF A-MATRIX AND B-VECTOR 

Using already defined notation and the usual meaning for line in­
tegration, we obtain the following results for the coefficients Au, B;; 
iJ=I,2,3 

AIl =~K;dS; AI2 =~YBK;dS; AI3 =~XBK;dS 

2 

A21 =A12 + E ~. CMjdSj 
j=1 J 



592 Mechanical Design of Heat Exchangers 

2 

A 23 = ~YBXBK;dS+ E ~. xBjCMjdsj 
j=1 J 

4 

A31 =AI3 + E ~CMjdSj 
j=3 

We note that the calculation of Au, B; is actually carried out by replacing 
the integration process by a finite summation process. For example, let us 
refer to Fig. 11.3.4 and calculate the coefficient All. We assume that the 
tubesheet has been replaced by a series of NX strips along the x-half axis 
and NY strips along the y-axis. We also assume that the unit in question has 
the j, k plane as a plane of symmetry and that the spring rates K; have been 
computed from Eq. (11.4.29) for each strip around the periphery. Suppose 
we now let dx;, dYj represent the assumed finite width of each strip along 
the x, Y axes, respectively. That is, suppose we have: 

NX NY 

2 E dx;=W; E dYj=L* 
;=1 j=1 

Then, the coefficient A 11 can be calculated from the summations shown 
below: 

All NX NY NX 

2 = E (K;dx;)8 + E KjdYj + E (K;dx;)T 
;=1 j=1 ;=1 
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12.1 INTRODUCTION 

A removable flat cover is frequently utilized as the main closure for the 
tubeside chamber in tubular heat exchangers. In fact, of the five front end 
styles shown in the TEMA Standards (ref. Table 1.3.1), three contain 
removable bolted flat covers. Removing a bolted cover does not involve 
disconnecting channel connections, and the required removal space can be 
quite small. The cover can be hung from a "davit" or a "hinge" 
(Photograph 12.a) attached to the mating flange, which can facilitate cover 
removal. Figure 12.1.1 shows a bolted flat cover in a mulitiple tube pass 
unit. Figure 12.1.2 shows a typical davit arrangement. Instead of a davit, a 
hydraulic or air operated hinge and door set up may be used. These at­
tributes make removal of the cover perhaps the most expeditious way to 
gain access to the tube-to-tubesheet joint for tube cleaning or for tube 
plugging operations. In applications involving expensive alloys for the 
tubeside material, a carbon steel flat cover is easily faced with a liner of the 
required alloy material thus yielding savings in the hardware cost. Finally, 
the circular shape makes the flat cover one of the simplest pressure vessel 
shapes to analyze for pressure loadings. Rules for flat cover design have 
appeared since early editions of the ASME Boiler and Pressure Vessel 
Codes. The AS ME Code rules are intended only to limit the maximum 
stress level in the cover. Heat exchanger designers have long recognized, 
however, that in addition to serving the pressure retaining function, the flat 
cover also plays an implicit role in the thermal-hydraulic performance of 
multiple tube pass heat exchangers. The operating pressure causes the cover 
to flex resulting in increased separation between the edge of the pass par­
tition plates and the cover surface. The gasket "ribs" spring-back as the 
cover withdraws, under pressure, from the partition plate edge. However, 
the resilience of the "ribs" may not equal the amount of separation, and a 
crevice between the cover and the pass partition plates can be formed. This 
phenomenon is identical to the one discussed in Chapter 4 in reference to 
the removable tube sheets in U-tube heat exchangers. The differential 
pressure between the adjoining pass partition chambers determines the rate 
of bypass of the tubes ide fluid. In Chapter 1, some remarks on pass par­
tition arrangement were presented to aid in reducing the overall effect of the 
bypass on the total heat duty of the heat exchanger. However, it is 
recognized that the bypass cannot be completely eliminated in most multi­
pass designs without limiting the maximum cover deflection. For this 
reason, the heat exchanger design standards [12.1.1-2] provide deflection 

593 



594 Mechanical Design oj Heat Exchangers 

Photograph 12.a. Fixed tubesheet heat exchanger with hinge mounted flat 
cover (courtesy Joseph Oat Corporation). 

FLOWIN 

PASS PARTITION 
PLATE 

FLOW OUT 

til 
UJ 
:r 
'" UJ 
II) 
~ ... 

Fig. 12.1.1. Bolted cover with a diametral groove for seating the pass 
partition plate. 
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Fig. 12.1.2. Flat cover equipped with a davit arm. 
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limiting formulas for cover thickness calculation. The derivation of the 
cover formulas presented in the TEMA [12.1.1] and HEI [12.1.2] Standards 
is presented here based on our conjecture as to their bases and assumptions. 
The basis for the AS ME Code [12.1.3] cover formula is also given for 
completeness. 

In Chapter 4, controlled metal-to-metal contact was discussed as a means 
to reduce tubesheet deflection and inter-tube-pass leakage. The viability of 
this concept in flat cover design is also examined in this chapter. Interaction 
equations for a lap joint flange bolted to a flat cover are derived in Section 
12.3. The computer program LAPCOV, based on this derivation, is utilized 
to study cover deflection as a function of joint geometry. The relationships 
to correlate interpass leakage to derating of the heat duty are given in 
Section 12.5. Explicit formulas for a two tube pass heat exchanger are 
derived in Section 12.6. Analysis of a welding neck or ring type flange 
bolted to a cover is illustrated in Section 12.8 through the use of computer 
program TRIEL (which was described in Chapter 4). 
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12.2 CONVENTIONAL DESIGN FORMULAS * 

12.2.1 ASME Code [Ref. 12.1.3] 

The cover is idealized as a circular plate of diameter d and corroded 
thickness t simply supported at its outer edges. d represents the effective 
diameter of the gasket as defined in the Code. The portion of the cover 
outside the effective gasket circle is neglected. The radial bending moment 
due to the non-concentricity of the bolt load line with the gasket reaction 
load line is considered to be applied around the edge of the idealized circular 
plate in a symmetrical manner. If the total bolt load (assumed to be equal to 
the bolt pre-stress times the total bolt root area) is Wand the radial offset 
between the gasket reaction circle and bolt load circle is hG' then the 
moment per unit circumference is: 

WhG 
M=-

7rd 

The stress field in the cover due to M is uniform over the surface of the 
cover and the maximum radial and tangential bending stress at any point is 
given by [12.2.1]: 

or 

[M) _ [M) 6M 6 WhG 
ar - at = - = - --

t2 7r dt2 

[M) WhG 
ar = alM) = 1.9 -­

dP (12.2.1) 

Similarly, the maximum stress in a simply supported circular plate of outer 
diameter d subject to a lateral pressure p is given by [ref. Section 2.4]: 

[p]_ [p]_ 3(3+ II) p~ 
ar - at - -

32 P 
where II is the Poisson ratio of the cover material (almost universally 
assumed to be 0.3 for ductile metals). Therefore: 

where: 

[p]_ [P] Cp~ 
ar - at =--

t 2 

c= 3(3 + II) ,.,,0.3 
32 

(12.2.2) 

The AS ME Code assumes that the bolt load W does not change when the 
flanged joint is pressurized. We also note that the stresses due to M and P 

·Where not specifically defined, the notations used in deriving the formulas in each sub­
section in this section correspond to those used in the pertinent standard. Each term is defined 
where it first appears in the text. The definition of many terms in this section does not appear 
in the nomenclature. . 



12/Flat Cover 597 

are additive. Setting the combined stress equal to the allowable stress for the 
cover material SE (E is the joint efficiency, as defined by the ASME Code, 
of the welded butt joints, if any, in the cover) leads to the well-known code 
formula for cover thickness: 

t=d[CP 1.9 WhG]1I2 
SE + SEd3 

12.2.2 TEMA Standards [Ref. 12.1.1] 

(12.2.3) 

TEMA Standards have a deflection based formula which seeks to limit 
the maximum deflection of the flat cover of a multi-tube pass unit to 
0.030". The structural model is similar to that of the AS ME Code. The 
cover is simulated as a circular flat plate of diameter G, corroded thickness 
T subject to lateral pressure p, and to a symmetrically distributed edge 
moment M. The diameter G is the mean gasket diameter, not the effective 
gasket diameter as defined in the ASME Code [12.1.3]. The edge moment 
M is computed by assuming that all the bolts (total cross sectional area A B) 
are stressed to a value 45000/ dB 112 , where dB is the nominal bolt diameter. 
If hG represents the radial offset between the mean gasket circle and bolt 
circle, then M is given by: 

h A (45000/d 112) M= G B B 

7rG 

The formula for the maximum deflection, 0, due to pressure P and edge 
moment M, is readily obtained from Roark [12.2.1] as 

3F(1- p) (5 + p)G2 6(1- p)MG2 

0= +----'-----;::-
64 7rET 3 4ET 3 

where p is Poisson's ratio, T is the cover thickness, and F = 7rG2p/4. 
Setting p = 0.3, 0 = 0.03", and rearranging terms gives the TEMA cover 
plate thickness formula: 

[ 1.425 G4p 0.5 hGABGx 106 ] 113 
T~ + ------~---

E EdB II2 

12.2.3 Heat Exchange Institute [Ref. 12.1.2] 

The formula for cover thickness given in Ref. [12.1.2] is derived in the 
same manner as the TEMA formula, except for two simplifications which 
are not made: the maximum cover deflection 0 is left to the discretion of the 
designer, and the total bolt load Wappears explicitly in the formula; i.e., 
the bolt stress level is not specified. 

All three design formulae discussed in the foregoing neglect the effect of 
the outer portion (beyond a hypothetical mean gasket circle) of the cover 
and the variation in the bolt load as the joint is pressurized. Reduction in 
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cover deflection due to special design features, such as controlled metal-to­
metal contact outside the bolt circle, soft gaskets, or stiff bolts (over 
bolting), cannot be accounted for using these formulas. The analysis 
presented in the following section removes these limitations. 

12.3 FLANGE-COVER INTERACTION 

In Chapter 4, the interaction of two welding neck flanges and a sand­
wiched tubesheet, the so-called "three element joint," was studied. In this 
section, we will derive the interaction relationship for a flat circular cover 
bolted to a lap joint flange. This formulation will enable us to study the 
variation of the residual gasket compression load and the bolt pull due to 
change in pressure, cover and flange ring thickness, etc. Having established 
the deflection profile of the cover, the leakage area under the pass partition 
lanes can be calculated and the corresponding inter-pass leakage rates can 
be evaluated. The analysis procedure also permits incorporation of the 
metal-to-metal contact concepts described in Section 3.14. The analysis 
presented in this section is computerized by the code LAPCOV described 
and listed in Section 12.7. 

12.3.1 Cover 

Figure 12.3.1 shows the joint to be analyzed. The flat cover is modeled as 
a thin circular plate of outer radius rb integrally connected to an annular 
ring of inner and outer radii rb and b, respectively (Fig. 12.3.2). The cover is 
subject to a ring load Ho at radius ro (gasket compression load) under the 
seating condition. In the pressurized condition, a uniform pressure load Hp 
acts over the circular region bounded by radius ro, and a changed gasket 
ring load (Ho -flHo) acts at radius roo We can also assume that a contact 
load Fe may be acting on the outer ring at a radial distance (e - el) from the 
bolt circle. Figure 12.3.2 shows the freebody of the cover where HI, H2 and 
H3 represent the gasket ring load, pressure load, and contact load, 
respectively. The values of HI, H2 and H3 will change depending on the 
loading condition and the joint geometry. For example, under the seating 
condition, H2 = 0 (zero pressure); for raised face designs, H3 = 0 (no 
metal-to-metal contact). We will write the expression for the cover 
deflection in terms of HI, H2 and H3. Results for specific loading con­
ditions can then be obtained by using appropriate values for those loads. 
The thickness of the cover in the inner (r<rb) and outer regions (r>rb) is 
assumed to be t I and t2 , respectively. The following main assumptions are 
made in constructing this model: 

(i) The weakening effect of pass partition grooves in the cover is 
neglected. However, different thicknesses of the cover inboard and 
outboard of the bolt circle is allowed. 

(ii) The gasket load is assumed to be a lineal ring load acting at the ef­
fective gasket radius ro as defined in Section 3.5. 
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(iv) The weakening effect of the bolt holes in the cover is neglected. 
(v) The annular portion of the cover beyond the bolt circle is modeled as 

a narrow ring (Section 3.9). Similary, the flange ring of the lap joint 
flange is also modeled as a narrow ring. 

FLANGE RING 

LAP RING - ___ _ 

PASS PARTITION 
PLATE 

GASKET 

COVER 

__ -GASKET RIB 
r------L---w~-

Fig. 12.3.1. Lap joint flange bolted to a flat cover. 

14-----.J\ ,--- b 

y 
Fig. 12.3.2. Freebody of flat cover. 
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The expression for the discontinuity moment M at the bolt circle, in terms 
of HI, H 2, and H3 , is derived as follows: 

The lateral deflections of the inner plate with respect to its boundary 
(r= rb) due to axisymmetric loads HI and H2 are given by classical plate 
theory solutions [12.2.1]. 

The deflectionYI due to HI is given by: 

OIoHI ¢(r) 
YI (r) = t 3 (12.3.1) 

I 

where ¢(r) is given by: 

2 r r 2 rb ¢(r) =011 (rb - )-( +ro) In-
r 

0I2r02(rb2 -r) 

rb 2 
r<? ro (a) 

rb 
¢(r) =011 (rb 2 -r)-(r +r02) In- (12.3.2) 

ro 

+(r-r02)-
0I2r02(r/ -r) 

rb 2 
r~ro (b) 

and: 3(1- v2) 
010 = 

27rEI 
(a) 

(3 + v) 
(b) (12.3.3) 011= 

2(1- v) 

(1-v) 
(c) 01 -

2 - 2(1 + v) 

Similarly, the deflection Y2 (r) due to the distributed load H2 is given by 
[12.2.1] : 

(12.3.4) 

(a) 
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and: 

4a2rO 2(rb 2 - r) 

r/ 

12+4v 
a---
3- l+v 

1 
a=--

4 (1 + v) 

(b) 

(a) 

(b) 

Finally, the deflection Y3 due to the edge moment M is given by: 

6(1- v)M(rb 2 -r) -O(r)M 
Y3 = - = 

EI t l 3 t l 3 
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(12.3.5) 

(12.3.6) 

(12.3.7) 

Therefore, the net slope of the inner plate, Oe, at radius r = rb (its outer 
edge) is given by: 

() = dYI I + dh I + dY3 I 
e dr r=rb dr r=rb dr r=rb 

(12.3.8) 

Referring to Fig. 12.3.2, the slope is positive if the section rotates clockwise 
in the plane ofthe paper. 

Differentiating Eqs. (12.3.2a), (12.3.5a) and (12.3.7) with respect to rand 
substituting r=rb' we find that Eq. (12.3.8) becomes: 

(12.3.9) 

where: 

12(1- v)rb 
(a) 

(b) 

(12.3.10) 

20(2 ro 2 ] 
+---4rba4 <0 

rb 
(c) 

The expression for rotation of the annular ring (positive if clockwise in Fig. 
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12.3.2) is found by first writing the expression for the moment about its 
mean circumference. 

The moment per unit circumference is given by: 

where: 

Mrb H 3(e-e l ) 
m r = --+ (12.3.11) 

rau 27rrau 

e= (b-rb) 

1 
rau = 2" (b+rb) 

(a) 

(b) 
(12.3.12) 

The equation for rotation ofthe annular ring, ()" follows from Eq. (3.9. 4). 

1 
()r = - 3" h3M -'Y4H31 (12.3.13) 

t2 
where: 

(a) 

6 ( ) (12.3.14) rau e-e l 
~= ~ 

E le7r 

Equating the rotation of the ring (Eq. (12.3.13» to that of the edge of the 
inner plate (Eq. (12.3.9», yields an expression for Mas 

M=(3I H I + (32 H 2 + (33 H 3 (12.3.15) 

where 

(a) 

(b) 

(12.3.16) 

1'4 t 13 

(33 = 13 (c) 
'Y3 t + as 

t' = tl /t2 (d) 

The total deflection of the cover, Yc (r), at any radius r, with respect to the 
bolt circle (r= rb), can now be expressed in terms of HI, H2 and H3. Since 

Yc(r) =YI +Y2 +Y3 

then, from Eqs. (12.3.1), (12.3.4) and (12.3.7): 

1 
Yc(r) = 3" [aoHlcp(r) +aOH2t/;(r) -O(r)M] 

tl 
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Substituting for M from Eq. (12.3.15), we have: 

1 
Yc(r) = 3" [(aocf>(r) -,81 0 (r) }HI + (ao1/;(r) -,82 0 (r) }H2 

tl 
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(12.3.17) 

Thus, the deflection of the cover, Yeo with respect to the bolt circle, is ex­
pressed in terms of three loads, namely, the ring load HI acting at radius r 0, 

the pressure load H2 acting over the circular surface of radius ro, and the 
ring load H3 acting on the circle of radius (b-el)' In order to determine 
deflection of the cover under the "seating" and the pressurized conditions, 
it is necessary to evaluate these loads under these conditions. This is ac­
complished by developing the cover-flange interaction relations. 

12.3.2 Flange Ring 

The ASME Code [12.1.3] specifies lever arms for the gasket load and 
header load due to pressure. Let ha and hp denote the radial distances of the 
effective gasket load circle and total header load circle from the bolt circle, 
respectively. If HI, H2 and H3 represent the gasket load, total header load, 
and metal-to-metal contact load, respectively, then the net moment per unit 
circumference at radius r m is (ref. Fig. 12.3.3): 

(Hlha +H2hp) -H3(b-el -rb) 
m,= 

27f'rm 

where r m denotes the mean radius of the flange ring. It should be noted that 
ha may not be equal to (rb -ro) in all cases. In particular, the gasket load is 
assumed to bear on the flange ring at the mid-circle of the annular contact 
patch between the lap ring and the backing ring in Fig. 12.3.1. This mid­
circle mayor may not coincide with the effective gasket load circle. 

The flange ring rotation 0" corresponding to m" (positive if clockwise in 
Fig. 12.3.3), is given by 

where: 

, 6rm ha 
PI=--

7f'wE, 

,_ 6rmhp 
P2 -

7f'wE, 

(12.3.18) 

(a) 

(b) (12.3.19) 

6(b-el -rb)rm 
~'= (~ 

7f'wE, 
Therefore, the lateral deflection of the flange ring at r = ro (gasket circle), 
with respect to the bolt circle, is 
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Yj=()j{rb -ro) 

or: 

6rmhp 
P2 = -- (rb -ro) 

7rwEj 

6rm (b-e, -rb) (rb -ro) 
P3 = 

12.3.3 Interaction Relations 

i. Raised Face Designs 

(12.3.20) 

(a) 

(b) (12.3.21) 

(c) 

Let us first consider the case where there is no metal-to-metal contact 
under either the seating or the pressurized condition, i.e., H3 = Fe = O. 

Under the seating condition, let HG represent the total gasket com­
pression load. HG also equals the bolt load. When the joint is pressurized, 
let the new gasket load corresponding to header load Hp be given by HG -
MfG' Therefore, the total bolt load during the pressurized condition is (HG 
- MfG + Hp). Hence, the increase in the bolt load as the joint is 
pressurized is given by (Hp - Mfa>. If Kb represents the axial stiffness of 
the body bolts (Section 3.10), then the elongation of the bolt line due to 
pressurization of the joint (equal to the separation of the flange and the 
cover at the bolt circle) is given by: 

(12.3.22) 

Relaxation of the gasket, oG, from the seating condition to the pressurized 
condition is given by: 

(12.3.23) 

where KG is the gasket spring rate during unloading. SinceYe (ro), Yj (ro) are 
both positive if they tend to separate the elements (see Fig. 12.3.4) 

oG - Ob = LYe (ro) + Yj {ro)]Pressurizedcondition 

- LYe (rO) + Yj (ro)]seatingcondition 

We have, utilizing Eqs. (12.3.17) and (12.3.20), 

MfG Hp - MfG 1 
-- - = 3 [ - [aocP{ro) -/3, O{ro)} MfG 
KG ' Kb t, 
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Therefore: 

(12.3.24) 

where: 

1 1 P2 
- + 3 (ao1/;0- 00f12)+ 3 
Kb tl tf 

w= (12.3.25) 
1 1 1 PI 

Ka + Kb + f;3 (ao¢o -Oof1d+ t/ 
where abbreviations ¢o, 1/;0' 00 are used to indicate that these functions are 
evaluated at r=ro. 

Equations (12.3.24-25) give the variation in the gasket load for a given 
pressure load. Thus, if the gasket seating load Ha is defined, then the loads 
on the cover under a given pressure become known. 

ii. Controlled Metal-to-Metal Contact 

Now let us consider the case where the flange and cover faces are 
machined in such a manner that under the seating condition a gap Eo is 
developed between the two surfaces at the "contact circle," located at a 
radial offset e l from the outer edge (Fig. 12.3.3). When the joint is 
pressurized, the flange ring and the cover rotate and further reduce the gap 
Eo. As the pressure is increased, eventually the gap closes and a contact force 
Fe is developed. Formulas to compute the residual gasket pressure, bolt 
load, contact load Fe> or gap E (as the case may be) as a function of the 
pressure load Hp are derived in the following: 

We recall that the rotation of the flange ring (}f can be expressed as a 
function of the three loads HI, H2 and H 3, i.e., 

(12.3.26) 

where PI I, P2 I and P3 I are functions of flange ring geometric dimensions. 
Similarly, the rotation of the cover ring (}r can be expressed as a function of 
HI, H2 andH3 by using Eqs. (12.3.13) and (12.3.15). Thus: 

1 
(}r(HI ,H2,H3)= - 3 h3f1I H I +'Y3f12H 2 + ('Y3f13 -'Y4)H3] (12.3.27) 

t2 

Assuming that contact at the "contact circle" is not yet established, the gap 
at the contact circle, E, under a header load Hp is given by : 

E=Eo +Ob - (b-e l -rb)[(}f(Ha -Mia,Hp,O)-(}f(Ha , 0, 0)] 

+ (b-e l - rb )[(}r (Ha - Mia ,Hp ,0) - (}r (Ha, 0, 0)] (12.3.28) 
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t 

I f. BO 

hG 
w (fL r 

LT LOAD 

Fig. 12.3.3. Freebody of flange ring (cross section). 

The negative sign in front of the term multiplying ()f becomes clear by 
referring to Fig. 12.3.4 wherein the sign convention for ()f and ()r (cover ring 
rotation) is shown. Note that positive Of tends to close the gap at the 
"contact circle," whereas positive Or tends to open the gap. Ob is the ad­
ditional stretch of the bolts due to the change in the bolt load. 

H -AHa 
Ob = ---,-P_--

Kb 

Substituting for ()f' 0" etc., we have 
Hp -AHa b-el -rb , , 

1:=1:0 + K - 3 [P2 Hp - PI AHa] 
b If 

(b-e l -rb) 
- 123 ["13f32 Hp-'Y3f3I AHa] 

Since AHa = wHp (Eq. (12.3.24», we have: 

1:=1:0 + Kllp 

[ 1-w (b-el-rb) 
where K= -- - 3 (P2' - p{ w) 

Kb If 

(b-el -rb) ] 
- 1/ h3 f32 - W'Y3 f31 ) 

(12.3.29) 

(12.3.30) 

If I: < 0, as calculated from Eq. (12.3.29), then a contact force Fe must be 
developed to satisfy the impenetrability requirement of the two surfaces at 
the radius r = (b-e l ). Thus, in lieu of Eq. (12.3.29), we obtain an 
equation for Fe by setting I: = O. 
We have: 
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E =0 = Eo + Db - {b- e l - rb }[(}f{HG -!::JiG ,Hp,Fe) - {}f (HG ,0,0)] 

+ (b- e l - rb )[{}r (HG -!::JiG ,Hp ,Fe) - {}c (HG ,0,0)] 

where: 

Proceeding as before, we have: 

or: 

(a) 

607 

(12.3.31) 

(b) (12.3.32) 

[ 1 {b-el -rb)p{ {b-el -rbh 3{31] - - - + + -----:-----'--
Kb t/ t2 3 

a3 = ------------------
[ ~ +{b-e -rb )[P3' _ {"'I3{33-'Y4)1] 

Kb I t/ t2 3 J 

(c) 

Finally, displacement compatibility at the gasket location (r = r 0) requires 
that the total relaxation of the gasket equal the sum of the bolt stretch and 
the total separation (relative to the bolt circle) between cover and flange ring 
at r = r 0 as the loadings (HI, H 2 , H 3 ) change from (H G, 0, 0) to (H G - !::JiG, 
Hp,Fe)· 

Proceeding in the manner of the preceding sub-section, we have, after 
some algebra: 

(12.3.33) 
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FLANGE RING OUTER ANNULUS 
OF COVER 

_ ,-CONTACTCIRCLE 

... 
Fig. 12.3.4. Assumed rotation directions for cover outer annulus and 
flange ring. 

where: 

1 P2 Olo 1/;0 - {32 00 ---+----
Kb t/ tl 3 

a4 = -----------
1 1 PI Olof/Jo - {31 00 - +-+ - + ---:---

Kb KG t/ t l 3 

(a) 

1 P3 {33 00 

(b) (12.3.34) 

From Eqs. (12.3.31) and (12.3.33), we have: 

(12.3.35) 

[ a4+a2aS] alas 
ANG= Hp+---

l- a3as l-a3as 
(12.3.36) 

Thus Fe and AN G are determined in terms of Hp. 

12.4 COVER AND FLANGE RING STRESSES 

The analyses in the preceding section treated three loads on the inner disc 
of the cover (Fig. 12.3.2); namely, a ring load HI at radius ro, a pressure 
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load H2 over a circle of radius r 0, and a radially symmetric edge moment M 
acting on the outer edge (radius = rb). Formulas for defining these loadings 
under the pressurized condition were developed in terms of their values for 
the seating condition. In practical designs the maximum stresses and 
deflection in the cover occur at the center (r = 0). The maximum cover 
bending stress an at the center in terms of the loads shown in Fig. 12.3.2 is 
given by [12.2.1]: 

(12.4.1) 

where: 

3 [ 1 - II rb ro 2 ] 
C I =--2 --+(1+II)ln--(1-II)--2 

27ftl 2 ro 2rb 
(a) 

3 [ rb ro 2 ] C2 = --2 1 +(1 + II) In- - (1- 11)--2 
2~1 ~ 4~ 

(b) 

-6 
C3 = "{""2 (c) (12.4.2) 

,I 

We recall Eq. (12.3.15) which gives M in terms of HI, H2 and H 3 • Thus, we 
have: 

(12.4.3) 

The radial and tangential bending stresses are equal at the center due to the 
symmetry of the loadings. 

Finally, the maximum stress in the flange ring Smax is given as a function 
of the ring rotation by Eq. (3.9.5). 

Efttf)f 
Smax= --

2rm 

where Of is defined by Eq. (12.3.18) in terms of HI, H2 and H 3 • 

12.5 LOSS IN HEAT DUTY DUE TO FLOW BYPASS 

(12.4.4) 

The expressions derived in the preceding sections give the cover deflection 
for a cover-lap joint flange construction under seating and pressurized 
conditions. We will assume that the pass partition ribs are compressed 
under the seating condition (a desirable and realistic situation). It is difficult 
to ascertain the amount of rib spring-back as the cover undergoes ad­
ditional deflection due to pressure. For purposes of obtaining a con­
servative estimate of the bypass area, any rib spring-back will be neglected. 
Let Ay represent the added cover deflection from seating to pressurized 
condition, i.e., 

Ay = y c I Pressurized - Y c I Seating 

Then the leakage area under a pass partition plate is given by: 

AL =JAyds 
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where the integration is to be carried out over the extent of the pass par­
tition plate line. Having determined A L, the inter-pass leakage A W t is 
computed using the method described in Chapter 4. 

It is shown in Ref. [12.5.1] that for a two pass heat exchanger the 
reduction in the heat duty can be expressed directly in terms of the basic 
thermal performance variables of the heat exchanger. This derivation is 
presented in the next section due to its relevance to the mechanical design of 
bolted covers even though the subject matter primarily belongs in the realm 
of thermal design of heat exchangers. 

12.6 THERMAL PERFORMANCE OF TWO TUBE PASS HEAT 
EXCHANGERS 

Let us assume that out of a total tubeside flow rate of Wt , A Wt bypasses 
the heat transfer process on the tube surface by flowing through the 
"crevice" formed by the deflection of the cover. We will relate the bypass 
stream A W t to the reduction in overall exchanger heat duty of a two tube 
pass heat exchanger. Without any loss of generality, we assume that the 
coolant is on the tubeside. Then, the thermal performance of a heat ex­
changer expressed in terms of its heat duty, Q, is defined as: 

Q= WtCt (S2 -S\) (12.6.1) 

or: (12.6.2) 

S\, S2 are the tubeside fluid inlet and outlet temperature, T\ is the inlet 
temperature of the shellside fluid, and P is the' 'temperature effectiveness" , 
defined as: 

(12.6.3) 

P is defined as the ratio of the temperature change of the tubeside to the 
difference between the two inlet temperatures. 

If the tubeside flow rate is reduced by AWt , the corresponding heat duty 
Q- AQ is given by: 

Q-AQ= (Wt -AWt)Ct (P-AP) (T\ -S\) (12.6.4) 

From Eqs. (12.6.2) and (12.6.4) we have, neglecting terms of higher order: 

AQ= (AWtCtP+APWtCt ) (T\ -Sd 
Hence: 

AQ AWt AP 
- = - + - (12.6.5) 
Q Wt P 

The NTU (number of transfer units) of the heat exchanger is defined as: 

UA 
'Y/=-­

WtCt 
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or: 

- UA [1 1 ] 
t.:q = --c:- ( Wt - Ll Wt ) - Wt 

In the above derivation, we have tacitly assumed that the overall heat 
transfer coefficient, U, remains unchanged as the effective tubeside flow 
rate is perturbed. This assumption is supportable as long as the by-pass 
stream is a small fraction of the total flow rate, i.e., as long as 

LlW 
__ t «1. 
Wt 

Simplifying further, and neglecting terms of higher order, we have 

Ll'T/ -LlWt 
= (12.6.6) 

'T/ Wt 

Substituting in Eq. (12.6.5), we have: 

LlQ -Ll'T/ flP 
-=--+-
Q 'T/ P 

(12.6.7) 

Or, in differential form: 

dQ d'T/ dP 
-=--+-
Q 'T/ P 

As shown in Ref. [12.6.1]: 
ap ap 

dP=-d'T/+-dR 
a'T/ aR 

where R is the thermal flow rate ratio (also called "capacity flow rate 
ratio"): 

Hence: 

dQ - d'T/ 1 [ap ap] 
Q = -'T/- + P a'T/ d'T/+ aR dR (12.6.8) 

The derivatives ap / a'T/ and ap / aR follow directly from the characteristic 
equation for the heat exchanger [12.6.1]. 

Finally, the change dR, in the heat capacity rate ratio R due to a 
reduction Ll W t in tubes ide flow rate, is given by: 

WtCt (Wt-dWt)Ct 
dR= -- - -----

WsCs WsCs 

or 
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This, along with Eq. (12.6.6) yields: 

dWt dR -d'Y} 
= = 

Substituting for d'Y} and dR in Eq. (12.6.8) we have: 

or: 

where: 

dQ dWt 
-=f-
Q Wt 

(12.6.9) 

(12.6.10) 

(12.6.11) 

Thus, for a given heat exchanger geometry and operating data, the frac­
tional reduction in Q due to flow bypass dWt is readily determined. 

12.7 COMPUTER PROGRAM LAPCOV 

12.7.1 Program Description 

Computer program LAPCOV is based on the lap joint-flat cover in­
teraction analysis presented in Section 12.3. The program listing given in 
the following pages has the definition of all input and output data. The 
workings of the program and its input data are further explained with 
reference to the example problem below. 

12.7.2 Example 

The case of a 30" nominal diameter (O.D.) channel equipped with a lap 
joint flange bolted to a flat cover is examined. 

The cover is 33.875" O.D. x 1.75" thick. The flange ring is 30" I.D. x 
33.875" O.D. x 2.5" thick. Twenty-eight 3/4" diameter x 5" long ef­
fective length bolts are used to assemble the joint. The internal pressure is 
150 psi. The gasket is 1116" thick compressed asbestos; 31.25" O.D. x 30" 
I.D. Its minimum seating stresses and gasket factor are cited to be 3700 psi 
and 2.75, respectively. The annulus of contact between the flange and lap 
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rings is 30.25/1 J.D. X 31.25/1 O.D. We define effective gasket diameter, 
2ro, as the mean diameter of the annulus, in the manner of the ASME Code 
[12.1.3, Appendix 11]. Therefore, the total header load is given by: 

Using the formulas given in the ASME Code [12.1.3], the flange design bolt 
load [WIn Ref. 12.1.3] is computed to be 176,311 lb. 

The ASME Code divides the header load into two components; the load 
acting over a circle of radius (b- w), and the remainder acting on the 
annulus of outer radius r 0 and inner radius (b - w). Using the lever arms 
(denoted by hD and hG in the Code] for these loads given by the ASME 
Code, the effective offset of the header load circle hp is given by: 

Strictly speaking, the foregoing definitions of lever arms do not have a 
rigorous basis. The definitions are maintained to be consistent with the 
AS ME code in view of its widespread use and acceptance. The gasket 
unloading modulus KG is estimated to be 17.63 x 106 lb/in.; and the bolt 
stiffness is computed using Eq. (3 .1O.4b). 

Table 12.7.1 gives the input data listing for this problem. Two cases are 
studied: 

(i) Raised face design where no edge load at the contact circle is 
developed. This is accomplished by setting Eo equal to a large number 
(lO/l in the sample problem). 

(ii) Controlled contact design. It is assumed that the gap Eo at the contact 
circle is 0.0 under the seating condition. 

The ouputs for these two cases may be found following the program 
listing. Comparing the two outputs, it is observed that the controlled metal­
to-metal contact has little effect on reducing the cover deflection, although 
it has a pronounced effect in reducing flange ring stress and rotation. The 
cover deflection in the output is given with respect to the location of the 
cover bolt circle (r= r b ) under the seating condition. 

In case (i) (no metal-to-metal contact) the cover deflection at the center 
increases by 0.0477 /I - 0.0086/1 = 0.0391/1 as the joint is pressurized. Since 
the spring-back of most gaskets is less than 0.015/1, this joint can be 
predicted to develop a crevice between the cover and the pass partition rib. 
In such a case, the designer should provide a groove in the cover, (see Fig. 
12.1.1) to seat the gasket so as to protect it from being washed out by the 
inter-pass leakage stream. 
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Table 12.7.1. Input Data for LAPCOV 

Line 1: Problem identification (alphanumeric) 
Line 2:* Cover dimensions 

Variable 

Cover thickness inboard of 
bolt circle 

Cover thickness outboard of 
bolt circle 

Effective gasket radiust 
Bolt circle radius 
Outer cover radius 
Location for contact circle 
Gasket circle offset 
Header load circle offsett 

Line 3: Flange data 

Variable 

Flange ring thickness 
Flange ring width 
Initial gap at contact circle 

(under seating condition)t 

Line 4: Miscellaneous data: 

Variable 

Gasket unloading stiffnesst 
Bolt stiffnesst 
Young's modulus of cover 

material 
Young's modulus of flange 

material 
Total header load due to 

pressure 
Total gasket load under 

seating condition 

Symbol 
(Sec. 12.3) 

Symbol 
(Sec. 12.3) 

If 
w 

Symbol 
(Sec. 12.3) 

KG 
Kb 

El 

Ef 

Hp 

HG 

Fortran 
Symbol 

Til 

TI2 
RO 
RB 
B 
E1 
HG 
HP 

Fortran 
Symbol 

TF 
W 

ESPO 

Fortran 
Symbol 

KG 
KG 

YMI 

YM2 

PL 

GL 

Value for 
the example 

problem 

1.75" 

1.75" 
15.375 " 
16.125" 
16.938 " 

o 
0.75" 
1.05" 

Value for 
the example 

problem 

2.5" 
1.938 " 

10" ,0" 

Value for 
the example 

problem 

17.63 x 106 lb/in. 
50.74 x 106 

30 X 106 psi 

30 x 106 psi 

1113961b 

176311lb 

12.8 FLAT COVER BOLTED TO A WELDING NECK FLANGE 

Computer program TRIEL described in Section 4.8 can be used to 
analyze such a joint. Since TRIEL is written for a three element joint 
consisting of two flanges and a tubesheet, it is necessary to prepare the input 
data in a certain manner to simulate a flange-cover joint. The following 
comments help explain the necessary provisions. 

Notes: * Input format is freefie1d 
tThese input quantities are further explained in Subsection 12.7.2. 



12/Flaf Cover 615 

(i) The flat cover can be simulated using the tubesheet input data by 
setting the Young's Modulus and Poisson ratio of the perforated 
interior equal to that of the rim. 

(ii) The bonnet flange input data simulates the joint flange. 
(iii) Fictitious dimensions can be input for the shell flange. Its Young's 

Modulus should be set an order of magnitude greater than the 
bonnet flange so as to make this flange much stiffer in rotation than 
the bonnet flange. The shells ide gasket effective radius should be set 
equal to the bolt circle radius, and the shellside pressure should be set 
equal to zero. The shellside gasket stiffness should be set an order of 
magnitude greater than the joint gasket stiffness. 

(iv) The bonnet gasket data should correspond to the joint gasket data. 
(v) The bolt length is computed in TRIEL by summing the thicknesses 

of the two flanges, gaskets and the tubesheet. The bolt axial stiffness 
is inversely proportional to the bolt length and directly proportional 
to its Young's Modulus. The effect of the added bolt length, implied 
by the addition of the shell flange and shellside gasket, can be offset 
by increasing the bolt material Young's Modulus in the same 
proportion in which the bolt length is increased. 

PROGRAM LAPCOV 

C ---------------------------------------------------
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

COMPUTER PROGRAM LAPCOV,REV.O 
BY K.P.SINGH AND LEE NG, NOV. 1982 
COMPUTES THE RESPONSE OF A BOLTED COVER-LAP JOINT 
FLANGE UNDER SEATING AND PRESSURIZED CONDITIONS 
UTILIZING THE ANALYSIS PRESENTED IN SECTION 12.3 

FORTRAN VARIABLES: 
***INPUT 

TITLE 
TIl 
TI2 
RO 
RB 
B 
El 

HG 

HP 

TF 
W 
EPSO 

LIST : INPUT ALL DATA IN CONSISTENT UNITS*** 
TITLE FOR RUN; ANY ALPHANUMERIC-80 CHARACTERS LONG 
THICKNESS OF THE COVER(R>RB) 

" "" "( R(RB) 
EFFECTIVE GASKET RADIUS 
BOLT CIRCLE RADIUS 
OUTER RADIUS OF COVER AND FLANGE 
LOCATION OF THE METAL-TO-METAL CONTACT CIRCLE FROM 
THE OUTER EDGE OF FLANGE AND COVER 
RADIAL DISTANCE OF THE EFFECTIVE GASKET LOAD CIRCLE 
ON THE LAP JOINT FLANGE RING FROM THE BOLT CIRCLE 
RADiAL DISTANCE OF THE HEADER LOAD CIRCLE ON THE 
FLANGE RING FROM THE BOLT CIRCLE 
FLANGE RING THICKNESS 
RADIAL WIDTH OF FLANGE RING 
INITIAL GAP BETWEEN THE FLANGE AND COVER AT 
CONTROLLED METAL-TO-METAL CONTACT RADIUS 
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C 
C 
C 
C 
C 
C 
C 

KG 
KB 
YMI 
YM2 
PL 
GL 
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SET EPSO EQUAL LARGE(E.G. 10) FOR RAISED FACE DESIGNS 
GASKET STIFFNESS 
BOLT STIFFNESS 
YOUNG'S MODULUS OF COVER MATERIAL 
YOUNG'S MODULUS OF FLANGE MATERIAL 
PRESSURE LOADING 
GASKET LOADING. 

C ******************************************************** 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

***OTHER 
PR 
PRSQ 
FE 
RM 
RAV 
E 

INPORTANT VARIABLES*** 
POISSON'S RATIO 
POISSON' RATIO SQUARED 
CONTACT LOAD 
MEAN FLANGE RING RADIUS 
AVERAGE OF RB AND B 
RADIAL DISTANCE BETWEEN BOLT CIRCLE AND OUTER EDGE 
OF FLANGE 

DELGL 
BL 
BSTRCH : 

DROP IN GASKET LOAD. 
BOLT LOAD 
BOLT STRETCH 

COVSTRS: 
FLROT 
SMAX 
RAD 
DEFST 

DEFP 

MAX. COVER BENDING STRESS. 
FLANGE ROTATION,DEG. 
MAX. RING STRESS. 
RADIUS 
COVER DEFLECTION WITH RESPECT TO COVER LOCATION 
AT R=RB UNDER SEATING CONDITION 
COVER DEFLECTION WITH RESPECT TO COVER LOCATION 
AT R=RB UNDER PRESSURIZED CONDITION 

ALFA'S,BETA'S,GAMA'S,RHO'S,OMEGA,KAPPA CORRESPOND 
TO THE GREEK SYMBOLS USED FOR DEFINITIONS IN THE ANALYSIS. 
Al,A2,A3,A4,A5,Cl,C2,C3 CORRESPOND TO THE COEFFICIENTS 
(SUBSCRIPTED LOWER CASE ALPHABETS) USED IN THE ANALYSIS. 

DEN 
DENN 

: COMMON DENOMINATOR FOR COMPUTING Al,A2,A3 
" " " "A4 ,A5 

C ***RESULTS HAVE UNITS CONSISTENT WITH THOSE OF INPUT DATA*** 
C *********************************************************** 

DIMENSION TITLE(20) 
REAL KB,KG,KAPPA 

C **************************************************************** 
C STATEMENT FUNCTIONS: 

PHI(R)=ALFAl*(RB*RB-R*R)-(R*R+RO*RO)*ALOG(RB/RO) 
+ +(R*R-RO*RO)-ALFA2*RO*RO*(RB*RB-R*R)/(RB*RB) 

PSI(R)=(4.*RB*RB-5.*RO*RO+(R**4/(RO*RO)) 
+ -(8.*R*R+4.*RO*RO)*ALOG(RB/RO) 
+ -4.*ALFA2*RO*RO*(RB*RB-R*R)/(RB*RB) 
+ +8.*ALFA4*(RB*RB-R*R))/8. 

OM(R) =6.*(1-PR)*(RB*RB-R*R)/YMl 
SIGMAC(Hl,H2,H3)=(Cl+C3*BETAl)*Hl+(C2+C3*BETA2)*H2+C3*BETA3*H3 
THETAF(Hl,H2,H3)=(RHOIP*Hl+RH02P*H2-RH03P*H3)/(TF**3) 
YC(R,Hl,H2,H3)=((ALFAO*PHI(R)-BETAl*OM(R))*Hl 
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C 

+ 
+ 

+(ALFAO*PSI(R)-BETA2*OM(R))*H2 
-BETA3*OM(R)*H3)/(Tll**3) 

C ***INPUT DATA*************************************************** 
READ(5,5) (TITLE(I),I=1,20) 

5 FORMAT(20A4) 
WRITE(6,6) (TITLE(I),I=1,20) 

6 FORMAT(6X,2UA4) 
C COVER DIMENSIONS 

READ(5,*) Tll,T12,RO,RB,B,El,HG,HP 
C FLANGE DATA 

READ(5,*) TF,W,EPSO 
C STIFFNESS DATA, YOUNG'S MODULI,LOADS 

READ(5,*) KG,KB,YMl,YM2,PL,GL 
WRITE(6,20) Tll,T12,RO,RB,B,El,HG,HP 

20 FORMAT(16X,"**********INPUT DATA**********"/ 
+6X,"THICKNESS OF THE COVER(R>RB) ••.•••••••••••• =" ,FlO.4/ 
+6X,"THICKNESS OF THE COVER(R<RB) ............... =",FlO.4/ 
+6X, "EFFECTIVE GASKET RADIUS .................... =" ,FlO.4/ 
+6X,"BOLT CIRCLE RADIUS ......................... =",FlO.4/ 
+6X, "OUTER RADIUS OF COVER AND FLANGE ........... =" ,FlO.4/ 
+6X,"LOCATION OF THE METAL-TO-METAL CONTACT CIRCLE FROM"/ 
+6X, "THE OUTER EDGE OF FLANGE AND COVER ......... =" ,FlO.4/ 
+6X,"RADIAL DISTANCE OF THE EFFECTIVE GASKET LOAD"/ 
+6X,"CIRCLE ON THE LAP JOINT FLANGE RING FROM"/ 
+6X,"THE BOLT CIRCLE ............................ =",FlO.4/ 
+6X,"RADIAL DISTANCE OF THE HEADER LOAD CIRCLE ON THE"/ 
+6X, "FLANGE RING FROM THE BOLT CIRCLE ........... =" ,FlO.4) 
WRITE(6,2l) TF,W,EPSO,KG,KB,YMl,YM2,PL,GL 

21 FORMAT(16X,"------------------------------"/ 
+6X,"FLANGE RING THICKNESS •••••••••.•••••••••••• =",FlO.4/ 
+6X, "RADlAL WIDTH OF FLANGE RING ................ =" ,FlO.4/ 
+6X,"INITIAL GAP BETWEEN THE FLANGE AND COVER AT CONTROLLED"/ 
+6X,"METAL-TO-METAL CONTACT RADIUS •.•••••••••••• =",FlO.4/ 
+16X,"------------------------------"/ 
+6X,"GASKET STIFFNESS ••.••••••••••••.•.••••••••• =",ElO.4/ 
+6X, "BOLT STIFFNESS ............................. =" ,ElO.4/ 
+6X,"YOUNG'S MODULUS OF COVER MATERIAL ........... =",ElO.4/ 
+6X,"YOUNG'S MODULUS OF FLANGE MATERIAL ••••••.•• =",ElO.4/ 
+6X, "PRESSURE LOADING ........................... =" ,FlO.l/ 
+6X,"GASKET LOADING ................. , ........... =",FlO.l/ 
+6X,"********************************************************"/) 

C ******************************* 
C COMPUTE CONSTANTS 

PI=3.l4l59 
PR=0.3 
PRSQ=0.09 
FE=O.O 
RM=B-0.5*W 
ALFAO=3.*(1.-PRSQ)/(2.*PI*YMl) 
ALFAl=(3.+PR)/(2.*(1.+PR)) 
ALFA2=(1.-PR)/(2.*(1.+PR)) 
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ALFA3=(12.+4.*PR)/(1.+PR) 
ALFA4=1./(1.+PR) 
ALFA5=12.*(1.-PR)*RB/YM1 
GAMA1=(1.-2.*ALFA1)*RB+RO*RO*(1.+2.*ALFA2)/RB 
GANA2=O.5*«RB**3/RO**2)-(4.*RB*ALOG(RB/RO)) 

+ +(2.*ALFA2*RO*RO/RB)-(4.*RB*ALFA4)) 
RAV=0.5*(B+RB) 
E=B-RB 
TPRM=Tl1/Tl2 
GAMA3=12.*RAV*RB/(YM1*E) 
GAMA4=6.*RAV*(B-RB-E1)/(YM1*(B-RB)*PI) 
DENOM=GAMA3*TPRM**3+ALFA5 
BETA1=-(ALFAO*GAMA1)/DENOM 
BETA2=-(ALFAO*GAMA2)/DENOM 
BETA3=GAMA4*TPRM**3/DENOM 
RH01P=6.*RM*HG/(PI*W*YM2) 
RH02P=6.*RM*HP/(PI*W*YM2) 
RH03P=6.*(B-E1-RB)*RM/(Pl*W*YM2) 
RH01=RH01P*(RB-RO) 
RH02=RH02P*(RB-RO) 
RH03=RH03P*(RB-RO) 
uMX=(1./KB)+(RH02/TF**3)+(ALFAO*PSI(RO)-OM(RO)*BETA2)/(T11**3) 
OMY=(1./KB)+(1./KG)+(ALFAO*PHI(RO)-OM(RO)*BETA1)/(T11**3) 

+ +(RH01/TF**3) 
OMEGA=OMX/OMY 
KAPPA=«1.-0MEGA)/KB)-«B-E1-RB)*(RH02P-RH01P*OMEGA)/(TF**3)) 

+ -(B-E1-RB)*(GAMA3*BETA2-0MEGA*(GAMA3*BETA1))/(T12**3) 

C ************************************************************* 

C COMPUTE THE SEPARATION UNDER PRESSURE LOAD PL 
WRITE(6,45) . 

45 FORMAT(16X,"***************RESULTS***************") 
EPS=EPSO+KAPPA*PL 
IF(EPS.GT.O.) GO TO 100 
WR ITE ( 6 , 50 ) 

50 FORMAT(6X,"***METAL-TO-METAL CONTACT CONDITION***") 
DEN=(1./KB)+(B-E1-RB)*«RH03P/TF**3)-(GAMA3*BETA3-GAMA4)/(T12**3)) 
Al=-EPSO/DEN 
A2=-«(1./KB)-«B-E1-RB)*RH02P/TF**3) 

+ -(B-E1-RB)*«GAMA3*BETA2)/T12**3))/DEN 
A3=-«-1./KB)+«B-E1-RB)*RH01P/TF**3) 

+ +«B-E1-RB)*(GAMA3*BETA1)/T12**3))/DEN 
DENN=(1./KG)+(1./KB)+(RH01/TF**3) 

+ +«ALFAO*PHI(RO)-BETA1*OM(RO))/T11**3) 
A4=«1./KB)+(RH02/TF**3) 

+ +(ALFAO*PSI(RO)-BETA2*OM(RO))/T11**3)/DENN 
A5=«1./KB)-(RH03/TF**3)-BETA3*OM(RO)/T11**3)/DENN 
FE=(A1/(1.-A3*A5))+«A2+A3*A4)/(1.-A3*A5))*PL 
DELGL=A4*PL+A5*FE 
WRITE(6,60) DELGL 
GO TO 120 
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100 DELGL=OMEGA*PL 
WRITE(6,60} DELGL 

60 FORMAT(6X,"DROP IN GASKET LOAD •••••••••••••••••••••••• =" ,FlO.l} 
120 CONTINUE 

BL=PL+FE+GL-DELGL 
BSTRCH=(BL-GL}/KB 
WRITE(6,70} FE,BL,BSTRCH 

70 FORMAT(6X,"CONTACT LOAD •••••••••••••••••.••••••••••••• =",FlO.ll 
+6X,"BOLT LOAD(PRESSURIZED CONDITION} •••.••••••• =" ,FlO.ll 
+6X,"BOLT STRETCH ••••••••••••••••••••••••.••.••• =",FlO.4} 

C ************************************************************** 
C COMPUTE COVER AND FLANGE RING STRESS 

Cl=(1.5/(PI*Tll**2}}*((1-PR}*0.5+(1.+PR}*ALOG(RB/RO} 
+ -(1.-PR}*RO*RO/(2.*RB*RB}) 
C2=(1.5/(PI*Tll**2}}*(1.+(1.+PR}*ALOG(RB/RO} 

+ -(1.-PR}*O.25*RO*RO/(RB*RB}) 
C3=-6.1 (Tll *Tll) 

C 
WRITE(6,75} 

75 FORMAT(6X," "I 
+2lX,"MAXIMUM",8X,"FLANGE",5X,"MAXIMUM COVER"I 
+19X,"RING STRESS",5X,"ROTATION",4X,"BENDING STRESS"} 

C SEATING CONDITION 
COVSTRS=SIGMAC(GL,O.,O.} 
FLROT=THETAF(GL,0.,0.}*180./PI 
SMAX=YM2*TF*FLROT/(2.*RM}*PI/180. 
WRITE(6,80} SMAX,FLROT,COVSTRS 

80 FORMAT(7X, "SEATING"/6X, "CONDITION" ,3X,FlO.l, 7X ,F5.3, 7X ,FlO.l} 
C 
C PRESSURIZED CONDITION 

GLP=GL-DELGL 
COVSTRS=SIGMAC(GLP,PL,FE} 
FLROT=THETAF(GLP,PL,FE}*180./PI 
SMAX=YM2*TF*FLROT/(2.*RM}*PI/180. 
WRITE(6,85} SMAX,FLROT,COVSTRS 

85 FORMAT (6X, "PRESSUR IZED" 16X," COND ITION" ,3X, FlO.l, 7X ,F5. 3, 7X, flO .11 
+6X," "I) 

C *************************************"************************ 
C PRINT COVER DEFLECTION WITH RESPECT TO COVER LOCATION AT R=RB 
C UNDER SEATING AND PRESSURIZED CONDITIONS 

WRITE(6,87) 
87 FORMAT(30X,"DEFLECTION OF COVER"/30X,"-------------------"1 

+ lOX," RADIUS" , lOX," SEATI NG" , lOX," PRESSUR IZED" 125X, 
+"CONDITION" ,lOX, "CONDITION"} 

DO 200 1=1,11 
RAD=(I-l}*RB*O.l 
DEFST=YC(RAD,GL,O.,O.} 
DEFP =YC(RAD,GLP,PL,FE}+BSTRCH 
IF(DEFST.LT.O.OOOl} DEFST=O.O 
IF(DEFP.LT.O.OOOl} DEFP=O.O 
WRITE(6,90} RAD,DEFST,DEFP 
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90 FORMAT(8X,F8.3,10X,F5.4,15X,F5.4) 
200 CONTINUE 

WRITE(6,95) 
95 FORMAT(6X, " ____________________ ") 

••••••• SAMPLE PROBLEM CASE #1: NO CONTACT LOAD ••.•.•. 
**********INPUT DATA********** 

THICKNESS OF THE COVER(R>RB) •••.••.•..•.•.. 1.7500 
THICKNESS OF THE COVER(R<RB) ..•••.•••••.•.. 1.7500 
EFFECTIVE GASKET RADIUS •••...•.••••.••.•••. 15.3750 
BOLT CIRCLE RADIUS ••••..•••••••••.•••..•••. 16.1250 
OUTER RADIUS OF COVER AND FLANGE •.••••.•••• 16.9375 
LOCATION OF THE METAL-TO-METAL CONTACT CIRCLE FROM 
THE OUTER EDGE OF FLANGE AND COVER •••.••••• = .0000 
RADIAL DISTANCE OF THE EFFECTIVE GASKET LOAD 
CIRCLE ON THE LAP JOINT FLANGE RING FROM 
THE BOLT CIRCLE •.•.•.••••••.•••••..•••••.•. = .7500 
RADIAL DISTANCE OF THE HEADER LOAD CIRCLE ON THE 
FLANGE RING FROM THE BOLT CIRCLE •••.••••.•. 1.0500 

FLANGE RING THICKNESS •••..•••.•••••••..•••. = 2.5000 
RADIAL WIDTH OF FLANGE RING ••••••.••••..••. = 1.9375 
INITIAL GAP BETWEEN THE FLANGE AND COVER AT CONTROLLED 
METAL-TO-METAL CONTACT RADIUS •.•.•.••.•••.• 10.0000 

GASKET STIFFNESS .••••••••••••.•••...•..••.. 
BOLT STIFFNESS •.•••.••.••.•..••.••••..••••• 
YOUNG'S MODULUS OF COVER MATERIAL •..•.••..•• 
YOUNG'S MODULUS OF FLANGE MATERIAL .••.•.•.. 
PRESSURE LOADING ••••.....•..•••••...••••... 
GASKET LOADING ...•••••.•.•••••...•.••.•.•.. 

.1763E+08 

.5074E+08 

.3000E+08 

.3000E+08 
111396.0 
176311.0 

******************************************************** 

***************RESULTS*************** 
DROP IN GASKET LOAD .••••.•.•••.•.•..••.•••• 81368.1 
CONTACT LOAD .•.•...•...•••...•••.•.••.••... .0 
BOLT LOAD(PRESSURIZED CONDITION) •.•••••...• = 206338.9 
BOLT STRETCH •.•.••••••.•••.•••.•..•.•••••.• = .0006 

MAXIMUM FLANGE MAXIMUM COVER 
RING STRESS ROTATION BENDING STRESS 

SEATING 
CONDITION 10427.8 .254 2493.0 
PRESSURIZED 
CONDITION 14839.1 .362 16707.1 
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RADIUS 

.000 
1.612 
3.225 
4.837 
6.450 
8.063 
9.675 

11.288 
12.900 
14.512 
16.125 

DEFLECTION OF COVER 

SEATING 
CONDITION 

.0086 

.0085 

.0083 

.0079 

.0073 

.0065 

.0055 

.0044 

.0031 

.0016 

.0000 

PRESSUR !ZED 
CONDITION 

.0477 

.0472 

.0454 

.0426 

.0388 

.0339 

.0283 

.0219 

.0151 

.0079 

.0006 

...•... SAMPLE PROBLEM CASE #2: EDGE LOAD,EPSO=O ••••••• 
**********INPUT DATA********** 

THICKNESS OF THE COVER(R>RB) ..•••••••.•••.. 1.7500 
THICKNESS OF THE COVER(R<RB) .•••••••.•••••. 1.7500 
EFFECTIVE GASKET RADIUS •.•..•••••••••••••.• 15.3750 
BOLT CIRCLE RADIUS •••.•••.••••••••••.••••.. 16.1250 
OUTER RADIUS OF COVER AND FLANGE ••.•••••.•. 16.9375 
LOCATION OF THE METAL-TO-METAL CONTACT CIRCLE FROM 
THE OUTER EDGE OF FLANGE AND COVER ••••••••• = .0000 
RADIAL DISTANCE OF THE EFFECTIVE GASKET LOAD 
CIRCLE ON THE LAP JOINT FLANGE RING FROM 
THE BOLT CIRCLE ••••••••.••.•••••••••.•••..• = .7500 
RADIAL DISTANCE OF THE HEADER LOAD CIRCLE ON THE 
FLANGE RING FROM THE BOLT CIRCLE ••••••••••. 1.0500 

FLANGE RING THICKNESS •••••••••••••••••••••• = 2.5000 
RADIAL WIDTH OF FLANGE RING .•.•••••••••••.. = 1.9375 
INITIAL GAP BETWEEN THE FLANGE AND COVER AT CONTROLLED 
METAL-TO-METAL CONTACT RADIUS ••••••••••.••• .0000 

GASKET STIFFNESS ••••••••••..••••••••••.•... 
BOLT STIFFNESS ••••••.•••••••.••••••••.••••. 
YOUNG'S MODULUS OF COVER MATERIAL .......... . 
YOUNG'S MODULUS OF FLANGE tv'IATERIAL ••••••••. 
PRESSURE LOADING ••••••••••....••••••••••••• 
GASKET LOAD I NG •••••••••••••...•••••••••••.• 

.1763E+08 

.5074E+08 

.3000E+08 

.3000E+08 
111396.0 
176311.0 

******************************************************** 

621 
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***************RESULTS*************** 
***METAL-TO-METAL CONTACT CONDITION*** 
DROP I N GASKET LOAD ....................... . 
CONTACT LOAD ••.••.••••••••••••••••••••••••. 
BOLT LOAD(PRESSURIZED CONDITION) ••••••••••• 
BOLT STRETCH ••••••••••••••••.•••••••••••••• 

76931.4 
79872.2 

290647.8 
.0023 

MAXIMUM 
RING STRESS 

FLANGE 
ROTATION 

MAXIMUM COVER 
BENDING STRESS 

SEATING 
CONDITION 
PRESSUR IZED 
CONDITION 

RADIUS 

.000 
1.612 
3.225 
4.837 
6.450 
8.063 
9.675 

11.288 
12.900 
14.512 
16.125 

10427.8 

9983.9 

.254 

.244 

2493.0 

15556.6 

DEFLECTION OF COVER 

SEATING PRESSURIZED 
CONDITION CONDITION 

.0086 .0454 

.0085 .0449 

.0083 .0433 

.0079 .0407 

.0073 .0371 

.0065 .0326 

.0055 .0274 

.0044 .0216 

.0031 .0153 

.0016 .0088 

.0000 .0022 

NOMENCLATURE 

a) ,a2 . as Flange/cover interaction parameters (Eqs. (12.3.32), 
(12.3.34» 

AL 
Ab 
A 
b 

Cs 

C, 
E) 
Ef 

e 

e) 

= 
= 
= 
= 

= 

= 

= 

Leakage gap area due to cover deflection (Section 12.5) 
Total root area of all the body bolts 
Total heat transfer surface area on heat exchanger tubes 
Outer radius of cover and flange 
Specific heat of shellside fluid 
Specific heat of tubeside fluid 
Young's modulus of cover material 
Young's modulus of flange ring material 
Radial distance between the bolt circle and outer edge 
of flange (e = b - r b ) 

Location of the metal-to-metal contact load from the 
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Fe 
HI 
H2 

H3 
Ha 
Hp 

hp 

ha 

Kb 
Ka 
M 

p 
p 
Q 
~Q 

rav 
r 

R 
M 

rb 
rm 
ro 

SI' S2 

tl 
t2 
t' 

TI,T2 
tf 
U 

Ws 
WI 

W 

Yc (r) 

Yf(r) 

a O,al ,a2 
{31 ,{32 ,{33 

= 

= 
= 

= 

= 

= 
= 
= 

= 
= 
= 
= 

= 
= 
= 
= 
= 
= 

= 

= 

= 
= 
= 
= 
= 
= 

= 
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outer edge of flange and cover (Fig. 12.3.3) 
Contact load under the pressurized condition 
Generic term to indicate gasket surface ring load 
Generic term to indicate pressure load on the cover over 
a circle of radius ro 
Generic term to indicate "metal-to-metal" contact load 
Seating condition gasket load 
Total header pressure load on the circle defined by 
radius ro 
Radial distance of the header load circle from the flange 
ring bolt circle 
Radial distance of the effective gasket load circle on the 
lap joint flange ring from the bolt circle 
Bolt stiffness 
Gasket stiffness (Eq. (12.3.23» 
Discontinuity moment per unit circumference (Fig. 
12.3.2) 
Pressure 
Temperature effectiveness (Section 12.6) 
Heat duty (Section 12.6) 
Incremental change in heat duty due to inter-tube-pass 
leakage 
Mean radius of the cover outer annulus (Eq. (12.3.12» 
Radius 
Thermal flow rate ratio 
Incremental change in R due to inter-pass leakage 
Bolt circle radius 
Mean flange ring radius 
Effective gasket radius 
Inlet and outlet temperatures of tubeside fluid, 
respectively 
Thickness of the cover (r<rb ) 

Thickness of the cover (r>rb ) 

Ratio of tl to t2 (Eq. (12.3.16» 
Shellside fluid inlet and outlet temperature, respectively 
Flange ring thickness 
Overall heat transfer coefficient 
Shellside stream flow rate 
Tubeside flow rate 
Radial width of flange ring 
Total deflection of the cover at radius r with respect to 
r=rb 
Total deflection of the flange ring at radius r with 
respect to r = r b 

Functions of EI and v (Eq. (12.3.3» 
Rotation coefficients (Eq. (12.3.16» 
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AWl 

Db 

M-lc 
Eo 

'YJ 

1'1,1'2,1'3,1'4 
II 

PI ' ,P2 ' ,P3 ' 
PI ,P2 ,P3 

()c 
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= 

= 

= 

= 

= 

= 
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Leakage rate from tube pass 1 to pass 2 due to bowing 
of channel cover 
Bolt stretch as the joint loading is changed from the 
seating to the pressurized condition 
Drop in gasket load as the joint is pressurized 
Total gap between the flange ring and the cover at the 
"contact circle" (radius r = b-e l ) 

NTU of the heat exchanger (number of transfer units) 
Cover parameters (Eq. (12.3.10), Eq. (12.3.14)) 
Poisson's ratio of cover and flange materials 
Flange ring parameters (Eq. (12.3.19)) 
Flange ring parameters (Eq. (12.3.21)) 
Slope of the cover at the bolt circle radius (r = r b) 

[12.1.1] "Standards of Tubular Exchanger Manufacturers Association," 
Sixth edition, New York (1978). 

[12.1.2] "Standards for Power Plant Heat Exchangers," First edition, 
Heat Exchange Institute, Cleveland (1980). 

[12.1.3] "ASME Boiler and Pressure Vessel Code, Section VIII, Div. I," 
The American Society of Mechanical Engineers, UG-34, New 
York (1983). 

[12.2.1] Roark, R. J., "Formulas for Stress and Strain," Fourth edition, 
pp. 216-219, McGraw-Hill (1965). 

[12.2.2] "1982 Addenda to Standards of Tubular Exchanger Manufac­
turing Association," Sixth edition, TEMA (1982). 

[12.5.1] Singh, K. P., "A Method to Quantify Heat Duty Derating Due to 
Inter-Pass Leakage in Bolted Cover Heat Exchangers," Heat 
Transfer Engineering, Vol. 4, No. 3/4 (1983). 

[12.6.1] Singh, K. P., "Some Fudamental Relationships for Tubular Heat 
Exchanger Thermal Performance," Trans. of the ASME, Journal 
of Heat Transfer, Vol. 103, pp. 573-578 (August, 1981). 



13. PRESSURE VESSEL HEADS 

13.1 INTRODUCTION 

Closures for heat exchangers and pressure vessels are either in the form of 
flat covers (Chapter 12) or formed heads. The latter is the subject of this 
chapter. TEMA [13.1.1] designations "B" and "M", respectively, refer to 
formed head front and rear closures (Table 1.3.1). Figure 4.1.1 shows a 
TEMA "BEU" heat exchanger where the shell closure is in the shape of a 
formed head. In contrast to a flat cover which resists pressure only by 
bending, a formed head resists pressure primarily by developing membrane 
(in-plane) stresses. Therefore, the thickness of a formed head can be 
considerably less than that of a flat cover. From the heat transfer per­
spective, a welded head design is superior to the bolted flat cover variety 
because any concern of interpass leakage between tubeside passes, through 
the closure-pass partition interface, is eliminated in the former con­
struction. On the other hand, welding pass partition plates to the inside 
contour of the head can be a laborious operation, specially in small size 
units. Where quantities so warrant, heads can be cast with integral pass 
partition plates, thus eliminating the need for onerous welding. 

The pressure vessel designer has considerable latitude in selecting head 
geometry. The most common variety is the so-called "torispherical" head 
which is characterized by four geometric quantities: head inside diameter 
D;; crown radius L; knuckle radius r; and head thickness tho Figure 13.1.1 
shows the details of the tori spherical head geometry. 

Figure 13.1.1 also introduces the terms' 'inside depth of dish IDD", and 
"straight flange" used in the pressure vessel trade. IDD is a geometric 
function of Land r, and straight flange, SF, denotes the cylindrical ex­
tension of the head integrally formed with it. By varying the ratios LID; 
and Llr, heads for different shapes can be produced. Heads wherein L =:: 

D; and r =:: 0.06D; are referred to as "ASME Flanged and Dished Heads" 
in the commercial pressure vessel industry. Other popular variations are the 
so-called 80: 10 head whereL =:: 0.8D;, and r =:: O.lL, and ellipsoidal head, 
generated by rotating a two-by-one ellipse (ratio of major to minor diameter 
equal to two) about the minor axis. As a rule of thumb, the deeper the head 
the smaller is the required thickness to resist a given pressure. The designer, 
therefore, selects head shape by minimizing the sum of the plate material 
cost and the cost of forming. Sometimes, other factors such as total volume 
capacity of the pressure vessel for a specified vessel length and diameter 
may also playa role. In general, computation of the head thickness for a 
particular set of design conditions is a well prescribed procedure. One finds 
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all necessary formulas in the usual design codes [13.1.2]. However, design 
codes are not meant to foster an understanding of the mechanics of the 
pressure vessel behavior; such illumination efforts are left to the many 
books on "shell theory". Unfortunately, the books on "theory of shells" 
ofttimes dwell more on the pedagogical aspects of the problem; the needs 
of the pressure vessel designer are more utilitarian in nature. He seeks a 
grasp of the subject matter in such a form that, when faced with design 
conditions not covered in the code, he can devise reliable designs "in-the­
spirit-of-the-code". This chapter is aimed at providing the necessary insight 
to enable the designer to produce such solutions. 

Strictly speaking, a pressure vessel head does not possess a constant 
thickness. The process of forming "thins out" areas of sharp curvature, 
and "thickens" adjacent regions of more moderate curvature. Such 
variations in head thickness can be specially pronounced when forming is 
performed in the "hot" condition. Cold forming produces only minor 
thickness variations. Our focus in this chapter lies in providing the reader 
with the necessary background and tools such that he can make a quan­
titative evaluation of the effects of thickness variation, nozzle penetrations, 
etc.. The material provided herein also helps the reader relate to the 
background of the ASME Code formulas. 

TOP OF CROWN I -----l---

-INSIDE DEPTH OF DISH 

Fig. 13.1.1. Torispherical head. 

13.2 GEOMETRY OF SHELLS OF REVOLUTION 

The middle surface of a pressure vessel head is a surface of revolution. It 
is defined by rotating a plane curve about an axis lying in the plane of the 
curve. The generator curve is referred to as the "meridian" . Every point on 
the meridian sweeps a circle of radius equal to its distance from the axis of 
rotation. These circles are parallel to each other, and are simply referred to 
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as "parallels". Figure 13.2.1 shows a typical meridian and a typical 
parallel. The surface of revolution thus formed has certain properties which 
facilitate stress analysis of membranes having that surface shape. We state 
those properties below without proof; readers interested in their 

t SHELL 

Fig.13.2.1 Geometry of a surface of revolution. 

mathematical proofs should refer to any text on differential geomety 
[13.2.1]. Some texts on shell theory also contain adequate treatment of the 
properties of shell surfaces [13.2.2-3]. 

(i) Meridians and parallels form an orthogonal net of curves (Fig. 
13.2.2). In other words, vectors tangent to the meridional curve and 
parallel circles at any point are perpendicular to each other. 

(ii) Meridians and parallels are also directions in which the curvatures of 
the surface reach maximum and minimum values. Therefore, the 
normal radii of curvature associated with the parallels and meridians 
are the principal radii of curvature. Consequently, a membrane shell 
loaded symmetrically (e.g., by internal pressure) will develop 
principal stresses along its meridians and parallels. 

(iii) The meridional radius of curvature at any point, Ret>, is defined by 
the radius of curvature of the meridian at that point. The normal to 
the surface coincides with the normal to the meridian. The ex­
pressions for Ret> follows from elementary calculus. 

R = I (1 + y' 2)3/2 I 
'" (13.2.1) 
" y" 

where y = y (x) defines the meridional curve, and prime denotes 
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TYPICAL 
PARALLELS 

Mechanical Design oj Heat Exchangers 

Fig. 13.2.2. Surface of revolution showing orthogonal net of meridians 
and parallels. 

derivative with respect to x (Fig. 13.2.3). The radius of curvature 
corresponding to the' 'parallel" is given by 

R 
Re=-­

sin ¢ 
(13.2.2) 

where ¢ is the angle between the normal to the meridian and the axis 
of revolution (Fig. 13.2.1) and R is the distance of the point from the 
axis of revolution. Equation (13.2.2) indicates that Re at a point is 
given by the length of the normal to the meridian between that point 
and the axis of revolution. This result simplifies membrane stress 
analysis of pressure vessel heads considerably, and also permits a 
simple graphical interpretation of circumferential stresses (stresses 
directed along the parallel), as we will show later. 

t 

Y 

t . 
I 

I 
i 

y -y(x) 

L------------ -. )( 
-- I 

Fig. 13.2.3. Differential meridional element. 
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(iv) At every point on the meridional curve (Fig. 13.2.3), we may con­
struct the orthogonal triad of unit vectors n I, n2, n3. n I is the 
tangent unit vector to the meridion, n2 is the tangent unit vector to 
the parallel at the point, and n3 is the normal unit vector, per­
pendicular to both nl and n2 • By convention, the parametric curves 
at each point are assumed to be arranged so that the direction of n3 is 
from the concave side to the convex side of the surface. It can be 
shown that under the above stated conditions 

ani _ 
---n' a¢ - 3, (13.2.4) 

Pressure vessels loaded on a barge for shipment. (Courtesy Joseph Oat 
Corporation, Camden, NJ.) 

13.3 MEMBRANE THEORY FOR SHELLS OF REVOLUTION 

First proposed by Lame and Clapeyron in the early nineteenth century, 
membrane theory assumes that a shell resists external loading through 
membrane action alone. That is, only a stress state uniform through the 
thickness develops in response to external loading. It is an excellent 
assumption for shells of revolution formed by meridians with gently varying 
curvature. Membrane theory for shells is analogous to the common 
assumption of pinned joints in truss structures. In reality, a truss is a highly 
indeterminate structure. But the assumption of "momentless truss joints" 
makes the solution procedure statically determinate while retaining the 
essential attributes of the "more rigorous" solution. Likewise, membrane 
theory of shells renders the stress analysis of shells statically determinate. 
Internal stress resultants are computed directly in terms of applied loadings. 
The computation of deformations is not necessary, and the stresses do not 
depend on the elastic properties of the shell material. We review the 
equilibrium equations for membrane shell theory below which will furnish 
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the necessary background to perform the analysis of common pressure 
vessel heads. 

Equilibrium Equations 

Figure 13.3.1 shows a differential element of a shell of revolution formed 
by the intersection of two parallels and two meridians. Angle () locates the 
element in the circumferential direction in relation to an assumed reference 
meridional plane. ¢ is the angle between the axis of revolution and the 
normal to the differential element. It is assumed that the unit normal n3 
always points from the concave to the convex side of the surface. Rq, and Ro 
are the principal radii of curvature. If the loading on the shell is axisym­
metric, then symmetry considerations require that the shear stresses on the 
principal planes of the surface (meridional and parallel) vanish. We let Nq, 
and No denote membrane stress resultants in the meridional and cir­
cumferential directions, respectively; i.e. 

Nq, =uq,t 

(13.3.1) 

Uo and Uq, are circumferential and meridional membrane stresses acting on 
the element, and t is the thickness of the shell. Symmetry dictates that No be 
equal on both meridional edges of the element. Figure 13.3.2 shows the 
vector forces acting on the isolated element. The resultants T l , T2 are 
defined in terms of their components along the ni directions as 

Tl =Nq,nl; T2 =NOn2 (13.3.2) 

while the area of the differential element is 

dA =RRq,d¢d() (13.3.3) 

Referring to Fig. 13.3.2, the vector force equilibrium equation for the 
element (vector sum of all forces must equal zero) gives 

_ _ a_ 
- Tl Rd() + TIRd() + - (TIRd()d¢ 

a¢ 
_ _ a_ 

- T2Rq,d¢+ T2Rq,dq, + a() (T2Rq,d¢)d()+ (Pxnl +pzn3 )dA =0 

which simplifies to the result 
a _ a-

- (TIR) + - (T2Rq,) +pxRRq,nl +pzRRq,n3 =0 (13.3.4) 
a¢ a() 

after using Eq. (13.3.3) and dividing through by d()d¢. 
We now use Eq. (13.3.2) to eliminate Tl and T2 and formally carry out 

the indicated differentiations to obtain 
a _ ani an2 __ 

- (Nq,R)nl +Nq,R- +NoRq,- +RRq,(pxnl +pz n3 )=0 
a¢ a¢ a() 

(13.3.5) 
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Fig. 13.3.1. Differential element. 
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\ t,Rd6+ ~(t,Rdol>jdol> 

i,R.d. 
a + 09 (i,R.dqljd6 

Fig. 13.3.2. Stress resultants for axisymmetric loading. 

631 

Note that in obtaining Eq. (13.3.5), we have used the fact that N6Rq, is not a 
function of (). Equations (13.2.4) can now be used to eliminate aii1/acp, 
aii2 Ia(); after grouping terms, Eq. (13.3.5) becomes 

[aacp (Nq,R) -N6Rq,coscp+PxRRq,Jii1 

(13.3.6) 
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The vector equilibrium equation (13.3.6) immediately yields the two 
relevant scalar force equilibrium equations 

(13.3.7) 

(13.3.8) 

The above equations represent force equilibrium requirements in the local 
directions ii 3 , iiI, respectively. We note that for given Px (¢), Pz (¢), the 
problem is statically determinate in that Nq" No can be completely deter­
mined from the equilibrium equations. We also note that the quantity 
Rlsincp can be replaced by Ro in Eq. (13.3.7) by virtue of Eq. (13.2.2). We 
now manipulate the above equations to evolve a formal solution for Nq,. 
Multiplying Eq. (13.3.8) through by sin¢, and using the identity 

a a 
- (Nq,Rosin2 ¢) = sin¢ - (Nq,Rosincp) + Nq,Rosincpcoscp 
a¢ a¢ 

permits us to rewrite Eq. (13.3.8) in the form 
a 

- (Nq,Rosin2¢) -Nq,Rosin¢cos¢ 
a¢ 

- NoRq,sin¢cos¢+pxRq,Rosin2 ¢ = 0 

We now employ the relationship 

NoRq, +Nq,Ro =pzRoRq, from Eq. (13.3:7), to obtain 

~ (Nq,Rosin2¢) -pzRoRq,sin¢ cos¢+pxRoRq,sin2¢= 0 
a¢ 

The above equation yields a formal solution for Nq" in terms of the 
geometry and the applied loading, as 

Nq, = ~ 2 r RoR",sin¢(pzcos¢-pxsin¢)d¢+CIIRosin2¢ 
Rosm ¢ J", 

(13.3.9) 

Equations (13.3.7), (13.3.9) give the desired solutions for No, Nq, in terms of 
externally applied loading only. If the extent of the shell surface involves 
values of ¢ = 0, 7f, 27f, then C I = O. Otherwise, C I can be shown to be 
related to the total force applied to a reference parallel. A simple 
relationship involving the meridional internal force Nq, can be found by 
considering the freebody of the shell below a parallel (Fig. 13.3.3). If W 
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represents the resultant of all (axisymmetric) external loads (in the direction 
of the axis of revolution) acting on a closed shell of revolution which gives a 
single-connected curve contour upon projection on a parallel, then 

or 

W=N.p2'lCRsincp 

=N.p27fResin2cp 

W 
N.p = (13.3.10) 

27fResin2 cp 

A comparison of Eqs. (13.3.9), (13.3.10) yields a physical interpretation of 
the integral on the right side of Eq. (13.3.9) for the class of shells con­
sidered. If internal pressure Pz is the only external loading, then W = 7fR2 Pz 
= 7fRe2sin2cppz· 

or 

Substituting for Wabove yields 
7fR 2sin2,1.,n N = e 'f'¥z 

.p 27fRe sin2 cp 

I 
1 
I 
I 

I 
I 

(13.3.11) 

Fig. 13.3.3. Freebody of a shell of revolution cut by a parallel plane. 
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Since W = 1fR2 Pz is valid only for a closed shell of revolution which gives a 
single-connected curve contour upon projection on a parallel, Eq. (13.3.11) 
is not applicable to shells that have multiply-connected parallel cross sec­
tions, e.g., toroidal shells. Simply stated, Eq. (13.3.11) is valid only if Ro 
remains finite. For shells which have multiply connected cross sections on a 
parallel plane, Ro does not remain finite for all values of ¢. We will discuss 
the implications of this further in Section 13.4. 

For the class of shells where Eq. (13.3.11) does apply (Fig. 13.3.3), if we 
substitute for Nq, in Eq. (13.3.7) and rearrange terms, we obtain a solution 
for No as 

N =pzRo (2-~) 
o 2 R q, 

(13.3.12) 

We note that if Ro/Rq, >2, then No becomes negative which indicates a 
compressive circumferential stress. This fact accounts for "wrinkling" of 
the circumference of thin ellipsoidal heads and torispherical heads under 
certain combinations of load and geometry. 

Equation (13.3.12) can be shown to have an interesting pictorial in­
terpretation which turns out to be quite valuable in practical design work. 
We will discuss this in Section 13.5. 

13.4 STRESS ANALYSIS OF MEMBRANE SHELLS UNDER 
INTERNAL PRESSURE 

Equations (13.3.11-12) can be utilized to determine the membrane stresss 
field in common pressure vessel shapes subjected only to internal pressure. 
This analysis yields stresses which are quite accurate except near regions of 
discontinuity in curvature and near shell supports. Since such regions 
almost always exist in practical situations, a complete characterization of 
the shell stress field using membrane theory alone is not possible. Never­
theless, excellent approximations of the uniform through-thickness stress 
field in the regions of discontinuity are made by using membrane solutions. 
Before undertaking the stress solutions near discontinuities or supports in 
Section 13.8, we illustrate the application of membrane theory results to 
some typical pressure vessel shapes. 

An inspection of Eqs. (13.3.11) and (13.3.12) indicates that the mem­
brane stresses at a point are readily determined if the principal radii of 
curvature of the surface are known. In some simple cases, these radii are 
self-evident; in others they require some algebra. We consider here the 
cylindrical shell, the conical shell, the ellipsoidal shell, and finally, the 
toroidal shell. 

(i) Cylindrical Shell 

Let us consider a closed ended cylindrical shell of radius R under pressure 
p. 
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The meridian is a straight line, therefore, Rq, = 00. As stated in Section 
13.2, Ro is the distance of the material point on the surface from the axis of 
revolution along the normal to the surface. In this case Ro =R, the shell 
radius. 

Equation (13.3.11) yields (Pz = p) 

pR 
Nq,=2 

Using Eq. (13.3.1) to obtain the meridional stress, yields 

while Eq. (13.3.12) yields: 

or 

pR 
aq, = 2t 

No=pR 

pR 
ao= -

t 

(13.4.1) 

(13.4.2) 

These are the well known Lame's equations for thin cylinders under internal 
pressurep. 

(ii) Conical Shell 

The case of a conical shell with semi-vertex angle ex, under internal 
pressure, can be treated in a similar manner. Since the generatrix is again a 
straight line, Rq, =00. Referring to Fig. 13.4.1, in terms of the semi-vertex 
angle 

Ro =R/cosex, andpz =p 

From Eqs. (13.3.11)-(12), stresses at point 0 in Fig. 13.4.1 are: 

pR pR 
N ----a ----

q, - 2cosex q, - 2tcosex 
(13.4.3) 

pR pR 
N o=-- -ao=--

COSex tcosex 
(13.4.4) 

(iii) Ellipsoidal Shell 

The meridian of an ellipsoidal head is defined by the equation (Fig. 
13.4.2): 

or 
(13.4.5) 
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o 

Fig. 13.4.1. Conical shell under internal pressure. 

y 
Crown 

T 
b 

~~----Il 
x 

o 
Fig. 13.4.2. Meridional radius of 2:1 ellipsoidal head at typical locations 
(to scale). 

The meridional radius of curvature Rq, has been defined by Eq. (13.2.1) as 

R =IO+yf2)3121 
'" (13.2.1) 
'¥ y" 

where prime indicates derivative with respect to x. Differentiating Eq. 
(13.4.5) we have 

(13.4.6) 

cfy _b2 b2x dy 
--=--+----dr a2y a2y2 dx 
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Substituting for dy/dx, using the fact that .xl = a2(1- y2 Ib2), and 
rearranging terms, yields 

= (13.4.7) 

Using y' and y" from Eqs. (13.4.6), (13.4.7), in Eq. (13.2.1) and sim­
plifying, yields 

(13.4.8) 

Figure 13.4.2 shows the meridional radius Rq, drawn to scale for a few 
points. We note that Rq, is the largest at the crown and gets smaller as the 
equator is approached. 

The circumferential radius of curvature at the point P is given by the 
length of the line OP in Fig. 13.4.2; that is, 

Re =x/sinej> =X secej>/tanej> 

=x(l +tan2 ej»1!2ltanej> 

. dy 2 2 
Smce tanej> = - dx =b x/a y; 

(a4y2 + b4.xl)1!2 
Re= b2 (13.4.9) 

Therefore, comparing Eqs. (13.4.8), (13.4.9), yields 

(13.4.10) 

The principal membrane stresses readily follow from Eqs. (13.3.11-12) and 
(13.3.1). 

(13.4.11) 

a =pR~ [2-~] 
e 2t R q, 

Since 

Re a4 

--= -2-2 (fromEq.13.4.lO), 
Rq, b Re 
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Substituting for Re from Eq. (13.4.9) gives 

pRe a4b2 ] 
Ue = 2t [2- (a4y2 +b4r) 

or 

U = pRe [2(a4y2 + b4r) - a4 b2 ] 

e 2t ( a4 y2 + b4 r ) 
At the equator, x = a, y = 0, which gives 

Re =a, Rq, =b2la 

Therefore, at the equator: 

pa 
Uq,= -

2t 

Note that Ue becomes compressive if 

2-a21b2 <0 

oralb>-J2 

(13.4.12) 

(13.4.13) 

Therefore, the hoop stress at the equator of an ellipsodial head of al b ratio 
1.414 equals zero. Similarly, at the top of the crown, 

x=O, y=b, R e=Rq,=a2Ib 

Hence 

pa2 

uq, =- =Ue 
2bt 

Figure 13.4.3 shows plots of Ue and uq,' normalized by pa/t, as a function 
of xl a for two values of aspect ratio al b. Note for 2: 1 ellipsoidal heads, Ue 
at the equator and at the top of the crown have equal and opposite values; 
+ pal t at the top, and -pal t at the equator. The meridional stress is always 
tensile and reaches the maximum value at the top of the crown. Figure 
13.4.3 indicates that the maximum stress intensity* will very likely occur at 
the equator in ellipsoidal heads if Ue becomes negative there (al b > 1.414). 
The negative Ue is seen to increase rapidly with increased al b ratio. For this 
reason, ellipsoidal heads are seldom made with al b ratio in excess of 2. 

(iu) Toroidal Shell Under Internal Pressure 

A toroidal shell is produced by rotating a meridian in the shape of a circle 
about a coplanar axis as shown in Fig. 13.4.4. The radius of the generator 

'Refer to Section 2.6 (Chapter 2) for definition. 



13/J>ressure J7essellleads 

o 
o 
(\I 

o 
_0 

~ o+---------~~----
afb=2 

Co 

'iil 
Ul 

!!' 0 
en 0 

(\I 
I 

o 
o 

~+-----,-----~----~ 
'0.00 0.40 O.BO 1.20 

Fig. 13.4.3. Membrane stresses in ellipsoidal heads. 
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circle rOo and the distance of its center from the axis of rotation. Ro. 
characterize the shape of the torus. The toroidal or doughnut shaped shell 
has its most famous application in the Tokamak fusion reactor vessel. The 
toroidal shell also has wide industrial application; V-bends of heat ex­
changers are the most familiar example in the tubular exchanger industry. 
The radii of principal curvature of the toroidal shell are quite straight­
forward to ascertain. The meridional radius of curvature R", is obviously ro 
at all points on the surface of the shell. The circumferential radius of 
curvature Re at a point A is given by Fig. 13 .4.4. as (0 < ¢ < 27r) 

f"""'. v<"~e,, .,.,eno, 

! 
I~ 

I 

Ro ----t--:;,;--

Fig. 13.4.4. Meridian for generating a toroidal shell. 

(13.4.14) 
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As stated in the preceding section, Eqs. (13.3.11), (13.3.12) are not valid for 
this shell since the meridian is not a singly connected curve and R8 - 00 for 
some values of cp. In order to determine (J", we must consider a freebody of a 
suitable portion of the shell and proceed from first principles. Figure 13.4.5 
shows a segment of the torus of circumferential included angle d(); from 
which the toroidal sector BOA A' 0' B' has been removed. We assume that 
the tangent plane to the surface OBB' 0' is vertical, and that the surface 
OAA' 0' is inclined at an angle cp with the vertical axis. The vertical 
component of the total pressure load acting on the surface OAA' 0' is 
given by d() 

W=p1l"[(Ro +ro sincp) 2 -Ro2l ( 211" ) 

or 

--------t 

""0 

I 
-j 

s' 
VERTICALt 

I 
I 
I 

\ 

\ I 
\ I 

".,,-AI 
-,,_,I 

Fig. 13.4.5. Freebody of a segment of torus. 

(13.4.15) 
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The internal force that resists this load is Nq, acting on the edge AA'; its 
component in the vertical direction is given by 

RdONq,sincp 

where, from Fig. 13 .4.4, 

R=Ro +ro sincp 

Equating internal and external forces yields 

or 

~ (2Ro + rosincp) rosincpdO=Nq, (Ro +rosincp)sincpdO 

pro (2Ro + rosincp) 
N =---'----

q, 2 (Ro+rosincp) 
(13.4.16) 

We note that Eq. (13.4.16) can also be derived directly from Eq. (13.3.9) 
using the appropriate expressions for Ro, Rq, and performing the in­
tegrations. To determine No, we observe that Eq. (13.3.7) is still applicable 
since it was derived without any restrictions pertinent to the multiply­
connected nature of the meridian curve. 

From Eq. (13.3.7), solving for No yields 

or 

No pro (2Ro+rosincp) prosincp 
--=p- -- = -----

Ro 2ro (Ro +rosincp) 2(Ro +rosincp) 

Therefore, we finally obtain 

pro 
No=-

2 

where the expression for Ro from Eq. (13.4.14) has been utilized. 

(13.4.17) 

No is found to be constant over the entire surface of the toroid. The 
corresponding stress Uo (from Eq. (13.3.1» is often referred to as the 
"longitudinal stress" following the notation for straight cylindrical shells. 
Similarly, the meridional stress uq, corresponding to Nq, is known as the 
"hoop stress". uq, is a function of cp; its value at any point can be found by 
usingEq. (13.4.16) inEq. (13.3.1). 

For example, the value of uq, at the two ends of the equator are given by cp 
= 7l"12, 37l"12. At the inside edge (crotch end): 

pro 2Ro -ro 
uq,=-

21 Ro -ro 
(13.4.18) 
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At the outside edge of the equator 

pro 2Ro +ro 
</>= 71"/2; aq, = - ---

2t Ro +ro 
(13.4.19) 

Similarly, at the top of the shell edge BB' in Fig. 13.4.5; </>=0, aq, = pro It. 
We see that in a toroidal membrane shell under internal pressure, both 

principal stresses are tensile and the maximum principal stress occurs at the 
crotch. Fortunately, the process of forming toroidal shells (e.g., U-tubes) 
tends to thin out the outer edge and thicken the crotch region. Harvey 
[13.4.1] reports that in destructive internal pressure tests the U-bend sec­
tions of the U-tube never failed. Photograph 13.a shows a portion of a 
buckled U-tube subjected to external pressure. We note that the straight 
tube segment next to the toroidal shape failed first. These experiments attest 
to the superb pressure bearing capability of the toroidal shape. 

Photograph B.a. Failed V-tube under external pressure. 

13.5 PHYSICAL INTERPRETATION OF No 

We restrict consideration to shells having singly connected surfaces. Let 
us consider the area A of the region formed by the normal lines to the end of 
a meridional segment d</>. Figure 13.5.1 shows the case wherein Rq, > Re. 

The length of the intercept on the axis, q, is given by the expression 

Therefore, 

or 

q= (Rq, -Re )d</> 

1 
A = - (q+R q, d</»Re 

2 

(13 . 5.1) 
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From Eq. (13.3.12) we have 

Therefore 

or 

Ro (2-~) = No 
2 Rq, pz 

No 
A=(Rq,dcp) -

Pz 

where ds = Rq,dcp is the length of meridional arc. 
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(13.5.2) 

(13.5.3) 

Equation (13.5.3) states that the circumferential stress resultant is given 
by the product of pressure and the area of the cross hatched region of Fig. 
13.5.1 divided by the meridional arc length. We note that this result is valid 
only for shells of revolution whose projection on a plane of parallels is a 
simply connected curve. 

Next, let us consider the case where Rq, <Ro; i.e., when the intersection of 
the normal vectors from the ends of the meridional arc occurs between the 
arc and the axis of revolution (Fig. 13.5.2). The area of the region to the 
right of the intersection point 0 is 

A =R 2 dcp 
p q, 2 

Similarly, the area to the left of point 0 (hatched in Fig. 13.5.2) is 

(Ro _Rq,)2dcp 
A = --'---------'---

n 2 

Hence 

A -A =A=RoRq,dCP(2_~) 
p n 2 R q, 

which once again leads to Eq. (13.5.3). 
Therefore 

pzA 
N o=-

ds 

where A is the area defined by the segment of the meridional arc, the axis of 
revolution and the normal rays to the tangents from the extremities of the 
arc. If the two rays cross before reaching the axis of revolution then the 
triangular area between the diverging rays and the axis of revolution is to be 
considered negative. The portion between the intersection and the arc is 
positive. These areas will be referred to as "pressure areas". 

This theorem can be used to approximately evaluate local hoop stresses in 
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Re 

AREA A 

Fig. 13.5.1. Area A shown by hatched region. 

~ NEGATIVE AREA 

~ POSITIVE AREA 

Fig. 13.5.2. Positive area Ap , negative area An together define the net 
pressure area. 

shells in regions of sharp geometric discontinuity. Indeed, this concept 
forms the basis of the "area replacement method for reinforcements" of 
the ASME Boiler and Pressure Vessel Codes. Zick, et al. [13.5.1] show 
various applications of this concept. We will refer to this method as the 
"unsupported area principle" after Zick, et al. [13.5.1]. A few illustrative 
cases are considered below. 

Figure 13.5.3 shows a typical pressure vessel consisting of a cylindrical 
shell, a top head of spherical profile, and a conical bottom head. Both top 
and bottom heads have symmetrically located cylindrical nozzles. The two 
variations of this pressure vessel shown differ only with respect to the 
junctions between the different parts. In version (b), knuckles provide 
smooth transitions in the regions of change of surface curvature. Version 
(a), on the other hand, has sharp discontinuities. Pressure areas for the 
main geometric shapes are shown in the diagram for version (a). The 
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(a) NO KNUCKLE RADII 
{b} DISCONTINUITIES ARE BLENDED 

WITH KNUCKLES AND FLARES 

Fig. 13.5.3. Illustration of unsupported area principle. 

pressure areas for the knuckle and flare regions of version (b) are also 
shown. These pressure areas clearly show that the circumferential mem­
brane stresses in the "flares" are also tensile, whereas those in the knuckle 
zone can be compressive (negative total pressure area). Note that the 
portion of a toroidal shell considered here satisfies Eq. (13.3.10) so all of 
our area formulas hold. 

Figure 13.5.4 shows the pressure areas at the discontinuities for two 
versions. The following observations can be made: 

(i) Sharp discontinuities produce finite pressure areas (negative at head 
to shell, and shell to cone large ends; positive at shell to cone small 
ends). These finite areas correspond to infinitesimally small shell arc 
length. Therefore, No can reach high (in the limit, infinite) values. 

(ii) Transitions have the effect of adding positive pressure areas .. Where 
the transitions are knuckles the reduction in the total pressure area is 
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obvious. Flares augment the total positive pressure area. However, 
the circumferential stress resultant No is still reduced because of 
increased arc length ds when a flare is present. 

It is clear from the foregoing that the computed value of N", in the region 
of discontinuity will depend on the size of the arc ds used in constructing 
pressure areas. Zick, et al. [13.5.1] suggest using the arc of the shell k--.lLth 
on both sides of the point of discontinuity; L is the larger of the cir­
cumferential radii of curvature of the adjoining shapes, * th is the local 
thickness of the pressure part, and k is a constant which depends on the type 
of discontinuity. The use of this technique is illustrated in the next section 
by considering the junction of a conical head and a cylinder. 

POSITIVE 

(a) SHARP DISCONTINUITY (b) SMOOTH TRANSITION 

Fig. 13.5.4. Pressure areas at discontinuity . 

• Recall circumferential radius of curvature at a point is equal to the distance of the point 
from the axis of rotation along the normal to the meridion. 
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13.6 DERIVATION OF ASME CODE FORMULA FOR THE LARGE 
END OF A REDUCER 

Figure 13.6.1 shows the junction of a conical shell of semi-angle a with a 
cylindrical shell of radius RL • The ASME Boiler and Pressure Vessel Code, 
Section VIII, Division 1, Appendix I [13.1.2], gives the following formula 
for the required metal reinforcement areaA, at the junction. 

pRL 2 .1 
A,=--(l- -)tana (13.6.1) 

2SE' a 

where .1, given in tabular form, can be approximated as 

.1 z 320(p/SE')112 (13.6.2) 

In the above equationp is internal pressure, SE' denotes allowable stress 
corrected for weld joint efficiency E', and a is in degrees. We will now 
derive an expression for A, analogous to Eq. (13.6.1) using the un­
supported area principle described in the preceding section. 

The required thickness of the shell, tso which will develop a hoop stress 
equal to SE' is given by Lame's formula. 

pRL 
ts = SE' (13.6.3) 

Similarly, the thickness of the conical portion, teo is given by Eq. (13.4. 
4), 

pRL 
t = =t /cosa 
eSE' cos a s 

(13.6.4) 

Substituting for p/SE' from Eq. (13.6.3) into Eqs. (13.6.1-2), and sub­
stituting for .1 using Eq. (13.6.2) yields 

E 

F 

Fig. 13.6.1. Unsupported areas for cone to shell junction. 
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tsRL [ 320 tana liZ] A, = -- tana- (tsIRL) 
2 a 

(13.6.5) 

The average hoop stress is computed over a total arc length which extends k 
(Ret) liZ in both directions from the discontinuity. Note in this case, 
Re =RL Icosa, t= tc = tslcosa in the cone, and Re =RL, t= ts in the shell. k 
is a constant which depends on the nature of the discontinuity. For the 
present case, good agreement with the code rules is obtained for k = 0.7. 

The total pressure area from Fig. 13.6.1 is given by the sum of the areas 
defined by the vertex points labeled in the figure. 

A = OAEF - PEF + OCGB - OCF (13.6.6) 

Substituting for the different areas, we have 

kR(tR)ll2 kZtRt RZt A = L s L sLana liZ Lana 
cosZa 2cosza +kRL (tsRL) - 2 (13.6.7) 

The required metal area to be added, Am, should be such that the 
compressive hoop stress equals SE'; i.e. 

SE' [Am + kts (tsRL) 112 + kt; (tsRL) 112] = - pA 
COS a 

(13.6.8) 

Substituting for A from Eq. (13.6.7), using the relationplSE' = t,!RL 
(from Eq. (13.6.3)), simplifying, and solving for Am, yields 

where 

tsRL liZ 
A m=-2-[tana-C(tsIRL) ] 

k 

[ 
I-tana 4" (t,!Rd 1/2 ] 

C=4k 1+ -------­
cos2 a 

(13.6.9) 

(13.6.10) 

The expression for Am derived above using the unsupported area prin­
ciple has an uncanny similarity to its counterpart A, (Eq. (13.6.5)) given by 
the Code. Table 13.6.1 shows a comparison between the value of C (Eq. 
(13 .6.10)) and the equivalent term in the Code formula. 

Table 13.6.1. Comparison of the Values of C Between ASME Code and 
Unsupported Area Principle 

Semi-Cone 
Angle, Degrees 

to 
20 
30 

ASME 
Code 
5.65 
5.82 
6.12 

Unsupported Area Method 

ts/RL ==0.1 
5.66 
5.94 
6.41 

tslRL =0.01 
5.68 
5.95 
6.50 
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13.7 MEMBRANE DISPLACEMENT 

Membrane theory for shells of revolution yields a statically determinate 
problem which enables us to calculate the internal stresses in terms of the 
externally applied loadings from equilibrium considerations alone. 
Therefore, computation of the shell displacements is completely bypassed. 
However, as stated before, membrane theory cannot reliably predict the 
stress field in the region of sharp changes in shell curvature or stiffness 
(thickness). Unfortunately, such rapid changes in curvature and stiffness, 
known as "gross structural discontinuities" (Chapter 2), are quite com­
monplace in pressure vessels. The junction between the knuckle and the 
crown and the junction between the knuckle and the shell skirt in a 
torispherical head are classical examples of such discontinuities. Indeed, 
geometric discontinuities are the rule rather than the exception in pressure 
vessel construction. The effect of a sharp discontinuity can be explained as 
follows: 

The presence of a geometric discontinuity implies a sharp change in the 
meridional radii of curvature across the discontinuity. Equations for the 
membrane stresses derived in Section 13.3 indicate that the membrane 
stresses are directly dependent on the radii of curvature. Therefore, the 
membrane stresses in the two abutting portions of the shell will be unequal. 
Unequal membrane stresses must imply unequal deformations because of 
the stress-strain relations. Therefore, additional reactions at the junction 
must be developed to keep the two portions of the shell together. These 
reactions are known as "discontinuity stress resultants"; they modify the 
stress field in both shells in the immediate vicinity of the junction. The 
effect of these discontinuity resultants dies out rapidly as we move away 
from the discontinuity along either side of the junction. This, essentially 
localized, effect of discontinuity reactions is often termed the "boundary 
layer" effect in an obvious analogy with fluid flows. A rough estimate of 
the discontinuity effects can be made using the unsupported area method as 
described in the preceding section. A more precise evaluation requires 
calculation of membrane displacements and enforcement of displacement 
compatibility. In this section, necessary relationships to evaluate the 
membrane displacements are developed. 

Hooke's law for a two-dimensional stress field gives the following 
relationship between strains and stresses in the absence of any thermal 
strains: 

1 
Eo= E[ao-va.p] (13.7.1) 

where E and a denote strain and stress, respectively. Subscripts ¢ and () 
indicate meridional and circumferential directions, respectively. E is the 
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Young's modulus of the shell material, and II is its Poisson's ratio. Strains 
can also be written in terms of stress resultants Nq, and No using Eq. 
(13.3.1): 

1 
Eq, = - [Nq, - IINo] 

Et 

1 
Eo = -[No -liN",] 

Et 
(13.7.2) 

We recall that No and N", are known from equilibrium (viz., Eqs. (13.3.7), 
(13.3.8), or (13.3.11-12»); therefore, the strains E", and EO are known. In 
order to determine displacements, we need to examine the strain 
displacement relationships for the membrane shell. These relations follow 
from the kinematics of a shell element as shown below. 

Figure 13.7.1 shows a differential element of the meridian before (solid 
line) and after deformation (dotted lines). End A of the element displaces to 
point A' by an amount w in the radial direction (normal to the middle 
surface), and u in the meridional direction (positive in the direction of 
increasing ¢). The corresponding displacements of end point B to end point 
B' are: 

aw d . hid· . w+ -- ¢ III t e norma lrectlOn, 
a¢ 

I~ 
R 

f 
\ 

\ 
\ 
\ 
\ 
\ 

LJ-~----~B' 
R<I) 

Fig. 13.7.1. Displacement of a differential element. 
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and 

au 
u + - d¢ in the tangential direction. 

a¢ 
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From trigonometry, we see that the increase in the radius R of the parallel 
at point A due to this set of displacements is given by: 

oR= w sin¢+u cos¢ (13.7.3) 

Therefore, the circumferential strain is 

oR w sin¢ + u cos¢ 
Ee= Ii = R 

From (Eq. 13.2.2), R = Re sin¢; hence 

w U 

or 

Ee= - + -cot¢ 
Re Re 

(13.7.4) 

w=ReEe -ucot¢ (13.7.5) 

The elongation of the element AB has two components; (i), the difference 
in tangential displacement of B over A 

au a;;; d¢ 

and (ii), the increase in the meridional radius to Rq, + w (neglecting terms of 
higher order), which causes the increase [(Rq, + w) d¢ - Rq,dq,] in the 
element length. Therefore, the total increase in the length of element AB is 

au 
-d¢+wd¢ 
a¢ 

Hence, the meridional strain Eq, is 

or 

au 
-d¢+wd¢ 
a¢ 

Eq,=-----
Rq,d¢ 

au w 
Eq,= - - +--

Rq, a¢ Rq, 

Substituting for w from Eq. (13.7.5), we have 

au 
- -ucot¢=Rq,Eq, -ReEe 
a¢ 

(13.7.6) 

(13.7.7) 
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Since the right-hand side is a known function of 1>, say f(cp), Eq. (13.7.7) 
can be integrated to obtain u. 
Let 

Then 

au 
- - ucotcp = f( cp) 
acp 

or after multiplying through by coseccp 

au 

Therefore 

coseccp - - u cotcp coseccp = f( cp) coseccp 
a1> 

a 
- (u coseccp) = f ( 1> ) cosec1> 
acp 

which integrates to 

or, finally 

~ f( cp) 
u coseccp= -. -d1>+c 

smcp 

u=sincp[f f~cp) d1>+C] 
J smcp 

(13.7.8) 

(13.7.9) 

The function f( cp) can be expressed in terms of principal radii of cur­
vature and stress resultants by using Eqs. (13.7.2) and (13.3.11-12). 

f(cp) =Rq,Eq, -RoEo 

1 
= Et [Rq, (Nq, - vNo) - Ro (No - vNq,)] 

or, for the class of shells where Eqs. (13.3.11-12) apply, (i.e., closed shells 
having Ro finite everywhere) 

pRo [( Ro ) f(cp)=- Rq, 1-2v+v-
2Et Rq, 

(13.7.10) 

Equations (13.7.5), (13.7.9), (13.7.10) give complete expressions for 
meridional and normal displacement. It is, however, frequently convenient 
to deal in terms of horizontal and vertical displacements and rotation (.oJ 

(Fig. 13.7.2). These are given in terms of u and w by the simple relations 
given below: 

oR = w sincp + u cos1> =REo 
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h = w coscP - u sincP 

1 8w 
w=-- -

Rq, 8cP 
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(13.7.11) 

In general, the computation of u and w requires evaluation of the integral in 
Eq. (13.7.9). On the other hand, oR can be computed directly from the 
stressesviaEq. (13.7.4); 

R 
oR= RE8 = E (0"8 -VO"q,) 

or 
pR82sincP ( R8 ) oR= 2-v---

2Et Rq, 
(13.7.12) 

We also note that when cP = 7r12, as is the case at the equator of heads, W = 
oR. Recall that Eq. (13.7.12) is derived for a specific class of shells of 
revolution where Eqs. (13.3.11-12) can be used for N 8 , Nq,. 

Explicit solutions for some common shell configurations are given below: 

(i) Cylindrical shell (closed ends) 

cP = constant = 7r12; R8 =R 

FromEq. (13.7.5) 

R 
oR = W=R8 E8 = E (0"8 - vO"q,) 

Substituting for 0"8 and O"q, from Eqs. (13.4.1-2); 

pR2 

oR=w= - (1-0.5v) 
Et 

(ii) Spherical Shell 

(13.7.13) 

Reference [13.7.1] gives the solution for the pressurized edge supported 
spherical shell shown in Fig. '13.7.3. Since the segment shown is not closed, 
Eq. (13.7.12) does not apply; Ref. [13.7.1] provides the correct expression. 

pR2. [ l+V( Sin2cP2 )] oR= -smcP 1--- 1- -.-
Et 2 sm2 cP 

(13.7.14) 

w=O 

For a hemispherical.head, cPl = 7r12, cP2 = 0, and either Eq. (13.7.12) or 
Eq. (13.7.14) give, at cP = cPl, the result 

pR2 
oR=-(l-v) (13.7.15) 

2Et 

(iii) Ellipsoidal Shell 
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~ h 

I w 

I 
I ~----"'bR 

L R 

+. ._---------

Fig. 13.7.2. Relationship between displacements. 

Reference [13.7.1], with the aspect ratio a/ b = TJ, gives 

pa2 [ cos4> 
h=- (3TJ2+1-2v) 2 _ 2 -2TJ2 cos2 4> 

4Et 1 + P sm 4> 

p (2 1 ) (TJ + pcos4»] +- TJ --+v In 
TJ 2 TJ - pcos4> 

(13.7.16) 

pRe (Re ) ( Re ) w- ---1 --+3 
2Et tan4> Rq, Rq, 

(13.7.17) 

where 

p= (TJ2 _1)1/2 

oR is obtained directly from Eq. (13.7.12). 
At the equator, 4> = 7r/2 and Eq. (13.4.13) gives Re =a; Rq, =b2 la. 

Therefore 

wlq,=,,-/2 =0 

pa2 a2 

oR 1q,=,,-/2 = 2Et (2 - v- };2 ) (13.7.18) 

oR will be negative if a/ b > (2 - v) 1/2 

(iv) Conical Head (Fig. 13.7.4) 
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-- -..- -/" .... 

~ --1-
-" . .... 

Fig. 13.7.3. Segment of spherical shell. 

Fig. 13.7.4. Uniformly loaded conical shell. 
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At a distance x along the generator, Ref. [13.7.1] gives 

pr . oR= -- smatana (1-0.5,,) 
Et 

3 px 
w=- -tan2 a 

2 Et 

(13.7.19) 

(13.7.20) 

The above formulas are convenient for local discontinuity analysis. In 
general, the expressions for displacements for shells generated by an 
irregular shape meridion requires numerical integration of the integral in 
Eq. (13.7.9). 

13.8 EVALUATION OF DISCONTINUITY EFFECTS 

Abrupt changes in the meridional curvature produce a mismatch in the 
displacement of the shell on the two sides of the discontinuity. In order that 
the junction may remain unbreached, additional interface moments and 
shear must be developed. Equal and opposite amoilnts of discontinuity 
reactions act on the two edges such that the total displacement and rotation 
are equal. This effect can be examined by reviewing the membrane 
displacements at the junction of a cylindrical shell and a hemispherical 
head. From Eq. (13.7.13), the radial membrane displacement oR = .!ls of 
the shell is 

pR2 
.!ls=--(1-0.5,,) (13.8.1) 

Ets 
From Eq. (13.7.15), the radial displacement of the hemispherical head oR 
= .!lr is 

pR2 

.!lh = --(1- ,,) 
2Eth 

(13.8.2) 

where ts and tn denote shell and head thicknesses, respectively. If the two 
thicknesses are the same, and Poisson's ratio" = 0.3, then 

~ = 2(1-0.5,,) =2.43 

.!lh 1 - " 
In other words, a cylindrical shell of identical thickness expands 2.43 times 
more than the expansion of a spherical head as computed from membrane 
theory. Figure 13.8.1 shows that interface reactions are needed to establish 
displacement and slope compatibility. The effect of rotationally symmetric 
edge shear and moment on a cylinder is studied in Appendix A. Similar 
expressions for shells of other configurations are quite involved. In most 
cases, however, it is not necessary to contend with such involved analyses. If 
the thickness oj the shell is small in comparison with the equitorial radius 
such that R/t>50, then the bending behavior oj the shell and head can be 
approximated by that oj a cylinder oj equal radius. This approximation is 
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frequently referred to as Geckler's assumptions. As shown in Appendix A, 
the edge displacement Ar and rotation t:.J) of a shell loaded by an edge 
moment Mo are given by 

Mo 
Ar= --- =a2M o 

2f3s 2 Ds 

Mo 
/::,.()= -- =a1Mo 

f3sDs 
(13.8.3) 

where f3s and Ds are the attenuation coefficient and the flexural rigidity of 
the shell, respectively 

(13.8.4) 

Et 3 
D = s 

s 12(1- Ii) 
(13.8.5) 

Similarly, the displacement Ar and rotation /::,.() of the edge due to an edge 
shear Qo are given by 

Ar=Qo/2f3s 3Ds=a3Qo (13.8.6) 

(13.8.7) 

Deformed shell 

~=;:~t_:..:L~_=!...=-ro=~ membrane action 

4 ,-' 

(a) Shell with hemispherical 
ends 

, 
Deformed I 
head from I 
membrane 1 
action --i 

\ 

\ 

'6Cr 
~o ij (c) Discontinuity loads 

/' 

(b) Mismatch due to 
pressure 

Fig. 13.8.1. Discontinuity effects in a pressure vessel with hemispherical 
ends. 
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In the foregoing, aI' a2 and a3 are defined strictly for convenience of 
notation as 

1 1 
a---· a----· a----

I - (3 D' 2 - 2(3 2 D' 3 - 2(3 3 D 
s s s s s s 

(13.8.8) 

Using the above results, general expressions for discontinuity reactions 
can be derived for the junction of a shell and head, where the shell generator 
is tangential to the head meridian at the junction. This case occurs in a great 
majority of pressure vessels (a notable exception being the case where a 
conical shell is welded to a cylindrical shell without an intermediate 
knuckle). In such cases, the edges do not rotate due to membrane effects. 
The only discontinuity is due to a radial displacement differential between 
the two components, say 0'. To fix our ideas, let us append a second 
subscript to the constant a's defined above. The value 1 for the second 
subscript pertains to the shell; the value 2 corresponds to the head. Finally, 
0' is the membrane radial displacement of shell minus that of the head at 
the joint. Continuity requires that the displacement of the head due to 
pressure (membrane solution) plus the displacements due to discontinuity 
moment and shear must equal the total displacement of the shell due to the 
same set of effects. This implies the equation 

Os (Mo ,Qo) + As = Oh (Mo ,Qo) + Ah 

In terms of our expressions here, 0' = As - Ah 

or 

or 

(13.8.9) 

Similarly, the edge rotations in the two components must match. In this 
particular case, the only rotational contributions are from the effects of Mo 
and Qo. Hence, we have 

al2Mo +a22Qo =a21 Qo -allMo 

which relates M o, Qo by the expression 

a21 - a22 
Mo= Qo 

all +al2 

We write the result in the form 

Mo =fQo 
where 

(13.8.10) 

(13.8.11) 

a21 - a22 
f= (13.8.12) 

all + a l2 

We note that if the head and shell have equal rigidity and attenuation 
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coefficients (which in practice means equal Young's moduli and 
thicknesses), then t = 0. Thus the discontinuity moment is not needed to 
satisfy compatibility at a junction when the two parts have equal E and t. 

Finally, from Eq. (13.8.9) 

0' 
Qo = --------

(an -a21)t+ (a32 +a31 ) 
(13.8.13) 

Equation (13.8.13) gives the discontinuity shear. The stresses and 
displacements due to these discontinuity reactions can be computed using 
the formulas given in Appendix A, which are 

where 

Example 

1 
Os = 2{J3 D [{JMo<p ((Jx) + QoA({JX)) (13.8.14) 

a2 0 
Mx=D ars 

Me=vMx 

<P ({Jx) = e- f3x (cos{Jx- sin{Jx) 

A({JX) =e-i3Xcos{Jx 

(13.8.15) 

(13 .8.16) 

Let us consider a cylindrical vessel with hemispherical head with all parts 
having equal thickness t, subjected to an internal pressure p: 

The radial mismatch 0' is given from Eqs. (13.8.1-2) 

pR2 

o'=t:.s-t:.h= 2Et (13.8.17) 

Since ts=th=t, t=O, - Mo 0; and, from Eq. (13.8.8), 
a31 = a32 = 1I2{J3 D 

Substituting for D from Eq. (13.8.5) we have 
2R2{J 

a31 =a32 = --
Et 

Therefore, 

or 

(13.8.18) 

The discontinuity moment, as a function of x, is given by Eqs. (13.8.14-15): 
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M = DQo (2{3ze-i3xsin{3x) = Qo e-i3xsin{3x 
x 2{33 D {3 

pRt 
= e - (3x sin{3x 

8[3(1-I,z)]I/Z 

This moment attains its maximum value at x = 7r/4{3. 
Combining the maximum bending stress due to the discontinuity moment 

with the membrane stress, the maximum longitudinal stress in the cylin­
drical shell is: 

pR 3 pR 11". 7r 
Umax = - + - e 4 SIn -

2t 4 t[3(1 - pZ)] I/Z 4 

=1.293 pR 
2t 

The stress in the circumferential direction consists of three components: 

(i) hoop stress due to membrane effects; 
(ii) hoop stress caused by the deflection Os due to discontinuity edge 

load; and, 
(iii) bending stress produced by Mo. 

Thus, the maximum circumferential stress at the outside surface of the 
cylindrical shell is: 

pR Eos 6Mo 
u=-+-+--

t t a tZ 

or 

For p = 0.3, this stress attains its maximum value at {3x = 1.85 and has the 
value 

Since the membrane stresses in the head are half of the cylinder hoop stress, 
the maximum stress will turn out to occur in the cylindrical shell (for the 
case of equal thickness of cylindrical and spherical shells). 

Analyses for shell-head junctions where the head is ellipsoidal, 
torispherical or toriconical, can be carried out in a similar manner. The 
procedure described in Section 13.7 gives the membrane radial 
displacement. The corresponding discontinuity moment and shear follow 
from Eqs. (13.8.13) and (13.8.11), respectively. The discontinuity moments 
and displacement are defined by Eqs. (13.8.14)-(13.8.16). This method of 
discontinuity analysis is sufficiently accurate for routine stress analysis of 
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pressure vessels. Additional examples of discontinuity analyses and sub­
sequent stress evaluation near the joint can be found in Refs. [13.2.2, 
13.2.3,13.7.1]. 

NOMENCLATURE 

Am = Required metal area to be added 
a,b Major and minor semi-diameters of elliptical meridian 

Ap,An 
A 

a1 ,a2' etc. 
a Ii ,aZi 

c 
D; 
dA 
D 

E' 
E 
h 

k 
L 

Mo 
Nq, 
No 

ii 1 ,ii2 ,ii3 
P 

Px,Py,Pz 

Qo 
r 

R 
Ro 

ro 
Rq, 
Ro 
RL 

SE' 

te 
t 
u 
w 
ex 

= 
= 

= 

= 
= 
= 
= 
= 
= 

= 
= 

= 
= 

= 
= 

= 
= 

= 
-
= 

= 
= 
= 
= 
= 

curve 
Positive and negative areas of intercept (Fig. 13.5.2) 
Algebraic sum of Ap andAn 
Deformation coefficient (Eq. (13.8.8» 
Deformation coefficient for shell number i 
Integration constant (Eq. (13.7.9» 
Head inside diameter 
Area of differential element (Fig. 13.3.2) 
Flexural rigidity of shell of thickness t 
Weld j oint efficiency 
Young's modulus 
Displacement component parallel to axis of revolution (Fig. 
13.7.2) 
Discontinuity constant (Section 13.6) 
Crown radius (Fig. 13.1.1); also meridional radius of cur­
vature of head (Fig. 13.5.3) 
Discontinuity edge moment 
Meridional stress resultant per unit length 
Circumferential stress resultant per unit length 
Unit vectors (Fig. 13.2.3) 
Internal pressure (if without a subscript) 
Surface load per unit area in local X,y or z direction, 
respectively (Fig. 13.3.2) 
Discontinuity edge shear 
Knuckle or flare radius 
Radius of "parallel" circle (Fig. 13.2.1) 
Distance of center of meridion circle from the axis of rotation 
(toroidal shell) 
Radius of generatrix circle for producing toroidal shell 
Meridional (principal) radius of curvature 
Circumferential (principal) radius of curvature 
Radius of large end of cone 
Net allowable stress, equal to Code allowable stress times 
weld joint efficiency, E' (Eq. (13.6.1» 
Cone thickness 
Generic thickness term for shell of revolution 
Meridional direction displacement 
Displacement normal to the mid-surface of the shell 
Semi-angle of conical head 



662 

{J 
oR 

a' 
Lls 

Llh 

Llr 

LlO 

E""Eo 
II 

cf> 

(Jo 

(J", 

1'/ 
w 

= 

= 

= 

= 
= 
= 

-
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Attenuation coefficient 
Increase in the radial distance of the meridian due to mem­
brane displacement from the axis of revolution 
Lls less Llh 
Radial displacement of cylindrical shell under pressure due to 
membrane effects (= oR) (Eq. (13.8.1» 
Radial displacement of head at the equator (= oR) due to 
membrane effects (Eq. (13.8.2» 
Radial edge displacement of shell of revolution due to edge 
loading 
Edge rotation of shell of revolution due to edge loading 
Meridional and circumferential strains, respectively 
Poisson's ratio 
Angle between normal to the meridion and the axis of the 
shell of revolution 
Circumferential membrane stress 
Longitudinal membrane stress 
Ratio of major and minor diameters of the generator ellipse 
Rotation of the meridional arc due to membrane effects (Fig. 
13.7.2) 

Subscripts 

s Means that the quantity pertains to the shell 
h = Means that the quantity pertains to the head 
cf> = Meridional direction 
o = Circumferential direction 
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14. THERMAL STRESSES IN U-BENDS 

14.1 INTRODUCTION 

The tubular heat exchanger, being a device to transfer heat between two 
fluids at different temperatures, is a natural candidate for thermal ex­
pansion related problems. Indeed thermal stresses merit careful analysis in 
the design of all kinds of heat transfer apparatus. In shell-and-tube ex­
changers, the thermal stress problem usually stems from the differential 
expansion between the shell and the tubes. The tubes are in (turbulent) 
contact with both fluids undergoing the heat transfer process, whereas the 
shell is in contact with the shell-side fluid only. The resultant differential 
expansion between the shell and the tubes, sometimes abetted by the dif­
ference in the thermal expansion coefficients of the tube and the shell 
materials, is a major source of structural problems in fixed tubesheet heat 
exchangers. Chapter 9 deals with the methods to predict the stress field in 
fixed tubesheet exchangers. As stated in Chapter 1, this drawback of the 
fixed tubesheet design is eliminated by resorting to V-tube construction, 
wherein the longitudinal expansion of the shell is physically isolated from 
that of the tubes. This inherent feature of V-tube design has fostered the 
mistaken belief that V-tube designs are immune from axial thermal ex­
pansion problems. While the relative differential expansion between the 
shell and the tube bundle is certainly eliminated as a potential design 
problem in the V-tube construction, the thermal stress problem now 
manifests itself in the tube bundle. The straight tube segments in different 
tube passes are, in general, subject to different flow patterns and to dif­
ferent fluid temperatures. As a consequence, the two constituent legs of a 
V-tube expand or contract by unequal amounts. Since the V-tubes are 
clamped ("built-in") at the tubesheet for all intents and purposes, the 
semicircular bends at the rear end of the bundle must absorb most of the 
differential expansion between the adjoining legs. Often, the attendant 
stresses are quite high. 

Consideration of high V-bend stresses in shell-and-tube heat exchangers 
have prompted the development of other design concepts such as helical and 
serpentine shapes. The "Heliflow"® exchanger, produced by Graham 
Manufacturing Company of Batavia, New York, utilizes a helical tube 
bundle as shown in Photographs 14.a-b. The "heliflow" bundle is slightly 
compressed between the casing and the baseplate during assembly of the 
unit. Thus any out-of-plane vibration of the windings is suppressed while 
maintaining the thermal expansion absorption capability. The helical gap 
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between the winding rows provides the flow path for the shellside fluid. 
Thus, the countercurrency of the shell and tubeside fluids is ensured. The 
compactness of the "heliflow" unit lends itself to application in high 
pressure, high temperature drop, small heat transfer surface (two sq. ft. to 
four hundred sq. ft.) designs. 

In general, for most practical applications, the U-tube design possesses 
sufficient flexibility such that the inter-leg temperature difference is not a 
cause for serious concern as long as temperature changes are not severe. The 
potential inadequacy of the V-tube develops only when the temperature 
changes across the exchanger are relatively large. We emphasize here that 
this situation is becoming more and more commonplace as system designers 
seek to extract more performance out of heat exchangers. The problem is 
especially severe in equipment used in "regeneration" type of applications. 
The steam generator blow-down heat exchanger often used in Pressurized 
Water Reactor Power Plant designs is a typical example of this situation. 
The main function of this heat exchanger is to recapture most of the en­
thalpy of the blow-down stream. The blow-down stream must be cooled to 
low enough temperatures to make it compatible with down-stream 
equipment (e.g., demineralizers). On the other hand, it is desirable to heat 
the coolant stream to as high a temperature as feasible to make the unit 
thermodynamically attractive. Thus, both shell and tube-side fluids in a 
blow-down exchanger are subject to large temperature changes. All 
prerequisites for possible overstress in the V-bends are present. 

Photograph 14.a. Parts of heliflow heat exchanger (Courtesy Graham 
Manufacturing Co., Batavia, N.Y.) 
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Photograph 14.b. Heliflow heat exchanger in assembled form; the ad­
jacent calculator gives an estimate of its size (Courtesy Graham 
Manufacturing Co.). 

Photograph 14.c. Typical U-tube bundle. 
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In addition to the potential of U-bend overstress due to differential 
expansion effects, there can be a series of additional side effects. Large U­
bend stresses are accompanied by appreciable contact forces between the 
tube wall and the support baffle, especially at baffles located adjacent to the 
U-bends. In unit operations subject to a large number of thermal cycles 
these contact forces pose a real threat of wear and fretting damage to the 
tube surfaces. In addition, axial force in the tube, developed due to the 
thermal expansion loads, may be dangerous to the integrity of rolled-only 
tube-to-tubesheet joints (ref. Chapter 7). Furthermore, axial stress in the 
tubes alters their natural frequency of vibration. The influence of tube 
natural frequency on the stability of the tube against flow induced vibration 
is well known to heat exchanger engineers and is discussed in some depth 
later (Chapter 16). 

In this chapter, a workable set of equations is developed to enable direct 
computation of the U-bend stresses so as to enable the designer to ascertain 
the potential for overstress. The solution is devised within the framework of 
linear elasticity theory by employing Castigliano's First Theorem. The 
computer program UBAX, devised to perform the numerical work, is also 
presented. A practical example is used to illustrate the solution procedure. 
A simple formula based on an idealized linear model is also derived for 
application in those routine cases which do not warrant computerized 
analysis. Photograph 14.c shows a typical U-tube bundle. 

The first step in the analysis is to determine the metal temperature of the 
legs and, of course, the U-bends. We will assume here that the tube metal 
temperatures (hence, the differential thermal expansion between the legs, 0, 
and change in radius of the U-bend, Ll) are known. The object is to evaluate 
the stresses and displacement fields in the U-tube. The mathematical model 
and solution procedure are described in the following section. Practical 
design remedies to alleviate U-bend stresses are also pointed out and 
discussed in some detail. The listing of the computer program "UBAX" 
based on the analysis of this chapter is given in Section 14.7 along with 
instructions for its use. 

14.2 ANALYSIS 

Figure 14.2.1 shows the center line of a U-tube of straight length Is and 
bend radius r laterally supported at a number of locations by cross baffles. 
The two legs of the "U" overhang by specified amounts SI and S2, 
respectively, beyond the last support baffles labeled as tangent line baffles 
(TL) in Fig. 14.2.1. We assume that the U-tube is subject to a temperature 
field such that, under free expansion, leg 1 expands by an amount 0 over leg 
2, and the radius of the bend increases by an amount Ll. It is intuitively 
apparent that the bend region would be subject to the most severe stresses. 
Therefore, it is reasonable to expect that the characteristics of the support 
provided by the TL baffles would be especially important. Since the baffle 
holes are drilled with a certain clearance (usually in the range of 0.015 in. to 
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BAFFLE SUPPORT 
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Fig.14.2.1 U-tube geometry. 
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A 
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0.03 in.) [14.2.1], it is necessary to model these support locations with a 
specified clearance. We define this available clearance in each leg i as t. We 
now proceed to derive the necessary equations to solve the strength-of­
materials problem. 

The solution procedure is best described by considering a freebody of the 
V-bend segments including the overhang spans (Fig. 14.2.2). P is the 
unknown axial force developed in the legs. R represents the lateral shear. 
M1 and M2 denote the bending moments produced at the TL baffle 
locations 0 1 and O2 , respectively. Let: 

M1=K1<X1 

M2 =K2<X2 (14.2.1) 

where <X1 and <X2 denote in-plane rotations of legs 1 and 2 at points 0 1 and 
O2 respectively. K1 and K2 are the corresponding spring constants. These 
spring constants represent the influence of adjacent tube spans and baffle 
support conditions. For a baffle support modeled with a small clearance, K j 

will be a highly nonlinear function of <Xj. More on this point will follow later 
in this section. At this stage in the analysis, it is assumed that K1 and K2 are 
known quantities. 

Referring to Fig. 14.2.2, moment equilibrium yields: MI + R(S1 - S2) - 2 
Pr-M2 =0. SinceMj =Kj<Xj, we have: 

1 
<X1 = - [K2<X2 +2Pr-R(S1 -S2)] 

K1 
(14.2.2) 

To evaluate the four principal urtknowns in this formulation, namely <XI , 

<X2, P and R, three additional equations are required. These equations are 
derived by using a generalized form of the theorem of Castigliano [14.2.2.]. 

We note that the total strain energy V in the V-bend segment (Fig. 14.2.2) 
is given by: 
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R Point 

p~I~~_,_:_~~,.-________ ~5' __________ ~ 
M, ~ 

5, 

R 

Fig. 14.2.2. Freebody of V-bend segment. 

N 2 <I>J.4 M2 
u= f-ds+ f-ds+ f -ds 

J 2EA J 2GA J (SI ,S2) 2EI 

~ " M2d8 ~7r MN +A --+ --dO 
o 2EAyo 0 EA 

(14.2.3) 

The first two terms in the integral are contributions to the strain energy 
due to the axial force and lateral shear, respectively. The integral extends 
over the entire length of the element. The third and fourth terms are 
flexural strain energy in the straight and curved segments, respectively. 
finally, the last term represents the contribution to the strain energy due to 
non-coincidence of neutral and centroidal axes in curved members. The 
symbols N, V and M, respectively, denote axial tension, lateral shear, and 
bending moment (positive if it increases the curvature of the semi-circular 
bend) at a generic point. The functional forms for N, V, M are obtained by 
examining appropriate free bodies and writing the equilibrium equations 
involving N, V, M at a typical point and P, R, and M 2 • For example, 
referring to Fig. 14.2.2, the moment M at angular position 0 < 0< 11" is given 
as 

M(8) =M2 + R(S2 + r sinO) + Pr(1- cosO) (14.2.4) 
Similarly, the direct tensile force, parallel to the tube middle surface, at A 

is 
N = P cosO - R sinO (14.2.5) 

The quantity Yo is the distance of the centroidal axis from the neutral axis 
when the curved segment is subject to pure flexure. For an annular cross 
section of outer radius Co and inner radius Ci' Yo is defined as [14.2.3]: 

zr 
Yo=-­

z+1 
(14.2.6) 
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where: 

(14.2.7) 

<I> (in Eq. (14.2.3» is the shear stress distribution factor. For thin annular 
cross sections, <I> is equal to 2.0. A is the flexibility factor attributable to the 
elastic ovaling of thin walled circular cross sections of curved elements 
during bending. A generally accepted semi-empirical expression for A is due 
to Rodabaugh and George [14.2.4]: 

j 
A= ----------- ;::: 1 

6pcm (Cm ) 4/3 (r) 1/3 1+ -- - .-
Et t Cm 

(14.2.8) 

where 

1. 65cm 2 
j=---

tr 
(14.2.9) 

Cm is the mean radius of the tube, t is the wall thickness of the tubing, and p 
is the internal pressure. 

The theorem of Castigliano states that the generalized elastic 
displacement q, at the point of application of a corresponding externally 
applied generalized force Q, with respect to an immovable reference point, 
is given by 

au 
q= aQ 

Referring to Fig. 14.2.2, if point 0 1 is chosen as the reference point, then 
the partial derivative of U with respect to P, Rand M2 must respectively 
equal the elastic - x and y direction displacement, and the rotation of point 
O2 , Table 14.2.1, below, gives the total displacements of point O2 relative 
to point 0 1 , and the rigid body movement which is required to be sub­
tracted from the total movement to give the elastic component. The 
notation used in Table 14.2.1 is described in Fig. 14.2.3. 

As an example of the construction of Table 14.2.1, we consider the y 
direction movement in the direction of R at point O2 , To bring point O2 

from the undeformed position to the deformed position shown in Fig. 
14.2.3, we note that relative to point 0 1 , the point O2 , in the absence of R, 
would move a distance - 2~ due to free thermal expansion. The application 
of R induces a deflection 2~ - E2' Due to the movement of point 0 1 , we also 
have a rigid body displacement of amount EI - (SI - S2)al occurring to O2, 
We have tacitly assumed that Ei are less than or equal to the available 
clearances ~i' 

Therefore, Castigliano's Theorem requires (referring to Fig. 14.2.3): 
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---j'---'~ - --- - ------;.-
Ta~gent line Legend: 
baffle - Undeformed shape I 
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Fig. 14.2.3. Two span model and V-bend deformation sequence. 

Table 14.2.1 Total and Rigid Body Movements of Point O2 

Rigid Body 
Component Total Movement Movement 

- x-direction 
(movement in 
the direction of 
P) 

y-direction 
(movement in the 
direction of R) 

Rotation in 
the direction of 
M2 

-a2 

au P(21s -S, -S2) 
-- =o-2ra, - ------ap AE 

au -- = -(I:, +1:2 -2.::l)+(S, -S2)a, 
aR 

(14.2.10) 

(14.2.11) 

(14.2.12) 
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Using Eqs. (14.2.3) and (14.2.10-12), after performing necessary in­
tegrations and algebraic manipulations (omitted here for brevity), three 
additional linear equations in ai' a2' Rand P are obtained. al is eliminated 
from these equations using Eq. (14.2.2). The resulting set of three linear 
equations may be written in subscript notation as: 

3 

E BijXj =/;; i= 1,2,3 (14.2.13) 

with the implied identities 
(X}T= La2,R,PJ and (flT= Lo,2~-€I-€2,OJ. 

€I and €2 denote outward displacements of points 0 1 and O2 (Fig. 14.2.3). 
The elements of the [B] matrix are given in Appendix 14.A for reference. 

Solving Eq. (14.2.11) yields explicit expressions for R, P and a2 as follows: 

(14.2.14) 

(14.2.15) 

(14.2.16) 

where: 

_ ( _ BU B32) ( _ B21 B33) D- BI2 B23 
B31 B31 

_ (B _ B2I B32) (B _ Bu B33) 
22 B 13 B 

31 31 

(14.2.17) 

All unknowns in the problem can now be computed provided the 
rotational stiffnesses KI and K2 are known. We recognize that the stiff­
nesses strongly depend on the adjacent spans; however, the influence of 
remote spans on K; is minimal. Hence to develop a simple expression for K;, 
we consider the two-span model shown in Fig. 14.2.3. Referring to Fig. 
14.2.3, the following relationships follow from the classical beam flexure 
theory. 

V.f.b· 2 M.b.(2f. + b·) 
ElE· = -' -' -'- - " , , 
'3 6 

(14.2.18) 

M·(2b· +/.) Vb·(3f. -a.) 
Efa· = ' , '- " , , 
'3 6 

(14.2.19) 
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where i = 1,2 for the two legs, respectively. Eliminating V; between Eqs. 
(14.2.18) and (14.2.19), and solving for M;, yields the equations 

(X;=p;M;-1I; (14.2.20) 

where 

. = ~ [2b; +1; _ (31; -a;)(21; +b;)] 
p, El 3 12l-, 

(14.2.21) 

11;= (14.2.22) 

Thus, Eqs. (14.2.1) and (14.2.20) yield the required expression for K;; we 
have: 

1 11; 
K;=-+- (14.2.23) 

p; P;(x; 

Note that 11; vanishes when E; is zero and K; becomes independent of (X;. 

However, if a small lateral displacement at the Tangent Line (TL) baffle 
location is allowed, then K; becomes dependent on (X; • 

Finally, the reaction at the TL baffle location are given by: 

T;=R- V;; i=I,2 (14.2.24) 

where V; follows from Eq. (14.2.18): 

3 [ Mb· ] V. = - Ef€. + -'-' (2l- + b) 
'l;b/ ' 6 ' , 

(14.2.25) 

The solution procedure to solve a specific problem can now be described. 

14.3 METHOD OF SOLUTION 

The solution is fairly straightforward for the case where the TL baffles 
are assumed to have zero clearance. Incidentally this is also a conservative 
approximation since it will result in an overestimate of the computed U­
bend stresses. The rotational stiffnesses, K;, follow from Eq.(14.2.23). 
Equations (14.2.14-17) yield the magnitudes of R, P and (X2, respectively. 
(Xl is computed from Eq. (14.2.2). 

The computation is a bit more involved if small clearances at the TL 
baffle locations are stipulated. Let ~l' ~2 denote the available clearances at 
leg 1 (in the positive y-direction), and at leg 2 (in the negative y-direction). 
To determine if the tube will move and take up the clearances, we proceed 
as follows: 
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Step (1): Assume EJ = ~J' and Ez = ~z, compute Ki from Eq. (14.2.23) 
assuming Y1i = O. 

Step (2): Solve for R, P and az using equations (14.2.14-17), and 
compute aJ using Eq. (14.2.2). 

Step (3): Having evaluated ai' Mi (i= 1,2) are computed from Eq. 
(14.2.20). The corrected values of Ki are then given by Ki ' = M/ ai' 

Step (4): If Ki' is equal to the initially assumed Ki within a specified 
tolerance (say 0.1 percent absolute error), then the solution is said to have 
converged. The values of R, P, and ai computed in Step 2 are the solution 
values. However, if Ki' is different from K i, then we assume new Ki equal 
to the average of the previous Ki and the Ki' computed in the preceding 
step. 

Step (5): Return to Step (2). 
This procedure is repeated until the solution converges. It is found that 

convergence require as many as eight to ten iterations. 
The crucial check on whether the tube will indeed contact the baffle by 

undergoing the assumed lateral displacements can now be made. A 
physically meaningful solution requires that for non-zero Ei, the baffle 
reactions Ti must satisfy the condition 

T 
-' >0; i=I,2 (14.3.1) 

Ei 

where Ti (i = 1,2) are defined by Eq. (14.2.24). 
If Eq. (14 .. 3.1) is not satisfied, then the assumed displacements EJ and Ez 

may be excessive, or be in the wrong direction. If the search process for 
compatible EJ shows that the tube does not contact the baffle hole in either 
positive or negative direction, then the natural inference for an intermediate 
displacement would require that the corresponding Ti be zero. Following 
the foregoing logical steps, an appropriate solution algorithm can be 
derived to determine the correct lateral displacements. 

It is of some interest to observe that the solution is greatly complicated by 
the incorporation of clearances at TL baffle supports. The complication 
will proportionately increase if clearances at other baffle locations are also 
introduced. These, however, will have a much weaker influence on the U­
bend stress field. 

We note that the rotational stiffnesses developed in the preceding section 
are based on a two-span beam model. Additional beam spans can be ac­
counted for by modifying Eqs. (14.2.18) and (14.2.19). However, such 
refinements do not add much to the accuracy of the results. 

Having determined the principal unknowns in the problem, the stress 
field in the U-tube is found from static equilibrium. As noted previously, 
the moment M and direct force N at a point A (Figs. 14.2.1-2) are given by: 

M=Mz +R(Sz +r sinO)+Pr(l-cosO) 

N=PcosO-R sinO 

(14.3.2a) 

(14.3.2b) 
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The maximum bending stress due to M is given by: 

1/;Mco 
ob=-I- (14.3.3) 

where 1/; is the meridional stress concentration factor associated with ovaling 
of thin walled cross sections. A widely accepted expression for 1/;, due to 
Rodabaugh, et al. [14.2.4], is given below: 

1/;0 
1/;= ------------ ~ 1 

13pcm (Cm )312 ( r )213 1+ -- - -
4Et t Cm 

(14.3.4) 

with 1/;0 defined as 

0.9 
1/;0= ----

(14.3.5) 

We must point out here that the foregoing expression for 1/; yields values 
which are almost one half of the theoretical value derived by Clark and 
Reissner [14.3.1], and later refined by Cheng and Thailer [14.3.2]. The 
maximum stress 0b (Eq. (14.3.3» is a circumferential bending stress which 
occurs at the tube cross-section centroidal axis transverse to the plane of 
bending. Thus, the longitudinal stress intensification factor is not required 
to compute the peak stress intensity. To perform a complete stress analysis, 
however, expressions for the stress intensification factors as a function of 
the meridional angle (as derived in Ref. [14.3.2]) may be used. As men­
tioned before, these theoretical expressions for 1/; are nearly twice as large as 
that given by the widely used formula of Rodabaugh, et al. 

14.4 AN EXAMPLE 

To illustrate the solution technique and to study the effect of major 
design parameters, we consider a typical V-tube having 0.75 in. O.D., 16 
B.W.G. (0.065 in.) wall, 1.25 in. bend radius, 100 in. long straight legs, and 
subject to an inter-leg differential expansion 0 equal to 0.05 in. The radial 
expansion of the V-bend is taken as 0.002 in., and the Young's Modulus of 
the tube material is assumed to be 30 x 106 psi. 

As a basic configuration, we assume that ai = bi = 10 in., ~i =0, and 
Si = 1 in. (i = 1,2). The effect of variation of ai' bi , Si' tube radius r, tube 
wall, and baffle location clearances ~i on the stress field in the tube will be 
studied. The object here is to identify those parameters which are most 
effective in reducing tube bending stress. The program "VBAX", described 
later, is used to generate these results. 
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The'bending stress in the U-bend as a function of angular orientation 0 is 
shown in Fig. 14.4.1 (Case A). Curves Band C correspond to overhang 
dimensions Si = 0 and 2 in., respectively. Note that the bending stress is a 
rather strong function of Si. Providing a 2 inch overhang on both legs of the 
U reduces the maximum bending stress by over 40 percent in comparison to 
zero overhang. The location of the maximum bending stress also shifts as Si 
is changed. By considering equilibrium of the curved segment, it can be 
shown that amax will occur at either 0 = 0, 'If or 0> 'lf12. Referring to Fig. 
14.2.2, we again write down the moment M at an angular location O. 

M = M2 + R(S2 + r sinO) + Pr( 1 - cosO) 

For an extremum, we require that 

aM 
-- = 0 -+ Rr cosO* + Pr sinO* = 0 ao 

or 0* =tan-t ( -pR) 

(14.4.1) 

(14.4.2) 

where 0* defines the candidate location for maximum bending stress. 
Furthermore, for a maximum 
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Fig. 14.4.1. Variation of circumferential bending stress with angular 
orientation. 
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OTHER DATA 
CI) 30 SI= S2= I" 500 a. 

It) r = 1.25'''.es =100" III 
10 

28 E=30x 106 pSI ...J 
460 

)( 
6=.05" 6 =.002" 0: 

CI) II 1 ,t 
CI) 

26 Cj= .31, Co= .375 0 420 LLI 
a:: cs: 
I- 0 

...J 
CI) 

24 380 ...J LLI cs: III 
:::> 
I- 22 340 
x 
cs: 

20 ~ 300 
0 5 10 15 20 

SUPPORT SPACING, oj = bl, INCH-

Fig. 14.4.2. Maximum tube stress Uma, and axial load P vs. support 
spacing. 

which implies 
P cosO-R sinO<O (14.4.3) 

In the above equation, 0 is measured from the tangent line of the leg in 
tension, i.e., P is assumed always to be positive. Two conditions may exist: 

a. Positive R: This means (Eq. (14.4.2)) that 0* will lie in the second 
quadrant, i.e., 7["12<0<7[". 

Inequality (14.4.3) yields: 
P 

tanO<- at 0= 0* 
R 

Substituting for 
pZ> _Rz. 

tanO*, gives the requirement for a maximum to be 

This requirement is obviously satisfied for all Rand P. Therefore, 0* 
defines the location of maximum bending stress. 

b. Negative R: Eq. (14.4.2) requires that the maximum lie in the first 
quadrant, i.e., 0< 7["12. Inequality (14.4.3) yields: 

P 
tanO>- at 0=0* 

R 
which implies that pZ < - R Z . 

This condition obviously cannot be satisfied. Hence negative R implies 
that the maximum tube bending stress must occur at the boundary; i.e., at 
0=0 or 0= 7[". 

Finally, it is apparent that stresses in the V-bend can be optimized by 
adjusting Sl and Sz to make the stress variation as closely symmetrical with 
respect to 0 = 7["12 as possible. 

Table 14.4.1 shows principal quantities of interest for some selected 
values of ~ I and ~z. The remainder of the design data corresponds to the 
basic configuration. The maximum tube stress Umax and tube axial load P 
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are seen to be rather weakly dependent on €i. This indicates that the baffle 
clearance at the tangent line baffle has a limited influence in mitigating tube 
bend stresses in typical geometries. 

Table 14.4.1. Maximum Tube Stress, Axial Load, Support Reactions 
Versus Clearance at the Tangent Line Baffle 

Max. 
Tube 

.~) h p T) T2 St~ess. U max 
m. in. lb. lb. lb. pSI 

0 0 391.4 14.7 137.1 25600 
-.004 .008 376.8 -67.9 45.3 24916 
-.008 .012 367 -64.9 42.3 24280 
-.022 .025 334 -32.9 53.9 22016 

Figure 14.4.2 shows the variation of O"max and P with ai and hi (assumed 
equal). Both curves are convex to the origin indicating that O"max and P 
increase rapidly at small support spacings. It is clear that baffle spacings 
have a marked effect on O"max and P. Increasing ai and hi from 10 in. to 20 
in. decreases O"max by over 23 percent. However, there are practical 
limitations on the baffle spacings due to consideration of heat transfer, flow 
induced vibration, etc. Noting that the axial load produces tensile stresses in 
one leg and compressive stresses in another, the baffle spacings in the 
tension leg can be made larger than the compression leg while maintaining 
the same factor of safety against flow induced vibration. In general, ad­
justing ai and hi provides an effective tool to generate a favorable stress 
field in the V-tube. 

Another design parameter with a profound influence in the V-bend stress 
field is the bend radius r. Generally r can be increased without such 
limitations as accompany the baffle spacings. The only drawback in in­
creasing r is the reduction in the number of tubes that can be assembled in a 
given tubesheet size. Figure 14.4.3 shows O"max and P as a function of r. Both 
curves are convex to the origin indicating that the tube stresses rise rapidly 
with a decrease in the bend radius. 

Table 14.4.2 contains some representative results for 3/4 in. and 5/8 in. 
tubing for three different tube gages. It is to be noted that the maximum 
tube bending stresses increase with reduction in tube wall for 3/4 in. tubing. 
This is contrary to the general experience with thermal induced stresses. 
However, this paradox is explained by noting that the tube stress in­
tensification factor !/tis increased with reduction in the tube wall. Thus, as 
the tube wall is decreased, the bending stresses are boosted by virtue of the 
increase in !/t and reduced by the increase in the flexibility of the system. 
This suggests the possibility of an optimum thickness. Observing the results 
for 5/8 in. tubing, we note that an optimum does indeed exist for this tube 
size in the reported range of tube gages in Table 14.4.2. The stresses 
corresponding to 18 BWG are the lowest. In general, the tube bending 
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stresses will increase with reduction in the tube wall in the most common 
working range of tube wall thickness. It should be emphasized, however, 
that using a smaller diameter tubing will always reduce the maximum stress 
as demonstrated by the numerical results in Table 14.4.2. 

Table 14.4.2. Maximum Tube Stress urn_., Support Reactions T;, and 
Axial Load P, Versus Tube O.D. and Gage 

Tube Dimensions 
Outer Rad. Inner Rad. T J T2 P O"max 

Size in. in. Ib Ib Ib psi 

16BWG .375 .31 14.74 137.1 391.4 25550 
3/4in. 18BWG .375 .326 8.9 98. 285.2 29305 

20BWG .375 .34 5.9 64.8 188.6 33515 

16BWG .3125 .2475 9.2 93.3 269. 23700 
5/8 in. 18BWG .3125 .2635 4.3 67. 200.6 23310 

20BWG .3125 .2775 2 44.5 136. 27180 

OTHER DATA 
en SI=S2=1", £5=100" 
Q. 26 oi =bi = 10" 400 

If) 

·0 E = 30 X 106 PSI 
III 
....I 

)( 24 6 = .05'; 6 = .002" 360 
en Cj = .31'; Co = .375" 

0: 
en 

0 
~ 22 320 4( 

I- 0 
en ....I 

LLJ 20 280 
....I 

III 
:::> 

4( 

I- 18 240 X 
4( 

X 
<t 
~ 16 200 

I. 25 1.5 1.75 2 
BEND RADIUS r, INCH~ 

Fig. 14.4.3. Maximum tube stress Urn_. and axial load P vs. bend radius. 

14.5 DISCUSSION 

We have shown, via a numerical example, that the U-bend stresses can 
reach high magnitudes in commonplace designs. Some design strategies to 
alleviate the U-bend stress have been examined in depth. The effect of 
overhang span Sj on the tube stress is found to be considerable. On the 
other hand, baffle clearances ~; at the TL baffle do not appreciably reduce 
the stress level in the tube in our example problem. Among other design 
parameters having a pronounced effect on the bend stress, tube O.D. and 
bend radius deserve special attention. Both parameters are found to have an 
important influence on the peak bending stress. 
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The example problem indicates that the maximum tube bending stress can 
increase with increased tube gage for 3/4 in. tubing (Table 14.4.2). This 
conclusion is at variance with the characteristics responses of structures to 
thermal loadings. Increased structural flexibility is generally expected to 
reduce the maximum stress in the system. This discrepant behavior of the V­
tube is explained by noting that the stress intensification factor 1/; rapidly 
increases with reduction in the tube wall. Thus even though the net internal 
moment is reduced by increased tube flexibility, the bending stress may 
sustain a net increase due to the effect of the stress intensification factor. 
For some geometries, an optimum gage may exist which minimizes the 
bending stress. 

In addition to these geometric parameters, other design alternatives to 
reduce the V-bend stress should be explored. For example, arranging more 
passes in the tubeside will decrease the net temperature change in any pair of 
passes, thus reducing o. V-tubes in various passes can also be made of 
different length to reduce 0 in the most critical pair of tube passes connected 
by V-tubes. Shell-side flow arrangement also has a bearing on the V-bend 
differential expansion problem. It can be shown that subjecting both legs of 
a V-tube to the same shell stream will result in a smaller 0 than the con­
figuation where the two legs are in contact with two different shell streams. 
Thus the V-tube differential expansion in a one shell pass-two tube pass 
exchanger will be less than that in a two-tube-two shell pass exchanger, for 
an otherwise identical geometry. Heat transfer aspects must be studied in 
conjunction with the structural problem to devise the most suitable design 
in a given situation. 

14.6 A PRACTICAL DESIGN FORMULA 

Our study of the numerical example problem in the preceding section 
indicates that the baffle hole clearance has little effect on the maximum tube 
bending stress. Therefore, assuming zero clearance ~ I = ~2 = EI = E2 = Ll = 0 
should have a negligible impact on the solution. We will also assume that 
the baffle spacing is uniform throughout, i.e., a l = a2 = b l = b2 = d. Finally, 
the less important components of the strain energy; namely, those due to 
direct and shear stresses are neglected. These assumptions simplify the 
algebra considerably. With these simplifications, the task of evaluating the 
axial force P and lateral shear R for a specified inter-leg differential ex­
pansion 0 is reduced to the following simple steps. 

(i) Compute the ratio of effective inertias of the bend and the straight 
regions. 

I' 2Yor 
P=i= Cm 2 A 

(ii) Evaluate the following quantities: 
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P~I [S2(7rS2 + 2r) + r( ~ + 2S2)) 

+ _1_ [(S -S )3 +2S 3) + 7(S, -S2)2d 
3EI '2 2 24EI 

r rS, 7dr(S, - S2) 
pE/7rS2 +2r)- EI (S, -2S2)- 12EI 

24(S, + S2) 247rr 
2+ +--

7d 7dp 

1 r 7d(S, - S2) 
2El [2S~ -(S, -S2)2 J + -(7rS2 +2r)- ----

pEl 24EI 

7rr tdr 2rS, 
B33 = - + -- + --

pEl 12EI EI 

(iii) The following quantities are defined in terms of the previously 
computed Bij. 

X=B23 B 3, -B2,B33 

y=B22 B 3, -B2,B32 

z=B13 B 3' -BllB33 

W=B'2 B 3' -BllB32 
(iv) The axial force P and lateral shear R are then given by 

-B3,yo. 
P=---'--­

wx-yz 

B 3,xo 
R=-­

wx-yz 

(v) EvaluateK2 from Eq. (14.2.23); and l/; from Eq. (14.3.4). 
(vi) Having evaluated P and R, the bending moment at any angular 
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location () (Point A in Fig. 14.2.1) is given by Eq. (14.3.2a); and the 
associated bending stress is given by Eq. (14.3.3). 

The above steps provide a computation procedure which can be easily 
carried out on a manual or programmable calculator. 

14.7 COMPUTER PROGRAM UBAX 

Computer program VBAX computes the bending and direct stresses in 
the tube overhang and V-bend regions due to a specified inter-leg dif­
ferential thermal expansion o. The leg in compression is labelled as leg 1. 
The V-bend radius is also assumed to have increased by .d due to tem­
perature rise. The input data is explained in Table 14.7.1. The program 
permits the specification of radial clearances EPSI and EPS2 at "tangent 
line" baffle locations. A positive value of EPS1 means that the clearance is 
available in leg 1 in the positive y-direction (Fig. 14.2.3). A positive value of 
EPS2 means that the clearance is available in leg 2 in the negative y­
direction. The program assumes that the tube has moved to take up the 
available clearances. The net baffle reactions T; at the "tangent line" 
baffles are printed-out. If the ratio of the baffle reaction to the specified 
clearances is not positive or zero, then the solution is not admissible. In such 
a case, the values of EPS1 and EPS2 should be revised and the program 
rerun. Such iteration steps are not required if both EPS1 and EPS2 are set 
equal to zero (linear problem). 

Table 14.7.1. Input Data for Program UBAX: All Input is in Free Field 
Format 

Line 1: Heading Card 
Line 2: 

Quantity 

Overhang of leg one (Fig. 14.2.2) 
Overhang of leg two (Fig. 14.2.2) 
Straight length of tube leg (Fig. 14.2.1) 
Second Baffle Spacing of leg 1 (Fig. 14.2.3) 
Second Baffle spacing of leg 2 (Fig. 14.2.3) 
Last baffle spacing in leg 1 from V-bend end support (Fig. 

14.2.1) 
Last baffle spacing in leg two for V-bend end support 
V-bend mean radius 
Young's Modulus of tube material 
Inside radius of tube cross section annulus 
Outside radius of tube cross section annulus 

Line 3 
Quantity 

Free thermal expansion ofleg lover leg 2 
Available radial clearance at tangent line baffle in leg 1 in 
positive y-direction 
Available radial clearance at tangent line baffle in leg 2 in 
negative y-direction 
Increase in V-bend mean radius due to its temperature rise 

Mathematical 
Symbol 

8 1 
82 
Is 
al 
a2 

b l 
b2 
r 
E 
c; 
Co 

Mathematical 
Symbol 

0 

~I 

h 
~ 

Fortran 
Symbol 

SI 
S2 

ELL 
Al 
A2 

Bl 
B2 
R 
E 

AR 
BR 

Fortran 
Symbol 
DELTA 

EPSI 

EPS2 
DEL 
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PROGRAM UBAX 

C ----------------------------------------------------------
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

COMPUTER PROGRAM UBAX, REV 0 
BY K.P. SINGH, JAN 1983 
COMPUTES TUBE STRESSES IN U-BENDS DUE TO THERMAL EXPANSION 

FORTRAN VARIABLES: 
***INPUT LIST : INPUT ALL DATA IN CONSISTENT UNITS*** 

TITLE 
Sl 
S2 
ELL 
Al 
A2 
B1 
B2 
R 
E 
AR 
BR : 
DELTA: 
EPS1 

EPS2 

DEL 

: TITLE FOR RUN, ANY ALPHANUMERIC 80 CHARACTERS LONG 
OVERHANG OF LEG ONE 
OVERHANG OF LEG TWO 
STRAIGHT LENGTH OF TUBE LEG 
BAFFLE SPACING OF LEG ONE 
BAFFLE SPACING OF LEG TWO 
SECOND BAFFLE SPACING IN LEG ONE FROM U-BEND END 
SECOND BAFFLE SPACING IN LEG TWO FROM U-BEND END 
U-BEND MEAN RADIUS 
YOUNG'S MODULUS OF TUBE MATERIAL 
INSIDE RADIUS OF TUBE CROSS-SECTION ANNULUS 
OUTSIDE RADIUS OF TUBE CROSS-SECTION ANNULUS 
FREE THERMAL EXPANSION OF LEG ONE OVER LEG TWO 
AVAILABLE RADIAL CLEARANCE AT TANGENT LINE 
BAFFLE IN LEG ONE 
AVAILABLE RADIAL CLEARANCE AT TANGENT LINE 
BAFFLE IN LEG TWO 
INCREASE IN U-BEND MEAN RADIUS DUE TO ITS 
TEMPERATURE RISE 

************************************************************ 
DIMENSION TITLE(20) 
COMMON/ONE/E,AMOM 
COMMON/TWO/BR,AR,Z,R 
READ(5,5) (TITLE(I),I=1,20) 

5 FORMAT(20M) 
WRITE(6,6) (TITLE(I),I=1,20) 

6 FORMAT(6X,20A4) 
READ(5,*) Sl,S2,ELL,B1,B2,A1,A2,R,E,AR,BR 
TOL= .001 
RM=.5*(AR+BR) 
WRITE(6,705) 
WRITE(6,701) 
READ(5,*) DELTA,EPS1,EPS2,DEL 
WRITE(6,700) Sl,S2,ELL,ELL,B1,B2,A1,A2,DELTA,EPS1,EPS2, 

1 R,E,AR,BR,DEL 
Ell = A1+B1 
EL2 = A2+B2 
PI = 3.14159 
AREA=PI*(BR*BR-AR*AR) 
AMOM=.25*PI*(BR**4-AR**4) 
AK1=E*AMOM/((2*Bl+EL1)/3.-(3*EL1-A1)*(2*EL1+B1)/(12*EL1)) 
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AK2=E*AMOM/((2*B2+EL2}/3.-(3*EL2-A2}*(2*EL2+B2}/(12*EL2}} 
Z = -1.+(2.*R*(SQRT(R*R-AR*AR} -SQRT(R*R-BR*BR}}/(BR*BR-AR*AR}} 
YO = Z*R/(Z+l.} 
AMOMP = AREA*YO*R*R*(BR-AR}/(1.65*RM*RM} 
DO 100 1=1,20 
All = AK2*((P1*R*R/(E*AMOMP}} +(2.*R*Sl/(E*AMOM}) 

++(2.*R/AKl}) 
A12 = (R*R*(P1*S2 +2.*R) /(E*AMOMP}) -(R*Sl*(Sl-2.*S2) 

+ /(E*AMOM))-(2*R*(Sl-S2)/AKl}-(2*R/(E*AREA)} 
A13 = R*R*((3.*P1*R/(2.*E*AMOMP)) + (4.*Sl/(E*AMUM}) 

++(4. /AKl)) + (2.*ELL-.5*P1*R+2.6*P1*R) /(E*AREA) 
A2l = AK2*(R*(P1*S2 +2.*R) /(E*AMOMP)-.5*((Sl-S2)**2 -

+2*S2*S2)/(E*AMOM}-{Sl-S2)/AK1)-(2*AK2/(E*AREA)) 
A22 = R*{S2*(P1*S2+2*R) + R*{.5*P1*R +2.*S2})/{E*AMOMP) 

++({Sl-S2)**3 + 2.*S2**3) /(3.*E*AMOM) +(Sl-S2)*(Sl-S2}/AK1 
+-(P1*R*.5 +4.*S2-2.6*P1*R-(Sl+S2)*5.2}/(E*AREA) 

A23 = R*R*{P1*S2+2.*R} /(E*AMOMP)-R*Sl*{Sl-2.*S2) /(E*AMOM) 
+-2.*R*(Sl-S2)/AK1-( 2.*R/(E*AREA)) 

A31 = 1.+(AK2/AKl) + (AK2*{Sl+S2)/(E*AMOM)) +(AK2*P1*R 
+/(E*AMOMP)) 

A32 = (.5*(2.*S2*S2-(Sl-S2)*(Sl-S2})/(E*AMOM)) 
++ (R*(P1*S2+2.*R)/( E*AMOMP}) -((Sl-S2}/AKl}-(2./(E*AREA)} 

A33 =(P1*R*R/(E*AMOMP)} +(2.*R/AK1) +(2.*R*Sl/(E*AMOM}) 
B12 = A13-All*A33/A31 
B1l = A12-All*A32/A3l 
B2l = A22-A21*A32/A3l 
B22 = A23-A2l*A33/A3l 
o = B11* B22-B12*B21 
RF = (DELTA*B22-B12*(2.*DEL-EPSl-EPS2))/D 
P = (Bll*(2.*DEL-EPSl-EPS2) -B2l*DELTA)/D 
ALF2=-(A32*RF+A33*P)/A31 
ALF1 =(AK2*ALF2 +2.*P*R-RF*(Sl-S2))/AKl 
CALL STRA1T(EPS1,Al,Bl,ALFl,AK1,AKCl,Vl) 
CALL STRA1T(EPS2,A2,B2,ALF2,AK2,AKC2,V2) 
ERI = ABS{(AKl-AKCl}/AK1) 
ER2 = ABS((AK2-AKC2}/AK2) 
1F(ER1.LT. TOL .AND. ER2 .LT. TOL} GOTO 200 
AK1=.5*(AKl+AKC1) 

100 AK2=.5*(AK2+AKC2} 
WRITE(6,706} 
STOP 

200 Tl=RF-Vl 
T2 = (RF-V2) 
1F(EPSl .EQ. O •. AND. EPS2 .EQ. O.)GO TO 300 
RATIOl=Tl/EPSl 
RATI02=T2/EPS2 
1F(RAT10l.LT.O .OR. RAT102.LT.0)GO TO 400 

300 AM1=ALFl *AKI 
1=1 
WRITE(6,708}1 
CALL STRESS(Al,Bl,Sl,AMl,Vl,-P,RF,l) 
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AM2=ALF2*AK2 
1=2 
WRITE(6, 708) I 
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CALL STRESS(A2,B2,S2,AM2,V2,P,RF,2) 
1000 STOP 
400 WRITE(6,709) RATIOl,RATI02 

STep 
700 FORMAT(4X,"TANGENT LINE TO LAST BAFFLE = S" ,2(3X,F7 .4),/ ,4X, 

+ "STRAIGHT TUBE LENGTH = LS",6X,2(5X,F5.1),/,4X, 
+ "LAST BAFFLE SPACE = B",10X,2(5X,F5.2),/,4X, 
+ "NEXT TO LAST BAFFLE SPACE = A ",2(5X,F5.2),/,4X, 
+ "DFFRNTIAL THERMAL EXPANSION",8X,3X,F7.5,/,4X, 
+ "MAX. ALLOWABLE OUTWARD DISPLACEMENT"/4X, 
+ "AT TANGENT LINE = EPS" ,14X,F7 .5,3X,F7 .5/ /4X 
+ "U-BEND RADIUS = ",T32,F7.3,/,4X,"YOUNG'S MODULUS = ", 
+ T3l,E12.3,/,4X,"TUBE INNER RADIUS = ",T34,F5.3,/,4X, 
+ "TUBE OUTER RADIUS = ",T34,F5.3/4X,"RADIAL EXPANSION OF UBEND=" 
+ ,T34,F7.5) 

701 FORMAT(//,T41,"LEG 1",T51,"LEG 2",/) 
705 FORMAT(IHO,5X,"***TUBE STRESSES DUE TO THERMAL GROWTH***") 
706 FORMAT(IHO,"***NO CONVERGENCE***") 
708 FORMAT(//,7X,"S T RES S E S IN LEG ",11,//, 

1 4X," X BENDING TENSILE TOTAL",/) 
709 FORMAT(1HO,5X,"Tl/EPSI =",F12.3,5X,"T2/EPS2 =",F12.3/ 

+6X,"INCOMPATIBLE CLEARANCES!;CALCULATION STOPPED!") 
END 
SUBROUTINE STRAIT(EPS,A,B,ALFA,AK,AKC,V) 
COMMON/ONE/E,AMOM 
EI = E*AMOM 
EL = A+B 
ROI = «(2.*B+EL)/3.)-«3.*EL-A)*(2.*EL+B) /(12.*EL)))/EI 
R02 = (3.*EL-A)/(2.*EL*B)*EPS 
AKC = (l./ROl) +(R02/(ALFA*ROl)) 
V=(3.*(EI*EPS+AK*ALFA*B*(2.*EL+B)/6.)/(EL*B*B)) 
RETURN 
END 
SUBROUTINE STRESS(A,B,S,AM,V,P,RF,ICASE) 
COMMON/ONE/E,AMGM 
COMMON/TWO/BR,AR,Z,R 
PI=3.l4l59 
ZSI=BR/AMOM 
RM=.5*(AR+BR) 
AREA=PI*(BR*BR-AR*AR) 
T2=-(AM/A)+(V*(A+B)/A) 
T3=V-T2 
SIGD=P/AREA 
DO 10 1=1,6 
X={I-l)*.2*A 
AMX=T3*X 
SIGB=AMX*ZSI 
SIGT=ABS(SIGB)+ABS(SIGD) 
WRITE(6,800) X,SIGB,SIGD,SIGT 
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10 CONTINUE 
DO 20 1=7,11 
X=A+.2*{I-6)*B 
AMX=T3*X+T2*{X-A) 
SIGB=AMX*ZS1 
SIGT=ABS{SIGB)+ABS{S1GD) 
WR1TE{6,800)X,SIGB,SIGD,SIGT 

20 CONTINUE 
DO 30 1=12,16 
X=A+B+{1-11)*.2*S 
AMX=AM+RF*{X-A-B) 
SIGB=AMX*ZSI 
SIGT=ABS{S1GB)+ABS{SIGD) 
WR1TE{6,800)X,SIGB,SIGD,SIGT 

30 CONTINUE 
IF{ICASE.EQ.1)GO TO 100 
H={BR-AR)*R/RM**2 
PSI=.9/H**.6666667 
1F{PSI .LT. 1.)PSI=1. 
WRITE{6,820) 
DO 40 1=16,26 
THETA={1-16)*PI*.1 
DEG=THETA*180./PI 
AMX=AM+RF*{S+R*SIN{THETA))+P*R*{l-COS{THETA)) 
AN=P*COS{THETA)-RF*SIN{THETA) 
SIGB=AMX*PSI*ZSI 
SIGD=AN/AREA 
SIGT=ABS{S1GB)+ABS(SIGD) 
WRITE{6,810)DEG,SIGB,SIGD,SIGT 

40 CONTINUE 
800 FORMAT{4X,F7.3,3{3X,F7.0)) 
810 FORMAT{4X,F6.0,3{3X,F7.0)) 
820 FORMAT{///,10X,"STRESSES IN U-BEND REGION",//, 

1 4X," DEG BENDING TENSILE TOTAL",/) 
100 RETURN 

END 

NOMENCLATURE 

ai,bi , etc. 
A 

Ci,Co 

cm 

Baffle spacings (Fig. 14.2.1) 
Cross-sectional area of tube metal 
Inner and Outer radius of the tube, respectively 
Mean radius of tube 
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d 
E 
G 

Uniform spacing between support locations (Section 14.6) 
Young's modulus of tube material 

I 
Ki 

Ii 
Is 
M= 

Shear modulus of tube material 
Plane moment of inertia of tube cross section 
Rotational spring constant (i = 1,2) 
Sum of ai and bi (Fig. 14.2.3) 
Straight length of tube leg (Fig. 14.2.1) 
Bending moment at a generic point in the U-tube 
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N= 
p 

P 
R 
r = 

S; = 
T1,T2 

t 
U 
V= 

Yo 

CXI,CX2 = 

0 
A 
() 

()* 
A 

E; = 

1/; = 
~I '~2 

Umax 
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Axial tension at a generic point in the U-tube 
Axial force 
Internal pressure 
Lateral shear at overhang baffle support locations 
Mean bend radius 
Overhang of leg i (i = 1,2 - Fig. 14.2.1) 
Support point reactions at TL Baffle location (Fig. 14.2.3) 
Tube wall thickness 
Gross strain energy in the freebody (Fig. 14.2.2) 
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APPENDIX 14.A 
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15. EXPANSION JOINTS 

15.1 INTRODUCTION 

Differential longitudinal expansion between the shell and the tube bundle 
is a well known problem in fixed tubesheet heat exchanger design. The 
differential expansion occurs from two sources: (a) temperature; and (b) 
pressure. Temperature induced differential growth warrants no further 
explanation. Its presence is directly related to the raison d' etre of the ex­
changer. The effect of pressure induced differential growth, often 
overlooked in practical design work in fixed tubesheet exchangers, has been 
analyzed in Chapter 9. In physical terms, the mismatch in the axial 
deformation of the shell and tube bundle is caused by the difference in the 
state of their pressure loadings. The shell is under an internal pressure Ps' 
whereas the tubes are subject to a net external pressure of (Ps -PI). In 
simple terms, if Ps > PI' then the Poisson effect will cause the shell to shrink, 
and the tubes to expand, resulting in a net differential expansion. A more 
complete accounting of the pressure induced differential expansion requires 
consideration of axial forces in the tubes and in the shell, consideration of 
the deflection profile of the tubesheet, etc. Such a complete analysis has 
been presented in Chapter 9, where a method for incorporating the presence 
of an expansion joint is also described. In the scheme of the overall stress 
analysis, the only quantity required to characterize the behavior of the 
expansion joint is its "spring rate," defined as the axial pull per unit cir­
cumference of the shell divided by the axial spread of the j9int and has the 
units of force per square linear dimension (e.g., pounds per square inch). 
The mechanical design of the heat exchanger should, however, not be 
confined to the evaluation of spring rate alone. The expansion joint forms 
the pressure boundary, sometimes the most vulnerable one, in a heat ex­
changer. Its fragility arises from the fact that it must be made "flexible" to 
alleviate differential expansion induced stresses. It is difficult to build-in 
flexibility and ruggedness in the same component. Indeed, the first question 
in the selection of the expansion joint centers around the" question of the 
optimum blend of flexibility, ruggedness, and economy required in the 
actual application. At present, the governing safety codes provide little 
guidance in the matter. The ASME Code tackles the issue in Code Case 
1177-7 which states that the requirements of U-2 (g) of Section VIII of the 
Boiler and Pressure Vessel Code be satisfied. In this manner the Code 
recognizes the use of any rational stress analysis of expansion joints. The 
above referenced Code case also recognizes that expansion joints cannot 
normally be designed such that the combination of direct, local membrane 

689 



690 Mechanical Design of Heat Exchangers 

and secondary bending stresses is below the Code tabulated allowable 
stress. An ASME working group [15.1.1] is presently developing a set of 
design rules for expansion joints. 

Over the years, many practical forms of heat exchanger expansion joints 
have been developed. A brief description of the available types is presented 
in the next section. Methods to compute the spring rate and the stress field 
in the expansion joint, with appropriate reference to prior work and current 
design practice, are given in subsequent sections. An overview of some 
practical methods for evaluating the cycle life of expansion joints is also 
presented. 

Although the foregoing introduction is entirely focused on fixed 
tubesheet exchangers, this is not to imply that expansion joints are ex­
clusively used in fixed tubesheet designs. In single pass floating heat ex­
changers, the expansion joint is located in the pipe between the floating 
head cover and the shell cover to enable differential thermal expansion 
between the tube bundle and the shell. Expansion joints are also widely 
utilized in piping runs to alleviate thermal expansion stresses. 

15.2 TYPES OF EXPANSION JOINTS 

Expansion joints may be broadly classified in two categories; (i) formed 
head; and (ii) formed membrane. A brief description of each style follows. 

(I) Formed head: This type is made by welding together two specially 
formed heads. Figure 15.2.1 shows two "flanged and flued heads" welded 
together. A "flanged and flued head" consists of: (a) an outer shell; (b) two 
outer tori (flange); (c) two annular plates; (d) two inner tori (flue); and (e) 
two inner shells with butt weld to the two portions of the heat exchanger 
shell. The inner and outer tori serve to mitigate the severity of geometric 
discontinuities between plate and shell type members. The annular plate 
contributes significantly to lowering the spring rate. The radii of the tori are 
seldom made less than three times the expansion joint thickness. The 
thickness of the expansion joint is governed by the pressure and tem­
perature loadings. Since the AS ME Codes do not give formulas for sizing 
expansion joint thickness, empirical design practice in the industry com­
monly sets the flanged and flued expansion joint thickness equal to (or one 
"gage" less than) the shell thickness. Thus, this type of expansion joint is 
quite rugged and not very flexible. The joint is also quite economical to 
fabricate. Where the flexibility requirement is rather feeble, further 
economy can be realized by eliminating the annular plate (and the outer 
cylindrical shell resulting in the semi-torus construction (Fig. 15.2.2). 
Another variation is the so-called "flanged only" joint produced by 
eliminating the inner torus. Figure 15.2.3 shows three variations. In type 
(a), the corner weld between the expansion joint and the inner shell can be 
radiographed with some difficulty. The weld in the second style wherein the 
annular plate shell is extended cannot be radiographed or volumetrically 
examined at all. The same holds true for type c. The shell extension also 
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Fig. 15.2.1 Flanged and flued head expansion joint. 
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(a) corner jOint (b) annular plate extended (c) shell extended 

Fig. 15.2.3. Flanged-only expansion joint. 
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increases the axial rigidity of the joint. Nevertheless, this style is frequently 
employed where economy in hardware cost is the paramount consideration. 

The expansion joint provides an otherwise wasted annular space around 
the bundle. Some designers take advantage of this space as a location to 
introdu<>e the shellside fluid and to distribute it around the tube bundle. In 
such designs, the outer shell must be extended (by adding a shell course 
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between the two tori) to accommodate the shell inlet nozzle and its rein­
forcement (if required) (see Fig. 1.7.2). In such a construction, the inner 
shell extension serves as an "impingement plate" (see Section 1.7). 

The corner welds in flanged-only expansion joints are regions of high 
stress concentration. They should be ground to a generous radius to 
minimize the stress concentration factor. 

(ii) Formed membrane: Commonly known as "bellows" type, this 
class of expansion joints is made by forming convolutions from a thin (a 
few thousands of an inch) shell of a corrosion resistant material, such as 
austenitic stainless steel or a nickel base alloy. Figure 15.2.4 shows three 
variations of this type. Unrein forced bellows are used in low pressure 
applications. Reinforcing rings are added where instability of the bellows or 
"squirm", is a concern. Bellows type construction represents an extreme in 
structural flexibility. However, it is rather fragile. External covers for 
bellows are often provided to protect personnel against the hazards of 
bellows blow-out. Use of multiple plies where each ply is individually 
capable of resisting pressure is another protective measure. In mUltiple ply 
designs, it is advisable to monitor the inter-ply pressure as an early detector 
of failure of the inner ply. 

Another variation in the bellows design is the externally pressurized 
configuration shown in Fig. 15.2.5. This construction is obtained by 
manufacturing the bellows to a larger inside diameter than the outside 
diameter of the exchanger shell. The bellows are encased within the pressure 
retaining outer shell. The shellside pressure is baffled to be external to the 
bellows. Broyles [15.2.1] cites the many advantages of this construction. 
Transferrring the pressure from the inside to the outside alleviates concern 
of bellows squirm, and eliminates any pockets which may become 
depositories of corrodents and sediments. Even a catastrophic failure of the 
bellows would simply direct the escaping shellside fluid through the open 
end of the bellows along the shell, thus mitigating the danger to nearby 
personnel. Moreover, a failed bellows unit can be replaced without taking 
the exchanger apart - this may be an attractive feature in many ap­
plications. Figure 15.2.6 shows an externally pressurized bellows expansion 
joint installed in a fixed tubesheet heat exchanger. 

t. 

h 

(a) Reinforced bellows (b) Unrelnforced bellows (e) toro idal bellow 

Fig. 15.2.4. Bellows shapes. 
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The number of convolutions in the bellows is a design variable. Similarly, 
the "formed head" type expansion joints may utilize more than one set of 
"flanged and flued" heads. Multiple expansion joints may be also 
necessary in the rare situations where the exchanger is mounted on three or 
more supports. 

Fig. 15.2.5. Externally pressurized bellows expansion joint. (Reproduced 
from [15.2.1] by the courtesy of the American Society for Metals). 

Fig. 15.2.6. Externally pressurized bellows expansion joint in fixed 
tubesheet heat exchanger. (Reproduced from [15.2.1] by the courtesy of the 
American Society for Metals). 
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15.3 STIFFNESS OF "FORMED HEAD" TYPE JOINTS 

Kopp and Sayre [15.3.1] are generally credited with the first com­
prehensive effort to determine the axial stiffness of "flanged only" joints 
analytically. They also conducted some experimental tests to verify their 
mathematical model. Their model is based on the following simplifying 
assumptions. 

a. The outer torus is replaced by an equivalent corner end. One half of 
the meridian of the outer torus (total length 7rr2/2) is assigned to the outer 
plate and the other half is assigned to the outer shell. Figure 15.3.1 shows 
the idealized model. 

b. The annular plate is modelled by a unit width beam strip. Similarly, 
the structural characteristics of the outer shell are not modelled using 
classical thin shell equations. Instead an approximate relationship is used. 
However, the inner shell (heat exchanger main shell) is modelled using thin 
shell bending equations. 

Despite the unevenness of their analytical premise, Kopp and Sayre 
obtained good agreement with their experimental data. The simplicity of 
their approach apparently sits well with the design community; their 
method is still specified as the standard design approach in numerous design 
specifications. 

Another notable attempt to treat "flanged and flued expansion joint" is 
due to Wolf and Mains [15.3.2]. Wolf and Mains advocated a finite element 
solution of the axisymmetrically loaded expansion joint problem. Their 
method did not attract wide usage, although it is generally believed that the 
ascendence of purely numerical methods in design work is only a matter of 
time. 

In this section, we present a modified solution of the Kopp and Sayre 
model (Fig. 15.3.1) wherein all of the shell and plate elements are modelled 
using classical plate and shell theory methods. The resulting expressions are 
simple enough to be handled by a programmable calculator or a 
microcomputer. In a subsequent section, a finite element approach to this 
problem is also presented. 

Analysis for Axial Load and Interal Pressure 

Figure 15.3.1(b) shows the mathematical idealization of the expansion 
joint. The expressions for the bending of shelllike toroidal shapes are quite 
involved. Since the chief contribution of the tori lies in reducing the local 
bending stresses which are secondary stresses, and since secondary stresses 
(see Chapter 2) are of lesser importance, the elimination of the tori and 
replacement by sharp corners does not detract from the essence of our goal 
of developing a simple, practical solution. As the comparison with the finite 
element analysis presented in Section 15.5 shows, the elimination of the tori 
has a minor effect on the joint stiffness. 

The expansion joint thus idealized has three element types, as shown in 
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"I 
b 

d 

a (radius) 
(a) Actual geometry 

a 
(b) Idealized geometry 

Fig. 15.3.1. Kopp and Sayre's model. 

Fig. 15.3.2. Notice that the loading and internal stress resultants are 
symmetric with respect to the median transverse plane. Let Fax represent the 
applied axial load per unit circumference on the exchanger shell and p 
denote the internal pressure acting on the joint. The discontinuity moments 
at junction A (inner shell/annular plate interface) and junction B (annular 
plate/outer shell interface) are labelled as M J and M 2 , respectively. 
Similarly, the shell edge shears are labelled as QJ and Q2' A standard 
discontinuity analysis at junctions A and B yields the necessary relation­
ships to determine M J, M2, QJ and Q2' The necessary stress/deformation 
relationships for each element in the joint can be found in any standard text 
[15.3.3-4]. The basis for their derivations may also be found in Appendix 
A. 
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Fig. 15.3.2. Freebodies of the three constituent elements. 
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We begin by noting that equilibrium of one half of the joint, in the axial 
direction, gives F2 in terms of Fax. 

2F2 7fb = 2 wFax a + 7f( b2 - a2 )p 

or 

(15.3.1) 

To simplify the subsequent analysis, we will also assume that the radial 
movement of junctions A and B is zero. We now set down the necessary 
edge load - deflection/rotation relationship for each element. 

(1) Element 1 - Main Heat Exchanger Shell: The radial deflection W A 
and the rotation (J A of the shell edge A are expressed in terms of edge 
moment MI and shear QI' internal pressure p, and axial force Fax' by the 
relations (Appendix A): 

(15.3.2) 

where 

(15.3.3) 

1 
(JA = -2-(2/3sM1 +QI) (15.3.4) 

2/3s Ds 
The notation scheme used assumes radially outward deflection and 
counterclockwise rotation of edge A of the left shell to be positive. 

The attenuation coefficient /3s and the flexural rigidity Ds of the shell are 
defined by 

= [3(1-li)] 0.25 

/3s 2 t 2 a s 
(15.3.5) 

Et 3 
D = s 

s 12(1- Ii) 
(15.3.6) 

Since the junction A is assumed to undergo zero radial displacement, Eq. 
(15.3.2) yields 

QI = - /3sMI - 2/3s 3 Ds as 
Substituting for QI in Eq. (15.3.4) gives MI as a function of (JA. 

(JA = ylM1 - /3sos 
where 1 

YI = 2/3 D 
s s 

(15.3.7) 

(15.3.8) 

(15.3.9) 

(ii) Element 2 - Annular Plate: The lateral loads acting on the an­
nular plate can be broken up into two components; referring to Fig. 15.3.2, 
we consider the following groupings: 
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(a) Edge shear Fax and moment MI at the inner edge (r=a); and an 
equilibrating edge shear at the outer edge along with edge moment M z • 

(b) Pressure p acting on the lateral surface equilibrated by edge 
shear at the outer edge. 

The total lateral deflection W of the plate with respect to its outer edge can 
be expressed as the sum of We due to edge load (component (a) above), and 
wp due to lateral pressure (comnponent (b) above). 

W= We + wp (15.3.10) 

Expressions for We and wp are found in Ref. [15.3.3]. We will use the sign 
convention that the deflection is positive on element 2, if it is directed away 
from the transverse plane of symmetry of the joint (i.e., in the direction of 
Fax)· 

From Ref. [15.3.3], we find that we can be written as: 

we =MIg l (r) +Mzgz(r) + FaJI (r) (15.3.11) 

where 
r -bZ aZ aZbZ r 

2 aZ -bZ + 
(az -bZ)(1- I')De 

In- (15.3.12) 
(1 + I')De b 

1 r-bZ bZ aZbZ r 
2 aZ -bZ (1 + I')De (aZ - bZ)(1- I')De 

In- (15.3.13) 
b 

bZ a [( r) [ 3 + v aZ a ] 
II (r) 4De 1 - ----;;z 2(1 + v) + aZ _ bZ In-,; 

r r 2az 1+1' a r} + -In- --- --In-In-
bZ b aZ - b2 1 - v b b 

(15.3.14) 

where r is the radial coordinate, and De represents the plate flexural 
rigidity. 

Differentiating: 

dg l 

dr 

dg2 

dr 

dl1 

dr 

Et 3 
D= e 

e 12(1- v) 
(15.3.15) 

(15.3.16) 

a2 b2 1 

(a2 - b2 )(1- I')De r 
(15.3.17) 

b 2 a [ - 2r [ 3 + v a2 a ] 
4De Y 2(1+1') + a2_b2In -,; 

2r r r 1 2a2 1+1' a} 
+ b2 In -,; + b2 - -;: a2 _ b2 I=; In -,; (15.3.18) 
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Similarly, we can write the following expression for wp. 

w =pb4 [m -m ~ -m ln~ + ~ (~)4 _ f2a2 ln~] 
p 8D 1 2 b2 3 b 8 b b4 b 

e 

(15.3.19) 

where 

5+v a2(3 + v) (a/b)4 a 
(a) m1 --- + In-

8(1 + v) 4b2(1+v) 1-(a/b)2 b 

m2 
3+v ( a2 ) (a/b)4 a 
-- 1-- + In-
4(1 + v) b2 1- (a/b)2 b 

(b) (15.3.20) 

3 + v ( /b 2 2(1 + v) (a/b)4 a 
(c) m3 = -- a ) +-- In-

2(1-v) I-v 1-(a/b)2 b 

By differentiation of Eq. (15.3.19), we obtain the rotation variable ()p (r) as: 

(15.3.21) 

(ib) Element 3 - Outer Shell: The outer shell is assumed to have 
thickness teo mean radius b, and length Ie = 12 + 7rr212. The shell is loaded by 
equal moments M2 and shears Q2 at its two edges. It is also subject to the 
axial load F2 per unit circumference and to internal pressure p. At junction 
B, the radial deflection WB (positive if directed away from the shell axis) and 
the rotation () (positive if the left edge rotates clockwise in the plane of the 
paper) can be obtained from [15.3.4] and written in the form: 

where 

a = 

pb2 F2b 
--v--
Ete Ete 

[ 3(1 - V)2 ] 0.25 

b2t/ 
Ie 

/1e 2. 

(15.3.22) 

(15.3.23) 

(a) 

(b) 

(c) 
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X2 

cosh2a + cos2a 

sinh2a + sin2a 

sinh2a - sin2a 

sinh2a + sin2a 

cosh2a - cos2a 

sinh2a + sin2a 

Since WB = 0, we have from Eq. (15.3.22) 

EteDe 
Q2 = (M2 (3e X2 / XI) + 2{3b2 XI 

Substituting for Q2 in Eq. (15.3.23) yields 

OB = Y2M2 - {3eX2 De 
XI 

where 
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(d) (15.3.24) 

(e) 

(0 

(15.3.25) 

(15.3.26) 

4{3/ b2 2{3/ b2 X/ 
Yz = ~X3 - EteXI (15.3.27) 

We can now enforce slope compatibility at junctions A and B in order to 
determine MI and M 2• Compatibility of slope between the inner shell and 
the annular plate at junction A requires 

dw I dWe I dwp I OA=-- =- +-
dr r=a dr r=a dr r=a 

Similarly, bearing in mind that the clockwise direction is positive for OB' 
compatibility of rotation between the outer shell and the annular plate at 
junction B requires that 

OB = - : Ir=b = - d;e Lb - d;; Lb 
Explicit expressions for all these quantities have been provided in the 
foregoing. 

For convenience, let us denote the values of derivatives in Eqs. 
(15.3.16-18) at r=a,b by the following simple notations; 

dgl I dg21 dfl I X 1=- ; X2=- ; X3=-
dr r=a dr r=a dr r=a 

dgl I dg21 dfl I X4 = - ; Xs = - ; X6 = -
dr r=b dr r=b dr r=b 



700 Mechanical Design of Heat Exchangers 

Then, slope continuities at joints A and B produce the following simple 
algebraic equations for MI and M2 

dwp I {3eX2 
x4M I + (x5 + Y2)M2 = - x6Fax - - + -- oe 

dr r~b Xl 

(15.3.28) 

MI and M2 readily follow from the above in terms of Fax and pas 

MI = ~ [(X5 +Y2)( -Faxx3 -(Jp(a)-{3sos) -X2 

(-FaxX6-(Jp(b)+ (3eX2)] 
Xl 

(15.3.29) 

(15.3.30) 

where 

(15.3.31) 

Having determined MI and M2, the axial spread of the joint, 0, is given by 

0=2(we +wp)lr~a (15.3.32) 

where we and wp are defined by Eqs. (15.3.11) and (15.3.19), respectively. 
If the internal pressure p is zero, then the axial stiffness of the expansion 

joint is given by 

(15.3.33) 

Computer program EXJOINT, presented in Appendix 15.A, performs the 
numerical computations for the analysis given in this section. 

15.4 STRESSES IN THE EXPANSION JOINT 

In the preceding section, we have presented the method to compute the 
internal stress resultants (MI , QI, etc., in Fig. 15.3.2) in a joint subject to 
axial force Fax and internal pressure p. The equations to determine stress 
distributions in the inner shell, annular plate and outer shell are presented in 
this section. 

(I) Inner Shell (element 1 in Fig. 15.3.2): Figure 15.4.1 shows a 



I5/Expansion Joints 701 

freebody of the inner shell. The expression for the displacement w at a 
distance x from junction A is given by (Appendix A): 

-~,x 

w= Os + _e __ [,BsM\ (cos,Bsx- sin,Bsx) + Q\ cos,Bsx] (15.4.1) 
2,Bs3 Ds 

where 
pa2 Fax a 

0= -- -p--
SEts Ets 

Therefore, the membrane stresses in the shell, due to discontinuity effects 
and applied loading, are: 

t w(x) Q M 

F" .---r--f --r--t ----r-t --.-t ---Ol-'t ~ '~ F" 

P"""" P • ~ 

Fig. 15.4.1. Freebody of inner shell. 

. Ew 
Circumferential stress, aom = -

a 
F 

Longitudinal stress, aIm = ~ 
a 

(a) 

(b) 

(15.4.2) 

From Appendix A, we find that the longitudinal bending stress, alb, and the 
circumferential bending stress, aOb are given by: 

6Ds cf2w 
alb = =r -t-2- dx2 

s 

aOb = palb 

where positive alb' aOb imply compression of the outer fiber. Calculating the 
derivatives of w from Eq. (15.4.1), we have 

6 
alb =r ,Bsts 2 [,BsM\ ¢(,Bsx) + Q\ t(,Bsx)] (a) 

(b) (15.4.3) 

where 

¢(,Bsx) = e- i3sx (cos,Bsx+ sin,Bsx) (a) 
i3 (15.4.4) 

t(,Bsx) = e - sX sin,Bsx (b) 

These bending stresses involve onlyM\, Q\, and belong to the secondary 
category, since they attenuate rapidly with x. Reader should refer to Ap­
pendix A at the end of this text for a detailed characterization of these 
stresses. 
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(il) Annular Plate (element 2 in Fig. 15.3.2): The radial bending stress 
is the dominant stress in the annular plate. Referring to Appendix A, the 
radial bending stress, ar and the circumferential bending stress ao in the 
annular plate are given by 

where 

6Mr 
ar = --2-

te 

[ cfw v dW] 
Mr = De ----;J;2 + -;: dr 

M =D [~ dw + v cfw ] 
o e r dr dr 

and w for the plate annulus is given by Eqs. (15.3.11), (15.3.19). 
In addition to the bending stresses, the annular plate is also subject to in­

plane radial loads QI and Q2 at its inner and outer boundaries, respectively. 
The in-plane radial and circumferential stresses due to QI and Q2 can be 
computed using the well-known Lame cylinder formulas [15.4.1]. The 
radial membrane stress, arm, is given in terms of QI , Q2 as 

1 [a 2 b2 
] 

arm = t
e
(b2 -a2) y(QI -Q2)+Q2b2 _Q1a2 (15.4.5) 

and the circumferential membrane stress, aom , is given by 

1 a2 b2 

aom = t
e
(b2 -a2) [y(Q2 -QI)+Q2b2 -Q1a2] (15.4.6) 

(iii) Outer Shell (element 3 in Fig. 15.3.3): The freebody of the outer 
shell is shown in Fig. 15.4.2. As shown in Appendix A, the solution for the 
axisymmetric bending displacement of a shell is 

W= oe + C1 sin!3exsinh!3ex+ C2 

sin!3ex cos!3ex + C3 cos!3ex sinh!3ex 

+ C4 cos!3ex cosh!3ex 

(15.4.7) 

Setting the origin at the mid-plane of the shell requires that w be an even 
function of x, i.e., C2 =C3 =0. 

The constants C1 and C4 are selected such that the following boundary 
conditions are satisfied; 
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F.~ t (j 
0, 

f If t 1,1 pj) t~F' 
b ~ p 

Fig. 15.4.2. Freebody of outer shell. 

@x=leI2; w=O 

Performing the algebra, we have 

C - ~ [j2M 2 _. ] 
I - Z 2f3e 2 De JIOe 

where 
Z=j1 2 +j2 2 

. . f3e 1e . h f3e 1e 
h=Slll2: S111 2 

. f3e 1e h f3e 1e 
h=COS2:cos 2: 

Finally, the stresses in the outer shell are: 

Ew 
Membrane hoop stress, U8m = b 

Longitudinal hoop stress, Ulw = F2 
te 

Longitudinal bending stress, 

6Mx 6De cfw 12Def3e 
Ulb = -- = - -- = -- [C1 cos(3x coshf3x t; t/ cJx2 t/ 

- C4 sinf3ex sinhf3exJ 

Circumferential bending stress, U8b = "Ulb 

(a) 

(b) 

(15.4.8) 

(15.4.9) 

(15.4.10) 

(15.4.11) 

(15.4.12) 

(15.4.13) 

(15.4.14) 

(15.4.15) 

(15.4.16) 

These equations are also coded in the computer program EXJOINT, 
described in Appendix 15.A. 
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An Example 

Let us consider a flanged and flued head expansion joint defined by the 
following dimensions (Fig. 15.3.1). 

a=20"; ts=te=0.25" 

r l =r2 =3te> II =2.25", 12 =2.5" 

Two loading cases are considered: 
(i) An axial pull per unit circumference 

Fax = lIb/in. 
(ii) Lateral pressure p = 1 psi; no header (axial) load. 

Referring to Fig. 15.3 .1 (b), the mathematical idealization of this joint 
yields the following data (see Appendix 15.A): 

7rr l 7rr2 
b = a + I + - + - = 23.43 " 144 

7rr2 
I = 12 + - = 3 68" 2 . 

The deformation of the joint under axial load and under internal pressure 
loads is illustrated in Figs. 15.4.3 and 15.4.4, respectively. The maximum 
longitudinal stress in the main and outer shells, and the maximum radial 
stress distribution in the annular plate, is shown in Figs. 15.4.5-7. 

We note that the points of discontinuities (A and B in Fig. 15.3.2) are also 
the locations of highest stress. A more refined stress distribution in these 
regions can be obtained using the finite element method, as described in the 
next section. 
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Fig. 15.4.3. Deformation of the expansion joint under axial load only 
(schematic drawing). 
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Legend 
- undeformed 
---deformed 

,...-------

Fig. 15.4.4. Deformation of expansion joint under pressure loading only 
(schematic drawing). 
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Fig. 15.4.5. Longitudinal bending stress in the main shell 
problem, unit internal pressure). 
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Fig. 15.4.6. Radial bending stress in the annular plate (example problem, 
unit internal pressure). 
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Fig. 15.4.7. Longitudinal bending stress in the outer shell (example 
problem unit internal pressure). 
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15.5 FINITE ELEMENT SOLUTION - COMPUTER PROGRAM 
FLANFLUE 

The stress analysis method described in the preceding sections treats the 
problem of flanged and flued expansion joints in an approximate manner. 
The knuckle and flare radii are replaced by sharp discontinuities, and a 
classical discontinuity analysis is performed to obtain the stiffness of the 
joint and to determine the stress field. The analytical solution constructed in 
this manner gives reasonably good results for the joint flexibility. However, 
the predicted state of stresses at the junctions of the annular plate with inner 
and outer shells may be grossly overestimated. While this approach may be 
quite adequate for routine design work it is unable to provide a quantitative 
measure of the ameliorative effect of the flanged (inner torus) and flued 
(outer torus) shapes. Unfortunately, analytical modeling of the tori presents 
a formidable problem; specially since the ratio of the meridional radius to 
wall thickness of the tori seldom exceeds six to one. The analytical works of 
Clark [15.5.1], Gelletly [15.5.2-3], Turner [15.5.4], Laupa and Weil 
[15.5.5], among others, cannot be used due to the range of geometries 
involved. Wolf and Mains [15.3.2] overcame this problem by modeling the 
tori by a series of narrow rings. An alternative procedure is to equip a finite 
element program, capable of handling symmetrically loaded axisymmetric 
structures, with a pre-processor to simplify the tedium of data input. Such a 
program - "FLANFLUE" - has been developed for treating flanged and 
flued expansion joints. Figure 15.5.1 shows the standard element gridwork, 
node, and element numbering system. 

The program requires the following input data: inner radius R;, thickness 
of shell, thickness of joint, flare radius r l , knuckle radius r2 , annular plate 
width II, Young's modulus and the applied loads (viz., pressure and/or 
axial force on the joint). The Poisson's ratio is assumed to be equal to 0.3. 
The element gridwork is internally generated by the pre-processor, and the 
total "spread" of the joint and stress distribution in each element, are 
printed out. The deflection of every node is also printed out, providing a 
graphic view of the joint deformation. 

Figures 15.5.2-3 show the plot of longitudinal and circumferential stress 
in the joint for the example problem (case i) of the preceding section. The 
stresses are plotted versus the section location. Referring to Fig. 15.5.1, 
Section 1, consists of elements 1, 2, 3 and Section 34 consists of elements 
100, 101, 102. The extreme fiber stresses are plotted at the location 
corresponding to a "through thickness cut" along the three element cen­
troids comprising each of the 34 sections making up the joint model. Figure 
15.5.2 shows the variation of longitudinal stress on the outside and inside 
surfaces as a function of location, while Fig. 15.5.3 shows the cir­
cumferential surface stresses. The results shown are for the case of axial 
load alone. As expected, the maximum stress occurs on the outside surface 
of the inner toroidal section. 

An unabridged documentation of FLANFLUE and its source coding are 
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available in [15.5.6]. Pre- and post-processors for finite element analysis 
have also been used in Chapter 10 for the analysis of tubesheets. The 
axisymmetric finite element code used there has also been employed here to 
obtain Figs. 15.5.2 and 15.5.3. 
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Fig.lS.S.l. Finite Element model for program FLANFLUE. 
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Fig. 15.5.2. Maximum longitudinal bending stress distribution for the 
example problem. 
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Fig. 15.5.3. Maximum circumferential stress distribution for the example 
problem. 

15.6 BELLOWS EXPANSION JOINT FOR CYLINDRICAL VESSELS 

Convoluted bellows with (Fig. IS.2.4a) and without (Fig. IS.2.4b) root 
reinforcing rings are primarily used in piping systems to relieve thermal 
stresses. They also find occasional application in heat exchangers and in 
pressure vessels. The toroidal bellows (Fig. IS.2.4c) is less frequently used. 
Widespread industrial application of bellows have prompted a great deal of 
analytical and experimental research into their structural behavior. The 
primary focus in bellows design is directed towards their stability and their 
fatigue life. The possibility of instability of the bellows due to internal 
pressure is greatly increased if the stress levels at the inner crest of the 
bellows reach or exceed the material yield strength. Such a bellows in­
stability is commonly known as "squirm". For this reason, unreinforced 
convoluted bellows are seldom used in the presence of internal pressures 
exceeding 30 psig. Root reinforcing rings abate bellows squirm and extend 
their pressure range; such reinforced bellows are frequently used in 
pressures as high as 300 psig. 

The first comprehensive attempt to develop design guidelines for bellows 
design is due to Anderson [IS.6.1]. Anderson's work has been integrated 
into the standards of the Expansion Joint Manufacturers Association 
(EJMA), a trade group publication [1S.6.2]. Anderson showed that the 
maximum stress in the bellows can be expressed in terms of the stresses in 
"an equivalent beam strip" modified by suitable coefficients. These 
coefficients are found to depend on two principal parameters; namely 
rIRte)'h. and rlh (Fig. IS.2.4b). 
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The mathematical premise of EJMA's formulas are fully documented in 
[15.6.1], and are therefore not presented here. That document also contains 
a detailed set of specification guidelines for bellows procurement. 

15.7 BELLOWS EXPANSION JOINTS FOR RECTANGULAR 
VESSELS 

Rectangular cross section expansion joints are used in large ducts, in 
surface condensers, and in other rectangular vessels requiring thermal 
expansion relief. The Standards of the Expansion Joint Manufacturers 
Association (EJMA) provide suitable guidelines for their design, 
fabrication, quality assurance, testing, shipping, and installation. Figures 
15.7.1-3, printed with the permission of EJMA, show the general 
arrangement, typical convolution profiles, and typical corner con­
figurations of rectangular expansion joints. 

The design formulas given in the EJMA standards are based on simple 
beam type models. The derivation of the joint "spring rate" .f; given below 
for a single convolution illustrates the general framework of these formulas. 
The spring rate is defined as the force required to elongate one convolution 
of the joint by unit distance. Figure 15.7.2 shows typical convolution 
shapes. An expansion joint containing n convolutions will have a net spring 
rate of.f;ln. 

ls~ 
I 

Fig. 15.7.1. General arrangement of rectangular expansion joints with 
supported sides (reprinted with the courtesy of EJMA, Inc.). 



I5/Expansion Joints 711 

"V" PROFILE "V-SPAN" PROFILE "V" PROFILE 

Fig. 15.7.2. Typical convolution profiles (reprinted with the courtesy of 
EJMA, Inc.). 

/ 

ROVNDED CORNER 

SINGLE MITER CORNER 

CAMERA CORNER DOVBLE MITER CORNER 

Fig. 15.7.3. Typical corner configurations (reprinted with the courtesy of 
EJMA, Inc.). 

The expression for the spring rate is derived by considering a unit width 
slice of the U-profile convolution subject to two equal and opposite forces P 
trying to pry it apart. Assuming zero slope at the ends, and symmetry, the 
freebody of one quarter of the convolution has the form of Fig. 15.7.4. The 
bending moment at a point located at coordinate x from the end point A is: 

M=Px (15.7.1) 
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Similarly, the moment at the point C on the curved segment is: 

M=P( ; -r+r sinO) (15.7.2) 

To determine the horizontal movement of point A with respect to point 
0, we use Castigliano's principle which states that the partial derivative of 
the strain energy with respect to the applied force P gives the displacement 
of the force P with respect to the fixed point. The strain energy U* is given 
by strength-of-materials theory as 

U*=rM- dx 
J 2EI 

(15.7.3) 

whereE and I are the Young's modulus of the expansion joint material, and 
the moment of inertia of the section (1= t3 112), respectively. The in­
tegration extends over the length of the freebody in Fig. 15.7.4. Hence, the 
displacement of point A is 

or 

/ 
/ 

/ 

o 

Fig. 15.7.4. Freebody of one quarter of a convolution. 

0= au* = ~ r M aM dx 
ap EI J ap 

E1O= L: -r P.x2dX+P):12 ( ; -r+rsinof rdO (15.7.4) 

The first integral extends over the straight portion, and the second in­
tegral extends over the curved portion of the convolution segment. In­
tegrating and rearranging terms, yields 
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(15.7.5) 

The separation of the two ends of the convolution, A, will be four times 
the separation between points 0 and A, i.e., A = 40. Hence, 

EIA w3 

- = - +O.57w2r-O.28wr +O.09r3 

P 6 

or 

(15.7.6) 

where higher order terms in rlw have been neglected. 
Referring to Fig. 15.7.1, the perimeter of the joint is 2(ls + IL); therefore, 

the total force F required to produce the separation A in the joint is 

or 

2(/s+IL) P. 

Therefore, a relation between F and A is 

EIA= _F_ w3 (1 + 3.4r) 
(lL+ls) 12 w 

Solving for the ratio FI A yields 

F 

A 

12EI(lL + Is) 
=------

3 ( 3.4r) w 1+-
w 

Et3 (lL + Is) 
1;= ------

3 ( 3.4r) w 1+-
w 

This is formula (3.62) of Ref. [15.6.21. 

(15.7.7) 

(15.7.8) 

(15.7.9) 

Other formulas can be derived in a similar manner. The entire EJMA 
procedure for stress evaluation in rectangular bellows has been program­
med in the code "EJMAREC". This code is presented in Appendix 15.B. 

15.8 FATIGUE LIFE 

Since much of the stress in the expansion joint is of the secondary and 
peak type, calculated values in operating units exceeding the material yield 
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strength are not uncommon. Therefore, the joint design involves restricting 
the primary and the local membrane stresses to code specified limits, and 
computing the "cumulative damage factor" for the total stress range. * The 
concept of "cumulative damage factor" is a simple, yet reliable, method to 
determine the factor of safety against fatigue failure. It is assumed that the 
experimental data to correlate the stress intensity range to the cycle life of 
the expansion joint material is available. Let N; denote the allowable 
number of cycles corresponding to the stress range S;. Then the "usage 
factor" U; of the joint, at the material point under consideration, due to n; 
cycles of stress range S;, is simply 

n; u=-
I N; 

(15.8.1) 

If the material point is subjected to m different cycles of frequency n; and 
corresponding stress range S; (i = 1,2 ... m), then the cumulative damage 
factor Uis 

Safety from fatigue failure requires that 
U::s 1 

(15.8.2) 

(15.8.3) 

M. W. Kellog Company [15.8.1] presented the following formula relating 
N; to S; for stainless steel bellows which gave good agreement with the then 
published data (viz. Ref. [15.8.2], among others). 

N; = [ 1 ,60~,000 ] 3.5 

I 

Using a factor of safety of 2 on the stress range, Ref. [15.8.1] recommends 
that designers use 

_ (800,000) 3.5 
N-

I S; 
(15.8.4) 

Tavernelli and Coffin [15.8.3] found that the following formula gives good 
experimental agreement for steel, copper, aluminum, nickel, stainless steel 
and titanium 

Ee 
S; = N. II, +20. 

I 

(15.8.5) 

• Range of stress intensity is synonymous with the maximum principal stress range if all 
principal stresses at a point are of the same sign. In the case of expansion joints such is nearly 
always the case. 
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where 

E Young's modulus of the expansion joint material at the 
operating temperature 

ae Endurance limit for the expansion joint material 

1/2In[ 100 J 
100 - OJoR.A. 

c (15.8.6) 

R.A. is the reduction in area in a tensile test of the material. 
Using the above correlation, Langer [15.8.4] proposed the following 

expression for the acceptable number of cycles Ni at stress range Si. 

[ E ( 100 )J2 
4 ln 100- %R.A. 

Ni = ----------
( K S )2 

(SF) T -Se 

(15.8.7) 

where SF is the required factor of safety, and Ke denotes the stress/strain 
concentration factor at the material point under consideration. The ASME 
Code [15.8.5] requires that if a stress range Si exceeds three times the 
allowable stress or twice the yield strength of the material, then Si should be 
increased by a factor Ke prior to predicting cyclic life. Ke can be thought of 
as plasticity correction factor. The ASME Code [15.8.5] gives plots of Ni -
Si for several common materials of construction. 

Anderson [15.6.1] analyzed available data from fatigue tests on con­
voluted unreinforced bellows and determined that pressure stresses have a 
definite effect on fatigue life. He found the following equation to correlate 
a pseudo-stress S(psi) to cycle life N. 

LoglOS = 6.24 - 0.236Log 1ON (15.8.8) 

The pseudo-stress S is equal to the sum of the maximum stress in the bellows 
due to bellows deflection and twice the maximum bellows stress due to 
pressure. It should be noted that the location of peak bending stresses due 
to pressure will, in general, not coincide with the location of peak deflection 
stress. Nevertheless, summing them for purposes of a fatigue life evaluation 
appears to be satisfactory for design purposes. 

A similar correlation using available data from 43 tests on ring reinforced 
bellows gave: 

LoglOS = 6.26 - 0.249Log1ON 

where the multiplier on pressure stress in stress S is 0.5 rather than 2. 
Anderson also found that the pressure stress multiplier has to be varied 
widely, from 0.2 to 1.0, for bellows operating at relatively high pressures 
(over 200 psi). 
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NOMENCLATURE 
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a 
b 

Ds>De 
d 

Fax 
F z 
K 

Ke 
Ie 
II 
12 

M I ,M2 

r 
rl 

r Z 

Sj 
te 
ts 
U 
W 

WA 

(3., (3s 

()A 

aOm,aOb 

aim ,alb 

arm 

aom 

Os 

Mean radius of inner (main heat exchanger) shell 
Mean radius of outer shell (element 3 in Fig. 15.3.2) 
Flexural rigidity of shell and expansion joint, respectively 
Effective offset of the expansion joint (Fig. 15.3.1) 
Applied axial force per unit circumference of shell 
Reaction force per unit circumference in the outer shell 
Joint stiffness (Eq. (15.3.33)) 
Stress range amplification factor 
Effective length of outer shell (Fig. 15.3.1) 
Width of the annular plate (Fig. 15.3.1) 
Straight length of outer shell (Fig. 15.3.1) 
Discontinuity moments at inner shell/annular plate, and 
annular plate/outer shell interface, respectively 
Cycle life at stress range Sj 
Generic term to denote internal pressure 
Shells ide and tubeside pressures, respectively 
Discontinuity shear in the inner shell at its interface with the 
annular plate 
Discontinuity shear in the outer shell at its interface with the 
annular plate 
Radial coordinate 
Inner torus radius (Fig. 15.3.1) 
Knuckle (outer torus) radius (Fig. 15.3.2) 
Stress range 
Thickness of expansion joint 
Thickness of shell 
Damage factor (Eq. (15.S.2)) 
Radial deflection of shell, lateral deflection of annular plate 
Radial displacement of junction A (Fig. 15.3.2) 
Attenuation coefficient of expansion joint and shell, 
respectively 
Rotation of shell at junction A 
Circumferential membrane and bending stress, respectively 
Longitudinal membrane and bending stress, respectively 
Radial membrane stress in annular plate 
Circumferential membrane stress in annular plate 
Radial expansion of inner shell due to internal pressure and 
axial load 

/I - Poisson's ratio 
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APPENDIX lS.A 

COMPUTER PROGRAM EXJOINT 

EXJOINT automates the analysis presented in Sections 15.3 and 15.4. 
The flanged and flued joint geometry is idealized in the manner of Fig. 
15.3.1. Let R i , r l and r 2 denote the inside radius, inner torus mean radius, 
and outer torus mean radius, respectively. Furthermore, let II and 12 denote 
the widths of the annular plate section and the outer shell, respectively. 
Finally, let t5 and teo respectively, denote the main shell and the expansion 
joint thicknesses. In terms of these data, the idealized dimensions are: 

a Ri +0.5t5 

b 
7fr l 7fr2 

a+1 +-+-144 
(15.A.l) 

In addition to the above data, the computer program requires input of the 
material Young's modulus, and the external loadings (axial pull per unit of 
main shell circumference, Fax; and internal pressure, p). 

The output from the program lists the input data, and gives the deflec­
tion, direct and bending stresses in each of the three elements of the ex­
pansion joint. The output for the example problem of Section 15.4, 
corresponding to Fax = 1 1 b/in., is presented in the pages following the 
program listing. This output can be compared with the results utilizing the 
finite element code FLANFLUE presented in Figs. 15.5.2-3. We note that, 
the largest stress component, the maximum longitudinal stress predicted by 
EXJOINT is somewhat higher than the finite element solution, as would be 
expected. The joint stiffness predicted by EXJOINT is 3663.4 psi as 
compared to 3664.4 psi computed by FLANFLUE. This comparison 
demonstrates the remarkable accuracy of EXJOINT in predicting the spring 
rate. 
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PROGRAM EXJOINT 

C -----------------------------------------------------------
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

COMPUTER PROGRAM EXJOINT, REV 0 
BY K.P. SINGH AND T.L.NG, DEC. 1983 
COMPUTES AXIAL STIFFNESS OF FLANGED AND FLUED EXPN JOINTS 
ALSO COMPUTES STRESSES IN THE JOINT FOR A GIVEN AXIAL 
LOAD AND/OR INTERNAL PRESSURE 

FORTRAN VARIABLES: 
***INPUT LIST : INPUT ALL DATA IN CONSISTENT UNITS*** 

TITLE: TITLE FOR PROBLEM; ANY ALPHANUMERIC-80 CHARACTERS LONG 

TS: 
TE: 
Yfll: 
EL: 
A: 
B: 
P: 
FAX: 

SHELL THICKNESS 
EXPANSION JOINT THICKNESS 
YOUNGS MODULUS 
EFFECTIVE LENGTH OF OUTER SHELL 
MEAN RADIUS OF SHELL 
MEAN RADIUS OF OUTER SHELL 
PRESSURE 
AXIAL LOAD PER UNIT CIRCUMFERENCE 

***RESULTS HAVE UNITS CONSISTENT WITH INPUT DATA*** 

********************************************************** 

DIMENSION TITLE(20) 
D(T) =YM*T**3/(12.*(1.-PR)**2) 
BETA(T,Z)=((3.*(1.-PR*PR))/(Z*Z*T*T))**.25 
WP(R)=P*B**4*(XM1-XM2*R*R/(B*B)-XM3*ALOG(R/B)+.125* 

1 (R/B)**4-R*R*A*A*ALOG(R/B)/(B**4))/(8.*D(TE)) 
THP(R)=((-2*XM2*R/(B*B))-(XM3/R)+(.5*R**3/(B**4))-(2*R*A*A 

1 *ALOG(R/B)/(B**4))-(R*A*A/(B**4)))/(8.*D(TE))*P*B**4 
PHI(X)=EXPS*(COS(BETAS*X)+SIN(BETAS*X)) 
ZETA(X)=EXPS*SIN(BETAS*X) 
W(X)=DELTAS+(EXPS/(2.*BETAS**3*DS))*(BETAS*AM1*(COS(BETAS*X) 

1 -SIN(BETAS*X))+AQ1*COS(BETAS*X)) 
G1(R)=((.5*(R*R-B*B)*AA/(1+PR))+(AA*B*B*ALOG(R/B)/(1.-PR)))/D(TE) 
G2(R)=((-.5*BB*(R*R-B*B)/(1+PR))-(BB*A*A/(1-PR)*ALOG(R/B)))/D(TE) 
F1(R)=(B*B*A/(4.*D(TE)))*((1-(R/B)**2)*(PRR+AA*ALOG(A/B)) 

1 +((R/B)**2*ALOG(R/B))-(2.*AA*PRS*ALOG(A/B)*ALOG(R/B))) 
DG1(R)=((R*AA/(1+PR))+(AA*B*B/((1-PR)*R)))/D(TE) 
DG2(R)=((-R*BB/(1+PR))-(AA*B*B/((1-PR)*R)))/D(TE) 
DF1(R)=(B*B*A/(4.*D(TE)))*((-2.*R/(B*B))*(PRR+AA*ALOG( 

1 A/B))+(2.*R*ALOG(R/B)/(B*B))+(R/(B*B)) 
2 -(2.*AA*(1+PR)*ALOG(A/B)/(R*(1-PR)))) 

DDG1(R)=(AA/((1+PR)*DE))-(AA*B*B/((1-PR)*DE*R*R)) 
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C 

C 

DDG2(R}=(-BB/((1+PR}*DE}}+(AA*B*B/((1-PR}*DE*R*R}) 
DDFl(R}=(B*B*A/(4.*DE}}*((-2./B**2}*(PRR+AA*ALOG(AB}}+ 

1 (2./B**2}*ALOG(R/B}+(3./(B**2}}+(2.*AA*PRS*ALOG(AB) 
2 /(R*R}}) 

ODWP(R}=(P*B**4/(8.*DE}}*((-2*XM2/B**2}+(XM3/R**2} 
1 +(1.5*R**2/B**4}-(2.*AB**2*ALOG(R/B}/B**2}-(3.*AB**2/B**2)} 

WE(R}=AMl*Gl(R}+AM2*G2(R}+FAX*Fl(R} 
THE(R}=AMl*DGl(R}+AM2*OG2(R}+FAX*DFl(R} 
TH(R} =THP(R} +THE(R} 
DOWE(R} =A~1*OOGl(R}+AM2*DDG2(R}+FAX*DDFl(R} 
DOW(R} =DDWE(R} +DDWP(R} 

C ***READ AND PRINT TITLE OF PROBLEM*** 
READ(5,5} (TITLE(I},1=1,20) 
WRITE(6,6} (TITLE(I},I=1,20) 

5 FORMAT(20M} 
6 FORMAT(6X,20A4} 

C 
C ***INPUT DATA*** 

READ(5,*) TS,TE,YM,EL,A,B,P,FAX 
C 
C ***PRINT INPUT DATA*** 

C 

WRITE(6,15} TS,TE,YM,EL,A,B,P,FAX 
15 FORMAT(1HO/16X,"*****************INPUT DATA****************"// 

+6X,"SHELL THICKNESS •......•...•.•••.•.......••...••. =",F10.3/ 
+6X,"EXPANSION JOINT THICKNESS ••.•.......•••.•.•...•. =" ,FlO.3/ 
+6X,"YOUNGS MODULUS ••...•..•..•..••.......•.•..•....• =",E10.3/ 
+6X,"EFFECTIVE LENGTH OF OUTER SHELL ..•.....•....•... =",FIO.3/ 
+6X,"MEAN RADIUS OF SHELL •.•...••.....••....•....•... =" ,FlO.3/ 
+6X, "MEAN RADIUS OF OUTER SHELL ••.........••.....•... =" ,flO .3/ 
+6X,"PRESSURE .•••.••.......•.......•.....•..•........ =" ,FIO.3/ 
+6X,"AXIAL LOAD PER UNIT MAIN SHELL CIRCUMFERENCE •... =",FIO.3/} 

TOL=1.OE-06 
PR=.3 
FXX=(FAX*A+.5*P*(B*B-A*A}} /B 
DELTAS=(P*A*A/(YM*TS}}-(A*PR*FAX/(YM*TS}} 
DELTAE=(P*B*B/(YM*TE}}-(B*PR*FXX/(YM*TE}} 
AB=A/B 
PRR=(3+PR}/(2.*(1+PR}} 
PRS=(1+PR}/(1-PR} 
AA=A*A/(A*A-B*B} 
BB=B*B/ (A* A-B*B) 
XMl=((5+PR}/(8.*(1+PR}}}-(A*A*(3+PR}/(4.*B*B*(1+PR}}} 

1 +ALOG(AB}*AB**4/(1-AB**2} 
XM2=((1-AB*AB}*(3+PR}*.25/(1+PR}}+(ALOG(AB}*AB**4/(1-AB*AB}} 
XM3=(AB*AB*(3+PR}/(2*(1-PR}}}+(2*ALOG(AB}*(1+PR}*AB**4/ 

1 ((l-PR}*(l-AB*AB}}) 
Yl=1./(2.*BETA(TS,A}*D(TS}} 
Xl=DG1(A) 
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C 

C 

X2=DG2(A) 
X3=DFl (A) 
X4=DGl(B) 
X5=DG2(B) 
X6=DFl (B) 
BE=BETA(TE ,B) 
BETAS =BETA(TS,A) 
OS =D(TS) 
DE= D(TE) 
AL=BE*EL 
DENOM=SINH(AL)+SIN(AL) 
CHAIl=(COSH(AL)+COS(AL))/DENOM 
CHAI2=(SINH(AL)-SIN(AL))/DENOM 
CHA13=(COSH(AL)-COS(AL))/DENOM 
Y2=(4.*BE**3*B*B*CHAI3/(YM*TE))-(2.*BE**3*B*B*CHAI2 

1 **2/(YM*TE*CHAIl)) 
DEL=(Xl-Yl)*(X5+Y2)-X2*X4 
AMl=((X5+Y2)*(-FAX*X3-THP(A)-BETA(TS,A)*DELTAS)-X2*(-FAX 

*X6-THP(B)+(BETA(TE,B)*DELTAE*CHAI2jCHAll)))/DEL 
AM2=((Xl-Yl)*(-FAX*X6-THP(B)+(BETA(TE,B)*CHAI2*DELTAE/CHAII 

1 ))-X4*(-FAX*X3-THP(A)-BETA(TS,A)*DELTAS) )/DEL 
SPREAD=2.*(AM1*Gl(A)+AM2*G2(A)+FAX*Fl(A)+WP(A)) 

WRITE(6,25) SPREAD . 
25 FORMAT(IHO,15X,"******************RESULTS*****************"11 

+6X,"JOINT SPREAD .••..••••••••••••••....••••••....••• =",ElO.3/) 
IF(ABS(FAX).LT.TOL) GO TO 100 
AK=FAX/SPREAD 
WR ITE ( 6,26) AK 

26 FORMAT(6X,"JOINT STIFFNESS •.•.••.•.••••••.••.•••.••.••••••• =" 
+FlO.3/) 

100 AQ1=-BETAS*AMl-2.*BETAS**3*DS*DELTAS 
AQ2=(AM2*BE*CHAI2/CHAIl)+(YM*TE*DELTAE/(2.*BE*B*B*CHAI1)) 

C CHECK SATISFACTION OF BOUNDARY CONDITIONS 
THAS=AMI/(BETAS*DS)+AQ1*YI/BETAS 
THAP=TH(A) 
THBP=TH(B) 
THBS=(-2*AQ2*BE**2*B**2*CHAI2+4*AM2*BE**3*B**2*CHAI3)1(YM*TE) 

C END CHECK 
C 
C ****STRESSES IN THE MAIN SHELL**** 
x WRITE(6,3S) 

35 FOR~IAT( 1 H0/15X, "- ---- ----------MAI N SHELL RESUL TS-- -----------" 1 1 
+ lOX, II X ", 7X, II RAD 1AL II , 5X, II LONGITUD I NAL STRESS" ,3X, II CIRCUMFERENTIAL 
+STRESS" 1 16X, II DEFLECTI ON" ,4X, II ~IEMBRANE ", 2X, II BEND ING" , 6X, 
+" ~IEMBRANE" , 3X, II BEND I NG" I) 

SIGLM=FAX/TS 
RANGE=3.*(A*TS)**.5 
DO 10 1=1,11 
X= (I -1) *RANGE* .1 
EXPS=EXP(-BETAS*X) 
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10 

C 
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WX=W(X) 
SIGTHM=YM*WX/A 
SIGLB=(6/(BETAS*TS*TS))*(BETAS*AMl*PHI(X)+AQl*ZETA(X)) 
SIGTHB=PR*SIGLB 
WRITE(6,45) X,WX,SIGLM,SIGLB,SIGTHM,SIGTHB 
FORMAT(IHO,5X,F7.4,5EI2.4) 
CONTINUE 

C *****COMPUTE ANNULAR PLATE STRESSES***** 
WRITE(6,55) 

55 FORMAT(IHO/15X,"----------ANNULAR PLATE RESULTS------------"// 
+6X," RADIUS" , 7X," PLATE" ,3X, "CIRCUMFERENTIAL STRESS", 7X, 

65 
20 

C 

+"RADIAL STRESS"/16X,"DEFLECTION",3X,"MEMBRANE BENDING",5X, 
+"MEMBRANE BENDING"/) 

DO 20 1=1,11 
R=A+(I-l)*(B-A)*.1 
WPLT=WE(R) +WP(R) 
AMTHETA=DE*«TH(R)/R)+PR*DDW(R)) 
AMR=DE*(DDW(R)+(PR*TH(R)/R)) 
SIGTHETA=6.*AMTHETA/TE**2 
SIGR=6.*AMR/TE**2 
SRM=(AQ2-AQl)*AA*(B/R)**2-AQ2*BB+AQl*AA 
STHM=(AQI-AQ2)*AA*(B/R)**2-AQ2*BB+AQl*AA 
WRITE(6,65) R,WPLT,STHM,SIGTHETA,SRM,SIGR 
FORMAT(IHO,5X,F7.4,5EI2.4) 
CONTINUE 

C *****OUTER SHELL STRESSES***** 
WRITE( 6,75) 

75 FORMAT(IH0/15X,"-----------OUTER SHELL RESULTS------------"// 

95 
30 

+ lOX," X" , 7X," RADIAL" , 5X," LONGITUD 1 NAL STRESS" ,3X," CIRCUMFERENTIAL 
+STRESS"/15X,"DEFLECTION",4X,"MEMBRANE BENDING",6X, 
+"MEMBRANE BENDING"/) 

AJl=SIN(BE*EL*.5)*SINH(BE*EL*.5) 
AJ2=COS(BE*EL*.5)*COSH(BE*EL*.5) 
ZZ=AJ1**2 +AJ2**2 
BEuE=.5/(BE**2*DE) 
CONSl=(AJ2*AM2*BEDE-AJ1*DELTAE)/ZZ 
CONS2=-(AJ1*AM2*BEDE+AJ2*DELTAE)/ZZ 
SIGLM=FXX/TE 
DO 30 1=1,6 
X=(I-1)*.1*EL 
CCX=CONS2*(COS(BE*X)*COSH(BE*X)) 
SSX=CONS1*(SIN(BE*X)*SINH(BE*X)) 
DEFLEC=DELTAE+CCX+SSX 
SIGLB=(12.*DE*BE**2/(TE*TE))*(CCX-SSX) 
SIGTHB=PR*SIGLB 
SIGTHM=YM*DEFLEC/B 
WRITE(6,95) X,DEFLEC,SIGLM,SIGLB,SIGTHM,SIGTHB 
FORMAT(lHO,5X,F7.4,5E12.4) 
CONTINUE 

STOP 
END 
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*** TEST PROBLEM UNIT PRESSURE *** 

*****************INPUT DATA**************** 

SHELL THICKNESS ••••••••••••••••••••••••••••••••• = 
EXPANSION JOINT THICKNESS ••••••••••••••••••••••• 
YOUNGS MODULUS •••••••••••••••••••••••••••••••••• 
EFFECTIVE LENGTH OF OUTER SHELL ••••••••••••••••• = 
MEAN RADIUS OF SHELL •••••••••••••••••••••••••••• = 
MEAN RADIUS OF OUTER SHELL •••••••••••••••••••••• 
PRESSURE • \II \II ••••••••••••••••••••••••••••••••• \I ••• 

.250 

.250 
.300E+08 

3.680 
20.000 
23.430 

1.000 
AXIAL LOAD PER UNIT ~AIN SHELL CIRCUMFERENCE •••• .000 

******************RESULTS***************** 

JOINT SPREAD •••••••••••••••••••••••••••••••••••• = .565E-03 

---------------MAIN SHELL RESULTS-------------

X RADIAL LONGITUOINAL STRESS CIRCU~FERENTIAL STRESS 
DEFLECTION MEMBRANE BENDING MEMBRANE BENDING 

.0000 .0000£+00 .0000£+00 -.2225E+03 .OOO.OE+OO -.6676E+02 

.6708 .3098£-04 .OOOOE+OO -.2092£+03 .4647E+02 -.6276E+02 

1.3416 .4983£-04 .OOOOE+OO -.1607E+03 .7474E+02 -.4822E+02 

2.0125 .5925E-04 .OOOOE+OO -.1058E+03 .8888£+02 -.3174E+02 

2.6833 .6242E-04 .OOOOE+OO -.5901E+02 .9362£+02 -.1770E+02 

3.3541 .6204£-04 .0000£+00 -.2543E+02 .9306£+02 -.7630E+Ol 

4.0249 .6011E-04 .OOOOE+OO -.4761E+Ol .9016E+02 -.1428£+01 

4.6957 .5784£-04 .0000£+00 .5761E+01 .8676E+02 .1728E+Ol 

5.3666 .5588£-04 .OOOOE+OO .9462£+01 .8382E+02 .2839£+01 

6.0374 .5446E-04 .OOOOE+OO .9260£+01 .8169E+02 .2778E+Ol 

6.7082 .5358E-04 .0000£+00 .7293£+01 .8036E+02 .2188E+Ol 

723 
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----------ANNULAR PLA1E RESULTS------------

RADIUS PLATE CIRCUMFERENTIAL STRESS RADIAL STRESS 
DEFLECTION MEMBRANE BENDING MI':MBRANE BI':NDING 

20.0000 .2825E-03 .2090E+02 -.8624E+02 -.2828E+00 -.2225E+03 

20.3430 .2616E-03 .2055E+02 -.8681E+02 .7140E-Ol -.2147E+03 

20.6860 .2375E-03 .2021E+02 -.8381E+02 .4082E+00 -.1959E+03 

21.0290 .2107E-03 .1989E+02 -.771910+02 .7286E+00 -.1666E+03 

21.3720 .1814E-03 .1959E+02 -.668810+02 .1034E+Ol -.1270E+03 

21. 7150 .1503E-03 .1930E+02 -.5287E+02 .1324E+Ol -.7730E+02 

22.0580 .1182E-03 .1902E+02 -.3510E+02 .1602E+Ol -.1780E+02 

22.4010 .8599E-04 .1876f.+02 -.1356E+02 .1866E+Ol .5130E+02 

22.7440 .5464E-04 .1850E+02 .1179E+02 .2119E+Ol .1298E+03 

23.0870 .2550E-04 .1826E+02 .4095E+02 .2361E+Ol .2175E+03 

23.4300 .OOOOE+OO .1803E+02 .739510+02 .2592E+Ol .3142E+03 

-----------DUTER SHELL RESULTS------------

X RADIAL LONGITUDINAL STRESS CIRCU~FERENTIAL STRESS 
DEFLECTION MEMBRANE BENDING MEMBRANE BENDING 

.0000 -.9347E-05 .1272E+02 -.3435E+03 - .1197E+02 -.1031E+03 

.3680 -.9438E-05 .1272E+02 -.3430E+03 -.1208E+02 -.1029E+03 

.7360 -.9477E-05 .1272E+02 -.3403E+03 -.1213E+02 -.1021E+03 

1.1040 -.8768E-05 .1272E+02 -.3325E+03 -.1123E+02 -.9975E+02 

1.4720 -.6150E-05 .1272E+02 -.3146E+03 -.7874E+Ol -.9438E+02 

1.8400 -.5912E-11 .1272E+02 -.2797E+03 -.7569E-05 -.8390E+02 

*** TEST PROBLEM UNIT AXIAL LOAD *** 

*****************INPUT DATA**************** 

SHELL THICKNESS ••••••••••••••••••••••••••••••••• .250 
EXPANSION JOINT THICKNESS ••••••••••••••••••••••• = .250 
YOUNGS MODULUS •••••••••••••••••••••••••••••••••• = .300E+OR 
EFFECTIVE LENGTH OF OUTER SHELL ••••••••••••••••• = 3.680 
MEAN RADIUS OF SHELL •••••••••••••••••••••••••••• = 20.000 
MEAN RADIUS OF OUTER SHELL •••••••••••••••••••••• 23.430 
PRESSURE •••••••••••••••••••••••••••••••••••••••• = ,DOD 
AXIAL LOAD PER UNIT MAIN SHELL CIRCUMFERENCE •••• = 1.000 

******************RESULTS***************** 

JOINT SPREAD •••••••••••••••••••••••••••••••••••• .273E-03 

JOINT STIFFNESS ••••••••••••••••••••••••••••••••• 3663.448 
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---------------M~IN SHELL RESULTS-------------

X RADIAL LONGITUDINAL STRESS CIRCUMFERENTIAL STRESS 
DEFLECTION "'EMBRANE BENDING MEMBRANE BENDING 

.0000 -.2728E-ll .4000E+OI -.1942E+03 -.4093E-05 -.5827E+02 

.6708 .9526E-05 .4000E+OI -.12UE+03 .1429E+02 -.3640E+02 

1.3416 .1184E-04 .4000E+OI -.6310E+02 .1776E+02 -.1893E+02 

2.0125 .1036E-04 .4000E+OI -.2340E+02 .1554E+02 -.702IE+Ol 

2.6833 .74UE-05 .4000E+OI -.3107E+00 .111 2E+02 -.9320E-OI 

3.3541 .4391E-05 .4000E+OI .1043E+02 .6586E+OI .3129E+OI 

4.0249 .1943E-05 .4000E+OI .1329E+02 .2915E+01 .3986E+Ol 

4.6957 .2565E-06 .4000E+OI .1192E+02 .3848E+00 .3576E+01 

5.3666 -.7372E-06 .4000E+01 .8879E+Ol -.1106E+OI .2664E+Ol 

6.0374 -.1209E-05 .4000E+Ol .5676E+Ol -.1814E+Ol .1703E+Ol 

6.7082 -.1345E-05 .4000E+Ol .3046E+Ol -.2017E+Ol .9139E+00 

----------ANNULAR PLATE RESULTS------------

RADIUS PLATE CIRCUMFERENTIAL STRESS RADIAL STRESS 
DEFLECTION MEMBRANE BENDING MEMBRANE BENOING 

20.0000 .1365E-03 -.4086E+Ol -.6580E+02 .1187E:+01 -.1942E+03 

20.3430 .1277E-03 -.3997E+Ol -.5796E+02 .1099E+Ol -.1596E+03 

20.6860 .1165E-03 -,3914E+Ol -.4981E+02 .1015E+Ol -.1260E+03 

21.0290 .1034E-03 -.3834E+01 -.4139E+02 .9356E+00 -.9341"+02 

21.3720 .8895E-04 -.3758E+01 -.3273E+02 .8596F:+OO -.6169E+02 

21.7150 .7365E-04 -.3686E+01 -.2384E+02 .7873E+00 -.3083E+02 

22.0580 .5792E-04 -.3617E+Ol -.1476E+02 .7!83E+00 -.8003E+OO 

22.4010 .4224E-04 -.3551E+Ol -.5501E+Ol .6524E+00 .28461':+02 

22.7440 .2710E-04 -.3488E+Ol .3914E+Ol .5895E+00 .5697E+02 

23.0870 .1287E-04 -.3428E+Ol .1347E+02 .5294E+00 .8478F:+02 

23.4300 .OOOOE+OO -.3370E+Ol .2314E+02 .4719E+00 .1119E+03 

-----------OUTER SHELL RESULTS------------

X RADIAL LONGITUDINAL STRESS CIRCUMFERENTIAL STRESS 
DEFLECTION MEMBRANE BENDING MEMBRANE BENDING 

.0000 -.1557E-04 .3414E+Ol -.6376E+02 -.1993E+02 -.1913E+02 

.3680 -.1503E-04 .3414E+Ol -.6607E+02 -.1924E+02 -.1982E+02 

.7360 - .1336E-04 .3414E+Ol -.7281E+02 -.1710E+02 -.2184E+02 

1.1040 -.1044E-04 .3414E+Ol -.8340E+02 -.1336E+02 -.2502E+02 

1.4720 -.6068E-05 .3414E+Ol -.9684E+02 -.7769E+Ol -.2905E+02 

1.8400 .1819E-11 .3414E+Ol -.1116E+03 .2329E-05 -.3349E+02 
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APPENDIX 15.B 

COMPUTER PROGRAM EJMAREC 

The source code calculates all quantities necessary for an EJMA stress 
analysis of a rectangular joint. As a criteria for an acceptable joint, the 
source code assumes that, given an allowable stress, SA' the expansion joint 
is acceptable if 

a. The maximum membrane stress due to pressure <SA 
b. The maximum membrane stress plus the maximum 

bending stress ::s; 1.5SA 

c. The maximum total stress due to pressure and due to 
movement ::s;3.0SA 

The source code also computes the spring rate, the joint deflection, and 
the overall forces and moments. The equations programmed are those of 
Section C-S.7 of the EJMA Standards for "U" profiles. A call to a 
subroutine for fatigue calculation is included, but the user must add his/her 
own fatigue requirements. The code listed here uses the following logical 
unit numbers. 

NR input from a stored data file 
NW output to a stored data file 

5 input from keyboard 
6 output to screen or typewriter terminal 

The following data must be input from either file NR or from the keyboard 
(NR = 5). The units should be inches, pounds, etc. 

LINE #1 

W, R, EPS, ELL, ELS, THETA, IOPT 

W 
R 

EPS 
ELL 
ELS 

THETA 
IOPT 

depth of convolution 
= meridional radius 

straight segment of convolution 
long span of joint 

= short span of joint 
O. 
o if EN, T are given and only a single run is desired. 
1 if EN, T are to be chosen within range 1 < EN < 5 and T 
between 12 and 19 gage. EN and T are defined in Line # 4. 
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EPS 

o 

O=4R+2EPS 

w 

·1 N: Numberof 
convolutions 

Fig. IS.B.I. Convolution geometry (code EJMAREC). 

LINE #2 

SLIMIT, YOUNG, SCF 

SLIMIT 
YOUNG 

SCF 

LINE #3 

allowable membrane stress 
E for material 
fatigue stress concentration factor (default = 1.0) 

AXIAL, THL, THS, YL, YS, P 

AXIAL increase in length due to axial 
movement 
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THL 
THS 

YL 
YS 

P 

OL 
Os 
shear movement in long direction 
shear movement in short direction 
pressure (internal) to joint 

} 
See EJMA Standards 
for description 

LINE #4 (Include only if IOPT = 0 on line 1) 
T,EN 

T thickness of bellows 
EN = number of convolutions (READ IN AS REAL 

NUMBER WITH DECIMAL POINT.) 
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LINE #5 (Same as line 1) 
TO END JOB, READ IN W = 0 AS ONLY DATA ON THIS CARD. 

SAMPLE DATA FILE 

1. 2.75,0.5625,0.125,107.25,57.25,0.,1 
2. 60000.,27700000. 
3. 0.3,0.0056,0.0056,0.005,0.01,15.3 
4. 0., 

Note that for this run, the code is being asked to choose the number of 
convolutions required and the thickness of the bellows metal. The code 
loops over the number of convolutions starting from 1, and then loops over 
the permitted gages (12 gage to 19 gage) until it finds a configuration that 
meets the stress requirements. 

The output obtained from this sample run is presented here. 
The quantities printed out during each iteration are given in the EJMA 

standards. Of importance for design are: 

AMOM 

SMEM 

SP + SB 

SMP 
SMP + SMD 

EE 

EC 

SC 
Y 

SCF 
SIGMA(ALT) 

== 

== 

== 

moment of inertia of convoluted section (EJMA Eq. 
C-52) 
Eq. C-56 of EJMA (calculated for each direction 
and the maximum value printed) 
The maximum of [lEq, C-561 + I Eq. C-57 I (for 
each direction), or Eq. C-58]. That is, SP + DB in 
the membrane plus bending component in the 
longitudinal direction, or is meridional bending 
stress 
Eq. C-58 (meridional bending stress due to pressure) 
maximum meridional bending stress due to pressure 
plus deflection (EJMA Eq. C-58 and Eq. C-59) 
maximum combined extensional movement per 
convolution 
maximum combined contractional movement per 
convolution 
bellows spring constant (EJMA Eq. C-62) 
bellows pressure deflection (EJMA Eq. C-60) 
stress concentration factor (input) 
alternating stress range 

When the final design configuration is achieved, the program also prints 
out the forces, F, V, M as defined in Table III of EJMA for the movement 
parallel to the long and short sides, respectively. 
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PROGRAM EJMAREC 

PROGRAM MAIN 
C******PROGRAM EJ1'iAREC 1983 
C INPUT DATA 
C R=MERIDIONAL RADIUS 
C W=CONVOLUTION UEPTHS 
C THETA=SEMI-V ANGLE (ZERO FOR U-SHAPE) 
C N=NUMBER OF CONVOLUTIONS 
C IOPT=RUN OPTION 
C =0 GIVEN # OF CONVOLUTIONS AND GAGE, COMPUTE STRESSES 
C =1 COMPUTE THE REQUIRED # OF CONVOLUTIONS AND GAGE, 
C GIVEN BELLOWS WAND R 
C ELL=LONG SPAN OF BELLOWS CROSS SECTION 
C ELS=SHORT SPAN OF BELLOWS CROSS SECTION 
C SLIMIT=ALLOWABLE STRESS (SECTION EIGHT) 
C FOR BELLOWS MATERIAL 
C T=BELLOWS THICKNESS 
C N=NO OF CONVOLUTIONS 
C AXIAL=AXIAL INCREASE IN BELLOWS LENGHT 
C DUE TO END FORCES 
C THL=ANGULAR ROTATION (RADIAN) PARALLEL TO LONG SIDE 
C THS=ANGULAR ROTATION (RADIAN) PARALLEL TO SHORT SIDE 
C YL=APPLIED LATERAL MOVEMENT OF ONE END WITH RESPECT 
C TO ANOTHER PARALLEL TO THE LONG SIDE 
C YS=APPLIED LATERAL MOVEMENT PARALLEL TO SHORT SluE 
C P=INTERNAL PRE SURE (EXTERNAL NEGATIVE) 
C YOUNG=YOUNG'S MODULU~ OF BELLOWS MATERIAL 
C ELST=STEM BRACE UNSUPPORTED LENGTH 
C EPS=BELLOWS STRAGHT LENGTH INCREMENT 
C 
C INTERNALLY COMPUTED DATA: 
C 
C Q=BELLOWS PITCH 
C EL=TOTAL BELLOWS EFFECTIVE LENGTH 
C AMUM=MOMENT OF INERTIA OF BELLOWS CROSS SECTION 
C BETA=RATIO OF BELLOWS PERIMETER TO PITCH 
C EXXX=MAXIMUM MOMENT PER CONVELUTION DUE TO 
C MOVEMENT XXX 
C EE=MAXIMUM COMBINED EXTENTIONAL MOVEMENT PER 
C CONVOLUTION 
C EC=MAXIMUM COMBINED CONTRACTIONAL MOVEMENT PER 
C CONVOLUTION 
C************************************************* 
C COMPUTER PROGRAM "REJ~A" 

COMMONjONEjAMOM,X,BETA,Q,EPS 
COMMONjTWOjELL,ELS,T,W,YOUNG,R,N 
COMMON/THREEjEC,EE,SC 
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COMMON/FGUR/DEFLEC,SPL,SPS,SLPL,SLPS,SMP,SMDE,SMDC 
COMMON/FIVE/ SMEM,SMBENL,SMBENS,SMBEN,STHERM 

COMMON/SIX/EXE,ETHL,ETHS,EYL,EYS 
DIMENSION GAGE(8) 
DATA GAGE/.1094,.0937,.0781,.0703,.062S,.0562,.050,.0437/ 

C DATA BLOCK FOR GAGE ARRAY GOES 
C FROM 12 GAGE TO 19 GAGE, 
C I.E.: GAGE (1)=12 GAGE 
C READ GEOMETRY DATA AND INPUT OPTIONS 

WRITE( 6,6050) 
6050 FORMAT(2X, 'READ IN NR,NW, THE UNIT NU~IBERS FOR IN AND OUT') 

READ(5,*)NR,NW 
700 READ(NR,*)W,R,EPS,ELL,ELS,THETA,IOPT 

IF(W.EQ.O.)STOP 
READ(NR,*)SLIMIT,YOUNG,SCF 

IF(SCF.EQ.O.)SCF=l. 
C READ IN MOVEMENTS AND LOADS 

READ(NR,*)AXIAL,THL,THS,YL,YS,P 
IF(IOPT.EQ.O)READ(NR,*)T,EN 
IF(IOPT.EQ.O)N=IFIX(EN) 

ELMAX=AMAXl(ELL,ELS) 
C COMPUTE GEOMETRY DEPENDENT DATA 

NI=5 
NJ=8 
IF(IOPT.EQ.OiNI=l 
IF(IOPT.EQ.O)NJ=l 

DO 100 I=l,NI 
DO 100 J=l, NJ 
IF(IOPT.EQ.O)GO TO 40 
T=GAGE(J) 
N=I 

40 CONTINUE 
CALL GEOM(THETA,W,R,ELMAX,T,N) 

WRlTE(NW,85) 
85 FORMAT(lX,' *****************************') 

WRITE(NW,50)AMOM,Q 
50 FOR~iAT(lX, 'AMOM=' ,El5.5,3X, 'Q=' ,Fl5.5) 

EL=Q*N 
CALL MOVE(AXIAL,THL,THS,YL,YS,EL) 

CALL STRESS(P) 
CALL CRITER(SLIMIT,IOUT,SRANGE,P) 
IF(IOUT)110,110,90 

90 WRITE(NW,95)T,N,IOUT 
95 FOR~]AT(1X,' T=' ,FlO. 5 ,2X,' N=' ,110 ,2X, 'IOUT=' ,110) 

WRITE(NW,600)SMEM,SMBEN,SMP,STHERM 
600 FORMAT (IX, , StI,Etll, SP+SB, SMP, StlIP+SMD' ,4 (IX, lPEll. 4) ) 

WRITE(NW,60l)EC,EE,SC,DEFLEC 
CALL FATIG(SRANGE,SCF) 

WRITE(NW,802)SCF,SRANGE 
802 FORtllAT (IX, 'SCF=' , F6. 3, , SiGMA(AL T)=' ,Fl5.0) 
6Ul FORMAT(IX,' EC,EE,FI, Y=' ,4(lPEl1.4,lX)) 
100 CONTI NUE 
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110 CGNT! NUE 
WRITE(NW,85) 

WRITE(NW,240) 
240 FORMAT(bX,19H***FINAL RESULTS***) 

WRITE(NW,120)T,N,EL 
WRITE(NW,600)SMEM,SMBEN,SMP,STHERM 

WRITE(NW,601)EC,EE,SC,DEFLEC 
CALL FORCE(EL,P,NW) 

120 FORMAT(lX, 'T=' ,FlO.5,2X, 'N=' ,I6,2X, 'EL=' ,FI5.5) 
GO TO 700 
END 

C************************************************* 
SUBROUTINE GEOM(THETA,W,R,ELMAX,T,N) 
COMMON/ONE/AMOM,X,BETA,Q,EPS 
PI=3.14189 
TOL=.OOI 
Q=4*R*COS(THETA)+TAN(THETA)*(2*W-4*R*(I-SIN(THETA))) 

1+2*EPS 
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AMOM=N*«T*(2*W-Q)**3/48.0)+(0.4*Q*T*(W-O.2*Q)**2)) 
BETA=«W/R)+1.15)*2*R/Q 
IF(THETA.GT.TOL)BETA=(2*PI*R+2*SQRT(Q*Q*0.25+w*W-R*(2*Q+4*W)))/Q 
X=1.O+AMOM*12*(N*Q/T)**3*(BETA/ELMAX**4) 
RETURN 
END 

C 
C************************************************* 

SUBROUTINE MOVE(AXIAL,THL,THS,YL,YS,EL) 
C COMPUTES COMBINED COMPRESSIVE AND EXTENSIONAL 
C MOVEMENTS PER CONVOLUTION. 

C 

COMMON/SIX/EXE,ETHL,ETHS,EYL,EYS 
COMfvIGN/THREE/EC, EE, SC 
COMMON/TWO/ELL,ELS,T,W,YOUNG,R,N 
EXE=AXIAL/FLCAT(N) 
AXC=AXIAL 
ETHL=THL*ELL/(2.0*N) 
ETHS=THS*ELS/(2.0*N) 
EYL=3.0*ELL*YL/(N*(EL+AXC)) 
EYS=3.0*ELS*YS/(N*(EL+AXC)) 
EC=EYL+EYS+ETHL+ETHS-EXE 
EE=EYL+EYS+ETHL+ETHS+EXE 
RETURN 
END 

C************************************************* 
SUBROUTINE STRESS(P) 
COMMON/ONE/AMOM,X,HETA,Q,EPS 
COMMON/TWO/ELL,ELS,T,W,YOUNG,R,N 
COMMON/THREE/EC,EE,SC 
COMMON/FOUR/DEFLEC,SPL,SPS,SLPL,SLPS,SMP,SMDE,SMDC 

C COMPUTES MAXIMUM MERIDIONAL AND LONGITUDENAL STRESSES 
SLPLS(Y)=P*Y*Y*N*Q*0.5*W*(1.0-(1.O/X))/(12.0*AMOM) 
SMDEC(Y)=5.0*YOUNG*T*Y/(3.0*W*W*«3.*R/W)+1.0)) 
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C 

AB=T*(BETA*Q ) 
SPS=P*ELS*Q/(2.0*AB) 
SPL=P*ELL*Q/(2.*AB) 
SLPL=SLPLS(ELL) 
SLPS=SLPLS(ELS) 
SMP=O.5*(W/T)**2.0*(1.0-1.3*R/W)*P 

SMDE=ABS(SMDEC(EE))+SMP 
SMDC=ABS(SMDEC(EC))+SMP 

DEFLEC=P*(N*Q)**4*BETA/(32.*YOUNG*T**3*X) 
SC=YOUNG*T**3*(ELL+ELS)/(W**3*(3.4*R/W+l.)) 
RETURN 
END 

C************************************************* 
SUBROUTINE CRITER(SLIMIT,IOUT,SRANGE,P) 

C CUMPARES THE COMPUTED STRESSES WITH THE ALLOWABLES 
COMMON/FIVE/ SMEM,SMBENL,SMBENS,SMBEN,STHERM 

COMMUN/FOUR/DEFLEC,SPL,SPS,SLPL,SLPS,SMP,SMDE,SMDC 
roUT=O 
SMEM=AMAXl(SPL,SPS) 
5MBENL=SPL+SLPL 
SI":BENS=SP S+ SLP S 
5MBEN=AMAXl(SMBENL,SMBENS,SMP) 
STHERIVI=A~lAXl (ABS(S~'iDE) ,ABStSIVIDC)) 
IF(SMEh.GT.SLIMIT)IOUT=lO 
IF(SMBEN.GT.l.5*SLIMIT)IOUT=IOUT+100 
IF(STHERM.GT.3*SLIMIT)IOUT=IOUT+IOOO 
Sl=AMAXl(SMBENL,SMBENS) 
S2=STHERM 
S3=-ABS(P/2.) 
S12=ABS(Sl-S2) 
S23=ABS(S2-S3) 
S31=ABS(S3-S1) 
SRANGE=.5*AMAXl(S12,S23,S31) 

RETURN 
END 

C************************************************* 
SUBROUTINE FORCEtEL,P,NW) 
COMMON/THREE/EC,EE,SC 
COMMON/SIX/EXE,ETHL,ETHS,EYL,EYS 
COMMON/TWD/ELL,ELS,T,W,YGUNG,R,N 
TL=ELL/3*((3*ELS+ELL)/(ELL+ELS)) 
TS=ELS/3*((3*ELL+ELS)/(ELL+ELS)) 
FA=SC*EXE 
EML=SC*TL*(ETHL+EYL)/4 
EMS=SC*TS*(ETHS+EYS)/4 
VL=SC*TL*EYL/EL 
VS=SC*TS*EYS/EL 
WRITE(NW,lOO) 

100 FORMAT(lX,'FORCES AND MOMENTS') 
WRITEtNW,lOl)FA,VL,VS 
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101 FORMAT(lX,' FA, VL,VS=' ,3(lPEl1.4,lX},' LBS.'} 
WRlTE(NW,102}EML,EMS 

102 FORMAT(lX,' EML,EMS=' ,2(lPEll.4,lX},' IN.LBS.'} 
RETURN 

END 
C************************************************* 

SUBROUTINE FATlG(SRANGE,SCF} 
SRANGE=SCF*SRANGE 

RETURN 
END 

***************************** 
AMOM= .61538E+00 Q= 2.50000 
T= .10940 N= 1 IOUT= 1000 
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SMEM,SP+SB,SMP,SMP+SMD 2.7598E+03 3.548SE+03 3.5485E+03 8.1001E+05 
EC,EE,FI,Y= 1.3485E+00 1.94S5E+00 1.6921E+05 1.3969E-03 
SCF= 1.000 SIGMA(ALT}= 405011. 

***************************** 
AMOM= .52706E+00 Q= 2.50000 
T= .09370 N= 1 IOUT= 1000 
SMEM,SP+SB,SMP,SMP+SMD 3.2222E+03 4.8372E+03 4.8372E+03 6.9557E+05 
EC,EE,FI,Y= 1.3485E+00 1.9485E+00 1.0631E+05 2.2218E-03 
SCF= 1.000 SIGMA(ALT}= 347787. 

***************************** 
AMOM= .43931E+00 Q= 2.50000 
T= .07810 N= 1 10UT= 1000 
SMEM,SP+SB,SMP,SMP+SMD 3.8658E+03 6.9627E+03 6.9627E+03 5.8269E+05 
EC,EE,Fl,Y= 1.3485E+00 1.9485E+00 6.1562E+04 3.8326E-03 
SCF= 1.000 SIGMA(ALT}= 291350. 

***************************** 
Af'IOM= .39544E+00 Q= 2.50000 
T= .07030 N= 1 10UT= 1000 
SMEM,SP+SB,SMP,SMP+SMD 4.2947E+03 8.5934E+03 8.5934E+03 5.2682E+05 
EC,EE,FI,Y= 1.3485E+00 1.9485E+00 4.4898E+04 5.2508E-03 
SCF= 1.000 SIGMA(ALT}= 263416. 

***************************** 
AMOt'I= .35156E+00 Q= 2.50000 
T= .06250 N= 1 lOUT= lOOO 
SMEM,SP+SB,SMP,SMP+SMD 4.8307E+03 1.0872E+04 1.0872E+04 4.7160E+05 
EC,EE,Fl,Y= 1.3485E+00 1.9485E+00 3.1550E+04 7.4636E-03 
SCF= 1.000 SIGMA(ALT}= 235806. 

***************************** 
AMOM= .31612E+00 Q= 2.50000 
T= .05620 N= 1 IOUT= 1000 
SMEM,SP+SB,SMP,SMP+SMD 5.3722E+03 1.3446E+04 1.3446E+04 4.2774E+05 
EC,EE,Fl,Y= 1.3485E+00 1.9485E+00 2.2939E+04 1.0252E-02 
SCF= 1.0UO SIGMA(ALT}= 213872. 

***************************** 
AMOM= .28125E+00 Q= 2.50000 
T= .05000 N= 1 IOUT= 1000 
SMEM,SP+SB,SMP,SMP+SMD 6.0384E+03 1.6988E+04 1.6988E+04 3.8557E+05 
EC,EE,FI,Y= 1.3485E+00 1.9485E+00 1.6154E+04 1.4532E-02 
SCF= 1.000 SIGMA(ALT)= 192790. 
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***************************** 
AMOM= .24581E+00 Q= 2.50000 
T= .04370 N= 1 IOUT= 1000 
SMEM,SP+SB,SMP,SMP+SMD 6.9089E+03 2.2239E+04 2.2239E+04 3.4438E+05 
EC,EE,FI,Y= 1.3485E+00 1.9485E+00 1.0785E+04 2.1709E-02 
SCF= 1.000 SIGMA(ALT)= 172195. 

***************************** 
ArvlOrvl= .12308E +01 Q= 2.50000 
T= .10940 N= 2 IOUT= 1000 
SMEM,SP+SB,SMP,SMP+SMD 2.7598E+03 5.0654E+03 3.5485E+03 2.9082E+05 
EC,EE,FI,Y= 3.9410E-01 6.9410E-01 1.6921E+05 2.1760E-02 
SCF= 1.000 SIGMA(ALT)= 145415. 

***************************** 
AMOM= .10541E+01 Q= 2.50000 
T= .09370 N= 2 IOUT= 1000 
SMEM,SP+SB,SMP,SMP+SMD 3.2222E+03 6.8548E+03 4.8372E+03 2.5088E+05 
EC,EE,FI,Y= 3.9410E-01 6.9410E-01 1.0631E+05 3.4283E-02 
SCF= 1.000 SIGMA(ALT)= 125446. 

***************************** 
AfvIOf'i= .87862E+00 Q= 2.50000 
T= .07810 N= 2 10UT= 1000 
SMEM,SP+SB,SMP,SMP+SMD 3.8658E+03 1.0036E+04 6.9627E+03 2.1205E+05 
EC,EE,FI,Y= 3.9410E-01 6.9410E-01 6.1562E+04 5.8231E-02 
SCF= 1.000 SIGMA(ALT)= 106026. 

***************************** 
AMOM= .79087E+00 Q= 2.50000 
T= .07030 N= 2 10UT= 1000 
SMEM,SP+SB,SMP,SMP+SMD 4.2947E+03 1.2650E+04 8.5934E+03 1.9319E+05 
EC,EE,FI,Y= 3.9410E-01 6.9410E-01 4.4898E+04 7.8851E-02 
SCF= 1.000 SlGfvIA(ALT)= 96601. 

***************************** 
.70313E+00 Q= 2.50000 

***************************** 
***FINAL RESULTS*** 

T= .06250 N= 2 EL= 5.00000 
SMEM,SP+SB,SMP,SMP+SMD 4.8307E+03 1.6517E+04 1.0872E+04 1.7499E+05 
EC,EE,FI,Y= 3.9410E-01 6.9410E-01 3.1550E+04 1.1029E-01 
FORCES AND MOMENTS 
FA,VL,VS= 4.7325E+03 5.8067E+04 4.4952E+04 LBS. 
EML,EMS= 1.4439E+05 8.3985E+04 IN.LBS. 



16. FLOW INDUCED VIBRATION 

16.1 INTRODUCTION 

A central goal in the thermal design of tubular heat exchangers is to 
utilize the available shellside pressure loss to maximize the shellside film 
coefficient. The most effective means of accomplishing this objective is to 
arrange the shells ide fluid to flow across the tube bank. Single segmental 
baffles (Fig. 1.4.5) provide the nearest practical alternative to a pure cross 
flow arrangement. Due to its ability to actuate maximum heat transfer rate 
for available pressure loss in a minimum amount of space, the single 
segmental baffle design has become a standard construction detail. Early 
texts on heat exchanger rating methods [16.1.1-2] acknowledged the 
dominance of the single segmental baffle design. It was not until the '60's, 
when widespread failure of tubes began to occur [16.1.3], that another 
consequence of shellside cross flow - flow induced vibration - came to the 
fore. In retrospect, relatively high fouling factors used in the petrochemical, 
chemical, and process industries had indirectly prevented uncovering of the 
vibration problem. High fouling factors specified by the user blunted the 
heat exchanger designer's motivation to maximize the shellside coefficient 
by maximizing cross flow velocities. Lower fouling factors, coupled with 
greater flow rates used in the power industry, removed this disincentive. 
Moreover, the specified pressure loss in power plant heat exchangers also 
tended to be greater. Conventional wisdom held, correctly so, that higher 
cross flow velocity (in the absence of erosion related problems) produce 
better operating heat exchangers by reducing the deposition rate of crud and 
debris on tube surfaces. Designers have since learned that ignoring the 
effect of increased cross flow velocity on tube vibration failure can be an 
expensive mistake. It is indeed true that sporadic failure of tubes in 
operating heat exchangers occurred even before the '60's. However, the 
significance of flow induced vibration on heat exchanger reliability did not 
attract sufficient attention until tube failures became commonplace, 
particularly in the power industry. Finally, it should be added that parallel 
flow has also been reported to be responsible for some tube failures. 
However, even in ostensibly parallel flow induced failures, cross flow 
components of the turbulent stream have been held responsible by some 
investigators [16.1.4]. From a practical designer's point of view, the design 
focus should rightfully rest on the cross flow component of the flow 
velocity. 

The last decade has witnessed vigorous research activity in the field of 
flow induced vibration in tube bundles. Numerous researchers have made 

735 
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valuable contrjbutions to our understanding of this phenomenon. Within 
the space limitations of this text, it is impossible to do justice to this subject 
matter in its entirety. Therefore, our goal herein is quite modest and 
focused. We attempt solely to foster a physical insight into the vibration 
problem, and to summarize the predictive methods proposed in the 
literature in a way suitable for use by the designer. Although prediction 
methods are presented in this chapter to aid in the heat exchanger design 
process, the designer should never lose sight of the elusive nature of the tube 
vibration problem. Unlike other subjects treated in this book, prediction 
methods for vibration remain essentially semi-empirical. Simple formulas 
cannot describe complex phenomena involving turbulent fluid flows. 
Although they are structured to bound the solution, imputing faultless 
performance to these correlations in all conditions of design would be 
unwise. 

In the next two sections, a brief discussion of failure types and vulnerable 
regions in the heat exchanger is given. The following section on vibration 
mechanisms is essentially introductory. A summary of some published 
prediction methods, which are believed to be most reliable, is next 
presented. The chapter also contains a brief essay on the methods employed 
to avoid the vibration problem. Finally, a step-by-step computation 
procedure to predict the incidence of flow induced vibration is laid out in 
Section 16.13. The necessary material on topics relevant to the subject 
matter, e.g., hydrodynamic mass, damping, etc. is also provided. A self­
contained section on tube natural frequency including U-tubes is provided 
to complete the development and to furnish the data needed to carry out the 
flow induced-vibration analysis. 

The reader is referred to the TEMA Standards [16.1.5] or Shah [16.1.6] 
for a practical treatment of this subject. 

16.2 VIBRATION DAMAGE PATTERNS 

Mechanical failure of a tube occurs in many different ways. The most 
commonly reported damages can be classified as follows: 

i. Collision damage: The amplitude of tube vibration is sufficiently 
large so that tubes impact against each other. Tubes located in the bundle 
periphery may impact the vessel wall. The tube wall is worn thin and 
eventually splits open. 

ii. Baffle damage: Baffle holes are drilled such that a diametral 
clearance of 1/64" (in tight fit designs) to 1/32" between tube and baffle 
hole exists." Thus, the tubes are free to laterally displace inside the baffle 
holes. If the drag forces are sufficiently large, repetitive impact between the 
tube wall and the baffle inside surface is produced. Since the baffles are of 

~MA Standards [16.1.5] give empirical rules on baffle hole clearance stated as a function 
of tube 0.0. and unsupported span. 
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finite thickness, the pressure distribution on the tube wall surface along the 
axial direction is nearly uniform over the extent of the baffle thickness 
except at the edges where sharp pressure peaks are produced. This situation 
is analogous to the stress distribution on the rollers in a roller bearing. The 
high edge contact forces can initiate local damage which can sever the tubes 
in a short time. 

lll. Tubesheet clamping effect: Tubes are rolled into the tubesheet to 
eliminate the crevice between the tube wall and the tubesheet hole. This 
joint thus simulates a built-in condition. The natural frequency of the tube 
span adjacent to the tubesheet is increased by this clamping effect. 
However, the stresses due to any lateral deflection of the tube are also 
maximum at the location where the tube emerges from the tubesheet, 
making it a prime candidate region for failure. Noting that one or both shell 
side nozzles are also located near the tube sheet in many designs, ordinarily 
high nozzle region velocities further contribute to tube failures in this 
region. 

iv. Material defect propagation: Tubes vibrate with very small am­
plitudes even in "safe" designs. This is due to baffle hole tube wall 
clearances, and to flexibility of the tube span. To a perfectly homogeneous 
material such low level stress fluctuations are harmless. However, if the 
material contains macroscopic flaws strategically oriented with respect to 
the stress field, then such cracks can readily propagate and actuate tube 
failure. Corrosion and erosion can add to such failure mechanisms. 

v. Metallurgical failure: Oxidation of the tube material and subsequent 
breaking up of the oxide layer can occur due to alternating stress in the tube 
produced by the fluid forces on the tube. As the oxidized layer breaks away, 
pits on the tube surface are formed. The pits on the tube surface act as stress 
raisers which drastically reduce tube life under alternating stress. 

16.3 REGIONS OF TUBE FAILURE 

Although tube failures have been reported in nearly all locations in heat 
exchangers, principal regions of concern are those regions where the tube 
span is relatively flexible, and/or the cross flow velocities are high. Thus the 
most important regions are: 

i. V-bends: Outer rows of V-bundles have a relatively low frequency of 
vibration, and hence are more susceptible to flow induced vibration. 

ii. Nozzle entrance and exit regions: Small flow area and impingement 
plates usually boost the local flow velocities. 

iii. Tubesheet region: Tube spans adjacent to the tubesheet are generally 
larger than center region spans in order to accommodate nozzles, flanges, 
etc. Increased span often results in the flexibility of the end spans being 
higher than in the central spans. Lower flexibility means greater propensity 
for vibration. 

iv. Baffled region: Tubes located in the baffle window have spans equal 
to twice the baffle spacings in single segmental and double segmental 
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designs. In triple and quadruple segmental designs (see Chapter 1), the 
spans are even larger multiples of the baffle spacings. Long spans result in 
reduced frequency of vibration, and hence a greater tendency for vibration 
damages. 

v. Tubes under compressive stress: Compressive stresses reduce the 
natural frequency of vibration. In fixed tube sheet heat exchangers, com­
pressive stresses can reach high magnitudes. Even U-tube straight segments 
can develop high axial stresses due to differential thermal expansion (see 
Chapter 14). Tubes under significant compressive loadings during the 
operating condition should be carefully examined for flow induced 
vibration. 

16.4 VIBRATION MECHANISMS 

16.4.1 Vortex Shedding 

Consider a cylindrical body subject to a uniform cross flow, Figure 16.4.1 
shows the variation of fluid pressure around the cylinder. The pressure at 
the leading edge is the highest and is known as the "stagnation pressure". 
At low Reynolds number (Re < 5), the flow is essentially unseparated. As 
the flow velocity is increased, the pressure gradient around the cylinder 
tends to push the fluid boundalY layer around both sides of the cylinder. 
Since the inside skin of the boundary layer moves more slowly than the 
outside, the sliding of the boundary layer is also accompanied by a "curling 
up". Eventually, the curled up boundary layer (vortex) separates from the 
cylinder surface, creating a localized sharp drop in pressure. The shedding 
of the vortex takes places from the two sides of the cylinder alternately at 
uniform intervals. The proportionality parameter which relates the 
frequency of vortex shedding to the free stream flow velocity, u, and to the 
cylinder characteristic dimension, do, is known as the "Strouhal Number" , 
S. 

(16.4.1) 

The Strouhal number is plotted as a function of the Reynolds number in 
Fig. 16.4.2. It is seen that S is essentially constant (approximately 0.2) in the 
range of Reynolds number encountered in tubular heat exchangers 
[5 X 103 <Re<105 ], In general, if the flow is not normal to the cylinder, u, 
in the above equation, is to be interpreted as the normal component (cross 
flow) of the free stream velocity, 

Periodic breaking away of vortices from the sides of the cylinder 
produces a dynamic (time varying) force in the lift direction (direction 
perpendicular to fluid flow). It is well known that the amplitude of 
vibration of a single degree-of-freedom body, subject to a harmonic forcing 
function, grows rapidly with time if the forcing frequency coincides with the 
natural frequency of the system. This phenomenon is known as the con-
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Re < 5 (unseparated flow) 

5 to 15 s Re <40 (Pair of Foppl vortices In wake) 

40:s Re<150(Laminarvortex streets) 

150 :s Re<300 (Transition to turbulent vortex) 
300 s Res 3 x 105 

Fully turbulent vortex 

3 x lOs sRe s3.5 x 106 Boundary layer transition from 
laminar to turbulent; wake is narrow and disorganized 

3.5 X 106 ::s: Ae; turbulent vortex street reestablished 
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Fig. 16.4.1. Flow regimes across isolated circular cylinders [Ref. 16.4.1]. 
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Fig. 16.4.2. Relationship between Strouhal and Reynolds numbers for 
isolated circular cylinders (Ref. 16.4.1). 

dition of resonance. A tube is a continuous system, and therefore possesses 
an infinite number of natural frequencies. The lowest of this frequency set, 
the fundamental frequency, is the most important in flow induced vibration 
analysis, since this is the first frequency at which resonance would occur if 
the shedding frequency were gradually increased by increasing the cross 
flow velocity. 

Experimental evidence indicates that once the shedding and natural 
frequencies are synchronized, vibration of the cylinder has a strong 
organizing effect on the shedding mechanism. The vortices are shed in an 
organized manner along the entire cylinder length. Moreover, the shedding 
frequency latches onto the tube natural frequency, even as the cross flow 
velocity is increased within a considerable range. This phenomenon is 
known as "lock-in". A detailed exposition of this subject may be found in 
the book "Flow Induced Vibration" by R. D. Blevins [16.4.2]. 
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Dynamic time varying lift forces due to vortex shedding require rhythmic 
separation of vortices from the cylinder surface. Such an organized 
phenomenon is too delicate to exist in a closely packed tube array. Ob­
servation of von Karman streets in tube bundles of low solidity (large pitch 
to diameter ratios) led some investigators to propose vortex shedding as the 
actuating mechanisms behind tube vibration failures [16.4.3]. By now, 
however, there is general agreement that, except in rare cases, vortex 
shedding is not a credible mechanism for large amplitude tube vibration in 
commercial heat exchangers. It may, however, be responsible for acoustic 
resonance (Section 16.7.3). 

16.4.2 Fluid-Elastic Excitation 

Fluid-elastic excitation is most commonly associated with aircraft wing 
flutter and with galloping of ice-laden transmission lines. It is readily ex­
plained by considering the flow of fluid past a vibrating bluff body whose 
cross section is not symmetrical with respect to the direction of fluid flow. 
As shown in Fig. 16.4.3, the direction of the relative velocity of the fluid 
flow relative to the x-axis, a', defines the line of action of the drag force, 
F D; the angle a' is defined by the velocity diagram where x and y denote the 
velocity of the body in the x and y directions, respectively. The angle a' is 
known as the "angle of attack". The force normal to the direction of FD is 
known as the lift force, FL . As the x and y components of the velocity of the 
vibrating b~dy (x and y in Fig. 16.4.3) vary, the magnitudes of UTel and of 
the angle of attack a' change. In a non-symmetric body the magnitude and 
direction of FL vary rapidly with changes in x and y. Thus the motion of the 
body modifies the fluid force acting on it. This type of coupling of fluid 
forces and body motion is commonly referred to as fluid-elastic feedback. 
In a symmetric body, FL =0 and it can be shown that the mutual reinforcing 
of fluid forces and body motion is not possible. Therefore, an isolated tube 
cannot be excited due to cross flow by the fluid-elastic mechanism. The 
situation is somewhat different in a closely packed array of tubes. The 
movement of anyone tube in the cluster modifies the flow field around the 
tubes in its vicinity. The non-symmetric alteration in the flow field is ac-

y 

f (" -'I 

~T' 
u 

(Fluid Flow) 

(a) Lift and Drag Forces (b) Velocity Diagram 

Fig. 16.4.3. Fluid flow past a bluff body. 
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companied by a change in the fluid forces. The changing fluid forces ac­
tuate movement of the affected tubes, which in turn further alters the fluid 
forces acting on the tubes. Thus, the displacement of a tube (due to its 
elastic compliance) exerts fluid forces on the neighboring tubes, causing the 
latter to also undergo elastic displacements. This mutual interplay of fluid 
forces and elastic displacements is known as fluid-elastic excitation. The 
central feature of this excitation is that the forcing function for the 
vibration of the tube is due primarily to relative displacement of neigh­
boring tubes with respect to the subject tube rather than the geometry or 
movement of the tube itself. Another type of fluid-elastic excitation occurs 
due to "jet switching" which depends on the motion of the tube itself. Jet 
switching is discussed separately in the next sub-section. 

Displacement actuated fluid-elastic feedback, henceforth referred to as 
"fluid-elastic excitation", requires a certain arrangement of vibration 
pattern within the tube array. It has been experimentally observed and 
theoretically proved that a large number of fluid-elastic "modes" are 
possible. In all such "modes", the maximum tube displacement remains 
nearly unchanged as the fluid velocity is increased until the "critical 
velocity" is reached. Increasing the fluid velocity past the critical velocity 
causes exponential growth in the tube displacement. Figure 16.4.4 shows a 
typical plot of maximum tube deflection versus flow velocity. Fortunately, 
the critical fluid velocity for a given tube array seems to be largely in­
dependent of the displacement modes excited [16.4.4]. Therefore, it is 
possible to define, through experiments and analysis, a critical velocity for a 
tube bundle. Numerous such tests have been conducted in the past 15 years. 
Connors' experimental work and analytical correlation [16.4.5] is one of the 
earliest of published efforts to explain and quantify fluid-elastic excitation 
in closely packed tube arrays. Some of Connors' experiments reported in 
Ref. [16.4.5] are quite instructive in explaining the nature of fluid-elastic 
excitation even though later research shows his model to account for only, a 
small fraction of the failure mechanisms. Nonetheless, the resume of 
Connors' experiment and model given below is helpful in evolving a 
physical insight into the tube instability phenomenon. 

c 
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Fluidelastlc 
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.l!l Shedding, 
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Fig. 16.4.4. General nature of tube maximum deflection as a function of 
crossflow velocity. 
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Connors' Experiment and Model 

In Connors' experiment, a single tube row array consisting of five whole 
tubes and two end half tubes, approximately 8" long, is mounted in a wind 
tunnel (Fig. 16.4.5). The pitch to diameter ratio of the array is 1.41. The 
central tube is held fixed (immovable) and its ends are properly in­
strumented to measure lift and drag forces. Tubes on either side of the 
central tube, denoted as wing tubes in Fig. 16.4.5, are set up such that they 
can be rotated in prescribed elliptical orbits in symmetric patterns. The 
motions of the two wing tubes are synchronized so that they are always in 
the same vertical plane (Fig. 16.4.6). This arrangement simulates stream­
wise sinusoidal relative motion of amplitude Xo of the central tube with 
respect to transverse sinusoidal motions of amplitude Yo of the wing tubes. 
Connors reported [16.4.5] that this mode of relative motion has been ob­
served by other investigators, and therefore represented a credible mode for 
experimental simulation. Although the central tube in the experiment is 
actually fixed, it is convenient to talk in terms of its relative streamwise 
displacement with respect to the wing tubes. Figure 16.4.7 shows the 
measured drag force on the central tube, also referred to as the' 'measuring 
tube". The points a,b ... h on the drag force plots correspond to the same 
points shown in the orbital path of the wing tubes in Fig. 16.4.6. Figure 
16.4.7 shows that the drag force is higher when the measuring tube is 
moving downstream with respect to the wing tubes. Since the drag force is 

lll"Vll' 
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tUbe(tUbe2)moved 
ina trajectory 

2 

r:;L Central tube (tube 1) 
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n 
':"~ Lower wing O tube (tube 2) moved 
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"",Q'1>1 
Fig. 16.4.5. Connors' tube row in wind tunnel. 
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Fig. 16.4.6. Connors' experiment on fluid-elastic excitation. 
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codirectional with the tube velocity in this portion of the cycle, a positive 
energy is input into the tube in this segment of the cycle (from h to d in Fig. 
16.4.7). The drag force opposes the tube motion in the remaining half of the 
cycle; however, its magnitude is smaller. Hence the area enclosed by the 
force displacement loop represents a net work input to the central tube 
during each cycle of motion. Figure 16.4.8 shows the force-displacement 
loop when the central tube is moved in the streamwise direction while 
holding the wing tubes at a fixed spacing. In both plots, the discontinuities 
in the drag force (viz. jump down from b to c; jump up from/to g in Fig. 
16.4.7) are due to the "jet switching" effect which is further explained later. 
If the trapezoidal area due to "jet switching" is subtracted from the two 
force displacement loops, it is found that the fixed wing tube condition (Fig. 
16.4.8) shows no net energy input into the tube. However, deleting the 
portion of the force-displacement loop due to "jet switching" in Fig. 16.4.7 
(the vibrating wing tube condition) still shows a net energy input. Figure 
16.4.9 is adapted from Fig. 16.4.7 by deleting the "jet switching" work 
area, and also by subtracting the mean drag from the ordinate in Fig. 
16.4.7. The variable component of drag plotted in Fig. 16.4.9 clearly shows 
it to be largely in phase with the central tube velocity. 
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Further experiments show that the magnitude of the drag force on the 
measuring tube is directly dependent on the transverse amplitude of the 
wing tubes and is independent of the stream wise amplitude of the measuring 
tube. Recognizing that the variable component of the drag force is sub­
stantially in phase with the tube velocity, it can be idealized as a sinusoidal 
external force in phase with the tube velocity. 

The work done by a sinusoidally varying force of amplitude, Fx , which is 
in phase with a sinusoidally oscillating body of amplitude Xo is given by 

LlW= 7rXoFx 

or 
Fx = LlWx l7rxo (16.4.2) 

LlWx is the total area under the force-displacement loop (Fig. 16.4.9) andxo 
is the amplitude of the motion. It is found that a compatible drag coef­
ficient Cx , defined as: 

C= x 
Fx 

(16.4.3) 
1 
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Fig. 16.4.7. Drag force-displacement plot of center tube. Center tube 
moves in streamwise direction, wing tubes move in transverse direction. 
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Fig. 16.4.8. Force-displacement loop when center tnbe moves in 
streamwise direction, wing tube spacing held fixed. 
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correlates linearly with the amplitude of transverse motion of wing tubes; 
i.e., 

C =K Yo 
x 1 do (16.4.4) 

In the above equations, p and v represent the mass density and velocity 
(through the nominal gap between the tubes), respectively. do denotes the 
tube O.D., and I is the tube length exposed to air flow. Thus: 

(16.4.5) 

Connors conducted another experiment which simulated sinusoidal motion 
of the measuring tube in the transverse direction while the wing tubes 
moved in the streamwise direction 180 0 out of phase. Results similar to the 
symmetric tube experiment were found. The "jet switching mechanism" 
was again observed. If the area corresponding to the "jet switch" is again 
deleted from the lift force-displacement loop, then the lift force on the 
measuring tube is found to be in phase with the tube velocity for nearly the 
entire course of the displacement cycle. Proceeding as before, a sinusoidal 
lift force of amplitude Fy , in phase with the tube velocity, can be defined on 
the basis that it input the amount of work into the tube equal to the area 
within the lift force-displacement loop. 

AWy 
Fy = - (16.4.6) 

1rYo 

where AWy is the area of the lift force-displacement loop. We define a 
pseudo-lift coefficient Cy corresponding to Fy , in the usual manner. 

Fy AWy 
C = ------- = ~---------

y 1 
2 pdov2 [ 

1 2 
1rYo 2 pv dol 

(16.4.7) 

Connors found that Cy was independent of the measuring tube's amplitude, 
Yo, in the lift direction, and that Cy correlated linearly with the amplitude of 
the wing tubes; i.e., 

Thus, 

Xo 
C =K-

y 2 do 
(16.4.8) 

(16.4.9) 

Connors reasoned that for displacement actuated fluid-elastic excitation 
to ensue, the net energy input into the tube during a cycle must exceed the 
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energy dissipated by damping. For a single degree of freedom system 
executing simple harmonic motion of amplitude a, the energy dissipated by 
damping is given by (Section 16.9). 

!::.Wd=4.,f2j2a2Moo (16.4.10) 

where M o, j, and 0 are the mass, natural frequency and logarithmic 
decrement of the system, respectively. Using Eqs. (16.4.5), (16.4.9), 
(16.4.10), and substituting appropriate values of a, we have the stability 
threshold defined by: 

K 1 2[ ~j2 2 
1 7r2 pv XoYo =47r Xo MoO (a) 

K 1 2[ ~j2 2 
2 7r2 pv xoYo =471 Yo Moo 

(16.4.11) 

(b) 

These two equations must be satisfied simultaneously. The compatibility 
condition for the assumed mode of vibration is obtained by dividing the like 
sides of the two equations into each other: 

or 

Kl xo2 

K2 = Yo2 

~=(~f'> 
Yo K2 

(16.4.12) 

Equation (16.4.12) defines the "mode shape" for fluid-elastic instability. 
Substituting for Yo in the L.H.S. of Eq. (16.4. l1a) gives: 

v (mOO) y, 

Jdo =a pdo2 
(16.4.13) 

where mo = Mo I I, and the instability constant a is given by: 

(87r) y, 
a=---

(KIK2)Y4 
(16.4.14) 

Connors' value of a was 9.9. Later experiments, performed in water, have 
pushed the consensus value of a downwards. We will discuss the ap­
propriate value for a, in the context of predictive methods, in a later sec­
tion. It suffices here to state that the basic form of the stability relation 
involves two dimensionless parameters: dimensionless velocity vlJodo and 
fluid-elastic parameter mo 01 pdo 2. As we will see, most fluid-elastic 
correlations are variations of the form of Eq. (16.4.13). 

16.4.3 Jet Switching 

In Connors' experiment described in the foregoing, the discontinuities in 
the drag force were attributed to a mechanism known as "jet switching". 
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ThIs phenomenon can be observed if fluid is made to flow past a row 
(PI do < 1.5) of tubes. The fluid forms discrete jets as it issues from the space 
between the cylinders. These jets pair up in the wake of the tube array. 
Roberts [16.4.6] observed that the jet pairing can be switched back and 
forth if the tubes in a single row array are displaced alternately one up­
stream and one downstream by a sufficient amount. The drag force on a 
tube jumps up when two jets pair behind it, and drops equally abruptly 
where the jets separate (diverging wake). Figure 16.4.10 shows a rendering 
of the switching mechanism. Jet switching is seldom responsible for 
detrimental tube vibrations since it requires a rather specialized set of 
conditions for its occurrence. In particular, Roberts reports that jet 
switching cannot occur if the dimensionless velocity vlfdo <75. 

Flow -.. 

(a) Jet pairing in 
an aligned row 

(b) Switching of jet pairing 
caused by streamwise 
displacement of tubes 

Fig. 16.4.10. Jet pairing in the wake of a tube row. 

16.4.4 Acoustic Resonance 

Acoustic vibration has been recognized as a serious problem in heat 
exchange equipment [16.4.7-10]. This problem is associated with high 
velocity flow of low density fluid in relatively large exchangers. This 
phenomenon depends on the generation of standing sound waves when the 
acoustic natural frequency coincides with the frequency of flow periodicity. 
Since in liquids the speed of sound is high and the equipment dimensions are 
compact, the acoustic frequencies tend to be quite high in exchangers with 
liquids in the shell-side. On the other hand, equipment handling gases and 
steam at low pressure tend to be less compact in size, implying low acoustic 
frequency. Due consideration of acoustic vibration is warranted in design of 
the latter class of equipment. Vortex shedding [16.4.11] and turbulent 
buffeting [16.4.12] have been advanced as the mechanisms responsible for 
producing the periodicity in energy input into the standing wave column. 
However, coupling of the input function frequency, and the resonant 
frequency of the gas does not always produce loud noise. The innate 
damping of the tube array plays a major role. Therefore, prediction of 
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acoustic resonance requires, among other things, a detailed knowledge of 
the frequency spectrum of the energy input into the standing wave stream, 
and its damping characteristics. Such data is hard to obtain in laboratory 
conditions, let alone in industrial equipment. Therefore, the predictive 
techniques rely on an admixture of empirical formulas and practical ex­
perience. 

Acoustic resonance seldom locks in with tube vibration itself, and 
therefore poses little risk to the tube bundle. It can, however, produce 
significant dynamic loads on the walls of the equipment which must be 
borne by the equipment supports and attached piping. Formulation of the 
standing wave requires parallel reflecting walls, a clear lane perpendicular 
to the fluid flow direction and the tube bundle axis. These attributes of 
acoustic resonance make it relatively easy to diagnose, as discussed in 
Section 16.12. A summary of the prediction techniques is given in Section 
16.7.4. 

16.5 FLUID INERTIA MODEL FOR FLUID-ELASTIC 
INSTABILITY 

As stated in Section 16.4.2, Connors' explanation of fluid-elastic in­
stability requires a certain set of trajectories and phase differences in the 
motion of adjacent tubes. While many tube instabilities observed in 
laboratory tests exhibit the kind of organized motion suggested by Connors, 
many others do not. Experiments by Weaver and Grover [16.5.1], and by 
Weaver am) Koroyonnakis [16.5.2], show that a flexible tube located amidst 
a group of fixed tubes also becomes unstable at approximately the same 
cross flow velocity as an array wherein all tubes are flexibly mounted. These 
observations indicate that a specialized set of motion of neighboring tubes is 
not essential to initiate tube instability. Prompted by these considerations, 
Lever and Weaver [16.4.4] proposed a theoretical model which explains 
fluid elastic instability in terms of the inertia of the flow stream. A sim­
plified form of this model, based on their work, is presented in the 
following. 

16.5.1 Fluid Inertia 

In order to recognize the underlying mechanisms in this model it is im­
portant to gain an insight into the concept called "fluid inertia". A simple 
transient experiment of one dimensional channel flow illustrates the con­
cept. Figure 16.5.1 shows a thin plate lying along the centerline of a parallel 
wall channel. The uniform inlet flow (velocity uo), assumed to be in­
compressible and inviscid, divides smoothly around the plate such that the 
mass flow and velocity on either side of the plate are equal. At time t = 0, 
the plate is moved laterally by y = Yo; where Yo < <Ao. The movement of 
the plate increases the area of the lower streamtube, and decreases the area 
of the upper streamtube by an equal amount. The mass flows through the 
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__ 1:_ 

T 
-Yo 

(e) I-a> 

Ao 

Ao 

I' 
(a)t<O 

Fig. 16.5.1. Plate in parallel channel - dashed line shows position of 
dividing streamline. 

two streamtubes do not readjust instantly. At t = 0, the mass flows through 
the two streamtubes are still equal, causing the velocities to be unequal. 
Continuity gives the velocity perturbation at t = ° (neglecting higher order 
terms) as uP' where 

Yo 
up = Ao Uo (16.5.1) 

Eventually, velocity dependent losses will force the fluid to redistribute 
itself. The rate of readjustment of the flow is found to depend on the ratio 
1'1 Uo ; where I' is the length of the flow channel. 

The flow through a tube bundle, however, is considerably more com­
plicated. Figure 16.5.2 shows a pictorial idealization of the flow through a 
triangular tube array. 
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Fig. 16.5.2. Flow idealization in a tight packed triangular array. 

Since motion of neighboring tubes does not appear to be essential to the 
onset of instability, the effect of fluid inertia can be assessed by considering 
the motion of one movable tube surrounded by fixed tubes. The boundaries 
around the flow channel straddle the inter-tube column space in such a way 
that the flow around each tube is identical. A unit depth of stream tubes 
around the movable tube is shown in Fig. 16.5.3. All characteristics of flow 
in a streamtube area, velocity and pressure are assumed to be functions of 
length s, along the streamtube, and of time t only; i.e., the flow is assumed 
to be one dimensional. This assumption is justifiable only for a close packed 
array. The movable tube is assumed to execute transverse vibrations 

yet) = yosinwt (16.5.2) 

At t = 0, the two streamtubes that constitute the flow channel around the 
movable tube are identical in shape. 

, .. 
( \ 

I + \ 
" / - ..; 

( \ 
, + I 
\ / 

p, .., 
/- ..... 

~ + ; I 
:~:j 
, I 
~-" 

Fig. 16.5.3. Unit cell for fluid-elastic model. 

As a first approximation we assume that, under steady state conditions, 
the flow area of the streamtubes is constant, and equal to A o, for all s. The 
area of streamtube 1 can be written as: 

Al (s,t) =Ao + a(s)sin[wt + If(s)] 
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The shape of the second streamtube lags the first by a half cycle of tube 
vibration, therefore: 

A2 (s,t) =Ao + a(s) sin[wt - 71"+ ~(s)] 
or 

Ai (s,t) =Ao + ( -ly+1 a(s)sin[wt + ~(s)] (16.5.3) 
The coordinate s is located at points 0 1 and O2 for streamtubes 1 and 2, 
respectively (Fig. 16.5.3). 

Similarly, the flow velocity and pressure perturbation functions can be 
written as: 

u;(s,t)=uo+(-IY+l up (s)sin[wt+¢(s)]; i=I,2 (16.5.4) 

P;(s,t)=Po+(-I);+IP(s)sin[wt+O(s)]; i=I,2 (16.5.5) 

The steady state velocity Uo and pressure Po are constant for all s by virtue 
of the constant streamtube area assumption made in the foregoing. 

The velocity perturbation function up(s), and the phase shift ¢(s) can be 
determined from continuity if the area perturbation function a(s), and its 
phase shift ~(s) are specified. The latter depends on fluid inertia. As a first 
approximation, Lever and Weaver propose that the phase lag between the 
tube vibration and the resulting flow area change (determined by the motion 
ofthe dividing streamline) be given by 

~(S)=w( ~)~ 
Uo So 

where I' is the length of the streamline = 2so• Hence 

2ws 
~(s) = -; -so ~s<O 

Uo 
(16.5.6) 

Notice that the phase lag is zero at s = 0 since the streamline must follow 
the tube movement. Further, since s is negative in the direction of the inlet, 
the harmonic variation in the streamtube area upstream of the tube lags the 
tube vibration, as expected. Finally, the magnitude of the streamtube area 
change function a(s) is set equal to the amplitude of tube motion, Yo . 

a(s)=yo (16.5.7) 

The physical behavior of the flow field can now be explained in terms of 
harmonically varying streamtube areas. Motion of the tube alternately 
accelerates and decelerates the fluid adjacent to it. Mass redistribution of 
the flow lags the cylinder motion due to fluid inertia. The magnitude of the 
phase lag of the streamtube areas has been postulated a priori. The 
streamtube cross sectional area at all locations goes through a harmonic 
variation. The amplitude of variation is Yo and the frequency is w. Only the 
phase shift of the area variation is a function of s. The one dimensional 
mass continuity equation can now be used to quantify the nature of the 
velocity perturbation. 
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The one dimensional unsteady continuity equation for an incompressible 
fluid may be written as [16.5.3]. 

aAi(s,t) a 
at + as [Ai(s,t)Ui(s,t)] =0 (16.5.8) 

where 

i+1 . [ 2UlS'] Ai =Ao +( -1) yosm wt+--;;; (16.5.9) 

Ui = Uo + ( _1)i+ 1 Up (S)Sin[ wt + cj>(S)] (16.5.10) 

Therefore, 

Substituting for aAilat in Eq. (16.5.8) and integrating along S starting from 
the inlet gives: 

rs ( 2UlS') s (-I)i+IYowJ cos wt+- dS+Ai(S,t)Ui(S,t)i =0 
-so Uo -so 

(16.5.11) 

Substituting for Ai and Ui from above, noting that ui( - So ,t) == Uo (no 
velocity perturbation at inlet), and neglecting terms of higher order (con­
taining the product Yo oUp(s» yield: 

uoYo [. ( 2UlS') . ( 2UlS'0 )] . 3-- sm wt+ - -sm wt- -- +Aoup(s)sm[wt+ cj>(s)] =0 
2 Uo Uo 

or 

3u Yo [ w(S-So)] w(s+so) [ 7r ] 
_0_ cos wt + sin = up (s)cos wt + cj>(s) + -

Ao Uo Uo 2 

In order that this equation may hold for all values of sand t, it is required 
that 

(16.5.12) 

( ) 7r w(s-so) 
cj> S = - - + --=---::..:.. 

2 Uo 
(16.5.13) 

Equations (16.5.12-13) completely determine the velocity distribution 
function ui(s,t). The pressure distribution function can be similarly 
determined using the one dimensional momentum equation [16.5.3]. 
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1 ap;(s,t) au;(s,t) aU; (s,t) 
- --- +u;(s,t)--- + --- =0 
p & & ili 

(16.5.14) 

Substituting for u;(s,t), P;(s,t) from the foregoing, integrating over sand 
proceeding as before, the equation for the pressure perturbation function 
P(s) is obtained in terms of known quantities: 

3 Yo [ [2UlS' 2~0 ] P(s)sin[wt + 8(s)] = - pUo 2 - sinwt cos - - cos--
2 Ao Uo Uo 

+ coswt[ sin 2~ + sin 2UlS'0]] + ~ PU0 2 ~ [sinwt[cos 2UlS' 
Uo Uo 4 Ao Uo 

2~0 2w(s + so) . 2~0] [. 2UlS' -cos-- - SIn-- +coswt SIn-
Uo Uo Uo Uo 

. 2UlS'0 2w(s+so) 2UlS'0]} 
+SIn-- - cos--

Uo Uo Uo 
(16.5.15) 

The pressure force leading to the transverse instability of the vibrating 
tube can be calculated from the pressure distribution along the two 
streamtubes if the position of flow attachment and separation on the tube 
surface are known. 

)
5 2 

Fp(t) = l' [PI (s,t) - P2 (s,t)]cosj3ds 
51 

(16.5.16) 

Sl and S2 represent the positions of flow attachment and separating, 
respectively, and I' is the tube length. Rather than calculate Fp(t) from Eq. 
(16.5.16), Fp(t) may be approximated by multiplying the pressure difference 
at the centerline of the tube, PI (0,t)-P2(0,t), by an equivalent diameter, 
De. Weaver and Lever state that using De =0.5do gives excellent agreement 
with more detailed analyses. Performing the necessary algebra, the ex­
pression for the transverse force on the tube due to fluid inertia is given by: 

Fp (t) = FI sinwt + F2 coswt (16.5.17) 
where 

3 2 Yo [ 2~0 ] 3 2 - PUo dol' - 1-cos-- + - pUo dol' 
2 Ao Uo 4 

Yo [ 2~0 2~0. 2~0] - 1-cos-- - --SIn--
Ao Uo Uo Uo 

3 2 ,Yo . 2~0 3 2 , 
- pUo dol - SIn-- + - PUo dol 
2 Ao ~ 4 

(a) 

(16.5.18) 

Yo [. 2~0 2UlS'0 2~0 ] 
- SIn-- - --cos--
Ao Uo Uo Uo 

(b) 
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16.5.2 Stability Criterion 

The equation of motion of the vibrating tube is given by 

my + C' Y + Ky = Fp (t) = FI sinwt + F2 coswt 

755 

(16.5.19) 
where m is the total mass of the tube and K is its corresponding structural 
stiffness. The net system damping coefficient C' may be expressed as: 

mwo 
C'=-- (16.5.20) 

where 0 is the logarithmic decrement of damping. Noting Eq. (16.5.2), we 
see that 

FI F2 
Flsinwt+F2coswt= -y(t) + -y(t). 

Yo Yow 

Therefore, Eq. (16.5.19) can be written as: 

.. (c' F2 ). ( FI) my + - - Y + K - - y = 0 
wYo Yo 

The criterion for instability is 

C'-~<O 
wYo 

since this has the effect of providing negative damping. 

(16.5.21) 

Substituting for F2 and C' from Eqs. (16.5.18) and (16.5.20), respec­
tively, the criterion for stability threshold is obtained in the form 

mo~ -31f( ~ f ( ~ )u/[3sin~ - ~cos~] =0 
pdo do Ao Ur U r U r 

(16.5.22) 

where mo is tube mass per unit length and we have defined Ur as 

Uo 
U =--

r 2UlS'0 
(16.5.23) 

The parameters Ao and So in the above equation can be defined in terms of 
the geometry of standard tube layouts. Referring to Fig. 16.5.3, if a is the 
layout angle, then 

pt-do 
A "'<900 0=--4-; ..... (16.5.24) 

and 

Ll2 dYJ 2] y, 

So = L [ 1 + ( dx ) dx; a < 90 0 (16.5.25) 

YJ(x) describes the shape of the stream tube centerline as a function of x 
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measured along the longitudinal axis passing through the tube centerline. 
As a first approximation 'I](x) can be assumed to be a sinusoidal function 

do 27rX 
'I](x) = 4cosT; a<90° (16.5.26) 

For a = 90° (square layout); 

PI-do 
A O =--2-; So=P (16.5.27) 

Stability charts for the meaningful range of parameters can be generated 
from Eq. (16.5.22). Lever, et aI., [16.4.4] show that inclusion of pressure 
drop due to flow around the tube, and due to fluid damping has little effect 
on the stability boundary. They also recommend adjusting De to account 
for the curvature of the streamtube which depends on the solidity of the 
array. Readers interested in further material on this model should consult 
Ref. [16.4.4]. 

16.6 NATURAL FREQUENCY 

16.6.1 Basic Concepts 

Calculation of the natural frequency of the heat exchanger tube is an 
essential step in estimating its potential for flow induced vibration failure. 
In the parlance of mechanical vibration theory, a tube is considered as a 
"distributed mass" or "continuous system". Linear vibration of con­
tinuous systems possesses many attributes, some of which are of interest to 
us in this chapter. We state them with reference to the heat exchanger-tube 
without proof in the following. Readers who wish to explore this subject in 
depth can refer to anyone of the many excellent texts [e.g., Refs. [16.6.1-5] 
on this subject. 

(i) The free vibration of a tube is harmonic in nature; the solution for the 
motion has the general form 

y(x,t) = ¥--(x)sin(wt + e) (16.6.1) 

where w is the frequency of vibration, and ¥--(x) is called the' 'mode shape." 
(ii). The tube has an infinite number of mode shapes corresponding to an 

infinite number of natural frequencies. The foregoing equation can 
therefore be rewritten as: 

y(x,t) = ¥--n (x)sin(wnt + en); n=I,2, ... 00 (16.6.2) 
where ¥--n' Wn and en are respectively the mode shape, the natural frequency, 
and the phase angle for the nth free vibration mode. 

The smallest value of Wn is referred to as the "fundamental frequency" 
and the corresponding vibration shape is known as the "fundamental mode 
shape". A tube supported at its two ends and subjected to external fluid 
cross flow is, in general, excited in its fundamental mode. Indeed, all 
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predictive correlations to be given in Section 16.7 utilize the fundamental 
frequency of the tube. The meaning of the term "fundamental" requires 
careful consideration when multi-span tubes are involved. We will return to 
this matter later in this section. 

A typical heat exchanger tube has two basic shapes, and two types of 
supports: The basic shapes are (a) straight span; and (b), V-bend. The 
common support conditions are: (a) fixed at the tubesheet; and (b), propped 
at the baffle supports. In reality, the baffle supports have clearances which 
render them non-linear when considered as props. The tubesheet is not rigid 
and therefore the "built-in" assumption is only approximately true. These 
approximations, however, are known to have little effect on the computed 
natural frequencies. In the next section, we consider free vibration of a 
single span tube; the results of our study will aid us in devising simplified 
formulas for computing meaningful frequencies for mUlti-span tubes. 

16.6.2 Single Span Tube 

The classical governing equation for vibration of a long slender tube of 
length I, mass mo per unit length, and sectional moment of inertia I, is given 
by (Fig. 16.6.1): 

(16.6.3) 

where E is the Young's modulus of the tube material. 
Assuming a solution of the form of Eq. (16.6.2), substituting in the above 

equation, and dividing throughout by sin (wn t + On), yields 

(16.6.4) 

where 2 
4 Wn mo 

K =---
EI 

(16.6.5) 

t/;n is any function of x whose fourth derivative is equal to the function itself 
multiplied by the constant, K4. A convenient form of the solution is given by 
t/;n(x) =An(cosKX+ coshKX) + Bn(COSKX- coshKX) 

(16.6.6) 
An, Bn, en and Dn are chosen to satisfy the tube end conditions. In ap­
plying the end conditions, the following expressions for derivatives of t/;n 
will be useful. 

Fig.16.6.1. Vibrating tube. 
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d1/; n = K[A n ( - sinKX + sinhKX) + B n ( - sinKX - sinhKX) 
dx 

+ C n (COSKX + coshKX) + D n (COSKX - coshKX)] 

d2 1/; 
dx2n = ~[An( -cosKX+coshKX) +Bn( - COSKX- coshKX) 

+ C n ( - sinKX + sinhKX) + D n ( - sinKX - sinhKX)] 

d;~n = K3 [An (sinKX + sinhKX) + Bn (sinKX - sinhKX) 

+ Cn( - COSKX+ coshKX) + Dn( - COSKX- coshKX)] 

We now consider various tube end conditions: 

i. Both ends simply supported 

The boundary conditions for a tube of length I are: 

x 0,1; y = 0 (zero deflection) 

a2y 
0,1; ax2 = 0 (zero end moments) x 

These conditions imply (using Eq. (16.6.2» 

1/;n(O) = 1/;n(/)=O 

1/;n "(0) = 1/;n "(1)=0 

where primes indicate differentiation with respect to x. 
Using Eqs. (16.6.6-9), the conditions 1/;n(O) = 1/;n "(0) yield 

An =Bn =0 
The conditions 1/;AI) = 1/;n "(1) give the result 

Cn(sinKI + sinhKI) + Dn(sinKl- sinhKI) = 0 
C n ( - sinKI + sinhKI) + D n ( - sinKI- sinhKI) = 0 

Therefore: 
Cn 

Dn 

This yields the result 

or 

sinKI- sinhKI 

sinKI + sinhKI 

sinKI + sinhKI 

- sinKI + sinhKI 

sinKI=O 

KI = n7r 

n7r 
K= T; n=1,2, .. 00 

(16.6.7) 

(16.6.8) 

(16.6.9) 

(16.6.10) 

(16.6.11) 

(16.6.12) 

Having determined K, the expression for the frequency Wn follows from Eq. 
(16.6.5) 

r El 
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or 

n2 -rr ( EI ) If, 
Wn = -2- -- rad/sec (16.6.13) 

I mo 

The fundamental frequency corresponds to n = 1 (first mode). Substituting 
Eq. (16.6.11) in Eq. (16.6.10) gives Cn =Dn. Referring to Eq. (16.6.7) the 
mode shapes are given to within an arbitrary constant, by 

n7rx 
sin -1- =0; n = 1,2 ... 00 

ii. One end fixed, the other end simply supported 

The boundary conditions are 

At x = 0, y = 0; ~ = 0 (zero slope condition) ax 
a2y 

At X= I, y = 0; ax2 = 0 (zero moment condition) 

which imply: 
@x=O, 1/;n =0, 1/;n' =0 

@x=l, 1/;n=o, 1/;n"=O 
Utilizing Eqs. (16.6.6-8) we obtain the results 

An =Cn =0 

sinK!- sinhK! sinK! + sinhKI 
---------= -----------
cosK!- coshKI - cosKI- coshKI 

(16.6.14) 

(16.6.15) 

Equation (16.6.15) can be simplified to give the characteristic equation 
tanK! = tanhKI 

The first few roots of this equation are found by numerical analysis to be 
K!=3.927, 7.069,10.210 .... 

Thus the natural frequency is given by Eq. (16.6.5) as 

A 2 (EI) y, 
Wn = -4-- - ; n = 1,2 .... 

I mo 
(16.6.16) 

where 

An =3.927,7.069,10.210 .... 
The single span tube frequency equation for the usual classical boundary 

conditions always has the general form of Eq. (16.6.16). The frequency 
constant An depends on the nature of the boundary conditions. We have 
illustrated two cases here. Some other typical cases are summarized in Table 
16.6.1. 
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Table 16.6.1. Natural Frequency and Mode Shapes for Uniform Beams 
(i) (ii) (iii) (iv) (v) (vi) 

Supports Mode Frequency Constants An Ratio of 
Equation Eq.16.6.6 non-zero 

constants; R 
Column (iv) 

Hinged- sinAn =0 An=Bn=O 1.0 
hinged Cn 

-=1 
Dn 

2 271" 1.0 
3 371" 1.0 
4 471" 1.0 

n n7l" 1.0 

Clamped- cosAncoshAn = 1 An=Cn=O 4.73 -0.9825 
clamped Dn 

-=R 
Bn 

2 7.853 -1.0008 
3 10.996 -1.0000-
4 14.137 -1.0000+ 

(2n + 1)71" 
n "'--- -1.0000-

2 

Clamped- tan An = An=O 3.927 -1.0008 
hinged tanhAn 

2 Cn =0 7.069 -1.0000+ 

3 
Dn 
-=R 10.210 -1.0000 
Bn 

4 13.352 -1.0000 

(4n+ 1)71" 
n "'--- -1.0000 

4 

Clamped- 1 cosA"coshAn = -1 An=O 1.875 -0.7341 
free 2 Cn=O 4.694 -1.0185 

3 
Dn 
-=R 7.855 -0.9992 
Bn 

4 10.996 -1.0000+ 

(2n -1)71" 
n "'--- -1.0000-

2 
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16.6.3 Multiple Span Tube 

Most heat exchangers have multiple baffle supports. The length of the 
individual spans and the shellside cross flow velocities may vary widely. 
However, state-of-the-art flow induced vibration prediction correlations 
(Section 16.7) are not sophisticated enough to treat the multi-span tube 
vibration problem by a single comprehensive analysis. Instead, the 
susceptibility to vibration of each tube span is examined individually. The 
value of the natural frequency, used in evaluating the vibration potential of 
a particular span, is taken as the value corresponding to the tube mode 
shape which shows the most appreciable relative deflection in that same 
span. In most cases, a close lower bound on the pertinent natural frequency 
of an interior span (baffle supports on both ends) is obtained by treating it 
as a pinned-pinned beam (An = mr). Similarly, the pertinent frequency of an 
end span (tubesheet at one end, baffle support at the other), is obtained by 
simulating it as a fixed-pinned beam (AI = 3.927). However, ifthe complete 
solution for the frequency equation is required, such a solution can be 
developed by considering each span as a separate beam with its origin at the 
left support. Equation (16.6.6) then applies to each span. Since the 
deflection can be set to zero at the origin of each section, An = 0, and the 
equation reduces to: 

I/;n =Bn(COSKX- COShKX) + Cn(sinKX+ sinhKX) + Dn(sinKX- sinhKX) 
The solution procedure is illustrated by considering the N-span tube 

shown in Fig. 16.6.2. The subscript n can be dropped from I/; and from the 
constants of integration (Bn, Cn, etc.) in the following as long as we 
remember that there is an infinite set of solutions (normal modes) for the 
problem. 

Let 1/;; denote the solution for span i; 
1/;; =B;(COSKX; -coshKX;)+ C;(sinKX; +sinhKX;) (16.6.17) 

+D;(sinKX; -sinhKX;) 
where B;, C;, and D; are undetermined constants for span i. 

The following boundary conditions are available: 
(l). Left span; @xI =0,1/;' =0 
(it). Intermediate support between spans i and (i + 1); 

Let x; denote the length coordinate in this span, then 
@x; =/;; 1/;; =0 

. cf 1/;;+ I I 
= dr;+1 X;+I=O 

dl/;; I dl/;;+I I 
dx; X; =/; = dX;+1 X;+I=O 

(iii). Rightmost support (span N): 

(Moment 
continuity) 

(Slope 
continuity) 

(16.6.18) 

(16.6.19) 

(16.6.20) 

(16.6.21) 
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@xN = IN, 1/IN = 1/IN' = 0 (two equations) (16.6.22) 
Thus three equations at each one of the (N -1) intermediate supports, 

and a total of three equations from the two end spans furnish 3N linear 
algebraic equations in the 3N unknowns (B;, C;, and D;; i = 1,2, ... N). 

The requirement for a non-trivial solution is that the coefficient deter­
minant must vanish identically. Discrete values of K which make the 
determinant zero define the normal modes. 

This technique to obtain the natural frequencies for the multi-span tube is 
implemented in the computer program MULTSPAN, described in Ap­
pendix 16.A, wherein a numerical example is also given. 

, ~spani I 
>=:: I> (\ =::;==~ 

~ ZS 

W W I I, 
• 

Fig. 16.6.2. Multi-span uniform beam with fixed ends. 

16.6.4 Tube Under Axial Load 

The very nature of the function of a heat exchanger subjects the tubes to a 
certain level of axial load. In fixed tubesheet heat exchangers without ex­
pansion joints, such loads can reach high values (see Chapter 9). Even U­
tube exchangers develop some axial load in the legs of the U (ref. Chapter 
14). As noted previously, compressive axial loads depress the natural 
frequency, tensile loads elevate it. The effect of a compressive axial load on 
the natural frequency is relatively minor so long as the load is a small 
fraction of the critical buckling load, F cr . As a rough rule of thumb, a 
compressive load F reduces the natural frequency by a fraction E, where 
E=FI2Fcro as long as F< <Fcr • At this point, all we can say is that the 
reduction in the frequency can certainly be significant as F approaches Fc" 

but will not be expressible by the simple parameter E. 

Equations to determine the actual reduction in the natural frequency in 
the presence of an axial load are derived in the following. Specific formulas 
are presented for pinned-pinned, and for fixed-pinned configurations. 

General EquationsJor a Single Span Beam 

In the presence of an axial force F (positive if tensile) the equation of free 
vibration of the beam (Eq. (16.6 .3» is modified as follows: 

a4y a2y a2y 
-El ax4 +Fax2 =mo at2 (16.6.23) 

Assuming a solution of the form ofEq. (16.6.2), and proceeding as 
before, the deflection equation for 1/In now takes the form: 
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(16.6.24) 

We let 

ac =FIEI (16.6.25) 

and note that Eq. (16 .6.5) defines the quantity mOWn 2 lEI. 
The solution of Eq. (16.6.24) is again given in terms of four constants of 

integration (An, Bn, Cn, andDn) as: 

1/;n (x) =Ansinhmlx+Bncoshmlx+Cnsinm2x+Dncosm2x 

where the parameters m l , m2 are defined below: 

_ [ac + (ac 2 +4i)112 ] 112 

m l - 2 

_ [ -ac + (ac 2 +4K4)1I2 ] 112 

m2 - 2 

(16.6.26) 

(16.6.27) 

An, Bn, etc. must be determined by the particular set of boundary con­
ditions that are applicable for the tube. 

Single Span Beam (Length = I); Simply Supported Ends 

Following the procedure of Section 16.6.2 will lead to the following 
characteristic equation 

sinm2/=0 (16.6.28) 

This gives, in conjunction with Eqs. (16.6.27) and (16.6.25), the frequency 
equation 

_ n2 ~ (EI) 112 [ Ff ] 112 
W --- - 1+---

n f mo EI~n2 
(16.6.29) 

Referring to Eq. (16.6.16), we note that due to F the natural frequency 
coefficient An is modified by a factor A, where 

( FP) 1/4 

A = 1 + ----=:22 
Ehrn 

Noting that the critical Euler load for a pinned-pinned beam is 

~EI 
Fcr=p 

We have, 

(16.6.30) 

(16.6.31) 

(16.6.32) 

Finally, the integration constants are defined by the following relationships: 

Bn =Dn =0 
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A 
_n_ = -sinm21lsinhmll 
Cn 

(16.6.33) 

Substituting these expressions into Eq. (16.6.26) gives the mode shape. 
We note that for Fln2 Fcr small, A2 "'" 1 + FI2n 2 Fcr which proves our "rule 
of thumb" , mentioned previously, for n = 1. 

Beam of Span I, One End Fixed, the Other Pinned 

Applying the appropriate boundary conditions (given before in Section 
16.6.2), and performing the necessary algebra, the following characteristic 
equation is obtained. 

m l tanm2 1=m2tanhmll (16.6.34) 

Equation (16.6.34) can be solved for different values of F. The expression 
for fundamental natural frequency can be written in the familiar form 

w= AI2A2 (EIy/2 
f mo 

where Al is 3.927 for a fixed-pinned beam (Table 16.6.1). A is plotted in Fig. 
16.6.3. 

The integration constants are given by the following equations: 

. I m l smhml - - coshmll 
m2 

Bn = -Dn = -An --------
sinm2/- cosm21 

Cn = -Anmllm2 (16.6.35) 

Substituting for these constants in Eq. (16.6.26) gives the mode shape. 

16.6.5 U-Bend Region 

The mathematical model for determining the natural frequency of the V­
bend region is shown in Fig. 16.6.4. The extent of the tube modeled consists 
of the 180' bend region and the straight extensions up to the bend-end tube 
supports. Bending and rotational springs, located at the supports, model 
the structural contribution of the adjacent tube spans. One intermediate 
spring prop at angle 01 simulates the presence of intermediate tube sup­
ports. 

Various cases of out-of-plane vibration of circular rings and V-tubes have 
been presented in Refs. [16. 6.6-8]. The work by Lee [16.6.8] is considered 
the most general case. 

In the following the solution procedure for estimating the pertinent 
natural frequency of the V-bend region is presented. We follow the ap­
proach used in [16.6.8] in our development here. 
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Fig. 16.6.4. V-bend geometry for computer program VVIB (Appendix 
16.B). 

16.6.5.1 Equations of Motion and Solution for a Circular Ring Segment 

The out-of-plane vibration of a circular ring is characterized by two 
quantities: the out-of-plane displacement Vt and the twist (3. The equations 
of motion are given by 
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a4
VI -R a2 {3 -k( a2 vI +R a2 {3 ) = -moR4 a2 vI 

afl aff a(P a(P EI at2 

aZVI 1 aZ{3 
afP = (1 +k) (R{3-kR a(p ) 

where mo is the mass per unit length and 

k= 1/(1 + /I) 
We assume solutions of the form: 

VI (8,t) = V(8)cos(wt+¢) 

R{3(8,t) = W(8)cos(wt+¢) 

(a) 

(b) 

(16.6.36) 

(16.6.37) 

(16.6.38) 

Substituting for VI' (3, and their derivatives in Eqs. (16.6.36-37) and 
dividing throughout by cos(wt+ ¢) yields: 

m R4 
V'" - W" -k( V" + W")= _0_ Vwz (a) 

EI 

1 
V" = - (W-kW") 

l+k 

where a prime indicates differentiation with respect to 8. Let 

moR4 Z 
--w =q 

Elk 

Equations (16.6.40) can be recast in the following form: 

1 
V= - [W'" +2W" + W] 

(1+k)q 

WV1 +2W'" + W"(I-qk) +qW=O 

(b) 

(16.6.40) 

(16.6.41) 

(16.6.42) 

(16.6.43) 

Equation (16.6.43) is a sixth order ordinary differential equation. 
Therefore, its solution involves six constants of integration (say G;; i = 
1,2, ... 6). Assuming a solution of the form eA6 ; the characteristic 
equation for A is given by 

(16.6.44) 

Equation (16.6.44) furnishes six roots say A;; i = 1,2, ... 6. Thus the 
solution for W(8) may be formally written as: 

6 

W(8) = E G;eA;6 (16.6.45) 
;=1 

The expression for V can also be written in terms of G; (i= 1 ... 6) using 
Eq. (16.6.42). 

The six integration constants can be determined by using the end 
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boundary conditions. For example, the boundary conditions for a semi­
circular tube fixed at its two ends are 

av 
@ O=O 7r. v ={3= - =0 

, 't ao 

16.6.5.2 Solution/or the U-Tube Problem 

The problem shown in Fig. 16.6.4 consists of two circular segment spans 
and two straight spans. We have just shown that the solution for a circular 
segment involves 6 constants of integration. It was also shown earlier in this 
section that the solution for a straight span contains four unknown con­
stants of integration. Thus a total of 20 (2 times 6 plus 2 times 4) integration 
constants must be determined using the boundary and inter-span con­
ditions. Discrete values of q (Eq. (16.6.41» make the coefficient deter­
minant zero. These values of q define the corresponding natural frequency, 
w, by the relation (Eq. (16.6.41» 

ql12 [ EI ] 112 
w= -2 rad/sec 

R (1 + v)mo 
(16.6.46) 

A description of a suitable solution procedure, implemented in computer 
program "VVIB", is presented in Appendix 16.B. The general solution for 
the problem described by Fig. 16.6.4 is presented there; the source code is 
available separately [16.6.9] 

16.6.5.3 Approximate Solutions 

Approximate solutions for the fundamental frequency w for some 
common design situations are given below: 

i. No intermediate V-bend support, and V-bends supported sym­
metically as shown in Fig. 16.6.5: Is denotes the straight tube segment length 
between the baffle centerline and the V-bend tangent. lb is the spacing 
between the baffle supports. A good approximation for the value of w can 
be obtained by considering the natural frequency of a spring mounted 
cantilever of length Ie = 1.35R + Is, where the support spring constant is 
taken as r=3EI/lb (Fig. 16.6.6). 

Following the method described in earlier parts of this section, the 
natural frequency is given by 

w= A: ( EI y12 
Ie mo 

where A is obtained by solving the transcendental equation 

1 + COSA cosh A + 2A'Y (COSA sinhA 

-sinA coshA) =0 

where 

(16.6.47) 

(16.6.48) 
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_ E1 lb 
'Y= - =-

TIe 3le 
(16.6.49) 

The values of A as a function of l' are given in Table 16.6.2. 

Table 16.6.2. Values of A (Eq. (16.6.47» 

'Y 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

A 1.85 1.62 1.47 1.38 1.31 1.25 1.20 1.16 1.13 1.10 1.08 

'Y 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 

A 1.05 1.03 1.01 1.0 .98 .97 .95 .94 .93 .92 

ii. Midspan supported, symmetrically held V-tube: Values for qll2 in 
Eq. (16.6.46) are plotted as a function of lb Ir in Fig. 16.6.7. The lowest out­
of-plane natural frequency is defined by Eq. (16.6.46). 

Ib ----f I, 

Fig. 16.6.5. Geometry for Eq. (16.6.47). 

I. 

Fig. 16.6.6. Equivalent cantilever. 

16.7 CORRELATIONS FOR VIBRATION PREDICTION 

16.7.1 Fluid-Elastic Correlations 

Fluid-elastic feedback based correlations give the maximum value of 
cross flow velocity as a function of tube diameter do, natural frequency f, 
total tube mass per unit length mo, and total logarithmic decrement, 0, 
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Fig. 16.6.7. Plot of qY2 for mid-span supported U-tube. 

associated with the vibrating tube. All of the correlations have the general 
form: 

where 

v = Mean gap cross flow velocity through the tube array: 

v = -p- u (p = tube layout pitch) 
p-do 

a=Threshold instability constant (or Fluid-elastic parameter) 
p = Shellside medium fluid density 

(16.7.1) 

a and b are empirical constants. Most investigators use a=b. We will refer 
to the quantity rno 0/ pdo 2 as the' 'damping parameter", X 

(16.7.2) 

Similarly, the dimensionless velocity, vlfdo will be denoted as v*. 
There is a great deal of uncertainty in the precise definition of 0 and rno. 

Sections 16.8-9 will address this matter in some detail. The quantity /refers 
to the natural frequency of the tube span, which is the frequency at which 
the span under consideration has, relatively speaking, its maximum 
vibration amplitudes. 

Empirical correlations by numerous investigators are summarized below. 
This summary is essentially a compendium of published design guidelines. 
Our pre/erred calculation method out of this information base is presented 
in Section 16.13. 
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i. Connors, Blevins, Savkar, Weaver and Grover, Pettigrew, et al.: 
v*=o:xo.s (16.7.3) 

Connors [16.4.5] uses the data of Moretti and Lowery [16.8.5] for the 
definition of hydrodynamic mass. Pettigrew et aI., [16.7.1] consider the 
virtual mass coefficient (see Eq. (16.8.3» Cm = l. 

0: is the "threshold instability constant'; which depends on the pitch to 
diameter ratio and on the tube layout. Connors gives the following for­
mulas for 0:, for a square layout. 

PI PI 0:=0.37+1.76-; 1.41::::; - ::::;2.12 
do do 

(16.7.3) 

where PI is the transverse pitch. 
For 30° triangular array, Connors gives 0: = lO(P/do -1); 1.25 

::::;p/do ::::;1.41, where P is the layout pitch. Pettigrew, et aI., [16.7.2] 
recommend 0: = 3.3 for design purposes. Gorman [16.7.3-4] and Halle, et 
aI., [16.7.5-6] endorse Pettigrew's recommendation after examining the 
response of multiple span arrays under multipass flow conditions. 

Savkar [16.7.7] proposes: 

0:=4.95( ~ f (16.7.4) 
do 

for 30° triangular arrays. 
Weaver and Grover [16.7.8] give the relation v* =7.1xo.21 for 

p/do = 1.375 in a 45° array. 
Soper [16.7.9] conducted extensive wind-tunnel experiments to study the 

effect of tube layout on fluid-elastic stability of tube arrays. He found that: 

a. A 60° layout geometry is most prone to fluid-elastic instability, 
having a value of 0: approximately 2.2 for p/do in the range of 1.27 to 
1.78. 

b. A 30° geometry becomes less prone to fluid-elastic instability as the 
bundle solidity is reduced. 0: increases from 2.5 to 6.4 as p/do is 
increased from 1.25 to 1.78. 

c. For the square geometry, the lowest critical velocity corresponds to 
p/do = 1.52; both closer and wider spacings being more resistant to 
instability. 

d. A 45 ° layout exhibits the greatest resistance to fluid-elastic whirling; 
however, it is more prone to acoustic resonance. 

ii. Gilbert et al.: 
Gilbert, Sagner and Doyen [16.7.10] conducted extensive tests on tube 

arrays of different geometries and solidities in water and air. Their ex­
periments indicate that: 

X>20 

20>x>7 (16.7.5) 
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where v* and X are the reduced velocity and fluid-elastic parameter, 
respectively. 

The correlation over the entire data set is given by the equation: 

v* =2.7xo.34 (16.7.6) 

lll. Chen and Jendrzejczyk: 
Using water flow based experimental data [16.7.11] gathered on twelve 

different arrays of different tube solidities and damping, Chen and Jen­
drzejczyk find the following correlation for design purposes. 

v* = 2.49xo.52 (16.7.7) 

iv. Weaver and El-Kashlan: 
Weaver et al., [16.7.12] conducted experiments wherein 0 was kept 

constant while mo I pdo 2 was varied, and vice versa. Their correlation has the 
form: 

v* ex _0_ 00.2 ( m )0.29 
pd0 2 

(16.7.8) 

v. Remy and Bai: 
Remy and Bai (16.7.13-15) evaluated a large number of experimental 

data on real life hardware. Recognizing the difficulties in ascertaining 0, 
they propose a design criterion of the form: 

where a ' = ao l12 

vi. Y. N. Chen: 

I ( mo ) 112 v*=a --
pd0 2 

(16.7.9) 

Y. N. Chen [16.4.11] proposed the following relationship for critical gap 
velocity, v g' for fluid-elastic instability: 

v {3xx 112 
-g = -- (16.7.10) 
fdo Re 0.25 

where the correlating parameter (3 varies from 19 to 36. x is the smaller of 
(Ptldo) and (2p,ldo)' Vg is the velocity in the narrowest gap of the tube 
bank. 

This correlation includes a weak dependence of the critical velocity on the 
Reynolds number. The critical velocity Vg is seen to vary linearly with the 
pitch to diameter ratio. 

vii. Paidoussis, et al.: 
Paidoussis [16.7.16] proposed the following design guideline by fitting a 

large bank of experimental data from various researchers: 

v _ (mO) 0.4 0.4 ( P ) 0.5 --C - 0 --1 
fdo pd0 2 do 

(16.7.11) 
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where C 5.8 if one neglects a small number of experiments; C = 2.3 
incorporates all data available at that time. P is the layout pitch. 

More recently, Price and Paidoussis [16.7.17] have proposed the criterion 
( 2 + 2)112 17 

V*=16.9[ PI PI -1]' [1+{1+0.365x}II2] (16.7.12) 
do 

vm. S. S. Chen: 
S. S. Chen in [16.7.18] has developed a set of stability bounds for dif­

ferent standard tube layouts by plotting data from a large number of in­
vestigators [16.7.19-31]. Chen's plots may be found in Figs. 16.7.1 to 
16.7.5. The same bounds are given in equation form by Table 16.7.1. 

100 

'" .... 
'" . 

> 0 
I 

a. 10 
10 

x -
0.1 10 100 

Fig. 16.7.1. Chen's stability diagram for single tube row transverse to 
flow. 

.01 100. 

Fig. 16.7.2. Chen's stability diagram for square arrays. 



16/ Flow Induced Vibration 

'LO' 
d 
I 

773 

Fig. 16.7.3. Chen's stability diagram for rotated square arrays (45 0 

layout). 

. 
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Fig. 16.7.4. Chen's stability diagram for triangular arrays (30 0 layout). 

16.7.2 Turbulent Buffeting Correlations 

The presence of turbulent flow is nearly universal in heat exchanger 
bundles. A turbulent flow field is characterized by a mean flow velocity on 
which a band of velocities associated with eddies and vortices are super­
posed. A tube in the path of such a flow experiences a steady drag force, 
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Fig. 16.7.5. Chen's stability diagram for rotated triangular arrays (60 0 

layout). 

Table 16.7.1. Lower Bound on Critical Flow Velocity from Ref. [16.7.18] 

Array 

One Tube Row 
transverse to 
flow 

Square (90°) 

Rotated Square 
(45°) 

Triangular 
(30°) 

Rotated 
Tri'''lgular (60 0) 

Parameter Range 
for X 

0.05 < X < 0.3 

0.3 < X < 4.0 

4.0 < X < 300 

0.Q3 < X < 0.7 

0.7 < X < 300 

0.1 < X < 300 

0.1 < X < 2 

2 < X < 300 

0.01 < X < 1 

1 < X < 300 

v 

fdo 

l.35(p/do -0.375)x°·06 

2.30(p/do -0.375)x°·5 

6.00(p/do -0.375)x°·5 

2.lOxo. 15 

2.35xo.5 

3.54(p/do -0.5)x°·5 

3.58(p/do -0.9)x°·l 

6.53(p/d 0- 0.9)x 0.5 

2.8xo. 17 

2.8xo.5 

and a series of periodic forces associated with the eddies. Thus, the fluid 
force acting on the tube may be described as an aggregate of a band of 
pulsating forces. If the natural frequencies of the tube are far removed from 
the frequency range of the turbulent forces, then the energy imparted to the 
tube is small. The tube dissipates this energy through the damping 
mechanisms described in Section 16.9, and therefore the tube vibration 
amplitude remains small. However, if any of the tube natural frequencies 
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lIes within the frequency spectrum of the turbulent forcing function, then a 
condition of resonance can be realized. From a designer's perspective, two 
questions are important. 

• What is the range of frequencies associated with a turbulent flow in a 
tube bank? 

• If the tube natural frequency lies within the range of forcing function 
frequencies, is the magnitude of the associated forces enough to ac­
tuate a large amplitude tube vibration? 

Observations indicate that it is possible to define a "peak" turbulent 
buffeting frequencY.!tb' around which the hub of the turbulent flow energy 
is clustered. The answer to the second question requires precise knowledge 
about the randomness of the forcing function which is difficult to quantify 
even in laboratory tests. However, researchers have been able to bound the 
problem by developing relations for "some average of tube deflection 
amplitude" assuming an idealized level of coherence in the forcing func­
tions. The details ofthe mathematical derivation are omitted here; however, 
the final working equations, excerpted from certain sources, are given in the 
following to facilitate design work. 

i. Pettigrew and Gorman [16.7.1-3]: 
In their generalized model, Pettigrew et aI., recognize a finite correlation 

length for the flow excitation field, different boundary conditions for the 
tube, and a tube response in all of its normal modes. The practical formulas 
are finally derived, however, by assuming the excitation field to be fully 
correlated spanwise, the tube to be simply supported, and the vibration of 
the tube to be in the first mode. With these simplifications, the mid-span 
root-mean-square (rms) amplitude of the tube, Yrms' is given by: 

8J,12 
Y rms = (47r5j3mo2n 112 (16.7.13) 

where 8p is the power-spectral-density of the excitation force per unit tube 
length. f and r denote the fundamental tube frequency and the 
corresponding fractional damping, respectively. 8 p in Eq. (16.7.13) is 
defined in terms of the "effective random excitation coefficient" C~ which 
is plotted in Fig. 16.7.6 based on the data collected by Pettigrew and 
Gorman: 

1 
81/2 = - pv 2d C* 

p 2 0 R 
(16.7.14) 

These values of C~ were determined by experiments in water. It is noted 
from Fig. 16.7.6 that the response of the tubes facing the shell inlet nozzle is 
predicted to be stronger than the tubes in the interior of the bundle. 

ii. Blevins [16.7.26]: 
Paidoussis [16.1.4] quotes the following expression for mid-span rms 

deflection of the tube due to Blevins: 
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SF 112 J1/I(I/2) 
Yrms = (647r3f3mo2 r)l12 (16.7.15) 

where 1/1(112) is the mode shape deflection at mid-span, and J is the joint 
acceptance (which is unity for a perfectly correlated field). The power 
spectral density function SF can be evaluated from Fig. 16.7.7 which is 
based on wind tunnel test data of Blevins, Gilbert and Villard [16.7.26]. 

50~-r~~~--r--r-' 
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Fig. 16.7.6. Random excitation coefficient C: for calculating buffeting 
response of a cylinder array in crossflow (Pettigrew, et al.). 
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Fig. 16.7.7. Lift coefficient CL for buffeting response of a cylinder in 
crossflow. (Blevins, et al.). 

In contrast to the Pettigrew and Gorman data, the Blevins corrrelation 
seems to indicate that the interior tubes will experience greater deflection 
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than the upstream tubes. This is possibly due to differences in the upstream 
turbulence between the two sets of data. 

Ill. Owen [16.7.32]: 
In a frequently quoted paper [16.7.32], Owen contested the thesis that 

rhythmic shedding of vortices was responsible for large amplitude tube 
vibration. Noting that any turbulent flow contains a fluctuating pressure 
field, Owen reasoned that the tubes extract energy from the turbulent 
energy spectrum selectively in the manner of a narrow band filter. Largely 
through heuristic reasoning, buttressed with experimental data, he 
proposed the following expression for the turbulent buffeting frequency, 
fIb' 

(16.7.16) 

wherexI = PI/do andx, = Pi/do' 
Tube amplitude will grow rapidly if the tube natural frequency coincides 

with fIb' This formula is not recommended when XI - 1. Weaver and 
Grover [16.5.1] compared Owen's predicted frequency with their ex­
perimental data, and concluded that fIb given by the above equation is quite 
reliable, even as XI - 1, so long as one uses the minimum gap velocity v g 

instead of the mean gap velocity v in that equation. 

16.7.3 Periodic Wake Shedding 

As stated before, organized shedding of vortices observed in fluid flows 
past isolating cylinders is difficult to visualize in a densely packed tube 
array. Although what happens is not quite understood, certain experiments 
[16.7.2,33] indicate the existence of a well defined lateral displacement peak 
at a specific crossflow velocity for a tube bundle. Pettigrew and Gorman 
[16.7.31] observed that the peak response corresponds to the pseudo­
Strouhal Number S between 0.34 to 0.67, where 

fdo 
S=-

v 
This ph en omen om has been called "periodic wake shedding". Assuming a 
wake shedding force in the lift direction to be "fully correlated"* to the 
tube vibration, Pettigrew, et aI., derived the expression for maximum rms 
deflection of the tube using standard techniques. The lift force due to 
periodic wake shedding may be defined in terms of a dynamic lift coef­
ficient CL as: 

FL = C L ~ dov2 (per unit tube length) (16.7.17) 

--:;P: fully correlated forcing function is one whose time periodicity is identical to the vibrating 
body over the entire span of the body. 
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The tube response in the fundamental mode for a fully correlated forcing 
function can be shown to be 

m 1/;)' y(x) = _0_ FL (x')I/;(x')dx' 
wC 0 

(16.7.18) 

where I/;(x') is the mode shape, normalized such that , 
r m 1/;2dx' = 1 J 0 0 

(16.7.19) 

and C is the damping coefficient per unit length of tube. Assuming the 
velocity to be uniform over the tube span, the expression for y (x) becomes: 

m I/;F )' y(x) = _0 _L I/; (x')dx' 
wC 0 

(16.7.20) 

As noted in Section 16.6, for practical design purposes, it is sufficiently 
accurate to treat a tube span situated between two baffles as having simply 
supported ends. For this case the normalized mode shape is 

( 2 ) 112 1l"X 
I/;(x)= - sin-

mol I 
Substituting for I/; in the above integral and integrating we have 

y(l!2) =FLI (1l"2omof2) 

where y (//2) is the peak amplitude at mid-span. 

(16.7.21) 

(16.7.22) 

Pettigrew et al., find that C L = 0.07 gives an upper estimate of the rms 
midspan response due to periodic wake shedding resonance. They 
recommend keeping the maximum response to less than 2070 of the tube 
diameter. 

16.7.4 Acoustic Resonance Correlation 

Prediction of acoustic resonance requires knowledge of: (i), the resonant 
acoustic frequency of the shellside chamber; (ii), the frequency of the ex­
citing force; and (iii), the damping in the system. 

i. Acousticfrequency: 
The frequency of a sonic wave'!a is related to the velocity of sound c and 

to the wave length of the sound wave A by the simple relationship 

c=faA (16.7.23) 

In order that the walls of the heat exchanger act as "reflectors" of the sonic 
wave, A must be an integral submultiple of the distance between the walls, 
w. 

nA 
W=-

2 
(a) 

or (16.7.24) 
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cn 
fa= 2w 
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(b) 

Figure 16.7.8 shows typical wave forms for n = 1 and 4. n may be thought of 
as the mode count for the gas oscillations. Finally, one dimensional wave 
theory gives the velocity of sound c in a gas medium as 

C = [Z'YgMcR*T] 112 (16.7.25) 

where 

Z = Compressibility factor for the gaseous medium at the coincident 
pressure and temperature. 

'Y = Ratio of specific heat at constant pressure to specific heat at constant 
volume of the medium 

R* = Universal gas constant 
gc = Gravitational constant 
T= Absolute temperature of the gas 

M = Molecular weight of the gas 

The preceding three equations can 
acoustic frequency: 

be combined to yield the resonant 

= !!... [Z'YgcR*T] 112 • 

fa 2w M ' n= 1,2, ... (16.7.26) 

ii. Excitingfrequency: 
The exciting frequency can be calculated using the turbulent buffeting 

formula of Owen (Eq. (16.7.16» or the vortex shedding formula (Eq. 
(16.4.1» where the Strouhal number S is plotted as a function of XI and XI 

for various tube array geometries. Chen's charts, shown in Figs. 16.7.9 and 
16.7.10, have been widely used by designers. Given the complexity of the 
subject, experimentalists [16.4.12] find either method satisfactory for 
correlation purposes. 

iii. Damping: 
Even in laboratory tests, the exciting frequency often coincides with the 

acoustic frequency and yet no standing wave develops. The reason lies in the 
energy dissipation inherent in the tube array. Based on their experimental 
data, Grotz and Arnold [16.7.34] proposed a damping parameter cI> based 
on the slenderness of the chamber, and on the wave length A of the standing 
wave. 

A 
cI>= - (16.7.27) 

2PI' 

The parameter PI' is the transverse passage width in the bundle. The 
criterion for ensuring absence of sonic resonance is 

cI»80 (16.7.28) 
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Legend: 

A : Pressure node 
o : Displacement node 

A n == 1 (half wave) 

O~~--------------------------~~O 

w 

Fig. 16.7.8. Typical standing wave forms. 

Several empirical criteria have been proposed to assess the possibility of 
acoustic resonance. Some of the frequently quoted ones are summarized 
below. 

i. Y. N. Chen: 
Chen [16.4.3, 16.7.35] has proposed empirical formulas for in-line 

arrays. According to Chen: 

a. Resonance may occur if the cross flow velocity v c through the bundle 
exceeds the vortex shedding threshold: 

fdo v>­
c S 

where S is obtained from Figs. 16.7.9-10. 

(16.7.29) 

b. Probability of resonance is high if, in addition to satisfaction of (a) 
above, if;* exceeds 2000, where 

* Re ( 1) if; =- 1--2 
SXt 4xr 

(16.7.30) 

ii. Bryce, Wharmby and Fitzpatrick: 
Bryce, et aI., [16.7.36] proposed that sonic resonance will only occur if: 

(16.7.31) 

Ill. Barrington: 
Barrington [16.4.10] defined the critical range of resonance as: 
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Fig. 16.7.9. Strouhal number for in-line banks of plain tubes. 
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Fig. 16.7.10. Strouhal number for staggered bank (45 0 layout) of plain 
tubes. 

0.8!e <fa < 1.2!e (16.7.32) 

where!e is the exciting frequency. 
The acoustic frequency is given by Eq. (16.7.26), wherein w is the 

distance between the reflecting surfaces. Barrington presented two possible 
fundamental mode wave forms: the diametral wave form (Fig. 16.7.11); 
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and, inscribed square forms (Fig. 16.7.12). It is seen that the value of wisD 
and 0.707 D, respectively. Other forms may also exist. However, a standing 
wave will form in a path which requires the least amount of exciting energy. 

Clearly, these prediction methods are quite simplistic in the face of the 
highly complex nature of the acoustic vibration phenomenon. 

Shaded area shows extent of 
oscillat ing gas column 

Fundamental displacement wave 

Q Cross flow directions C> 
Rotated-square pitch 

Q Cross flow directions C> 
In-line square pitch 

Fig. 16.7.11. Position of 
diametral standing wave. 

16.8 EFFECTIVE TUBE MASS 

Q Cross flow directions C> 

Rotated-square pilch 

Q Cross flow directions C> 

In-line square pitch 

Fig. 16.7.12. Position of inscribed 
square standing wave. 

As seen in the preceding section, the effective mass of the tube plays an 
important role in all tube vibration prediction methods. The tube mass 
directly affects its natural frequency (Section 16.6) and therefore must be 
calculated with care. In what follows, the term "effective tube mass" refers 
to the total tube mass per unit tube length. This term has three contributory 
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components: (i), the metal mass of the tube per unit tube length; (ii), the 
contained fluid mass per unit length; and (iii), the hydrodynamic mass due 
to the presence of shellside fluid and the proximity of other tubes or the 
shell wall. The first two terms are readily calculated from basic data. 
Computation of the third term, the hydrodynamic mass, is more involved. 
Designers of ocean going vessels have long recognized the importance of 
hydrodynamic mass in the dynamic behavior of the body. Its consideration 
in heat exchanger tube vibration is equally important. 

When the tubes vibrate inside the shell, the shellside fluid must be 
displaced to accommodate motion of the tube. This results in varying fluid 
pressures on the tube surface. The integrated effect of these pressures is the 
hydrodynamic force which acts on the tube in the manner of an inertia 
force. It is customary to include the effect of the hydrodynamic force by 
augmenting the mass of the vibrating body by the hydrodynamic (or virtual) 
mass. 

An isolated cylinder, moving at a constant velocity in an ideal (inviscid) 
fluid, experiences no hydrodynamic force. This phenomenon is known as 
0' Alembert's paradox. In contrast, a body moving at a variable velocity 
experiences a resistance, and the body behaves as though an added mass has 
been firmly attached to it. The total force required to accelerate the body is 
given by: 

(16.8.1) 

where m is the body mass, ma is the hydrodynamic mass, x indicates the 
displacement coordinate, and C v is the viscous damping coefficient. As in 
other sections of this text, the number of dots on a quantity indicates the 
order of its derivative with respect to time. The linear term Clx ap­
proximates the effect of fluid viscosity. If the fluid is inviscid, then C" = o. 
Similarly, the forces acting on two proximate bodies of mass m l and m2 , 

vibrating in an inviscid fluid medium, have the form [16.8.1]. 

FI =(m l +MII)x I +M12X2 

(16.8.2) 
F2 =M2IxI + (m 2 +M22 )X2 

where FI and F2 are forces acting on bodies m I' and m 2' respectively. Mil' 
M 12' and M 22 are terms in the 2 x 2 virtual mass matrix. This matrix is 
symmetric; MI2 = M 21 . The terms of this matrix depend on the inter-body 
gap, on the fluid density, etc. The previous statements are valid only for 
small amplitude vibrations; the equations for the forces FI and F2 include 
non-linear terms in velocity and acceleration if the motions are not in­
finitesimal [16.8.2]. However, in calculations involving stability thresholds, 
one does not have to contend with large amplitude motion. 

In general, the hydrodynamic mass matrix for a body having n degrees of 
freedom has n (n + 1)/2 distinct terms. Similarly, k bodies, each with n 
degrees of freedom, require a matrix of order (nk x nk) for charac­
terization of the virtual mass effect. 
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Since the virtual mass matrix is symmetric, one can find its eigenvalues. 
These eigenvalues are called effective virtual masses; and play the same role 
as the hydrodynamic mass of a single body [16.8.1]. Expression for virtual 
mass for many cases of practical interest are reported in Refs. [16.8.3-4]. 
The cases of interest for the tube vibration problem are summarized below. 
The virtual mass ma is expressed in terms of the virtual mass coefficient, 
C m' defined as 

m 
C = _a (16.8.3) 

m pV' 

where V' is the fluid volume displaced by the body, and p is the fluid 
density. 

i. A single cylinder in an infinite, viscous fluid: 
This case is not of importance in heat exchanger tube bundles. However, 

it serves as an instructive benchmark. The values of Cm and C v for a long 
cylinder vibrating perpendicular to its axis in an infinite viscous medium of 
kinematic viscosity v' , is given by 

Cm=Re(H) 

C v = - p7fr2wIm (H) 

where H is defined by the equations 

H= 1 + 4K I (a) 
aKo(a) 

a= (ir) 1/2 

wr2 
r=-

v' 

(a) 

(16.8.4) 

(16.8.5) 

(b) (16.8.6) 

(c) 

KI and Ko are modified Bessel functions of the second kind. When r is very 
large, we can obtain the following limiting forms: 

Cm = 1 + 2(2/r)112 

1m (H) = - 2(2/r) 112 - (2/r) 

Finally, if v' = 0 (inviscid fluid), then H = 1 which yields 

Cm=1; Cv=O 

This is the familiar case in which the hydrodynamic mass is equal to the 
displaced fluid mass. 

Values of Hare given in Fig. 16.8.1 as a function of r. 
ii. A circular cylinder near a wall: 

The hydrodynamic mass of a circular cylinder near a parallel wall is 
independent of the motion in an ideal fluid; C m is given in [16.8.3] by the 
expression 
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where 

DO 

C m = 1 +4sinh2 a* E 
m=1 

m. 
smh(ma*) 

[ r+g+ [(r+g)2 -r 1112 ] 
a*=ln 

r 
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Cm is presented as a function of g/r in Fig. 16.8.2. r is the radius of the 
cylinder and g is the nominal gap. We note that C goes to 1 as g/r - 00 

. m 
(the case of Isolated body). 

iii. A group of cylinders: 
A group of k parallel tubes, arranged in a hexagonal array (Fig. 16.8.3), 

submerged in an infinite ideal fluid, and vibrating in the two orthogonal 
planes normal to the tube axes, requires a matrix of order 2k for 

/0 

1.0 

~ 0.1 

G 

5 10 50 100 500 lOOO 5,000 10,000 50,000 100,000 
r 

Fig. 16.8.1. Re(H) and im(H) for a single cylinder in an infinite viscous 
fluid. 

representation of its hydrodynamic mass matrix. As stated before, the 
eigenvalues of this mass matrix (actually, the maximum eigenvalue) are of 
interest in vibration prediction methods. Figure 16.8.4 shows the upper and 
lower bounds of the eigenvalue for different array sizes. We see that the 
eigenvalue bounds for 19 and 37 cylinder arrays are almost identical. 
Therefore, 19 or 37 cylinder array bounds may be used in practical design 
work for arrays of any size. TEMA Standards [16.1.5] recommends the 
upper bound corresponding to 19 cylinders for estimating C III in practical 
designs. 

Figure 16.8.4 highlights the significance of ligament efficiency in tube 
vibration analysis. Tighter arrays (small p/d) have a higher hydrodynamic 
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mass factor, C m' and therefore cause a greater depression in the tube 
natural frequency. 

The plot of Cm, due to Moretti and Lowery [16.8.5], is also presented in 
Fig. 16.8.5, since some correlations reported in Section 16.7.1 are based on 
their definition of Cm. 
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Fig. 16.8.2. Hydrodynamic mass coefficient for a cylinder vibrating near 
a wall. 
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Fig. 16.8.3. Schematic of a tube bank arranged in a hexagonal pattern. 
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Fig. 16.8.4. Upper and lower bounds of the effective hydrodynamic mass 
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16.9 DAMPING 

16.9.1 Classification 

A vibrating tube in a heat exchanger bundle dissipates energy through a 
variety of means. Scraping in the baffle holes is the most obvious. The non­
conservative nature of the stress-strain diagram of the tube material 
(hysteresis) and the drag effects of the shellside fluid also contribute to 
energy removal from the tube. "Damping" is the general term used to 
define the ability of a structure to dissipate vibratory energy. Damping can 
be classified into three broad categories: 

(i) Structural Damping 
(ii) Internal Damping (material effects) 
(iii) Fluid Damping 

As one would expect, structural damping is a strong function of the 
number and thickness of tube supports, the size of the baffle hole clearance, 
the surface adhesion effects between tube and baffle materials, etc. Internal 
damping due to hysteresis in the stress-strain curve, is usually not significant 
at small vibration amplitudes. However, Lowery and Moretti report 
[16.9.1] that the location of the longitudinal weld seam with respect to the 
plane of tube vibration has an effect on the measured damping; this is 
presumably due to altered material properties in the heat affected zone. 
Fluid damping is the most elusive component. It varies with the flow 
velocity of -the shellside fluid, the solidity of the tube array, the density and 
viscosity ofthe shellside medium, etc. Theoretically, the total damping goes 
to zero when the critical velocity for fluid-elastic instability is reached 
(Section 16.5). When specifying damping, it is important to indicate 
whether "in-vacuo" or "in still fluid" condition exist. 

Nearly all damping mechanisms are inherently non-linear in nature. 
However, the equivalent linear damping coefficient is normally used in 
predictive correlations. "Percentage of critical damping" and "logarithmic 
decrement" are common means of specifying linear damping. In the next 
sub-section, a brief exposition of linear damping concepts is given. The 
reader is referred to standard vibration texts for a more detailed treatment 
of the subject. 

16.9.2 Damping Coefficient 

Let us consider the vibration of a mass m 0 attached to a rigid frame 
through a spring of stiffness K and a linear damper of coefficient C (Fig. 
16.9.1). The damper exerts a restoring force C·dx/dt on the mass when the 
latter has velocity dx/ dt. The equation of motion for free vibration of mass 
mo (no externally applied forces) is given by 
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d2x dx 
mo -2- +C- +Kx=O 

dt dt 
(16.9.1) 

where t indicates the time coordinate. If the initial conditions are specified 
as x=xo' and dx/dt=vo at t=O, then the solution of Eq. (16.9.1) can be 
obtained using classical techniques [16.6.1]: 

[ Vo + 71Xo. ] 
x=e-~t XOCOSWdt+ smwdt 

Wd 
In Eq. (16.9.2), we have used the following familiar terms 

71=C/2m o 
Wd = w(1-712 / W2)1/2 

w= (K/mo)1I2 

Fig. 16.9.1. Spring-mass-damper system. 

(16.9.2) 

(a) 

(b) (16.9.3) 

(c) 

Mass 
mo 

With no loss in generality, we can apply the above result to the motion of a 
tube, approximated as a one degree of freedom system, by interpreting mo' 
C, K as mass, damping, and stiffness per unit length of tube. We note that 
when 71 = W, Wd = 0, and the motion is no longer periodic. The minimum 
amount of damping which renders the free vibration aperiodic is known as 
"critical damping". The corresponding damping coefficient, C*, is given 
by 

C* 
Wd =0- - = (K/mo)1I2 

2mo 
or C* = 2(Kmo) '/2 

(16.9.4) 

Figure 16.9.2 shows a typical plot of the vibration of mass mo subsequent to 



790 Mechanical Design oj Heat Exchangers 

Fig. 16.9.2. Decay of free vibration amplitude. 

its initial displacement Xo at 1=0. From Eq. (16.9.2), the ratio of two 
successive amplitudes is given by 

e-~T 

--- =e~Td 
a n + 1 e-~(T+Td) 

where Td is the period of damped vibrations: 

271" 
T d=-

Wd 

(16.9.5) 

(16.9.6) 

Therefore, the logarithm of the ratio of consecutive amplitudes is given by 

271"1/ 
o=Log(a fa )=1/T =-

n n+1 d W 

for 1/ < < W (small damping); W d "'" w; hence 

271"1/ 
0=-

W 

o is called the logarithmic decrement. 

d 

Substituting for 1/ and W from Eq. (16.9.3) we have 

0=271" (C!2m o) =271" __ C __ 
(Kfm o) 112 2(Km o) 112 

C 
=271"­

C* 
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Let rrepresent the ratio of actual to critical damping; 

r=C/C* 

then, 0 is related to rby the equation 

o=27rr 

791 

(16.9.7) 

(16.9.8) 

Thus the logarithmic decrement 0 is 27r times the fractional damping 
available in the vibrating system. We now derive an expression for the 
energy removed by linear damping in the course of one cycle of motion. 

The work done by the damper in one cycle on the mass, executing a 
harmonic motion at frequency W 0' is given by 

i dx 
Ed= C-dx 

dt 

iT+<h/WO) ( dx )2 
=C - dt 

T dt 

Since x = Xo sin wot 

dx 
dt =X oW ocosw / 

Substituting for dx/dt in the above integral and integrating, we have 

Ed=7rCWoX02 (16.9.9) 

The maximum kinetic energy of the vibrating mass, K max is 

K _ ~m ( dX)2 
max - 2 0 dt max 

1 = -m W 2X 2 2 0 0 0 

Therefore, the ratio of energy dissipated by the damper to the maximum 
kinetic energy of the system is 

Ed 7rCWOXO 2 27rS"C* 
e* = -- = ----- = 

Kmax 1 2 2 
2moWo Xo 

Substituting for C* from Eq. (16.9.4), we have 

47rrw 
e*=-­

Wo 
(16.9.10) 

If the mass vibrates at its own natural frequency, i.e., W = W 0 then 

Ed 
-- =e* =47rr=2o (16.9.11) 
Kmax 
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Thus, for a lightly damped mass vibrating at its natural frequency, the 
logarithmic decrement 0, is proportional to the ratio of energy expended in 
viscous damping per cycle to the total kinetic energy of the system. 
Equations (16.9.10) or (16.9.11) enables defining an equivalent damping 
factor in those cases where the energy dissipation mechanism does not 
follow the linear viscous model, e.g., the form drag due to vibration of 
tubes in water. 

The above expression is readily extended to multiple degree of freedom 
system by considering the equivalent linear damping in each mode of 
vibration. 

16.9.3 Fluid Damping 

We consider a vibrating cylindrical body of unit length and of diameter D 
subject to a uniform fluid flow of velocity u perpendicular to its axis. Ux 

and Uy represent the absolute velocities of the body in the x and y direc­
tions, respectively (Fig. 16.9.3). The relative velocity Ufel is given by 

U 12 =(U -u)2+ U 2 (16.9.12) 
re x y 

The drag force F D on the cylinder acts at an angle 'Y with respect to the x­
direction; 

U 
'Y=tan -I --y-

U -u x 

and is given by the formula 

1 
- pC D[(U - U)2 + U 2] 2 D x Y 

(16.9.13) 

(16.9.14) 

In Eq. (16.9.14), CD is the drag coefficient, and p is the density of the 
fluid medium. Equations (16.9.13-14) indicate that the direction (angle 'Y) 
and the magnitude of the drag force will change as the vibratory velocities 
Ux and Uy vary with time. Changes in the fluid velocity u will also change 
the magnitude and direction of the fluid drag vector. Thus the energy 
dissipation produced by fluid damping depends on the fluid velocity and on 
the tube vibration amplitude (which is directly proportional to velocities Ux 

and Uy ). Therefore, there is no unique value of fluid damping that can be 
ascribed to a particular tube bundle. Many researchers recommend using 
the value corresponding to "still fluid" conditions in predictive formulas to 
avoid confusion. Typical reported values of damping are summarized in the 
following sub-section. 

16.9.4 Damping Data 

Pettigrew and his co-workers provide some useful design data on the total 
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damping factor r. According to Pettigrew, et aI., [16.9.2] the fluid damping 
component rj, decreases with an increase in the natural frequency. Since the 
structural damping component r" is practically independent of frequency, 
the total damping decreases with increasing tube natural frequency. 
Damping data, reported in Table 16.9.1, below, substantiates the above 
statement. Table 16.9.1 also shows the value of normalized damping 
coefficient Cn where 

c 
c=-

n do 
(16.9.15) 

Vibrating 
cylinder, diameter D 

---u- ux ----
FD Yl 

uy 

-I. ux - u ~ u ~ 
Fig. 16.9.3. Fluid flow past a cylinder. 

Table 16.9.1. Damping Data from Pettigrew, et al. [16.9.2] 

Component Environ- Diam. Material f mo r en 2 
Description ment (mm) (Hz) (kg/m) (kg/sec-m ) 

Process heat water 19.0 stainless 44.4 1.04 0.0160 504 
exchanger steel 33.7 0.0246 574 

Steam generator water 13.0 stainless 39.S 0.525 0.0216 43S 
model steel 63.5 0.0115 372 

Moderator heat water 13.0 Incoloy- 140 0.462 0.0073 459 
exchanger -SOOT 227 0.0066 672 

Fuel air- 19.0 Zircaloy- 45.0 1.79 0.060 31S1 
element water -2 

Steam generator steam- 13.0 stainless 3S.0 0.472 O.OSI 1407 
model water steel 

Based on the data in Table 16.9.1, Pettigrew, et aI., recommend 
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2mowt 
c =C/do=--

n do 
= 400 Kg/sec-sq. meter for water (0.00147 lb­

sec/in.3) 

(16.9.16) 

= 1400 Kg/sec-sq. meter for two phase mixtures 
(air-water, water-steam) (0.00515Ib-sec/in. 3) 

where mo (mass/unit length) is the sum of the tube mass, the contained fluid 
mass, and the displaced shellside fluid mass. 

Viscous damping due to the vibration of an isolated tube, perpendicular 
to its axis, in a quiescent fluid, is given by the classical relationship due to 
Stokes [16.9.3]. For the component ofthe damping factor tdue to the fluid: 

_ 7I"d0 2p ([ 2p' ]\1, 2p' J 
tf--- -- +-

2mo wdo 2 wdo 2 
(16.9.17) 

Since 2p' / wdo 2 < < 1, the first term in braces is much larger than the 
second; Stokes's relationship can therefore be approximated as 

7I"d0 2p ( 2p' )v, 
tf=-- --

2mo wd0 2 
(16.9.18) 

Connors, et aI., [16.9.4] found that the fluid damping in a square array with 
pitch-to-diameter ratio equal to 1.33 is approximately 1.9 times the value of 
tf given by Eq. (16.9.18). Connors, et aI., give the following semi-empirical 
formulas for the fluid damping parameter, tf' as a function of axial flow 
velocity Uax ' 

10.73 (pdo 2 ) ( p' ) \I, -0.00018u d /p' tf=-- -- -- e ax 0 
271" mo Jd0 2 

+ 0.327 (pdo 2 ) ( Uax ) (_P_' ) 0.22 

271" mo Jdo douax 

The above correlation was developed on the basis of data obtained in a 
rectangular array ofp/do = 1.33. 

Chen and Wambsganss [16.9.5] obtained fluid damping data for a single 
0.50" diameter rod vibrating within a 2 n diameter annulus full of water. 
Their empirical formula for the fluid damping component is given as 

tf=O.003 + 2.44 X 1O- 4 uax +3.44 x 10-6 uax 2 (16.9.19) 

where Uax is axial flow velocity in ft/sec. 
Despite the differences in the experiments, the magnitudes of tf given by 

the two expressions above are quite close in the practical range 
(uax <30ft/sec). 

Chen and Jendrzejczyk [16.9.6, 16.7.11] studied the variation of fluid 
damping with flow velocity in cross flow . Their findings indicate that fluid 
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damping in the drag direction increases with cross flow velocity. The 
damping in the lift direction can increase or decrease with flow velocity as 
shown in Fig. 16.9.4 . 

.;; 
Cl 
c: 
0. Reynolds No. = 10' _10' 
E 
m 
"0 
:'Q 
::l -Cii 
c: 
o 
:g 
m 
u: --

--Drag Direction 

-- - -Lift Direction 

v/fdo 

Fig. 16.9.4. General trend of fluid damping dependence on flow velocity 
for tube arrays. 

16.10 CROSS FLOW VELOCITY 

16.10.1 Computer Models 

The flow of shellside fluid in a baffled heat exchanger is highly complex. 
Researchers seeking to predict shellside heat transfer with tolerable 
precision, recognized the need to better understand shellside velocity 
distribution [16.10.1]. Overall heat transfer rate is an integrated effect, and 
therefore even large errors in estimated velocity distribution "smear out" in 
the integrated heat transfer coefficient calculation. The success of vibration 
analysis, on the other hand, is directly predicated on the accuracy with 
which velocity distribution on the subject tube can be predicted. Indeed, the 
lack of information for defining the flow field in industrial heat exchangers 
has been a principal impediment in correlating laboratory data with in­
dustrial experience. However, three-dimensional fluid flow solution 
methods [16.10.2] are beginning to emerge. General purpose fluid flow 
computer programs [16.10.3] have been utilized to map out the velocity 
field in laboratory units with remarkable success. These codes possess the 
added capability of refining the prediction of shellside film coefficient. 
Such computerized methods are certain to supplant present day empirical 
velocity computation methods in the near future. In the interim, however, 
semi-empirical methods and sound engineering sense is the best that a 
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designer can be expected to muster. The so-called "Stream Analysis 
Method" developed by the Heat Transfer Research Institute [16.10.4] is 
perhaps the most respected of the semi-empirical techniques. The computer 
program "ST4", a proprietary code of HTRI member companies, has been 
extensively used as a tool for predicting heat transfer, pressure loss and flow 
induced vibration potential. Its premise, the "Stream Analysis Method", is 
outlined in Sub-Section 16.10.3. Solution procedures for specialized baffle 
configurations, such as "Triple Segmental Baffles" have also been 
proposed [Ref. 16.10.5]. Because of the comparatively high rate of failure 
in the V-bend region, a specialized solution for the V-bend region is 
presented in sub-section 16.10.4. 

Since the flow velocity over a tube span is rarely uniform, it is necessary 
to define an equivalent uniform velocity for use in prediction techniques 
(Section 16.7). Such an expression is derived in the following. 

16.10.2 Effective Velocity 

The cross flow velocity on a typical tube span is not uniform. All of the 
vibration prediction methods pre-suppose a uniform velocity field across 
the tube bank. Connors [16.10.6] has proposed the following formulas for 
calculating the "effective velocity" Ve to be used in place of v in the for­
mulas in Section 16.7: 

I L v2vidx 

ve 2 = ----­
I L Vidx 

(16.10.1) 

In the above equation v is the velocity distribution function, and 1/; is the 
significant mode shape for the tube span under consideration. Expressions 
for 1/; for some typical single span tube models can be found from the data 
in Table 16.6.1. 

Equation (16.10.1) can be derived by making the following simplifying 
assumptions: 

i. The tube span under consideration is vibrating in the significant mode 
for that span; i.e., the deflection of the span is 

y(x,t) = K I 1/;(x)sinwt (16.10.2) 

where w is the tube frequency corresponding to the mode shape 1/;(x), and Kl 
is a proportionality constant. 

ii. The fluid force per unit length G(x,t) is in phase with the tube velocity 
and has the form 

(16.10.3) 

where v = v(x). 
iii. The energy removed by damping is uniformly distributed over the 



16/ Flow Induced Vibration 797 

tube length and the damping is a linear function of the assumed tube 
velocity. 

The energy imparted to the tube by the fluid force in one vibration cycle is 
given by 

or 

or 

EI = HG(x,t)dydx 

I 

EI = 7rpK12 K2 L v2(x)Vi(x)dx 

The energy dissipated by viscous damping is: 
E2 HCy dydx 

21r 
I -

CK1 2 w21 0 1 OW 1/;2 cos2 wtdtdx 

I 

7rCK1 2 W L 1/;2 (x)dx 

(16.10.4) 

(16.10.5) 

Since, for a stability threshold EI =E2, Eqs. (16.10.4) and (16.10.5) yield: 
pK2v/=Cw=2C7rj (16.10.6) 

where Ve 2 is defined by Eq. (16.10.1). Since by Eqs. (16.9.3)-(16.9.8), 
C= omof12r, we have: 

(16.10.7) 

or 

or (16.10.8) 

The constant (7rK2) -'I, is the equivalent of the threshold stability constant in 
Connors' formulation (Eq. (16.7.3)). 

Example: Let us consider a central tube span of length I. The significant 
mode shape for this span is (ref. Section 16.6.2): 

7rX 
1/;(x) = sin -

1 
(16.10.9) 

Let us compute the effective velocity for the case where the velocity is 
uniform only over the left quarter of the tube span, i.e., 
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v(x)=vo; 0:::;x:::;114 

=0; 114<x:::;1 

Substituting in Eq. (16.10.1) yields: 

V 2 sin2 -dx ~ 114 7rX 

o 0 I 
Ve= -------------------

~ ' 7rX sin2 -dx 
o I 

or 
Ve =0.3014vo 

16.10.3 Stream Analysis Method 

(16.10.10) 

The essence of the "Stream Analysis Method" lies in defining certain 
discrete flow paths for the flow of shellside fluid from one baffle space to 
the next. These flow passages are idealized as ducts with simulated friction 
factors. Classical piping network technique are used to determine the flow 
fraction in each flow passage. 

The HTRI model of flow "streams" is shown in Fig. 16.10.1. The 
shellside flow is assumed to split into five parallel streams, defined as 
follows: 

A-Stream: The stream which crosses the baffle through the annular 
clearances between the tubes and the baffle holes. This stream is essentially 
in parallel flow with respect to the axis of the tube bundle. 

B-Stream: This is the crossflow stream which flows in the plane per­
pendicular to the baffle cuts. The velocity of the fluid in this stream is of 
importance in vibration analysis. 

C-Stream: This stream occupies the two helical paths defined by the 
annular space between consecutive baffle cuts (Fig. 16.10.1). The flow area 
for this stream can be quite large in removable bundle heat exchangers, 
particularly in floating head types (ref. Chapter 1). Flow velocities in this 
stream are usually larger than the cross flow velocity. Tubes located on the 
outer periphery of the bundle, which are swept by this stream, are par­
ticularly susceptible to its effect. Designers should watch out for solitary 
tubes located in the path of C-Stream, since such tubes would most 
assuredly experience higher flow velocity than the tubes located in the 
bundle interior. 

E-Stream: This stream flows parallel to the shell through the gap 
between the baffle outer circumference and inner wall of the shell. 
Although ineffective in heat transfer, this stream is completely benign for 
tube vibration. 

F-Stream: This stream lies in the plane parallel to the B-Stream. 
However, it flows in the open passages formed by the pass partition lanes. 
Designers make some attempt to throttle this stream by placing "dummy 
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tubes" in the pass partition lanes. Unfortunately, in some occasions, the 
dummy tubes vibrate violently and damage adjacent tubes by repeated 
impact! Tubes on the edges of the pass partition lanes swept by the F­
Stream should be carefully examined for the effects of the F-Stream. The 
most desirable design provision is to rotate the baffles such that no pass 
partition lanes are perpendicular to baffle cuts. 

Like dummy tubes in pass partition space, "seal strips" are sometimes 
utilized to choke off the C-Stream. Kissel (16.10.7) found that seal strips 
hasten the incidence of flow induced vibration due to increased local 
velocity. Figure 16.10.2 shows how sealing strips jeopardize the safety of 
the adjacent tubes. 

The above discretization of flow passages has to be modified in the inlet 
and outlet zones where rapid flow expansions/contractions occur. HTRI's 
chief contribution to shellside flow visualization lay in defining the 
resistance of the flow passages by correlating the theory with the extensive 
data collected by the so-called Delaware project and other sources. Because 
of their proprietary nature, the friction factors cannot be presented here. 
However, the gist of the solution procedure can be summarized. 

Figure 16.10.3 shows the equivalent pipe network model [16.10.4] for 
flow of the shellside fluid in the baffled region containing single segmental 
baffles. Nodes 1 through 6 are located at points of flow confluence and 
splits. In Fig. 16.10.3, nodes 3 and 4, called diametral nodes, are located at 
the center of the baffle windows. Node 1 is the mirror image of node 3, and 
node 6 is the mirror image of node 4. The pressure drop across a window is 
labelled t:.P w; and the pressure drop due to cross flow across the bundle of 
tubes is labelled t:.Px • Nodes 2 and 5 are located midway between the 
diametral nodes. Let Pij denote the pressure difference between nodes i and 
j; then according to our nomenclature 

PI3 = P46 = t:.Px 

P34 = t:.Pw 

P25 = t:.Px + t:.P w 

Streams B, C, and F split at node 1 and rejoin at node 3, undergoing the 
pressure drop PI3 = t:.Px • Streams A and E issue at node 2 and merge at node 
5 undergoing the pressure drop t:.P25 = (t:.Px + t:.P w) in the process. 

Each stream is assigned a flow passage area. The resistance to the flow of 
a particular stream in its passage is a function of the shape of the passage 
and the Reynolds number. For example, the pressure drop in stream B due 
to flow QB from node 1 to node 3 can be written as 

PI3 = t:.Px = OBRB QB 2 

where RB is the resistance factor which depends on QB' the B-stream flow 
rate. OB is the constant term which lumps the flow-independent terms such 
as the reference flow cross sectional area, and fluid density. 

The total flow Q must equal the sum of the contributory streams (mass 
continuity), i.e., 
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Q=QA +QB +Qc +Q£ +QF 
The solution for the correct values of QB' Qc, etc. can be obtained 
iteratively in one of several ways. For example, initial guesses on QA' QB' 
etc., consistent with the mass continuity requirement, can be made. The 
Reynolds number in each stream and the corresponding friction factors can 
then be calculated. Having computed the friction factors, the pressure 
drops in each stream between the node points are readily known. Pressure 
drop in any stream between two nodes must equal that in a parallel stream 
originating and merging at the same two nodes. These requirements can be 
phrased in terms of a relaxation scheme which modifies the stream flow 
rates (QB, Qc ... etc.) until the inter-nodal pressure drops in all streams 
are consistent with each other. Computer code ST4 developed by HTRI 
utilizes this stream analysis principle. 

Fig.16.10.1. "Stream Analysis" model of Tinker and HTRI. 

Penetration 
region 

Seal strip 

---...;;------ C·Stream 

Fig. 16.10.2. Flow distortion due to seal strip. 

16.10.4 Flow Distribution in the V-Bend Region 

The flow field in the U-bends of a tube bundle containing double­
segmental baffles is presented in Ref. [16.10.9]. A summary of that analysis 
is given in the following and forms the basis of the computer program 
"UFLOW" described in Appendix 16.C. 
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Bundle Configuration Analyzed 
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The baffle layout considered in this analysis is shown in Fig. 16.10.4. The 
inlet nozzle is located beyond the bundle to avoid direct impingement 
related tube erosion problems. The tubes are arranged in a staggered pattern 
(usually triangular) on a desired pitch determined by available pressure loss, 
and bundle diameter limitations. The tube pitch to diameter ratio varies in 
the range of 1.2-1.4. Double segmental baffles, shown in Fig. 16.10.4, 
consist of two basic baffle geometries which are identified as the "slotted 
baffle" and the "solid baffle", respectively. The overlap (in the Z­

t1Pw 

Total Flow in Total Flow out 

Fig. 16.10.3. Flow resistance model. 

direction) between the two baffles, arranged alternately as shown in Fig. 
16.10.5, determines the extent of cross flow of the shellside stream. The last 
baffle is of the slotted type such that the large diameter V-bends are sup­
ported at their points of tangency. * The small diameter U's, not supported 
by the last slotted baffle, are shortened to reduce their overhang (see Fig. 
16.10.5 and Photograph 16.a). These shortened tubes thus escape the full 
thrust of the flow, and can usually be shown to not require any mid-span 
support. However, the tubes supported by the last slotted baffle "see" the 
complete shell stream, and hence must be carefully studied and protected 
from vibration. We describe the mathematical model which predicts the 
flow distribution and thus enables us, using the predication techniques of 
Section 16.7, to evaluate the vibration potential. 

Planar Flow Model 

A physically admissible flow model in the V-bend region can be con­
structed by recognizing that the shape of the opening at the baffle and the 
symmetry of the bundle about the Y-Z plane encourages the flow streams to 
be parallel to the plane of the V-tubes (Y-Z plane). The curvature of the 
shell surface, and the orientation of the inlet nozzle may introduce some 
velocity components perpendicular to the Y-Z plane, but in general such 
deviations will be small due to the preponderant geometric symmetry of the 

~ actual practice, a small projection of the straight segment beyond the last baffle is 
provided to facilitate assembly. 
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Fig. 16.10.4. Double segmental baffle shapes. 
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Fig. 16.10.5. Bundle geometry. 

bundle. Hence, the flow can be assumed to be essentially stratified parallel 
to the plane of the U's, and flowing radially inwards towards the baffle slit. 
To the approaching stream, the U-bundle appears to be a section of a 
perforated hemisphere (see Fig. 16.10.6). At height x (above the Y-Z plane), 
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Photograph 16-a. V-bend with inner rows shortened (Courtesy Joseph 
Oat Corporation, Camden, N.J.) 

the tube stratum has a maximum radiusy. The flow through a tube stratum 
of unit width (Fig. 16.10.7) is related to the pressure drop t.P by: 

(16.10.11) 

where p is the fluid density at its bulk temperature and 1/;/ are loss coef­
ficients. The stratum at height x is assumed to have n tube rows. Let r, 
denote the bend radius of the ith tube row where the innermost row (radius 
rs = r l equal to one half of the baffle slot width) is designated as row 1. Vi 
denotes the flow velocity at row i. Thus, the radius of the nth row is rn = y, 
and the associated flow velocity is Vn • 

In Eq. (16.10.11), the first term in the right-hand side represents the 
pressure loss in contraction and expansion through the baffle window of 
radius rs( = r l ) and 1/;~ is the corresponding coefficient. The second term 
represents the pressure drop as the stream traverses the radial path of length 
(y - rs) containing n tube rows.1/;; is the corresponding coefficient which 
lumps the pressure drop due to momentum change, due to fluid skin 
friction, and due to turbulence loss in one term. The correlations for 1/;~ and 
1/;; will be further discussed later in this section. 

If q* denotes the flow rate at this stratum, then mass continuity yields: 

q*=7rrYi; i=1,2, ... n. (16.10.12) 

wherer l =rs· 
Substituting for VI and Vj from Eq. (16.10.12) into Eq. (16.10.11), we 

have 
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where 
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2~ t:.P 2 [ 1 n 1 
- ---:;;- =q* 2 + w* E 2] 
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Fig. 16.10.6. One half of the V-bundle. 

(16.10.13) 

(16.10.14) 

The numerical sum in Eq. (16.10.13) can be replaced by an integral if we 
note that the trapezoidal rule for numerical quadrature implies that 

1 raz n 
- J f(x)dx= E /; -0.5([1 +fn) 
h al ;=1 

(16.10.15) 

where/; is the value of functionf(x) evaluated at the ith node; and h is the 
nodal spacing; i.e., h=(az -a l )/(n-l). Using Eq. (16.10.15) in Eq. 
(16.10.13) yields: 

where 

q*2 [r; + ~: rs ~ + ~* (:; + ;2)] = Cp 2 

2 2~ t:.P 
C =--

p P 1/;i 

(16.10.16) 

(16.10.17) 

and PI is the longitudinal pitch, defined as the distance between the tube 
rows. Thus, for the stratum containing n tube rows 
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rn -r1 y-rs 
PI= -- =-­

n-1 n-1 

PI is assumed to be a constant for the bundle. 
Performing the necessary integration in Eq. (16.10.16) we have 

Cp 

q*= ----------------------------

[ ~ + ~ ( ~ _ ~ ) + w* ( ~ + ~)] Yz 

rs PI rs Y 2 rs y 

Cp is an undetermined constant. 
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(16.10.18) 

«(16.10.19) 

We next note that the flow through the entire bundle surface (segment of 
a hemisphere) and the open baffle window area is given by Q, where 

- ---
Fig. 16.10.7. Radial planar flow at stratum of radius y at height x. 

(16.10.20) 

and 
X' =(RL 2 -r;)Yz 

RL is the outer bundle radius, and TJ' is the perforation coefficient of the 
bundle surface, defined as 

TJ' == PI -do (16.10.21) 
PI 

In Eq. (16.10.21), PI and do are the transverse tube pitch and tube 0.0., 
respectively. Aw is the surface area of a semi-circular cylinder of radius rs 
and length 2(Rs -x'), where Rs denotes the inside radius of the shell. 
Substituting for q* from Eq. (16.10.19) into Eq. (16.10.20), and in­
tegrating, we have 
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Q=Aw Vw + 21/'Cp RL 2/* (16.10.22) 
where V w is the window velocity evaluated at the surface of the semi­
circular cylinder of radius rs. The integral /* is 

/* = fP'[)(2 + W*RL (X _(1-Z2)-Yz) 
Jo PI 

w* ]-Yz + 2 {)(2 +(1-Z2)-I) dz (16.10.23) 

where 

x 
Z= -

RL 
(16.10.24) 

RL 
X=- (16.10.25) 

rs 

and 
p' =(1_X-2)Yz (16.10.26) 

If N denotes the number of tube rows at the mid-plane of symmetry (x = 0), 
then the expression for /* can be recast as follows: 

w* ]-Yz + 2: {)(2 +(1-Z2)-I) 

(16.10.27) 

/* can be computed for a given w*, X and N by a suitable numerical 
quadrature scheme, such as Simpson's rule. 

Notice from Eq. (16.10.19) that aty=rs , (a single row stratum) q* =qw is 
given by 

(16.10.28) 

Hence 

V w = 11"(1 + w*)Yz 
(16.10.29) 

Noting that 
Aw = 211"rslRs -(RL 2 -rit'] (16.10.30) 

We have, by combining Eqs. (16.10.22), (16.10.29) and (16.10.30) 

{ I: (1 X- 2 )Yz) 
Q =2C R 2 [ .. - - + '/*] (16.10.31) 

p L X(1 + w*t, 1/ 
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where 

Rs 
~=-

RL 
(16.10.32) 

~ is close to 1 for most practical designs. Equation (16.10.31) determines 
Cpo The velocity profile follows from Eqs. (16.10.12) and (16.10.19). 
Equation (16.10.19) is cast in a more convenient form below: 

Cp 

q*=----------------------------------- (16.10.33) 

[~ + w*X(N-1) (~ _ ~) + w* (~+ ~)J y, 

r; (X-1)RL rs y 2 r; y2 

where q* is the volumetric flow rate through a stratum of unit width, and 
outer radius y. Hence, the velocity V(y,r) at bend radius r in the stratum of 
outer radius y is given by 

Cp 
V (y,r) = -----------------

7rr[~ + w*X(N-1) (~ _ ~) + w* (~+ ~)J y, 

r; (X -1)RL rs y 2 r; y2 

(16.10.34) 

Finally, an expression for w* has to be devised. The contraction and ex­
pansion coefficient 1/;i depends on the shape of the orifice, its edge con­
dition, and the ratio of contraction and expansion areas. According to Kays 
[16.10.10], the contraction coefficient Cc and expansion coefficient Ce are 
given, in the turbulent range, * by 

Cc = 0.41(1- AI) 

Ce = (1-A2)2 

(16.10.35) 

(16.10.36) 

where Al is the ratio of the area of the contracted stream to the area of the 
uncontracted stream. Similarly, Az is the ratio of the un expanded stream to 
the expanded stream cross sectional areas. 

Lower bounds on Cc and Ce can be obtained by assuming the un­
contracted (and expanded) areas to correspond to the surface of the smallest 
bend. Thus 

(16.10.37) 

Furthermore, we note that 1/;i is referred to the velocity at the semi­
cylindrical surface in Eq. (16.10.11); hence 

~ 
1/;i = 4(Cc +Ce ) (16.10.38) 

·Contraction and expansion coefficients when multiplied by the velocity head, referred to 
the constricted channel cross section, give the corresponding pressure drops. 
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Equation (16.10.38) will in general give a lower bound for 1/;i, since the 
expressions for Al and A2 are obviously overestimates. An upper bound on 
1/;i can be found by setting Al and A2 equal to the ratio of the baffle cut area 
Ac to the net longitudinal flow area in the shell As. Note that 

(16.1O.39a) 
and that 

(16.1O.39b) 

where N' is the total number of tubes in the shell adjacent to the baffle. 
Using the upper bound on the pressure loss coefficient 1/;i in Eq. (16.10.11) 
will overpredict the flow velocities through the bundle. This is discussed 
further in the following. 

Experimentally measured values of the cross flow pressure drop coef­
ficient 1/;i have been reported by several investigators, notably Bell 
[16.10.8]. 1/;i strongly depends on the transverse pitch PI> on the layout 
arrangement, and to some extent, on the longitudinal pitch. The value of 1/;i 
can be found in the literature for the specified bundle geometry as a func­
tion of the cross flow Reynolds number, Re. Re should be based on the 
nominal flow velocity V' through the baffle, i.e., 

(16.10.40) 

Unfortunately, accurate values of 1/;i and 1/;i are not known at present. 
Parametric experimental studies on prototypes are required to develop 
precise correlations for 1/;i and 1/;i. We recommend using the upper bound 
on 1/;1* as developed in the foregoing. Furthermore, since 1/;i is based on a 
higher Reynolds number than is actually present in most of the bundle, the 
value of 1/;i calculated will be a lower bound. Hence, the dimensionless ratio 
w* will also be a lower bound. In physical terms, this implies that the flow 
path resistance of the bundle is underestimated and that of the frontal 
window region Aw is overestimated. Consequently, the flow velocities 
through the bundle will be overpredicted. From the viewpoint of predicting 
flow induced vibration, the direction of error in the velocity magnitudes is 
favorable. However, the error in calculating the shellside film coefficient 
will be on the unsafe side. Numerical studies indicate that the maximum 
increase in the flow velocity in typical tube bundles is less than 10070 when 
w* is decreased by a factor of 4. This implies that a precise knowledge of w* 
does not appear to be crucial to the accuracy in prediction of the velocity 
field. 

Finally, for the sake of comparison, we will compute the nominal flow 
velocity V* penetrating the bundle surface, assuming that the flow is 
uniform over the surface and that the frontal window area is A w. It follows 
that 
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Q=21r1]' V* C ydx+Aw V* (16.10.41) 

or 
Q= V*[21r1]'(0.5R2 ){ ex' +0.5sin2ex' 1 

+ 21rrs {Rs - (R/ - r;)Vz )] 
(16.10.42) 

where 
ex' = sin - 1 P , (16.10.43) 

Therefore, 
Q = 21rRL 2 V* [ 0.51]' { ex' + 0.5sin2ex' 1 (16.10.44) 

1 ] y, 
+ X {~-(I-X-2)1 

Equation (16.10.44) determines V*. 

Example 

To illustrate the method, the results for a two tube pass, V-tube heat 
exchanger of 24.75 in. I.D. are given. The maximum bend radius RL is 11.8 
in., and the baffle slit radius rs is 3.69 in. The perforation efficiency 1]' is 
0.2 (0.75 in. O.D. tubes laid out on 0.9375 in. pitch). There are a total of 11 
tube rows in the midplane ofthe bundle (x=O). The volumetric flow rate Q 
is 21732 in. 3 /sec. The computer program VFLOW described in Appendix 
16.C is used to solve the problem. 

The velocity distributions corresponding to w* = 1 for y* = yl RL = 0.381, 
0.588, 0.794, and 1 are plotted in Fig. 16.10.8 as a function of tube radius 

2.5 Q = 21732 in 3 /sec 
rJ' = .2, N = 9, w' = 1 
RL 11.8" , r, =3.69" 

2.0 V' = 133.59 inch/sec. 

V 
1.5 

V' 

1.0 
y. = .794 

y. = 1 

0.5 

o 
.3 .4 .5 .6 .7 .8 .9 1.0 

Fig. 16.10.8. Velocity profile for typical tube layers (example problem). 
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r* =r/RL • Some important general inferences may be drawn from Fig. 
16.10.8. The velocity decreases monotonically with increasing Y for a given 
tube radius. The velocity at the maximum bend radius (x = 0) may be a small 
fraction of the velocity in the baffle window, V w' In the example problem, 
the ratio of the velocity at the maximum bend radius to the maximum 
window velocity V w is found to be 0.204. Thus, for U-bundles with wide 
pass partition gaps near the largest bend radii, the window effect may 
produce localized high velocities. In such instances, the openings should be 
either closed using dummy tubes, and/or the midspans of such tubes should 
be adequately supported. 

16.11 Vibration Due to Parallel Flow 

Tube failures due to parallel flow are rather infrequent. However, the 
effect of parallel flow should be considered in exchangers where wide baffle 
spacings are common, such as in kettle reboilers and in condensers. There 
are several analytical tools for predicting vibration amplitudes of cylinders 
in parallel flow [16.11.1]-[16.11.6]. Strictly speaking, they apply to solitary 
cylinders rather than arrays. Unfortunately, the agreement between 
analytical solutions and experimental data has been disappointing, mainly 
due to the lack of accurate data on pressure field fluctuations. Until such 
time when the forcing function is reliably characterized, the heat exchanger 
designer'S sole recourse is to use semi-empirical prognostications 
[16.11.1-8]. Some of the commonly quoted ones are summarized below. 

i. Reavis: 
Reavis's correlation for the rms deflection is primarily intended for 

nuclear reactor fuel assemblies. However, it may serve as a useful guide for 
heat exchanger tube arrays as well. The root- mean-square of the tube 
vibration amplitude is given by [16.11.1]. 

[ pd ° V,O.5 JVO.5 ] 
Yrms=CR'rId'rlD'rIL wfl.5ro.5 uax 

where the resultYrms is given in inches, and 

w Weight of the tube per unit length, lb/in. 
p Fluid density, lb-sec2 /in. 4 

v' Fluid kinematic viscosity, in. 2 /sec 
Uax Axial flow velocity (in/sec.) 
do Tube diameter, in. 
f First mode natural frequency of tube, cycles/sec 
r Fractional damping 

N Number of tubes in the bundle 

(16.11.1) 

The dimensionless scaling factors 'rid' 'riD, and 'rIL, plotted in Fig. 16.11.1 
are functions of pseudo-Strouhal numbers which depend on the tube length 
I and the hydraulic diameter of the flow channel D h • 
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CR is the "disparity ratio" plotted in Fig. 16.11.2 as a function of Dh / I. 

ii. Paidoussis: 
The vibration amplitudey is given by [16.11.7] as: 

y [ii1.6 (lId )1.8 Reo.25 J [D 0.4 [ (32/3 J 
- =5 X 1O-4 K*A- 4 0 _hJ -----
do (1 + ii2 ) do (1 + 4(3) 

(16.11.2) 

where A is the dimensionless first mode eigenvalue (Table 16.6.1) and ii is 
the dimensionless flow velocity 

( mff)Yl 
ii= EI Uax (16.11.3) 

m f is the mass of fluid displaced by the cylinder (equal to the outer volume 
times the fluid density), I is the tube length, and EI is the flexural rigidity of 
the tube. Re is the Reynolds number, Dh is the hydraulic diameter, and (3 is 
the mass ratio: 
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m' 
{3=--

m+m' 
(16.11.4) 

m is taken as the tube mass including any contained fluid mass. 
In Eq. (16.11.2), K* is a parameter which is equal to 1 for very "quiet" 

circulating systems (e.g., low turbulence wind or water tunnels) and equal to 
5 for industrial environments. 
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Fig. 16.11.2*. Average disparity between theoretical and experimental 
displacement. 

iii. Y. N. Chen: 
Chen [16.11.8] presents the following expression for tube vibration 

amplitude considering vibration to be a parametric resonance condition: 

(16.11.5) 

where 

[ -ff2 EI] [ 1 ] y, Uc = T 1 -;;: CZpdoL+pA (16.11.6) 

In the above expression A = 11"/4 d0 2 and CZ is the skin friction coefficient 
-The literature sources for the data points of various researchers in this plot may be found in 

[16.11.1]. 
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for axial fluid flow on the tube surface. {3* = 112, 1 and 2 corresponds to 
"quiet", "average", and "noisy" flow conditions, respectively. 

iv. Chen and Weber: 
This method, reported in [16.11.9], is based on predicting a turbulent 

eddy frequency which can produce resonant vibration of the tube if it 
coincides with the natural frequency of the tube. 

The critical parallel flow velocity is given by 

[ ( 0.0021 )] - y, 
ucrit =fl {3 - + 1 

do 
(16.11.7) 

where {3 is defined by Eq. (16.11.4). 
The dimensionless midspan amplitude is given by 

(16.11.8) 

16.12 IDEAS FOR PREVENTING FLOW INDUCED VIBRATION 
PROBLEMS 

16.12.1 Fluid-Elastic Instabilities 

All fluid-elastic prediction correlations presented in Section 16.7.1 have 
the general form 

-<a -- 0 v ( mo )a b 

fdo - pdo2 
(16.12.1) 

where a, a and b are constants and 0 <a,b < 1. This relationship suggests 
that the stability threshold for the cross flow velocity v is increased if the 
pertinent natural frequency of the tube span is raised. An inspection of Eq. 
(16.6.16) indicates that the natural frequency is 

(i) inversely proportional to the square of the tube span. 
(ii) directly proportional to the square root of the Young's modulus of 

the tube. 
(iii) directly proportional to the square root of the ratio (I/mo). 

Reducing the tube span causes a proportional increase in the cross flow 
velocity which in turn increases the shells ide pressure loss. To minimize the 
pressure loss increase, the shell diameter is increased which raises the cost of 
the equipment. We will comment further on tube span reduction later in this 
section. 

Supporting U-bends at mid-span has been extensively used to mitigate the 
consequences of out-of-plane vibration of U-tubes. Figure 16.12.1 shows 
the split baffle plate assembly concept. Photographs 16.a, b, and c show the 
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Fig. 16.12.1. Section through "U" bend of tubes. 

Photograph 16-b. (Courtesy, Joseph Oat Corporation, Camden, NJ) 
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Photograph 16-c. (Courtesy Engineers and Fabricators Co., Houston, 
Texas) 

application of this concept in practical hardware. In large diameter bends, 
sometimes two U-bend supports are applied. 

In a similar vein, designers often provide auxiliary lateral supports in tube 
spans subjected to particularly high velocities; end spans of tube rows 
facing the inlet or outlet shellside nozzles (see Fig. 16.10.5) are likely 
candidates for auxiliary supports. Photograph 16.d shows a typical in­
stallation of auxiliary lateral supports in the inlet zone. A higher Young's 
modulus of tubes is desirable; however, other considerations generally 
determine tube material. Usually, the designer must make do with the 
Young's modulus available. In retubing operations, however, one should 
bear the effect of Young's modulus in mind. For example, replacing tubes 
made from austenitic stainless steel with 70:30 Cu-Ni material reduces the 
frequency of tube spans by the factor (28/18.9)1/2 = l.22 due to Young's 
modulus effect. The values of Young's moduli used here are taken from 
Ref. [16.l.5], page 209, at 70°F. 

The ratio of limo warrants further inquiry. For a thin walled tube I can 
be written as 7r? t, where rand t are the nominal radius and thickness of the 
tube, respectively. The reference tube mass mo per unit length is given by 

ma =mi +m, +ma (16.12.2) 

where 
mi = Mass of fluid contained inside the tube, per unit length == 7rd/ p;l4 

== 7rrpi 
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m( = Mass of tube metal per unit length = 7rdotPm == 27rrtPm 
ma = Hydrodynamic mass = Cm cPop7r/4== Cm 7rr2 P 

Therefore 

I 
=_:-----:-----

mo 7rr Pi + Cm 7rr P + 27rrtPm 
(16.12.2) 

We note that, for an empty-tube vibrating in vacuum limo = r I2Pm. 
Hence, the natural frequency is independent of tube wall thickness. In 
realistic operating conditions, the presence of mi and ma make the ratio 
limo weakly dependent on t. In any event, tube wall thickness should not be 
increased in hope of increasing the natural frequency. Increased tube gage, 
however, does increase tube life by providing greater protection from 
through-wall wear. The previous reasoning also explains the failure of 
reported attempts to shore up tube frequency and overcome vibration 
failures in the field by inserting solid rods into vibrating tubes. 

From the foregoing, it follows that the ratio limo is a "better-than­
linear" function of r. Therefore, larger tube diameter offers better 
protection against tube vibration. However, in reality, heat transfer and 
pressure loss considerations pre-empt tube vibration in selecting the tube 
diameter. 

Photograph 16-d. Field fix of tube span in front of shell inlet. 
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Experience indicates that vibration failure in the baffled region often 
occurs in the tubes located in the window zone just beyond the edge of the 
baffle cut. An effective strategy to reduce the incidence of vibration in these 
tubes is to increase the longitudinal pitch near the baffle cuts. Figure 
16.12.2 illustrates this concept. Increased longitudinal pitch has the added 
benefit of permitting straight baffle cut edges rather than the usual half­
moon holes. 

Finally, the effect of axial tube load on tube natural frequency (Section 
16.6.4) should not be overlooked. Designers can sometimes arrange tube 
pass partitions in such a way that the tubes, belonging to the pass subject to 
the highest compressive load, are located in the baffle overlap region. 
Figure 16.12.3 shows 2 four tube pass arrangements. Assuming that the first 
pass tubes experience maximum compressive load in the operating con­
dition, option (a) shows the first pass tubes located in the overlap zone, 
while in option (b) some of the tubes are located in the window zone. Since 
the tubes in the window zone have twice the span of the tubes in the overlap 
zone in a single segmental baffle layout, the fundamental frequency of the 
window tubes in the first pass span would be approximately one fourth the 
frequency of the overlap zone counterparts. Thus, the reduction in the 
frequency due to high axial compression in pass one tubes is (more than) 
counter-balanced by the reduced tube span for the overlap zone tubes. 
Therefore, option (a), which locates all highly compressed tubes in the 
overlap span, is more desirable from the vibration standpoint. Other pass 
arrangements incorporating the design goal of option (a) can be devised. 

Half moon cuI 

(a) Typical baffle cullhalf moon) 

Ib) Discontinuous longitudinal pitch at baffle cut 
location 

Fig. 16.12.2. Baffle cut schemes. 

straight 
cut 
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baffle cuts (typ.) 

Rear 

Option (a) 

baffle cuts (typ.) 

Rear 

Option (b) 

Fig. 16.12.3. Two options for 4-pass straight tube heat exchanger. 

As mentioned in Chapter 7, some tube-to-tubesheet fastening techniques 
produce axial load in the tube. The sequence of fastening sometimes can be 
arranged to counteract the temperature induced axial load. For example, 
roller expanding first pass tube legs to the tubesheet, followed by the second 
pass in a two pass U-tube heat exchanger, puts the first pass tube legs in 
tension and the second pass in equal compression. This sequence of rolling 
helps preload the tubes correctly if the cold fluid is located in the tubeside of 
the heat exchanger. 

Increasing tube support plate thickness has the salutary effect of in­
creasing the total damping (0 in Eq. (16.12.1». Moretti and his co-workers 
report measuring an almost 100070 increase in structural damping as baffle 
thickness was increased [16.9.1]. 

An alternative approach to avert flow induced vibration failure lies in 
reducing the magnitude of the cross flow velocity itself. Increasing the 
layout pitch is the most obvious means towards this end. It is also the most 
effective. Increasing tube pitch from 0.9375" to I" for 0.75" tubing has the 
effect of increasing the crossflow area by a factor of (1.0-0.75)/ 
(0.9375-0.75) = 1.33. On the debit side of the ledger, increasing the tube 
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pitch increases shell size, and reduces shellside heat transfer coefficent with 
concomitant reduction in shellside pressure loss. 

In addition to lowering the cross flow velocity, increased tube pitch to 
diameter ratio has a strong effect on increasing the "threshold instability 
constant ex (Eq. (16.7.1»; the net effect of this is to increase the allowable 
cross flow velocity threshold. 

Another way to reduce the cross flow component of the shellside flow is 
to employ multiple segmental baffles. Double segmental baffles, discussed 
in Chapter 1, produce a nearly 500/0 reduction in the cross flow velocity 
compared to single segmental baffles for equal baffle spacings. Even more 
drastic reductions can be realized if triple segmental baffles are used. The 
shellside film coefficient is, however, reduced. Nevertheless, viewed as an 
energy conversion apparatus, a multiple segmental baffled heat exchanger is 
more efficient than one equipped with single segmental baffles since the 
amount of heat transferred for a given amount of pressure loss (mechanical 
energy) is greater in the former than the latter. 

The "No-tubes-in-window concept" illustrated in Fig. 16.12.4 is another 
strategy to avoid flow induced vibration, particularly in the central regions. 
Field experience indicates that tubes at the threshold of the baffle cut in the 
window region are most prone to vibrate. In the no-tubes-in-window 
construction, the tubes in the window are completely eliminated. However, 
the resulting increase in the shell diameter makes this concept prohibitively 
expensive in units operating at high shellside pressures. A design concept 
which does not suffer from this drawback utilizes narrow baffle strips (Fig. 
16.12.5) which increase the natural frequency of the most susceptible row of 
tubes. This concept was used in many field modifications with success. 
HTRI's experimental data also confirms its effectiveness. In Fig. 16.12.5, 
the "strips" divide the unsupported tube span equally, which maximizes the 
individual span frequency. Detailed consideration of the flow may suggest a 
different strip location scheme in specific applications. 

Where large unsupported tube span is identified to be the source of 
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Fig. 16.12.4. No-tubes-in window construction. 
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Fig. 16.12.5. Strip baffles to protect vulnerable window region tubes. 

vibration problems, additional support to the span has been successfully 
provided by inserting strips of suitable thickness along clear lanes. 
Photograph 16.d shows the staking of the tube span adjacent to the 
tubesheet using such a method. These tubes required additional support to 
withstand high velocities caused by the presence of the shell inlet nozzle. 

A proven technique to reduce unsupported tube span in operating heat 
exchangers has been reported by Eisinger [16.12.1-2]. Eisinger devised 
helical rods (Fig. 16.12.6-7) which can be installed in a bundle of regular 
geometry using a twisting motion while inserting. As shown in Fig. 16.12.6, 
these helical support bars can be inserted in any direction. An array of rods 
simulates a complete tube support. Figure 16.12.8 shows a successful 
solution of a flow induced vibration problem by placement of helical spacer 
grids in the desuperheating zone of a feedwater heater. 

Since the insertion of helical bars requires a regular array, it cannot be 
used in designs which utilize the previously mentioned concept of 
discontinuous longitudinal pitch. 

Finally, the use of a softer material for the tube supports helps to improve 
tube longevity. Tight tube to baffle clearances are also helpful. 

16.12.2 Acoustic Resonance 

Several techniques for abating sonic vibration have been suggested. Of 
these, addition of baffle plates is the most common. Baffles are installed 
parallel to the tubes and the flow direction (transverse to the axis of the 
sonic wave). Interposition of the baffle plate decreases the characteristic 
dimension of the chamber. Thus, the acoustic frequency (Eq. 16.7.26) is 
increased. Figure 16.12.9 shows a transverse baffle installed at the location 
of maximum particle movement in the first mode of a diametral wave form. 
This baffle would not affect the second mode wave form at all. The solid 
baffle placed at a point of maximum displacement in the second mode 
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Fig. 16.12.6. Helical spacer positioned in a triangular pitch tube array in 
three possible directions. 
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(d) DETAIL Of DOUBLE HElICAL SPACER SHO'N IN (c) 

Fig. 16.12.7. Helical spacer (single and double helix) positioned in an in­
line tube array. 
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would disrupt the second mode, but increase the fundamental mode 
frequency by only a modest amount, since the distance between the 
reflecting walls is reduced by only one fourth. The dotted line in Fig. 
16.12.9 shows the modified first mode when the first baffle is installed 
(solid line). The second baffle (dotted line in Fig. 16.12.9) increases the first 
mode frequency even further. 

Since the formation of a standing wave requires parallel reflecting walls, 
arranging the added baffle surface oblique to the wave front is highly ef­
fective in disrupting the fundamental and higher modes alike. Figure 
16.12.10 shows an obliquely placed baffle used to disperse two sets of 
diametral wave forms. Interference of inscribed square wave form is also 
shown in Fig. 16.12.8. 

A major demerit of baffle plates is that they produce stagnant heat 
transfer regions. However, the baffle plate need not be wide if the precise 
location of the wave channel can be ascertained; unfortunately, this is often 
easier said than done. The baffle plate must be made from an erosion 
resistant material since it lies directly in the path of the fluid flow (which 
may be high velocity gas with entrained liquid droplets). 

Walker and Reisling [16.12.4] describe experiments in selective tube 
removal. Tubes are taken out at the pressure nodes of the standing wave. 
The method is found to be quite successful. 

Zdravkovich and Nuttal [16.12.5] found that instead of removing tubes 
at the pressure nodes, simply displacing them either transversely or 
longitudinally achieves the same objective. They also recommend unequal 
logitudinal pitch in successive rows to be an effective antidote against sonic 
vibration. 

Fig. 16.12.8. Helical spacer grids in feedwater heater (Courtesy American 
Society for Metals, Metals Park, Ohio). 
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(a) First mode 

Baffles 

(b) Second mode 

Fig. 16.12.9. Baffle placement 
for in-line square pitch. 

823 

Baffle 

(a) Diamalral wave 

(b) Inscribed square wave 

Fig. 16.12.10. Baffle placements 
for rotated square pitch. 

16.13 FLOW INDUCED VIBRATION EVALUATION PROCEDURE 

Practical computational procedures to evaluate the potential of flow 
induced vibration are presented in this section. Unlike most of the analyses 
described in this book, the degree of uncertainty in vibration calculations 
cannot be quantified. As such, these procedures can be used to give a high 
level of statistical confidence against flow induced vibration damage, but by 
no means are they guaranteed immunity from error. Furthermore, tube 
vibrations resulting from causes other than fluid flow have not been con­
sidered here. There are several reported instances of tube vibration caused 
by mechanical vibration of the heat exchanger from adjacent rotating 
equipment. Detrimental tube vibrations due to nucleate boiling (vigorous 
bubble formation), vapor flashing, etc. are also known to occur. Periodicity 
in the flow stream related to the blade speed and number of blades in the 
pump or blower in some cases are also known to have coincided with a tube 
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natural frequency causing resonant vibrations. The correlations recom­
mended in the following do not account for such effects. As such, the 
conclusions derived from carrying out the vibration analysis are best 
described as "studied conjectures". 

We recommend that the designer separately consider each tube span of 
the tube bundle where either the cross flow velocity, the tube span length or 
span type (U-bend or straight) is different. 

For each case, the calculation may proceed in the following steps: 

(i) Assemble all input data: The following input data is required. 
(a) Tube outer diameter do; inner diameter di ; tube metal density 

Pm; tube span I or bend radius R; Young's modulus of tube 
material. Nominal wall thickness of the tube may be used in 
establishing the inside diameter. Tube section moment of inertia 
I is given as, 

I=~(d4-d4) 
64 0 I 

(b) Shellside fluid density P; tubeside fluid density Pi; kinematic 
viscosity of the shellside fluid v' at the tube outside surface 
boundary layer temperature. 

(c) The cross flow velocity, or velocity as a function of the span 
coordinate is assumed to be known. Section 16.10 gives some 
guidance in this matter. 

(d) Tube axial load, if any, during operating conditions. 
(e) Tube layout pitchp; layout angle. 
(f) For acoustic resonance calculations only, the values of molecular 

weight, specific heat ratio, and compressibility factor are also 
required. 

(ii) Compute the total reference mass per unit length, rno: rno consists of 
three components; namely the tube metal mass, the mass of fluid inside the 
tube, and the hydrodynamic mass, rna; all expressed as mass per unit tube 
length, i.e., 

where 

11' 2 rn= -d· p. 
I 4 I I 

(16.12.2) 

(a) 

(b) (16.13.1) 

(c) 
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The virtual mass coefficient Cm can be estimated from Fig. 16.8.5 (Moretti 
et al. data). 

(iii) Establish the natural frequency and mode shape: 
A tube span located between two baffle supports may be treated as single 

span beam with simply supported ends. A tube located between a tubesheet 
and a baffle can be modelled as a single span beam with fixed-pinned 
boundary conditions. The natural frequency and mode shape of a V-bend 
span are most conveniently found using computer program VVIB. For 
example, the natural frequency (fundamental) of a tube span between two 
baffles is estimated by Eq. (16.6.13) using n = 1: 

.Jil ( EI ) 1/2 
w= -2- -- rads/sec 

I mo 

The corresponding mode shape is 

7rX 
1f;(x) =sin­

I 

(16.6.13) 

(16.6.14) 

The mode shape for the V-bend region would not be an elementary ex­
pression like the foregoing. However, it is merely necessary to have 
numerical values of 1f; at discrete points on the span. This is an output from 
VVIB (Appendix 16.B). 

The formulas given in Section 16.6 should be used to reduce the natural 
frequency if significant axial compression in the tube exists. 

(iv) Effective velocity: If the cross flow velocity on the tube span under 
consideration is specified to be uniform then this step is omitted. On the 
other hand if the velocity is non-uniform, then Eq. (16.10.1) is used to 
compute the effective velocity ve. An example in sub-section 16.10.2 
illustrates the procedure. 

(v) Logarithmic decrement 0; Pettigrew's experiment-based prescription 
can be used to obtain an estimate of S (Section 16.9). According to Pet­
tigrew 

cndo s= -- (16.13.2) 
2mo'w 

where mo ' is the reference mass per unit length calculated using Cm = 1. Cn 

= 0.00147Ib-sec/in.3 for liquids, Cn = 0.00515 Ib-sec/in. 3 for vapors and 
two phase mixtures. 

(vi) Fluid-elastic stability check: Evaluate the parameter 

moo 
x= pdo2 

Evaluate the quantity v/jdo in Table 
arrangement and range of x. 

(16.7.2) 

16.7.1 for the appropriate layout 
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or 

v 
v*=-

fdo 

v=fdov* (16.13.3) 

This calculated value of v is the maximum permissible cross flow velocity 
for this tube span. 

(vii) Wake shedding check (not required for two phase mixtures or 
vapors): Corresponding to the actual gap velocity (or the effective velocity, 
ifthe flow is non-uniform over the span), denoted by vaet here, compute 

(16.13.4) 

If Saet < 1, then compute the rms wake shedding response using Eq. 
(16.7.18) with an appropriate mode shape. Let Ymax denote the maximum 
computed value of the rms deflection. Compute the pseudo-stress, a* in the 
tube assuming it to be uniformly loaded in such a manner that the 
maximum lateral deflection equals Ymax' The suggested criterion of ac­
ceptability is: 

a* < endurance stress of tube material 

Ymax <0.2 (P-do) 

(viii) Acoustic vibration check (required only for vapors, gases, and two 
phase mixtures): Select the plausible reflecting surfaces for standing wave 
formation. Let the distance between them be given by w. Use Eq. (16.7.26) 
to compute the first mode acoustic frequency (n = 1). Examine the 
inequalities of Y. N. Chen, Bryce et aI., and Barrington. Violation of any of 
these indicates a potential vibration problem. 

In addition to the above, the designer can compute the rms response due 
to random excitation (sub-section 16.7.2), and use the previously stated 
stress and displacement limits given in the context of wake shedding. In 
units with long unsupported spans and significant parallel flows, the checks 
given in Section 16.11 should be made. 

Two examples presented below demonstrate use of the procedures 
described above. 

Example i: Water-to-Water heat exchanger: We will use this example to 
illustrate fluid-elastic and wake shedding calculation 

(i) Input data: 
Tube O.D. do = 0.75" 
Tube I.D. d; = 0.652" 
Tube metal density, Pm = 7 .468 X 10-4 Ib-sec2 lin. 4 

Tube section moment of inertia, 

1= ~(0.754 -0.6524)=66.6x 1O-4in.4 
64 
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Shellside fluid density, 

P = 0.929 X 10-4 Ib-sec2 lin. 4 

Tubeside fluid density, Pi = P 
Kinematic viscosity of shellside fluid, v' = 1.06 X 10-3 in. 2 /sec 

827 

The tube span, located between two baffles, is 30" . The cross flow velocity 
is uniform and equal to 72 in./sec. The axial compressive force is zero. The 
tubes are laid out on 1" triangular (30°) pitch. 

(ii) Compute total reference mass rno 

or 

or 

rni = 0.31 x 10-4 Ib-sec2 /in. 2 

Cm is estimated to be 1.38 for p/do = 1.33 from Moretti et aI., data (Fig. 
16.8.5). Therefore, the hydrodynamic mass per unit length is 

or 

Therefore 

rno = (0.81 + 0.31 +0.57) x 10- 4 = 1.69 X 10-4 Ib-sec2 /in. 2 

Similarly, rno ' (same as rno except Cm is set equal to one) is, rno' = 1.53 X 
10-4 Ib-sec2 lin. 2. 

(iii) Natural frequency and mode shape: For pinned ends, and a single 
span beam: 

w= ~ (EI)1I2 
P rno 

= ~ [30XI06 X66.6XlO- 4 J1I2 

302 1.69 X 10- 4 
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or 
w=377.1 rad/sec 

Cyclic frequency, 

w 
j= - =60.1 cps. 

27r 

The mode shape, as stated before, is 

7rX 
l/;(x) =sinT 

(iv) Effective velocity: Since the flow velocity is uniform, the effective 
velocity is equal to the cross flow velocity. 

Vae! = 72 in.!sec. 

(v) Fractional damping and logarithmic decrement: Pettigrew's formula 
yields 

(0.00147)(0.75) 3 t= =9.55x1O-
(2)(1.53 x 10-4 )(377.1) 

o=27rt=0.06 

(vi) Fluid-elastic stability check: 

(1.69 x 10- 4)(0.06) 
x= =0.194 

(0.929 x 10- 4)(0.75)2 

From Table 16.7.1, the expression for the dimensionless critical velocity in 
the range of 0.1 < X < 2 for 30° layout is 

V*=3.58( ~ -0.9)xO.1 

do 
or 

v*=1.316 

Therefore 
v =jdov* = (60.1)(0.75)(1.316) 

Hence the critical value Ver is 

Ver = 59.3 in.!sec 

Since Vae = 72 in.!sec, this indicates a possibility of flow induced vibration. 

(vi) Wake shedding: 
jdo (60.1)(0.75) 

S !=-=-'----
ae vae! 72 

or Sae! =0.626. 
Therefore, the wake shedding calculation should be made. The ex­

pression for peak deflection for this case has been derived in final form in 
Eq. (16.7.22): 
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Ymax =FL / (7f1 8mof') 
The lift force is given by Eq. (16.7.17) 

Therefore, 

or 

Hence, 

(0.07)(0.929 x 10 -4)(0.75)(72)2 

2 

FL 1.26 X 10-2 lb/in. 

Ymax 
1.26 X 10-2 

(7f1)(0.06)(1.69 x 10 -4)(60.1)2 

0.0348 in. 

This is less than the limit of 0.2 (p - do) = 0.05" . 
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The pseudo-stress corresponding to Ymax is computed by noting that the 
relationship between the midspan flexural stress and maximum static 
deflection in a uniformly loaded beam is: 

Hence, 

* 24 EdoYmax 
a =5----:[2-

* (24)(30 X 106 )(0.75)(0.035) 
a = --------~--~~--~ 

(5)(30)2 

a* =4200 psi 

This is less than the endurance limit of the material. Therefore, wake 
shedding is not a cause for concern in this span. 

Summarizing, we find that the velocity of 72" per second may be too high 
to meet fluid elastic stability bounds. 

Example 2: Vapor in the shell side chamber. We will use this example to 
illustrate the application of acoustic resonance check. Let us consider a 
condenser of 80" inside shell diameter, containing 0.75" 0.0. x 0.049" 
wall tubes at 1" rotated square (45°) pitch. The tube span of 30" located 
between two baffles is to be evaluated for acoustic resonance. The 
calculated cross flow velocity is 50 ft/sec (= 600 in./sec). The molecular 
weight of the vapor is 18; its specific heat ratio "I and compressibility factor 
z are 1.3 and 1, respectively. 

An inspection of the shell chamber (not shown here) indicates that the 
only open lane possibly available for a standing wave is the diametral lane 
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formed by the V-bends. The vapor density p is 0.338 X 10-6 Ib-sec2 lin.4, 
and the vapor bulk temperature is 800 0 Rankine. 

For pitch to diameter ratio of 1/0.75 = 1.33, the Strouhal number S is 
0.66 (from Fig. 16.7.10). 

For a diametral wave form, the distance between the reflecting surfaces, 
W, is 80". 

The acoustic velocity c, is given byEq. (16.7.25) as 

c= [(1)(1.3)(386.4~~544)(12)(800)J 112 

or c = 20338 in./sec = 1695 ftlsec. (The universal gas constant R* is taken 
as 1544 ftrR). 

Therefore, the acoustic frequency is (Eq. 16.7.24b). 

(20338)(n) 
fa = = 127n cps 

(2)(80) 

The exciting frequency fe is 

fe = SV = (0.66)(600) = 528 cps 
do 0.75 

Therefore, fa corresponding to n =4 (4th mode) is close enough to the 
exciting frequency to precipitate the formation of a standing wave (in the 
4th mode). 

Calculation for Chen's criteria (Eqs. (16.7.29-30», and that of Bryce et 
al., (not presented here), also predict the onset of acoustic resonance. 

The designer would be well advised to place dummy tubes in the open 
pass partition lane to eliminate the obvious path of standing wave for­
mation. 

NOMENCLATURE 

Ao 
Ai 

An ,Bn ,Cn ,Dn 
a 
C 

Cc 

Ce 
CL 

Cm 
CR 

C; 
c 

De 
Dh 

= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 
= 

Cross-sectional area of a streamtube before perturbation 
Cross flow area of stream tube i (i = 1,2) as a function of 
location and time 
Constants of integration (Eq. (16.6.6» 
Amplitude of area fluctuation (Eq. (16.5.3» 
Damping coefficient 
Contraction coefficient 
Expansion coefficient 
Lift coefficient (Fig. 16.7.7) 
Virtual mass coefficient 
Disparity ratio (Fig. 16.11.2) 
Effective random excitation coefficient (Fig 16.7.7) 
Velocity of sound 
Equivalent area for lateral force due to pressure 
Hydraulic diameter 
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do = 
E= 
F= 

Fer = 
FL = 
FD = 
/= 

fa = 
Is = 

fIb = 
Fp 

g = 
gc 
I = 
k = 
I = 

Tube outside diameter 
Young's modulus of tube material 
Axial load (Section 16.6) 
Critical buckling load 
Lift force 
Drag force 
Tube natural frequency, Hz 
Sonic resonance frequency, Hz 
Vortex shedding frequency, Hz 
Turbulent buffeting frequency 
Unsteady fluid pressure force 
Gap (Fig. 16.8.2) 
Gravitational constant 
Planar moment of inertia of tube section (Eq. (16.6.3» 
Function of Poisson ratio (Eq. (16.6.38» 
Tube length 

I' Length of the flow channel (or stream line) 
Ib = Distance between baffle supports (Fig. 16.6.5) 
Ie = Equivalent U-bend length 
Ii = Length of span i (Fig. 16.6.2) 

M = Molecular weight of the gas 

rna = 
rn 1 ,rn2 = 

rno 
n 
N= 
Po 
Pi = 

pes) = 
PI = 
PI = 
P = 
q = 
R = 

Re = 
R* 

r = 
ri = 
rs 

RL = 
Rs = 
So 

SI,S2 

S 

Total mass of the vibrating tube 
Hydrodynamic (virtual) mass (per unit length) 
Parameters (Eq. (16.6.27» 
Effective tube mass per unit length 
Mode shape number (n = 1; first mode) 
Number of spans 
Steady state pressure in the stream tube (Section 16.5) 
Pressure in stream tube i (Section 16.5) 
Amplitude of pressure fluctuation 
Transverse pitch 
Longitudinal pitch 
Layout pitch 
Out-of-plane frequency coefficient (Eq. (16.6.41» 
U-bend radius 
Reynolds number 
Universal gas constant 
Cylinder radius 
U-bend radius of ith row (Section 16.10) 
Smallest bend radius (rs = r1 ) (Section 16.10) 
Outermost tube bend radius 
Inside radius of the shell 
Distance along stream tube to inlet 
Position of flow attachment and separation points, 
respectively (Section 16.5) 
Strouhal number (Eq. (16.4.1» 
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s 
Sp,SF 

T 
Td 

t 
Uo 
up 
Ui 

U 

ur 

Ure' 
Uax 

V 

Vg 
V' 
Ve 
V* 

VI 

XI 

x, 
XO,yO 

x,y 
Yrms 

y(t) ,y,ji 
Yo 
z 
Ci 

Ci ' 

(3 

= 

= 

= 

= 
= 
= 
= 
= 
= 
= 
= 

= 

= 

= 

= 
= 
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Length coordinate (Section 16.5) 
Power spectral density of the excitation force 
Absolute temperature of the gas 
Period of damped vibration 
Tube wall thickness 
Uniform free stream flow velocity (Section 16.5) 
Perturbation in flow velocity (Section 16.5) 
Flow velocity in stream tube i (Section 16.5) 
Free Stream Flow Velocity (generic notation) 
Dimensionless flow velocity (Eq. (16.5.23» 
Relative velocity (Fig. 16.4.3) 
Parallel flow velocity 
Reference gap cross flow velocity 
Maximum gap velocity 
Fluid volume displaced by the body 
Effective velocity (Eq. (16.10.1» 
Dimensionless fluid cross flow velocity (v* = v/fdo) 
Transverse displacement of the U-bend during out-of­
plane vibration 
Ratio of transverse pitch to tube O.D. 
Ratio oflongitudinal pitch to tube O.D. 
Semi-major and minor diameters of the elliptic orbit in 
Connors' experiments (Fig. 16.4.6) 
Velocity of the vibrating body in x and y directions 
Mid-span root-mean-square amplitude of tube 
deflection 
Displacement, velocity and acceleration of tube 
Amplitude of tube vibration 
Compressibility factor for the gaseous medium 
"Fluid-elastic parameter" or "threshold instability 
constant" 
Angle of attack (Fig. 16.4.3) 
Angle between surface normal and transverse axis of 
tube 

YJd' YJD' YJL = Dimensionless scale factors (Fig. 16.11.1) 
Pm Density of tube metal 

1f;t,1f;Z* Pressure loss coefficients (Section 16.10) 
YJ (x) Stream tube shape function 
O(s) = Perturbation pressure phase function 

On = Phase shift of nth mode (Section 16.6) 
A = Wave length of Sonic Wave 
X = Damping parameter (Eq. (16.7.2» 
(j = Logarithmic decrement corresponding with vibration in 

the fundamental mode 
P Shellside fluid density 
w = Circular frequency of tube vibration 
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Wn 
Wd 

¢(s) 
1/;(s) 

1/;n (x) 
v' 

1J 
K 

An 
V 

l' 
A 
r 
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= 
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= 
= 

= 
= 
-
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nth mode natural frequency 
Damped natural frequency (Eq. (16.9.3)) 
Perturbation velocity phase shift function (Section 16.5) 
Perturbation area phase shift function 
Mode shape for the nth mode (Section 16.6) 
Fluid viscosity 
Damping factor (Eq. (16. 9.3)) 
Frequency coefficient (Eq. (16.6.5)) 
Frequency constant (Eq. (16.6.16)) 
Poisson's ratio of tube material 
Length ratio (Eq. (16.6.49)) 
Frequency reduction factor 
Ratio of actual to critical damping (Eq. (16.9.7)) 
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APPENDIX 16.A 

COMPUTER PROGRAM MULTSPAN 

This program computes the natural frequencies and mode shapes for a 
uniform beam with its two extremities fixed (built-in) and (N -1) in­
termediate supports (Fig. 16.6.2). There are N spans. Numbering the spans 
from left to right, the length of span i is Ii' The solution for span i is 
assumed to have the form of Eq .. (16.6.17). Using the boundary and in­
terface conditions, namely Eqs. (16.6.18)-(16.6.22), 3N linear algebraic 
equations in 3Nunknowns are assembled. Equation (16.6.18) yields C1 =0. 
The remaining integration constants can be arranged in a vector {x 1 with 
(2N -1) elements. 

The following definitions apply: 

Bi X 1 +(i-l)3; 

Di = X2 +(i-l)3; 

C i = X(i-l)3; 

= 1, .... N 
= 1, .... N (16.A.l) 

= 2, .... N 

The computer program provides 
corresponding natural frequencies. 

the solution for vector {xl and the 

Input Data (all input is in free field format) 

Line 1: Tube material and inertia properties 
Quantity Fortran 

Young's modulus, E 
Moment of inertia of tube cross 
section, I 
Reference mass of tube per unit 
length, rno 

Line 2: Span Data 
Number of spans, N 
(input zero to terminate the 
run) 

Line 3: 
Length of span i (i = 1,2, .. N), 
I; (enter one value if all 
spans are equal) 

Symbol 

YM 
AMOM 

VM 

N 

ELL(I) 

Data for the 
example 
Problem 
18 x 106 psi 
0.0037 in. 4 

84.75 X 10-6 

Ib-sec2 lin. 2 

3 

20 in. 

The program reproduces the input data in its entirety. The values of the 
natural frequency and the corresponding mode shape for the first N 
frequencies are printed out. The mode shape is written out as values of the 
lateral deflection of the tube for 50 discrete equidistant points within each 
span. 
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In order to get a "physical feel" of the mode shape, it is useful to nor­
malize it in some manner. One convenient approach is to scale each mode 
shape such that the maximum displacement is unity. Figure 16.A.l shows 
the first three mode shapes normalized in this manner. 

The following observations are apparent from these plots: 

(i) The displacement in the central span is the maximum in the first 
mode; the maximum displacement in the end spans in less than 112 
of that in the central span. 

(ii) The second mode registers maximum displacement in the end span. 
The corresponding displacements in the central span are relatively 
small. 

(iii) The displacements are generally the same in the third mode in all 
three spans. 

In performing a span-by-span flow induced vibration check, it is recom­
mended to use for I the lowest frequency for which the maximum nor­
malized displacement in that span is at least 400/0 of the maximum, nor­
malized displacement anywhere in the tube for the corresponding mode 
shape. The normalized maximum displacement for a span is defined as the 
maximum displacement divided by the span length. This frequency is 
denoted as the "significant span frequency" for the tube span under 
consideration. This rule is more pragmatic than rigorous. It is consistent 
with the overall approach to flow induced vibration analysis presented in 
this book. E = 18 x 10' psi 

I = 0.0037 in.' 
m, = 84.75 x 10-' Ib-sec'/in.' 

I = 20 in. (three equal spans) 

60" 

Fig. 16.A.l. First three mode shapes of three span beam with clamped 
ends. 
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C 

PROGRAM MULTSPAN 

DIMENSION ELL(10),X{30) 
COMMON ELL,N,X 

C INPUT ******* INPUT ******** INPUT ******** INPUT 
C CARD 1 - YM,AMOM,VM 
C YM=YOUNG'S MODULUS (PSI) 

843 

C AMOM=MOMENT OF INERTIA OF TUBE CROSS SECTION (IN**4) 
C VM=TUBE VIRTUAL MASS (#*{SEC/INCH)**2) 
C 
C CARD 2 - N=NUMBER OF SPANS (ENTER 0 TO END PROGRAM) 
C 
C CARD 3 - ELL{I)=LENGTH OF EACH SPAN I (IN) 
C IF ALL SPANS ARE EQUAL,ENTER ONLY ONE VALUE 
C 
C INPUT ******* INPUT ******** INPUT ******** INPUT 
C 

ACCEPT YM,AMOM,VM 
DISPLAY "YOUNG'S MODULUS =",YM 
DISPLAY "MOMENT OF INERTIA OF TUBE CROSS SECTION=",AMOM 
EIV=SQRT{YM*AMOM/VM) 

1 CONTINUE 
ACCEPT N 
1F{N.EQ.O) STOP 
ISOL=O 
HIGHELL=O.O 
ELL(2)=0.0 
DISPLAY "NUMBER OF SPANS=",N 
PI=3.1415926 
ACCEPT (ELL(1),1=l,N) 

IF{N .EQ. 1) GO TO 10 
IF{ABS{ELL(2)).GT. 1.0E-06) GOTO 10 
DO 100 I=2,N 

100 ELL{I)=ELL{l) 
10 DO 101 I=l,N 

101 HIGHELL=AMAX1{H1GHELL,ELL(1)) 
X1=3.0/HIGHELL 
X2=1.01*X1 
Y1=CALC{Xl,O) 
DO 150 1=1,1000 
Y2=CALC{X2,0) 
1F{Y1*Y2) 105,105,110 

105 X3=.5*{X2+Xl) 
IF{ABS{X3-X2).LT. 5.0E-06) GOTO 130 
Y3=CALC{X3,0) 
IF{Y2*Y3) 115,115,120 

115 X1=X2 
120 X2=X3 
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Y2=Y3 
GOTO 105 

130 ISOL=ISOL+1 
AKAP=X3 
F=AKAP*AKAP*EIV/(2.*PI) 
DISPLAY " " 
DISPLAY " " 
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WRITE(6,*) "FREQ=",F, "CYCLES/SEC" 
Y=CALC(X3,1) 
CALL MODESHAPE(AKAP) 
IF(ISOL.EQ.N) GOTO 160 
X2=AMAX1(X1,X2) 

110 X1=X2 
X2=1.01*X2 
Yl=CALC(Xl ,0) 

150 CONTI NUE 
160 STOP 

END 
$CONTROL I NIT 

FUNCTION CALC(AKAP,ISOLV) 
DIMENSION A(30,30),ELL(10),G(900),X(30) 
DIMENSION B(30,30),XS(30) 
COMMON ELL,N,X 
C(I) =COS(AKAP*ELL(I)) + COSH(AKAP*ELL(I)) 
CS(I)=COS(AKAP*ELL(I)) - COSH(AKAP*ELL(I)) 
S(I) =SIN(AKAP*ELL(I)) + SINH(AKAP*ELL(I)) 
SS(I)=SIN(AKAP*ELL(I)) - SINH(AKAP*ELL(I)) 

C COEFFICIENTS OF A-MATRIX 
IF (N .EQ. 1) GO TO 220 

DO 120 I=1,N-1 
J=l+(I-1)*3 
A(J,J)=CS(I) 
A(J,J+1)=SS(I) 
A(J+1,J+1)=-S(I) 
A(J+1,J)=-C(I) 
A(J+1,J+3)=2. 
A(J+2,J+2)=-2. 
A(J+2,J)=-S(I) 
A( J+2 ,J+ 1) =CS (I) 

120 CONTINUE 
IF(N.LT.3)GOTO 210 

C DEFINE COEFFICIENT OF Ci 
DO 130 I=2,(N-1) 
J=1+(I-1)*3 
A(J ,J-1)=S(I) 
A(J+1,J-1)=-SS(I) 
A(J+2 ,J-1 )=C(I) 

130 CONTI NUE 
210 CONTINUE 

C LAST INTERMEDIATE PROP 
A(3*N-1,3*N-3)=C(N) 
A(3*N-2,3*N-3)=S(N) 
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220 N3=3*N 

C 

N3M=N3-l-ISOLV 
A{N3-l,N3-l)=CS{N) 

A{N3-l,N3-2)=-S{N) 
A{N3-2,N3-2)=CS{N) 
A{N3-2,N3-l)=SS{N) 

DO 30 J=1,N3M 
DO 30 1= 1,N3M 
NDEX={N3M*{J-l)+I) 

30 G{NDEX)=A{I,J) 
N3M2=N3M**2 
CALL MINV{G,N3M,N3M*N3M,CALC) 
IF{ISOLV.EQ.O) RETURN 
DO 40 J=1,N3M 
DO 40 I=1,N3M 
NDEX=N3M* (J-l )+1 

40 A{I,J)=G{NDEX) 
F=-SS{N) 
DO 300 I=2,N3M+l 
X{I)=A{I-l,N3M)*F 

300 CONTI NUE 
X{l)=O.O 
X (N3) =1.0 
RETURN 
END 
SUBROUTINE MODESHAPE{AKAP) 
DIMENSION ELL(10),X{30) 
DIMENSION YY(50),ZZ{50) 
COMMON ELL,N,X 
CS{Z)=COS{AKAP*Z) - COSH{AKAP*Z) 
S{Z) =SIN{AKAP*Z) + SINH{AKAP*Z) 
SS{Z)=SIN{AKAP*Z) - SINH{AKAP*Z) 
T=O.O 

701 FORMAT{5X,10E12.4) 
DO 100 I=l,N 
13=3*1 
DO 200 J=1,50 
W=ELL (1)* .02*J 
Y=X{I3-l)*CS{W)+X{I3-2)*S{W)+X{I3)*SS{W) 
T=T+.02*ELL(1) 
ZZ{J)=T 
YY{J)=Y , 

200 CONTI NUE 
WR ITE ( 6 ,702) 

845 

702 FORMAT{//,10{2H**),"MODE SHAPE",5{2H**),/,5{12X,"X",10X,"Y",3X» 
WRITE{6,700) (ZZ{J),YY{J),J=1,50) 

700 FORMAT{5{6X,F9.3,2X,ElO.3» 
100 CONTINUE 

RETURN 
END 
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C 
SUBROUTINE MINV(A,N,N2,D) 

DIMENSION L(N),M(N),A(N2) 
0=1.0 
NK=-N 
DO 80 K=1,N 
NK=NK+N 
L(K)=K 
M(K)=K 
KK=NK+K 
BIGA=A(KK) 
DO 20 J=K,N 
IZ=N*(J-1) 
DO 20 I=K,N 
IJ=IZ+I 

Mechanical Design of Heat Exchangers 

10 IF(ABS(BIGA)-ABS(A(IJ))) 15,20,20 
15 BIGA=A(IJ) 

L(K)=I 
M(K)=J 

20 CONTINUE 
J=L(K) 
IF(J-K) 35,35,25 

25 KI=K.;.N 
DO 30 I=1,N 
KI=KI+N 
HOLD=-A( KI) 
JI=KI-K+J 
A(KI )=A(JI) 

30 A(JI) =HOLD 
35 I=M(K) 

IF(I-K) 45,45,38 
38 JP=N*(I-1) 

DO 40 J=1,N 
JK=NK+J 
JI=JP+J 
HOLD=-A(JK) 
A(JK)=A(JI) 

40 A( J I) =HOLD 
45 IF(BIGA) 48,46,48 
46 0=0.0 

RETURN 
48 DO 55 I=1,N 

IF(I-K) 50,55,50 
50 IK=NK+I 

A(IK)=A(IK)J(-BIGA) 
55 CONTINUE 

DO 65 I=1,N 
IK=NK+I 
HOLD=A( IK) 
IJ=I -N 
DO 65 J=l,N 
IJ=IJ+N 
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IF(I-K) 60,65,60 
60 IF(J-K) 62,65,62 
62 KJ=IJ-I+K 

A(IJ)=HOLD*A(KJ)+A(IJ) 
65 CONTINUE 

KJ=K-N 
DO 75 J=l,N 
KJ=KJ+N 
IF(J-K) 70,75,70 

70 A(KJ)=A(KJ)/BIGA 
75 CONTINUE 

D=D*BIGA 
A(KK)=1.0/BIGA 

80 CONTINUE 
K=N 

100 K=(K-1) 
IF(K) 150,150,105 

105 I=L(K) 
IF(I-K) 120,120,108 

108 JQ=N*(K-1) 
JR=N* (I -1) 
DO 110 J=l,N 
JK=JQ+J 
HOLD=A(JK) 
JI=JR+J 
A(JK)=-A(JI) 

110 A(JI) =HOLD 
120 J=M(K) 

IF(J-K) 100,100,125 
125 KI=K-N 

DO 130 I=l,N 
_=KI+N 

HOLD=A(KI) 
J I =KI -K+J 
A(KI )=-A(JI) 

130 A( J I) =HOLD 
GO TO 100 

150 CONTINUE 
RETURN 
END 

847 

Note: Subroutine MINV is adapted from The "Scientific Subroutine Package", System 360, by the Courtesy of IBM Corporation, White Plains, N.Y. 
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APPENDIX 16.B 

NATURAL FREQUENCY OF U-BENDS-COMPUTER PROGRAM 
UVIB 

In this appendix, we derive expressions for the significant natural 
frequency of the V-bend region. We will concern ourselves with the out-of" 
plane vibration of V-bends, since the lowest frequencies significant to flow 
induced vibration occur in this mode. Fortunately, the in-plane and the out­
of-plane vibrations of V-bends are dynamically uncoupled; i.e., the 
equations of motion characterizing out-of-plane motion do not contain in­
plane motion terms and vice versa. As shown in sub-section 16.6.5, the 
equations for out-of-plane motion are characterized by transverse 
displacement VI and by twist {3. Assuming harmonic motion, the amplitudes 
of VI and (3 are given by V(8) and W(8)/R, respectively. W(8) is defined 
by Eq. (16.6.45) as 

(16.6.45) 

where A1 ,A2 , A3 , etc. are given by solving the sixth order polynomial of Eq. 
(16.6.44). Depending on the value of q and k some of the Ai can be complex 
numbers. Substituting for Wand its derivatives, Eq. (16.6.42) furnishes the 
expression for V 

1 6 

V= - [ ~ (A4 +2A2 + I)G.e lVO ] 
(1+k)q'7' I I I 

(16.B.l) 

The general problem treated herein is shown in Fig. 16.6.4. As shown in 
this figure, the 180 0 V-bend, together with the straight leg projections up to 
the V-bend baffles (denoted as tangent line baffles in Chapter 14), are 
modelled. The effect of the remainder of the tube span is included in the 
analysis by including equivalent bending springs K1 and K 2 • The formulas 
to estimate K[ and K2 were derived in Chapter 14. These are 

EI 
Ki= -------------------------

(2bi +Ii ) (3/i -ai ) (2/i +bi ) 
i= 1,2 (16.B.2) 

3 12/i 

where ai,bi,li' etc. are defined in Fig. 14.2.3. 
Finally, the resistance offered to the V-bend against twist is simulated by 

twist springs (Fig. 16.B.l) located at the ends of the V (nodes B and D). The 
stiffness of the twist spring, K T> is given in terms of the straight leg length Is 
from the elementary theory of torsion of circular shafts: 

Elk 
KT = -; k= 1/(1 + v) (16.B.3) 

Is 
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The V-bend support is simulated by placing a support spring of stiffness Ks 
at angle 01 , By making Ks large, we can simulate a typical V-bend support. 
On the other hand, making Ks infinitesimally small effectively removes the 
V-bend support. In this manner both supported and unsupported V-bends 
can be treated. 

The model presented in Fig. 16.B.l involves 4 discrete regions, which are 
consecutively labelled as such. Regions 2 and 3 constitute the V-bend, and 
regions 1 and 4 cover the straight segments. The mode shapes for the straight 
spans (spans 1 and 4) were shown to have the general form (Section 16.6.3). 

1/;; (x) =B; (COS(ICX;) - cosh(ICX;) ) 

+ C; (sin( ICX; ) + sinh ( ICX; ) ) (16.6.17) 

+ D; (sin(ICX;) -sinh(ICX;) ); i = 1 and 4 

where 

(16.6.5) 

From classical beam theory, the expressions for the amplitudes of the 
bending moment (positive if the center of curvature is above the centerline 
in Fig. 16.B.2) and the shear force (positive if upward on the face with 
positive x-axis normal) are given as 

cf1/; 
Ms =EI dX- (16. B.4) 

cf1/; 
Qs = -EI dx1 (16.B.5) 

Similarly, in the V-bend region, the shear Qy, the moment Mx and the 
twisting couple M z are related to the displacement variables Vand WI R by 
the following equations (see Ref. 16.B.l for development of these 
relationships). 

M = EI(W_ cfV) 
x R2 d~ 

Elk(dW dV) 
Mz = Ji2 dO + dO 

dMx Mz EI( dW cf v) Q =-+-=- (l+k)--(I-k)­
y ds R R3 dO d03 

(16.B.6) 

(16.B.7) 

(16.B.8) 

where k = 1/(1 + v). Assumed positive directions for W, V, Mx, M z and Qy 
are shown in Fig. 16.B.2. 

The mode shape for each straight span (i = 1 and 4) involves three 
unknown constants (Eq. 16.6.17). The mode shape for a V-bend span 
involves 6 undetermined constants per Eq. (16.6.45). Therefore, regions 2 
and 3 are defined in terms of 12 undetermined constants. To keep track of 
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K, 

K, ,K2 : Bending springs' stiffness 
KT : Twist spring stiffness 
K. : Linear spring stiffness 

Fig. 16.B.1. Model for computer code UVIB 
v 

\ 
~Y 1M

, 

x~/Z 

Q\Y -/,,-M. 
t M, \/1 
t:"\: 

~"'M. 
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Fig. 16.B.2. Sign convention for moment, shear and twist in straight and 
U-bend region. 

the terms we will use Gij to denote thejth constant for the ith span (i=2,3;j 
= 1,2, ... 6). Thus, we have a total of 18 constants to be determined by 
the boundary and in.terface conditions. These are assembled as follows: 

(i) Conditions at node A (Fig. 16.B.l): 
The rotation d1/;/dx is opposed by the spring moment K2 d1/;[ldx, 

therefore 

(16.B.9) 
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where if;1 is given by Eq. (16.6.17) and the evaluation is at x = O. 

(ii) Conditions at node B (Fig. 16.B.1): 
Displacement continuity, referring to the sign convention of Fig. 16.B.2 

gives: 

(16.B.1O) 

where V2 is defined by Eq. (16.B.1) with 0; replaced by O2;. Similarly, 
slope moment and shear continuity give 

dif;1 1 dV2 
- (@X=S2)= - - @ 0=0 (16.B.11) 
dx R dO 

~if;1 EI ( d 2 V2) 
EI~ (@X=S2)=2W2--2-@O=O 

dx R dO 
(16.B.12) 

tPif;1 EI[ dW2 d 3 V2 ] 
-EI dx3 (@X=S2)= R3 (1 +k) de - d03 (1-k) @ 0=0 

(16. B.13) 

Finally, the twist of point C in the V-bend region (rotation about the z-axis) 
is resisted by the rotational spring K r 

Kr(3 (@ O=O)=Mz inEq. (16.B.7) 

or 

(16.B.14) 

(iii) Conditions at node C (Fig. 16.B.1): 
Displacement, slope, moment, shear and twist relations are written by 

reference to Eq. (16.6.45), (16.B.1) and (16.B.6-8): 

V2 (@ 0=(1)= V3 @ 0=0 (16.B.15) 

dV2 dV3 
- (@ O=Od= - @ 0=0 
dO dO 

(16. B.16) 

( ~ V2 ) ( ~ V3) I w-- - w--
2 dOZ 0=01 - 3 do2 0=0 

(16.B.17) 

Qy (in region 3 solution) - Qy (in region 2 solution) = support reaction = 
Ks V2 @ 0 = 01 

or 

[ dW2 d 3 V2 ] I - (1+k)---3 (1-k) 
dO dO 0=01 
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=Ks V2 ! 
0=01 

W2 (@ 0=(1)= W3 @ 0=0 

( dW2 dV2) ! ( dW3 dV3 ) ! 
do + de 0=01 = do + de 0=0 

(iv) Conditions at node D: 
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(16.B.18) 

(16.B.19) 

(16.B.20) 

Node D is the junction of the straight span (region 4) and the curved span 
(region 3). The expression for the mode shape in region 4,1/;4, given by Eq. 
(16.6.17), assumes the origin of the coordinate system at point E in Eq. 
16.B.1. The displacement, slope, bending, shear and twist compatibilities 
yield: 

(v) Condition at node E: 

K d1/;4 =EI~1/;4 
2 dx d~ 

(16.B.2l) 

(16.B.24) 

(16.B.25) 

(16.B.26) 

Substituting for 1/;i' Vi and Wi and their derivatives in Eq. (16.B.9-26) 
furnishes 18 linear algebraic homogeneous equations in 18 unknown 
constants. The coefficient determinant is a function of w, the natural 
frequency term. The smallest value of w which makes the determinant 
vanish is the desired natural frequency. 

To start the solution process, a suitable value of w is assumed. Thus K 

(Eq. (16.6.5, n = 1) and q in Eq. (16.6.41) become known. All terms of the 
coefficient matrix are now defined. The corresponding determinant is 
evaluated using standard procedures. An iterative procedure to arrive at the 
correct w is implemented in computer program UVIB. The listing of this 
code, and the user manual with worked out examples, is given in ref. 
[16.6.9]. 
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APPENDIX 16.C 

COMPUTER PROGRAM UFLOW 

VFLOW provides the vehicle to evaluate the quantities needed to describe 
the flow field in the V-bend region of a heat exchanger possessing the 
geometry of Figs. 16.10.5-6. The equations are derived in Sub-Section 
16.10.4. The input for the program consists of one heading line, and one 
line of data in free field format. For each term in the input data, the 
equation in the text defining it, and its mathematical and FORTRAN 
symbols are identified. 

Item Equation Mathematical Fortran 
Number Symbol Symbol 

Largest V-bend radius RL R 
Smallest V-bend radius rs RS 
Number of tube rows at the N RN 
equator (atx=O in Fig. 
16.10.6) 
Total volumetric flow rate (16.10.20) Q Q 
Perforation coefficient of (16.10.21) 1/' ETA 
the bundle 
Ratio of loss coefficients (16.10.14) w* OMEGA 
Inside Radius of the shell Rs RSHEL 

The program reprints the input data, and computes the value of the flow 
velocity V(y,r) for stratum of outer radius y for 11 equidistance radii. The 
quandrant of the bundle is subdivided into 11 strata. The output for the 
example problem of Sub-Section 16.10.4 follows the code listing presented 
here. 

PROGRAM U FLOW 

C BY KRISHNA P. SINGH AND TEIK-LEE NG, REV O,JANUARY 1984 
C THIS PROGRAM EVALUATES THE QUANTITIES NEEDED TO DESCRIBE THE 
C FLOW FIELD IN THE U-BEND REGION OF A HEAT EXCHANGER 
C (POSSESSING THE GEOMETRY OF FIGS. 16.10.5-6). THE PROGRAM 
C COMPUTES THE VALUE OF THE FLOW VELOCITY V(Y,R) FOR STRATUM 
C OF OUTER RADIUS Y FOR 11 EQUIDISTANCE RADII. 
C 
C ********************************************************** 
C 
C •••••••••••••• DEFINITIONS OF FORTRAN VARIABLES •••.•••••••.• 
C 
C ••••. INPUT DATA ••••• 
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C R 
C RS 
C RN 
C Q 
C ETA 
C OMEGA 
C RSHEL 

: LARGEST U-BEND RADIUS 
: SMALLEST U-BEND RADIUS 
: NUMBER OF TUBE ROWS AT THE EQUATOR 
: TOTAL VOLUMETRIC FLOW RATE 
: PERFORATION COEFFICIENT OF THE BUNDLE 
: RATIO OF LOSS COEFFICIENTS 
: INSIDE RADIUS OF SHELL 

C 
C 
C 
C 
C 
C 
C 
C 

••••• OUTPUT ••••• 
VSTAR : AVERAGE BUNDLE APPROACH VELOCITY 
TABULATED VELOCITY FIELD V{y,R) FOR STRATUM OF OUTER 
RADIUS Y FOR 11 EQUIDISTANCE RADII. THE QUADRANT OF THE 
BUNDLE IS SUBDIVIDED INTO 11 STRATA. 

******************************************************* 
DIMENSION Y(12) ,V(12),TITLE{20) 
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F{X) = 1./ SQRT{ZI*ZI + OM* (ZI-l./SQRT{l.-X*X)) + .5*OMEGA* 
1 (ZI*ZI + (l./{l.+X*X)))) 

N=100 
N2=N-2 

1 READ{5,500,END=1000){TITLE{I),I=1,20) 
500 FORMAT{20A4) 

WRITE{6,510){TITLE{I),I=1,20) 
510 FORMAT (lHl,////////,25{lH*),lX,20A4,lX,28{lH*),//) 

READ{5,*) R,RS,RN,Q,ETA,OMEGA,RSHEL 
WRITE{6,704) R,RS,RN,Q,ETA,OMEGA,RSHEL 
RAT= RSHEL/R 
ZI=R/RS 
OM= ZI*OMEGA*{RN-l.)/{ZI-l.) 
RHO= SQRT (1.0-1.0/{ZI*ZI)) 
FN=RHO/FLOAT{N) 
W=F{O.O) + F{RHO) + 4.*F{FN) 
DO 100 I=2,N2,2 

100 W=W+2.*F{FN*I)+4.*F{FN*{I+l)) 
W=RHO*W/{N*3.) 
C= .5*Q/ (R*R*{{RAT-RHO) / (ZI*SQRT{1.+0MEGA)) + ETA*W)) 
ALFA=ASIN{RHC) 
VSTAR=Q/{6.28*R*R*{.5*ETA*{ALFA+.5*SIN{2.*ALFA)) + (RAT-RHO)/ZI) 
WRITE{6,700) VSTAR 
DO 250 1=1,11 

250 Y{I) =(I-l)*.l*{R-RS) + RS 
WRITE{6,703) (I,I=l,ll), (Y{I),I=l,ll) 
DO 300 1=1,11 
DO 400 J=l,I 
V{J) = C/{3.14159*Y{J) *SQRT{{l./{RS*RS)) + (OM*{{l./RS) -
(l./Y{I)))/R)+ .5*OMEGA*{RS**{-2)+Y{I)**{-2))) ) 

400 CONTINUE 
WRITE{6,701) Y{I),{V{J),J=l,I) 

300 CONTINUE 
GOTOl 

1000 STOP 
700 FORMAT{lHO,15X,"*******************RESULTS*******************"// 
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+lOX,"AVERAGE BUNDLE APPROACH VELOCITy ••••••••••.••• =",FI0.2//// 
+35X,"*****TABULATED FLOW VELOCITY FIELD V(Y,R)*****"/) 

701 FORMAT(5X, FlO.4,3X, "I", 3X, llFlO.4) 
703 FORMAT(26X, ll("R" ,I2,7X),/ ,1lX,"Y" ,llX,llFlO.4,/, 3X, "----------

1------------------------------------------------------------------
2---------------------------------------------------------") 

704 FORMAT(IHO,15X,"***************INPUT DATA*****************"// 
16X,"LARGEST U-BEND RADIUS ••••••••.••••••••••••••••••• =",FI0.3/ 
+6X, "SMALLEST U-BEND RADIUS ••••••••••••••••••.•••••••• =" ,FlO.3/ 
+6X,"NUMBER OF TUBE ROWS AT THE EQUATOR •••••••.••••••• =",FlO.O/ 
+6X,"TOTAL VOLUMETRIC FLOWRATE •••••••••••••••••••••••• =",FlO.O/ 
+6X,"PERFORATION COEFFICIENT OF THE BUNDLE •••.•••••••• =",FIO.3/ 
+6X,"RATIO OF LOSS COEFICIENTS ••••.••••••••••.•••••••• =" ,FI0.3/ 
+6X," INSIDE RADIUS OF THE SHELL •••.••••••••••.•••.•••. =" ,FlO.4/) 

END 
FUNCTION ASIN(X) 
PI=3.1415926 
R=SQRT (1. -X*X) 
IF(X) 1,2,3 

3 IF(X.EQ.l.)GOTO 30 
ASIN=ATAN(X/R) 
RETURN 

30 ASIN=.5*PI 
RETURN 

2 ASIN=O.O 
RETURN 

1 IF(X.EQ. -I.) GO TO 10 
ASIN=ATAN(X/R)-PI 
RETURN 

10 ASIN=-.5*PI 
RETURN 
END 
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17. SUPPORT DESIGN AND 
EXTERNAL LOADS 

17.1 INTRODUCTION 

Supports for heat exchangers and pressure vessels have remained largely 
beyond the pale of any governing codes. Whereas detailed rules for the 
design of the pressure parts have been available in the AS ME Boiler and 
Pressure Vessel Codes for several decades [17.1.1-2], support design has 
received scant attention. Until recently, sizing of supports was generally left 
to the empirical judgement of the vessel designer. Since stresses due to dead 
weight, in most situations, amount to only a fraction of pressure-induced 
stress in the vessel, the effect of dead weight stress was deemed not critical. 
This situation changed radically with the advent of the commercial nuclear 
power industry. Equipment supports designed for use in nuclear power 
plants had to be checked for seismic loads, mechanical loads from attached 
piping, etc. Increased concerns about equipment reliability have resulted in 
the spillover of some of the nuclear power industry analysis requirements 
[17.1.3] into other sectors viz. fossil power, chemical, petrochemical and 
pharmaceutical industries. This chapter presents some introductory 
material and design data on sizing pressure vessel supports. Detailed 
treatment of specific support styles are found in subsequent chapters. 

A brief description of common support styles is given in this chapter with 
some guidelines on their design. In the following sections, a brief account of 
the types of loadings and required analyses is also presented with special 
reference to equipment supports. Finally, available methods for evaluation 
of local stresses are summarized. In what follows, the term pressure vessel is 
used to indicate all pressure retaining equipment including tubular heat 
exchangers. 

17.2 TYPES OF SUPPORTS-DESIGN DATA 

Pressure vessel supports take a variety of forms. The most common styles 
of supports may be divided into the following categories: 

(i) Saddle 
(ii) Lug 
(iii) Annular ring 
(iv) Skirt 
(v) Trapeze 

(i) Saddle Supports: Saddle supports are the most common means of 
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supporting horizontal pressure vessels. Two saddles are common (see 
Photograph 17.a), although three or more have been used in long units 
(Photographs 17 . b) Figure 17.2.1 shows a typical saddle support cross 
section, along with standard welding symbols. 

Tables 17.2.1 and 17.2.2 give typical dimensions for plate and gusset 
members and for weld dimensions. These dimensions are merely suitable 
for preliminary design purposes; the final design must be qualified for the 
external loads acting on the particular unit. 

Photograph 17 .a. Heat exchanger on two saddle supports. 

Photograph 17.h. Heat exchanger on three saddle supports. (Courtesy 
Joseph Oat Corporation, Camden, N.J.) 
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Table 17.2.1. Saddle Support Member Dimensions * 
Vessel Diameter, tb t r t g tw WI WI (j 

0 

24 112 3/8 114 6 120· 
30 5/8 7/16 3/8 1/4 0-2 6 
36 5/8 112 3/8 6 
42 3/4 112 112 8 140· 
48 3/4 9/16 112 5/16 0-3 8 
54 3/4 9/16 112 8 

60 5/8 9/16 12 ISO· 
3/8 0-4 

66 5/8 9/16 12 

Table 17 .2.2. Weld Size (all supports)* 

Thickness of Thinner of the two parts being joined 

114 1/4 7/16 11116 11/16 1 5/16 19/16 
to to to to to to 
3/8 5/8 1 1114 1112 2 

Wb 
with 
penetration 1/8 3/16 114 5/16 3/8 112 112 
weld 

Wb 
Fillet one 3/16 3/8 5/8 3/4 13/16 7/8 
side 

Wb 
Fillet both 3/16 114 5/16 3/8 7/16 112 112 
sides 

Wg 1/8 114 3/8 112 9/16 5/8 3/4 

Ws 3/8 112 

• All dimensions are in inches unless otherwise indicated. 

Legend for Tables 17.2.1-2 
t b Recommended thickness for base plate 
t r Recommended thickness for rib plate 
t s Shell thickness 
t g Recommended thickness for gusset plate 
t w Recommended thickness for wear plate 
W b Recommended weld size base plate 
W g Recommended weld size gusset plate 
Ws Recommended weld size wear plate 
WI Longitudinal width 
WI Transverse width 

One of the two saddles is equipped with slotted holes in the base plate to 
accommodate the variation in axial length of the unit under operating 
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Oi 
.c: 
(/) 

~ 
1---1L1 

(a) End view (b) Front view 

Fig. 17.2.1. Horizontal saddle type support. 

conditions. In large diameter units (over 60"), slotted holes are required to 
accommodate lateral dimensional changes as well. The anchor bolts on the 
slotted holes should not be prestressed so that the saddle can slide over the 
concrete pedestal. Anti-friction interface plates are used where immunity 
from the uncertain coefficient of the friction value at the base plate-pedestal 
contact surface is desired. A number of anti-friction plates are com­
mercially available. Among them are: 

Lubrite: 
A product of Merriman (Litton) Corporation, Hingham, Massachusetts. 
This plate is made from brass with blind recesses for accommodating 
special lubricants. The type of lubricant used is selected to match the 
operating condition. 

Fluoroloc, Fluorotemp: 
Products of Fluorocarbon Corporation, Pine Brook, New Jersey. This is 
a composite plate construction, where a highly polished teflon layer is 
embedded on one or both sides of a metallic backing plate. This not only 
provides a well defined range of friction coefficient, but also introduces 
an insulating barrier between the support structures and the heat ex­
changer support. This is helpful in concrete pedestal mounted units, 
where the pedestal temperature must be controlled to protect the con­
crete.t 
(ii) Lugs: Lugs are commonly used for supporting units which have a 

vertical orientation and are mounted on structural members, such as 1-

tMost concrete design codes limit the sustained surface temperature of reinforced concrete 
slabs to 150°F. 
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beams (Fig. 17.2.2). A lug may be manufactured from carbon steel stock 
and welded directly to the pressure vessel wall if the latter is also made from 
carbon steel. An intermediate wear plate may be added if direct welding of 
the lug to the vessel wall is not acceptable due to material incompatibility, 
or if weld contamination of one material by another is feared. A wear plate 
is also sometimes added to increase the local rigidity of the shell. The radial 
extent of the lug is determined by the clearance required for torquing the 
hold-down bolts, and by structural code requirements on the required edge 
dimension e (see Fig. 17.2.2.a). Appendix XVII of Section III of the ASME 
Boiler and Pressure Vessel Code gives rules for establishing the minimum 
edge distance. Table 17.2.3 gives typical values used in the industry. 

The height of the lug is determined by the local stress calculations as 
discussed in Section 17.6. 

Table 17.2.4 gives preliminary data on lug sizing and Table 17.2.2 gives 
weld size data. These tables may be used as the starting point for developing 
the lug design. Final dimensions, of course, should be determined from the 
results of a stress analysis. 

(iii) Annular Ring: The annular ring type of support (Fig. 17.2.3) is also 
used to support vertically mounted units. This design consists of a full 360 0 

base ring buttressed by suitably spaced vertical gussets. It is advisable to 
also include the top ring, although it is sometimes deleted to effect economy 
of construction. Preliminary design data on annular ring sizing is given in 
Tables 17.2.2 and 17.2.4. Edge distance data may be found in Table 17.2.3. 

W, >-1-+_""" 

t, 

* L' 
I", woo .... ","" '. L W 

360 0 base support ring 
(a) Side view with support I beam in phantom 

Fig. 17.2.2. Lug support. Fig. 17.2.3. Ring type support. 
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Table 17.2.3. Minimum Edge Distance for Punched, Reamed or 
Drilled Holes 

Bolt nominal 
diameter 
(in.) 

112 
5/8 
3/4 
7/8 
I 
1118 
1114 

over 114 

Sheared edges 
(in.) 

7/8 
1118 
1114 
1112 
13/4 
2 
2114 
13/4 x bolt dia. 

Minimum Value of e* 
Rolled edges of 
plates, shapes, bars, 
or gas cut edges (in.) 

3/4 
7/8 
I 
1118 
1114 
I 112 
15/8 
I 114 x bolt dia. 

*e is the minimum distance between the edge of the bolt hole and the support member edge 
(e.g. the I-beam in Fig. 17.2.2a). 

Table 17.2.4. Preliminary Vertical Support Sizing Data 

Nominal I tb H L W (Radial Projection) 

Vessel Diameter ILug Ring Skirt Quan.* Height Length Lug Ring Skirt 

24 5/8 112 5/8 3 6 4 6 6 6 
30 3/4 9/16 3/4 4 6 6 6 6 6 
36 IB/4 5/8 3/4 4 6 6 8 6 6 
42 7/8 3/4 7/8 4 8 6 10 8 8 
48- I 7/8 I 4 8 6 10 8 8 
54 I 1/4 I I 1/4 6 8 8 12 10 10 
60 I 112 I 114 I 112 6 10 8 12 12 12 
66 2 I 112 2 6 10 8 16 12 12 

"Indicates number of lugs for lug type supports, or number of pairs of gussets for skirt or 
ring type supports. 

(iv) Skirt: The skirt support (Fig. 17.2.4) is used mostly with column 
type units. At times it is also used for supporting vertical heat exchangers. 
Evidently, skirt type support can only be employed with Bonnet (TEMA 
Type "B") construction. "Chairs" are frequently utilized (Fig. 17.2.5) to 
add free length to the anchor bolts. Table 17.2.4 also gives some 
preliminary data on skirt type support design. The skirt thickness tsk is set 
equal to the smaller of th or ts. 

(v) Trapeze: A trapeze is an inverted saddle support. The saddles are 
bolted to a support member. Dead load of the unit places the support bolts 
in tension. The use of a trapeze type of support is confined to light vessels 
and to plants where the necessary floor space is unavailable for use of 
regular saddle supports. 

17.3 LOADINGS 

Typical pressure vessels and heat exchangers are subject to the following 
external loadings: 
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t, 

w 

Fig. 17.2.4. Skirt type support. 

(i) Dead loads of the vessel including its inventory of contained fluid. 
(ii) Thermal expansion loads from attached piping, and from restraint 

of its own supports. 
(iii) Seismic loads (and wind loads). 
(iv) Handling loads. 

(i) Dead load: The pressure vessel supports should be capable of 
withstanding the dead load of the equipment, including its internals, and 
the contained fluid, without experiencing permanent deformation at any 
location. The most critical location is the portion of the shell between the 
supports. A popular semi-empirical method for computing the stresses in 
saddle support is due to Zick [17.3.1]. More rigorous techniques are 
described later in this chapter. The local stresses at the support to shell 
junction are particularly important in the design of removable bundle heat 
exchangers (Fig. 4.1.1), since large deformations may hinder tube bundle 
removal. However, we note that the shell deformation due to welding 
between the supports and the shell is usually the cause for more concern in 
this respect. 

(ii) Thermal Expansion Loads: The metal temperature of the pressure 
vessel under operating conditions is usually different from the ambient 
conditions during its installation. The consequent change in the distance 
between the supports, due to temperature change, should be considered in 
support design. As discussed before, designers are usually able to eliminate 
this source of loading by simple expedients such as the slotting of certain 
support holes in saddle supports and the use of unidirectional auxiliary 



868 Mechanical Design of Heat Exchangers 

Fig. 17.2.5. Skirt type support with chairs. 

supports in vertically mounted units. The other source of thermal loading 
arises from thermal expansion/contraction of interconnecting pipings. 
These loads are hard to obviate and the pressure vessel must be designed to 
withstand these loads. Unfortunately, precise data on these loads is usually 
not available at the time of the equipment design. Therefore, the equipment 
designer must consider various combinations of piping loads on the 
equipment to determine the most severe load combinations. In Chapter 20, 
we will discuss the question of finding the most severe load combination in 
some detail. 

(iii) Seismic Loads: Seismic loads are usually specified in terms of 
multiples of "g"* in three orthogonal directions. The orthogonal directions 
are normally taken to be along the natural axes of symmetry of the 
equipment. In some support configurations, such as the "four leg sup­
port", to be discussed in Chapter 18, selection of the axes can have a 
substantial effect on the computed stresses. 

The equipment is also subject to mechanical loadings due to the action of 
seismic accelerations on the attached piping. Common practice lumps these 
loads with the piping thermal expansion loads, and the total load is 
designated as the "nozzle load" in the common terminology of the pressure 
vessel industry. 

• Acceleration due to gravity. 
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Seismic loading is usually the controlling component among all 
mechanical loads. In large vessels containing liquids one must also consider 
the effect of "sloshing". Reference [17.3.2] gives appropriate design in­
formation on sloshing. Wind loads are important in the design of tall 
towers. 

(iv) Handling Loads: Loads due to lifting and maneuvering of vessels 
during installation should be carefully considered in the design stage. The 
main area of concern here is the local region around the lifting lugs. The 
ANSI Standards [17.3.3] for nuclear components require an impact factor 
of five on the lifting load. This means that the apparent weight to be utilized 
in static stress analysis of the lifting lugs should be six times the trans­
portation weight of the hardware. The limit on the sum of local and primary 
stresses in this region is taken as 90070 of the ultimate strength of the 
pressure vessel material. In addition to the local vessel stresses, the nominal 
stresses in the lug, specially at the lifting eye section, must be evaluated. 
Appendix XVII to Section III of the ASME code gives stress limits for 
bearing, tension, shear, etc. in support member design. These limits are 
summarized later in Section 18.7. 

17.4 ANALYSIS FOR EXTERNAL LOADS 

The following regions are commonly analyzed in heat exchangers and 
pressure vessels subject to external loadings. 

(i) Support-shell Junction: The load transfer between the support and 
the shell produces local membrane and bending stresses (Chapter 2). In this 
respect the skirt type support is most desirable since it entails a minimum 
amount of geometric discontinuity. A method to evaluate skirt, head, and 
shell junction stresses due to internal pressure is given in Chapter 2. In the 
case of lug supports, some practical methods for computing the local 
stresses at lug-shell junctions are indicated in later sections of this chapter. 

(ii) Support-foundation Interaction: The stresses in the support hold­
down bolts, and the surface pressure on concrete pedestals (where used) do 
not concern designers where dead load (other than pressure) is the only 
loading. In fact, older books on this subject [17.4.1] treat support in­
teraction analysis only in the context of tall columns subject to wind loads. 
Mechanical loadings, specially nozzle loads and seismic inertia loads, are 
often found to control anchor bolt number and size, and govern sup­
port/foundation interface design. Methods to estimate foundation/support 
interaction are presented in Section 17.7 and also in Chapters 19 and 20. 

(iii) Bending Stresses in the Shell: "Beam-type" bending induced in the 
shell due to mechanical inertia or thermal loadings is usually quite small if 
the unit is properly supported. As a rule-of-thumb, the fundamental natural 
frequency, fn' of the unit modelled as a beam simply supported at the 
support locations should be over 30 Hz. Since the natural frequency varies 
inversely with the square of the unsupported length, requiring a relatively 
high natural frequency implies that the support spacing must be limited. 
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This limiting of support spacing places a natural limit on beam bending 
stresses in the shell. The full expression for fn is: 

= ~ (El) 112 

fn 2// 11-

where 

E Young's modulus of shell material at its design temperature. 
1 Moment of inertia of shell excluding corrosion allowance 1 ::::: 

7rr3 t, where r is shell mean radius, and t is the corroded wall 
thickness. 

11- Mass of the shell plus any contained metal and fluid per unit 
length. 

Is Distance between the support centerlines. 

The above criterion is strictly judgemental and is intended to be no more 
than a design guide. The stiffening effect of tubes in fixed tubesheet ex­
changers, the presence of shell overhangs beyond supports are, among other 
factors, not included in the above formula. 

In vertically mounted units, it is advisable to consider lateral restraints to 
eliminate cantilever type response of the shell to external loads. It is im­
portant to limit the "beam-type" stress to a fairly low value because the 
design codes place it in the primary "membrane stress" (Chapter 2) 
category. 

(iv) Nozzle-shell Junction: Load transfer from the nozzle to the shell 
produces local membrane and bending stresses. Due to the non-symmetry in 
the geometry, even finite element solutions are quite expensive to obtain. 
The charts given in WRC-107 [17.4.2] have become the mainstay of the 
industry in this area. Simplified charts are also provided by the feedwater 
heater standards [17.4.3]. The use of these design charts has become quite 
routine and appears adequate in most normal applications. 

(v) Flanged Sections: Flanged sections subject to bending moments and 
axial force due to external loadings should be examined for gasket 
relaxation and joint leakage. The ASME Code gives the following formula 
for computing the equivalent pressure, P eq at flanged sections subject to 
bending moments. 

8AM 
Peq =p+ 7rG3 

M is the total bending moment at the flanged section, and G is the effective 
gasket diameter (ref. Chapter 3). The parameter A is 2 if the moment is due 
only to sustained external loads, and is unity if the moment includes both 
sustained and short term loads. This formula is specifically given for flanges 
in piping runs. We feel that there is little reason why it cannot be used to 
make similar checks for vessels and heat exchanger joints. The reader is 
referred to the ASME Boiler and Pressure Vessel Code, Section III, Sub-
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section ND, paragraph ND-3600 for further details on the use of this 
formula. 

17.5 STRESSES IN AN ANNULAR RING SUPPORT DUE TO 
VERTICAL LOADS 

In this section, expressions for stresses in the shell and in the annular ring 
support due to vertical loads are derived. We assume that the support ring 
transfers the load to the foundation in a symmetrical manner. This permits 
us to treat the deformations of the ring and shell as axisymmetric; hence, 
classical equations for edge loaded shells (Appendix A) can be employed to 
obtain the solution. The support system is modelled as an annular ring 
sitting on a surrounding foundation. The axial forces in the portion of the 
shell above and below the support ring are generally known from 
equilibrium. In some situations, notably fixed tubesheet heat exchangers 
(Chapter 9, Fig. 9.1.1) the axial forces are obtained from a detailed stress 
analysis. It is important to note that in this section we are assuming that the 
support ring is far removed from any tubesheet, or from any other com­
ponent which would yield local stresses in the shell due to enforcement of 
compatibility. The lineal reaction of the foundation support system is 
assumed to act at radius c (Figs. 17.5.1-2). For the sake of conservatism, c 
is often taken to coincide with the bolt circle radius, even though bending of 
the support tends to move the foundation reaction resultant towards the 
inner edge of the ringlfoundation annular patch. Referring to Fig. 17.5.3, 
we note that the offset of the support reaction F with respect to the shell 
centerline, produces a distributed couple on the support ring structure. The 
resultant rotation of the support, 4>, must be compatible with radial 
movements of points A and B on the edges of the two shell halves. The 

b 

c 

Gusset 
at 
discrete 

H 

Bottom shell portion 

Fig.17.5.1. Undeformed ring support/shell section. 
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expression for thin rings under distributed couples derived in Section 3.9 
can be used to characterize the ring behavior. A standard discontinuity 
analysis performed in this manner give the complete solution. Details of the 
solution are presented below and computerized in the program 
"RINGSUP" listed in Appendix 17.A. 

Equilibrium in the x-direction (axial) yields (Fig. 17.5.2) 

b 
F= (N{l -N;l)­

C 
(17.5.1) 

where F, N{l and N;l are the shell axial loads, per unit circumference, 
shown in Fig. 17.5.2. 

Figure 17.5.3 shows the free bodies of the top and bottom shells, labelled 
as shells #2 and #1, respectively. Moment Mi and shear Qi denote the edge 
discontinuity moment and shear of shell i. Referring to shell #2, 
displacement due to pressure palone, O2 is given by 

pb2 
( II N;l) O2 = - 1---

E ts P b 
(17.5.2) 

where E and ts denote the Young's modulus and the shell thickness, 
respectively, II denotes the Poisson's ratio and p is the applied internal 
pressure. Referring to the top shell (#2), the radial displacement of point B 
is given by the sum of the displacements due to pressure, and the 
displacements due to the discontinuity moment M2 and shear Q2 (see 
Appendix A for details): 

i 
I 

I 

Un deformed -...-.. 
shell center 
line 

N;, 

(17.5.3) 

Fig. 17.S.2. Deformed shape of ring support/shell section. 
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where (3 and D are defined in Appendix A. Hence, the total outward 
displacement of point B of shell #2 is 

pb2 N~I 1 
W 2= Et (l-v-b )+ 2 (33D «(3M2+Q2) (17.5.4) 

s p 

Similarly, the total edge rotation of the top shell (shell #2 in Fig. 17.5.3) is: 

1 
¢= 2 (32D (2 (3M2 +Q2) (17.5.5) 

where ¢ is the rotation of the support ring cross section. Referring to the 
lower shell (shell #1), we can write 

(17.5.6) 

and we can also obtain expressions for the total outward deflection of point 
A: 

P b2 
( vN{I) 01=-- 1---

E ts P b 

Therefore, the outward deflection at point A is 

p b2 ( v N{I) 1 
WI =~ 1--b- + 2 (33D «(3MI +Qd 

s p 
(17.5.7) 

Finally, we note that since the ring is assumed to undergo only a rigid body 
rotation under the applied loading, 

WI =W2+H¢ 

Hence Eqs. (17.5.4), (17.5.7) and (17.5.8) yield 

p b2 ( V N{I ) 1 -- 1--- +-3-«(3MI +QI) 
E ts P b 2 (3 D 

P b2 ( V N~I) 1 = -- 1--- + -3- «(3 M 2+Q2)+H ¢ 
E ts P b 2 (3 D 

or 

3 [vb I I ] (3 MI +QI -(3 M2 -Q2 =2 (3 D -- (Nil -N21 )+H ¢ 
E ts 

After using Eq. (17.5.1) to eliminate N{I - N~2' we obtain 

(17.5.8) 

(17.5.9) 
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Note: Resultants on 
ring not shown here 

positive displacement 

Fig. 17.5.3. Freebody of top and bottom shells. 

3 [vFC ] (3 MI +QI -(3 M2 -Q2=2 (3 D --+H ¢ 
E ts 

2v(33 D 3 
(3 MI + QI - (3 M2 - Q2 - -- F c=2 (3 D ¢ H 

E ts 

(17.5.10) 

(17.5.11) 

We now require the resistance properties of the support ring. Treating the 
support as a thin ring, the following relationships are readily observed: 

(a) Force equilibrium: If R denotes the inward directed radial force 
circumference, then (Fig. 17.5.4): 

2Rb sin(dO/2) = 2Fe sin(dO/2) 

or, for small dO 

Fe=Rb 

where Fe is the compressive hoop force. 

(17.5.12) 

(17.5.13) 

(b) Moment equilibrium: If m denotes the radial applied moment per 
unit circumference then, by writing moment equilibrium, we have 

M dO= -m b dO 
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(17.5.14) or M=-mb 

where M is the resultant internal moment (see Section 3.9 for a 
detailed treatment of this subject matter). 

Referring to Fig. 17.5.5, the radial deflection of a point located at axial 
coordinate 1] is W2 + 1]1>; therefore, the circumferential strain is: 

W2 +1] 1> 
EO = 

r 

where r is the radial coordinate of the point. The hoop stress, (Jo in the ring 
is 

Therefore, the hoop force Fo is obtained in terms of W2 and 1> by forming: 

Fo = - )(Jod A = _ ) (W2 + 1] r1»E d A 

R 

F, 

(a) Hoop force F8 in equilibrium 
with radial lineal load R 

(b) Internal moment M in equilibrium with external moment m 

Fig. 17.5.4. Freebody of a symmetrically loaded ring element. 
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Fig. 17.5.5. Ring support (gussets not shown). 

Hence 

(17.5.15) 

where 

(17.5.16) 

(17.5.17) 

Taking moments about the BB' axis in Fig. 17.5.5 yields: 

(17.5.18) 

where 

13 = ) 7j2~ A (17.5.19) 

Hence, we can write m and R in terms of W2 , ¢: 
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E 
m = - b [W2/2 + cf> 13 ] 

877 

(17.5.20) 

(17.5.21) 

We point out that the coupling terms involving 12 appear because we have 
chosen not to introduce the radial ring displacement as an additional 
variable. In terms of the external shell resultants, and the pressure, we can 
also write Rand m in the form 

R=QI +Q2-pH 

( c p~) 
m= - MI -M2 +P(c-b) b +Q1H+ -2-

where m has been taken as the moment about point B. 
We redefine the unknowns in dimensionless form below: 

M'- M2 
2 - (3 D 

M'=~ 
I (3 D 

W W, __ 2 
2- b 

(17.5.22) 

(17.5.23) 

In terms of dimensionless variables, we can rewrite the two defining 
equations for cf> (Eqs. (17.5.5), (17.5.6», as 

cf>=M2+O.5 Q2 

cf>= -M; -0.5 Q; 

(17.5.24) 

(17.5.25) 

Equation (17.5.4), for W2 , and Eq. (17.5.11), can also be rewritten, along 
with Eqs. (17.5.20-22); the resulting equations are expressible as: 

b N' 1 
W'= L (l_p_2_1 )+ -- (M'+Q') 

2 Et b 2b(3 2 2 
s P 

(17.5.26) 
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2{3vFc 
M{ + Q{ -M~ - Q~ - =2 {3 H cP 

E ts 
(17.5.27) 

(17.5.28) 

We note that in the above six linear algebraic equations (Eqs. (17.5.24-29», 
p, N~I' and F are known quantities, and we desire to obtain solutions for 
W z, cP, Mp QI' M z and Qz. These equations can be solved for any ring 
geometry using a standard linear equation solver subroutine. 

Having determined Wz, cP, M I , QI' M z, and Qz, the stresses at location A 
and B in the shell follow immediately. We can classify these stresses as 
follows: 

(a) Longitudinal stresses in the shell: 

Membrane: 

Bending: 

. N~I 

{

LocatIOn B: aZm = -
ts 

N{I 
LocationA: aIm =­

ts 

(b) Circumferential stresses: 

Membrane: 

Bending: 

E Wz vN~1 

{

Location B: aIm = -- + --
b ts 

. EWI vN{1 
LocatIOn A: aIm = -- +--

b ts 

6vMz r Location B: alb = --l t; 

6vMI 
LocationA: alb =-­

t/ 

(17.5.30) 

(17.5.31) 
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For completeness, the expressions for the integrals II , 12 and 13, defined by 
Eqs. (17.5.16), (17.5.17), (17.5.19), are worked out below. 

Referring to Fig. 17.5.5, we have 

r d A (b l ) (b2 ) (b3 ) II = J ---;:- =tlln 1 + b +t2ln 1 + b +t3 ln 1 + b (17.5.32) 

r 1/ d A 1 [ ( b l ) 12 = J -r- = 2: tl2ln 1 + b +t2(t2 +2t l ) 

In(l + ;) +t3(t3 +2t2 +2t l)ln(1 + ;)] (17.5.33) 

r 1/2 d A 1 [ ( b) I 3=J-r-=3 t l3 ln 1+-/; +[(tI+t2)3 

-t23 Jln(l + ;) + [(tl +t2 +t3)3 - (tl +t2)3 }In(l + ;)] (17.5.34) 

The solution just presented is computerized in program "RINGSUP" 
described in Appendix 17.A and enables the user to determine the stress 
state in the vicinity of an annular ring support structure. 

17.6 LUG DESIGN 

A milestone paper dealing with the evaluation of local stresses in shells, 
due to loadings on an attached lug, was published by Professor P. R. 
Bijlaard [17.6.1]. The Welding Research Council sponsored a program 
towards experimental verification of Bijlaard's analysis which culminated 
in the publication of WRC-107 [17.4.2]. WRC-107 has been extensively 
used in the design of lug attachments on pressure vessels and pipes. The 
stress coefficients required are presented in graphical form which facilitates 
rapid manual computation. More simplified variants of WRC-107 have 
appeared in the industry standards [17.4.3]. WRC-107 plots have been 
curve fitted in some commercial computer programs to eliminate the need 
for a manual look-up. Recognizing the need for further work in the field of 
lug attachment stresses, the Welding Research Council sponsored another 
project in 1974, which led to the publication of WRC-198 [17.6.2]. This 
bulletin formed the basis of ASME Code Cases N-122, [17.6.3] and N-318 
[17.6.4] which are widely used in piping support design. 

The intent of WRC-198 is to simplify the task of local shell stress 
evaluation. A brief synopsis of The WRC-198 method, as presented in the 
aforementioned code cases, is given in the following. 

The external loads and lug dimensions are shown in Fig. 17.6.1. The 
following terms are defined: 

b = Mean shell radius 
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t s Shell wall thickness 
(31 LIID 
(32 L21b 
La Min (L2' ts> 
Lb Min (LI' ts> 
Lc Min (LI' L 2) 
Ld Max (LI' L 2) 
'Y bits 

Lug cross-sectional area, AI = 4LIL2 
Lub section modulus about its longitudinal axis, ZL = 4 L I Ll 13 
Lub section modulus about its circumferential axis, Zc = 4 LI2 L 2/3 

The stress coefficients for radial thrust W, for circumferential moment Me> 
and for longitudinal moment M L , are defined as C T , Ce> and CL , respec­
tively, and can be written in the form: 

Fig. 17.6.1. GraphicrepresentationofL\, L 2, W, M L, Q\, Q2' and MT' 
L\ and L2 are to be measured along the surface of the shell. Welds or fillet 
radii between attachment and shell are not to be included. 

CT = 7.64 'Y1.64 (31 (32 1/1.54 ~ 1.0 

CL =0.51 'Y1.74(31(3/1/4.74~1.0 

Cc = 0.76 'Y1.90 (31 2 (32 1/3.40 ~ 1.0 

In Eqs. (17.6.1-3) 

XI =xo + loglO(31 

YI = Yo + IOglO(32 

A o, e, Xo andyo are defined for each load case in the table below 

Load 

Thrust 
Longitudinal Moment 
Circumferential Moment 

Ao 

2.2 
2.0 
1.8 

Xo 

o 
-0.45 
-0.75 

(17.6.1) 

(17.6.2) 

(17.6.3) 

Yo 

0.05 
-0.55 
-0.60 
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All terms are assumed to be expressed in lb-in. units. The maximum 
primary plus secondary stress in the shell wall is then given by 

C T W CLML CeMe 
a= -- + -- + --

AI ZL Ze 

(17.6.4) 

where 

(17.6.5) 

The maximum value of primary plus local membrane stress is also given by 
Eq. (17.6.4) except that the stress coefficients Cn Ceo and CL are reduced to 
213 of their values, the loadings do not include any thermal effects, and 
only sustained load amplitudes are considered. 

The above formulas are intended for rapid design work. Readers in­
terested in a detailed stress analysis technique are referred to WRC-198. 
These formulas are subject to certain dimensional restrictions on the lug 
and shell; these are: 

{31 $0.5, {32 $0.5 

{31 {32 $0.075 

bits $50 

In Section 17.8, we show how to obtain the loads on an individual lug. 

17.7 STRESSES IN THE SHELL AT SADDLE SUPPORTS 

The paper by Zick [17.3.1] has been extensively used as the conventional 
design procedure for estimating stresses in the vicinity of saddle supports on 
horizontal vess'els. However, its semi-empirical nature was always 
recognized. Many other investigators have considered the saddle-shell 
support problem, notably Krupka [17.7.1], Brandes [17.7.2], Forbes and 
Tooth [17.7.3], Wilson and Tooth [17.7.4], and Vinet and Dore [17.7.5]. 
Krupka [17.7.1] uses a semi-bending theory of shells to predict saddle/shell 
interface pressure. Forbes and Tooth [17.7.3] consider the variation of shell 
stress resultants in both axial and circumferential directions consistent with 
a treatment of the saddle as a rigid member. Wilson and Tooth [17.7.4] 
extend this previous solution to include saddle flexibility. Vinet and Don~ 
[17.7.5] solve the problem of a continuous saddle unwelded to the 
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pipe/vessel. Their solution is presented in an abbreviated form in the 
following: 

Vinet and Dore Solution 

Vinet, et aI., consider a pipe under nominal pressure p containing a fluid 
of density p, and supported on a continuous rigid saddle. They use Flugge's 
shell equations and neglect the axial force due to header pressure. They 
show that the type of saddle/shell contact depends on the angle of opening 
2¢o of the support and the parameters plbp and bits. For a small angle of 
opening, contact takes place at each end of the support (see Fig. 17.7.1). 
Figure 17.7.2 gives the limiting half angle, 01 , for two line loads as a func­
tion of plbp and bits. As the semi-saddle angle ¢o is increased, a new line 
loads at the central vertical plane of support develops (Fig. 17.7.3). Figure 
17.7.4 gives the limiting half angle, O2 , for the three line load condition. As 
¢o is increased even further, a surface of contact in the central part of the 
support is developed with line loads at the extremities of the surface of 
contact, and line loads at the horns of the saddle (Fig. 17.7.5). It is shown in 
[17.7.5] that for ¢o > 43 0

, an interior contact patch will always develop. 
Since ¢o > 43 0 is the most common case of saddle geometry, it is ap­
propriate to succinctly summarize the key results of interest. The semi­
angle, a, of the surface of contact is found by solving the transcendental 
equation 

COl - 2C3l sina + 2 C4l COSa 

b4p 
+ -- (cosa-2a sina)=O 

4D 

where D = Et/ /12 (1- v) 

(17.7.1) 

(17.7.2) 

The coefficients COl' C3l , and C4l are given by the following expressions: 

Num 
C3l =-- (17.7.3) 

Deno 

C3l . 
C4l = F* [cos ¢o«¢o - a)cos ¢osm a+ cos a{cos ¢o 

- cos a» - (cos(¢o - a) -1)(cos ¢o + (¢o 

+ 2a cos a(cos a- cos ¢o» + 27r(cos(¢o 

- a) -1)(cos ¢o + (¢o - 7r)sin ¢) 1 (17.7.4) 
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-p 

- (p + 2bp) 

H H 
Fig. 17.7.1. Contact on two lines and internal pressure distribution. 
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Fig. 17.7.2. Limiting half angle of opening for two line loads. 

H H 

2 Ho 

Fig. 17.7.3. Contact on three lines. 
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Fig. 17.7.4. Limiting half angle of opening for three line loads. 

H H 

Pa 

Fig. 17.7.5. Contact area with line loads. 

[ (cf>o -a)cos cf>o +cos a Sin(a-cf>o)] 
COl =C3l 

cos( cf>o - a) - 1 

[ (cf>o - a)sin cf>o + sin a sin(a - cf>o)] b4 p 
+C4l ---

cos( cf>o - a) - 1 8D 

[ (a2 - cf>l )cos cf>o + 2a cos a sine cf>o - a) ] 

cos( cPo - a) - 1 

In the above equations, 

Num = (cos(cf>o - a) -1 J { (7l'- a)(cos(cf>o - a)-1) 

- «cf>o - a)sin cf>osin a + sin a(cos cf>o - cos a) ) J 

(17.7.5) 
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[ b b4 p7r b4 P 
- D' (p+bp)7r cos <Po - 2D + 4D cos <po(a cos 

} 
b4p 

a(2 + k2) - (1 + 2k2 a 2)sin a) + 8D [{ (7r- a) (1 

+ k2 )cos <Po « a2 - <P02 )cos <Po + 2a cos a sine <Po 

- a» }{ (7r- a)(cos(<po - a) -1) - sin a« <Po 

- a) sin <Po + cos <Po - cos a) } + { (7r - a) (1 + e )(( <Po 

- a)sin ¢o + sin a sin(a- ¢o)) - 2(cos(<po - a) 

-1)(sin a+ ak2cos a)} (cos<Po«a2 - <P02)COS <Posin a 

+2a cos a(cos a-coS ¢o»+ 27r(cos(<po -a) 

- 1)( cos <Po + (<Po - 7r)sin <Po)}] 

where 

and 

k=~ 
2Y3b 

Deno = { (7r - a)(1 + k2 )cos ¢o « <Po - a)cos <Po 

and 

+cos a sin(a-<po»+2(cos(<po -a)-I)(1 

- cos cf>o(cos a- ak2sin a) ) } { (7r- a)(cos(¢o - a) 

- 1) - sin a ( (<Po - a)sin <Po + cos <Po - cos <p) } 

+ { (7r- a)(1 + k2)«<po - a)sin <Po + sin a sin(a 

- <Po)) - 2(cos(<po - a) -1)(sin a+ ak2cos a) } 

{cos <Po « <Po - a)cos <Po sin a + cos a( cos <Po 

- cos a» - (cos(¢o - a) -1)(cos ¢o + (<Po - 7r)sin <Po)} 

F* = cos <Po« 7r- a)(cos(<po - a) -1) - sin a( (<Po 

- a)sin <Po + cos ¢o - cos a». 

The line load intensities are (see Fig. 17.7.5): 

885 
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7r b2 P 2DC31 
H = + -:;---'-'-

2 cos 1>0 b2 cos 1>0 

2D 
Hex = - fl2 (C31 cos ex+ C41 sin ex) 

b2 p 
- - (3 sin ex+2ex cos ex) 

4 

(17.7.6) 

(17.7.7) 

The bending monent Mq, in region 1 (the region defined by ex < 1> < 1>0 (see 
Fig. 17.7.5) is given by 

Mq, = - ~ [COl -2 C3l sin 1>+2 C4lCOS 1> 

b4 p ] + 4D (cos 1>-2 1> sin 1» (17.7.8) 

The reader is referred to Wilson and Tooth [17.7.4] for the solution of the 
finite welded saddle problem. 

17.8 ELEMENTARY SOLUTIONS FOR ANCHOR BOLT LOADS 

If the foundation and the equipment support structure are relatively 
rigid, then the stresses in the anchor bolts can be assessed from equilibrium 
considerations alone. Two examples given below illustrate the procedure. 

17.8.1 Bolt Load Distribution in a Three Lug Support System 

Consider a shell supported at three equispaced lugs. A bending moment 
M and a vertically upward force Fax act at the support circle location. The 
upward force Fax includes the bolt pre-tension load, if any. 

The three support locations around the support circle are idealized by 
point locations which we refer to as "anchor points" (Fig. 17.8.1). The 
moment vector M is assumed to make an angle () with the y axis. The y axis 
is assumed to coincide with the radial line directed toward "anchor point" 
1. The radial distance of all anchor points from the axis of symmetry is r. 

Force equilibrium in the vessel axis direction yields 

(17.8.1) 

where Fi is defined as the tensile force at anchor point i. Fi positive implies 
tension in the bolts. Fi negative means that the lug and the structural 
support are in contact. In Fig. 17.8.1, Fax is directed out of the paper, and 
Fi are directed into the paper. 

Moment equilibrium about line AB yields the equation: 

M= -Fir sin ()+F2 r sin( ~ -()+w) -F3r sin( ~ -()-w) 
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or 

(17.8.2) 

where w = 30° for a 3 point support system. 
Similarly, writing moment equilibrium about line CD (perpendicular to 

AB) yields: 

or 

o =FI cos 0+ F2 sin(O- w) - F3 sin(O+ w) 

We now define <l>i and It by the relations 

F <1>.=_1 
1 Fax 

Then Eqs. (17.8.1-3) become 

<1>1 + <1>2 + <1>3 = 0 

. \ 1M' ""\ ' 7 
,,\., .~.-
.. ~ 

/"1 ."" 
/. . 

B "AnChor point 3 

Anchor point 1 

.-1-._ 

'"" D 

Fig. 17.8.1. Anchor points for a three lug support system. 

(17.8.3) 

(17.8.4) 

(17.8.5) 

(17.8.6) 
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-«PIsin O+«P2COS(O-w) -«P3COS(O+w) =J1-

«PI cos 0+ «p2sin(O- w) - «P3sin(O+ w) = 0 

Writing Eqs. (17.8.6)-(17.8.8) in matrix form, we have 

[ 
-:in 0 

cos 0 

cos(O- w) 

sin(O-w) 

-cos:O+W) 1 {::} = {:} 
-sin(O+w) «P3 0 

(17.8.7) 

(17.8.8) 

(17.8.9) 

The coefficient determinant of the left-hand side of Eq. (17.8.9) is given by 

..:1 = { - cos(O - w) sin(O + w) + cos(O+ w)sin(O- w) l 

+sinO{ -sin(O+w)-sin(O-w) l 

+cosO{ -cos(O+w)-cos(O-w) l 

= - sin 2ex - sin 0 { 2 sin 0 cos w l 

or 

Therefore, 

- cos 0 {2 cos 0 cos w l 

..:1= -sin 2ex-2 cos w 

J1- cos(O-ex) -cos(O+w) 

o sin(O-w) -sin(O+w) 

- [- sin 2w + J1-(2 sin 0 cos w)] 
..:1 

-sin 2w+2J1- sin 0 cos w 
«PI = ----------------­

-sin 2a-2 cos w 

Similarly, «P2 is given by 

1 

-sin 0 J1- -cos(O+w) 

cos 0 0 -sin(O+w) 

(17.8.10) 

(17.8.11) 
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so that 

1 
<1>2 = - [- [sin 0 sin(O+w) + cos 0 cos(O+ w) } 

.:l 
+ JL[ - sin(O+ w) - cos OJ] 

which simplifies to 

1 

Hence, 

<1>2 = - [-cos w+ JL[ - sin(O+w) -cos OJ] 
.:l 

-JL[sin(O+w)+cos OJ-cos w 
<1>2= ~--------------------

-sin 2a-2 cos w 

Finally, <1>3 follows from Eq. (17.8.6). 
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(17.8.12) 

Thus, we have seen how the reactions at all three support locations can be 
determined. The method given in the preceding Section 17.6 for lug design 
can now be used to compute the local shell stresses. 

17.8.2 Foundation Response of Ring Type Supports Mounted on Rigid 
Foundations 

We assume that there are n bolts arranged on a bolt circle of radius c. The 
outer radius of the support ring is d. The bolts are assumed to be pre­
stressed and develop (To psi tensile stress in each bolt. The effective tensile 
area of each bolt is defined as A. The object is to find the maximum stress in 
the bolts when the foundation is subject to a bending moment M, and to an 
axial force Fax. The foundation is assumed to be rigid, and the ring support 
is assumed to undergo only rigid body rotation and translation. We let I 
denote the' 'free length" of the foundation bolts. 

The bolts may be modeled as a cylindrical spring of stiffness r #/in.lin. 
circumference, where 

EnA 
r=--

2 7f C I 

and E is the Young's modulus of the bolt material. 

(17.8.13) 

Furthermore, the equivalent thickness of the ring of springs that replace 
the discrete foundation bolts may be defined as 

nA 
t=-

2 7f C 
(17.8.14) 

From symmetry of the cross-section (Fig. 17.8.2), it is apparent that the ring 
will "edge" about point A (located at the diameter normal to the axis of 
M), since the configuration is oriented so that M is always positive. We will 
assume that Fax is positive when directed vertically upward. 
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Axis of applied moment 

Fig. 17.8.2. Foundation geometry. 

Taking moments about point A so as to eliminate the contribution of the 
edging force, we have (let X be the angle of rotation of the support about 
point A) 

M+F;xd=uotCr (d-c COS¥t) cd¥t+ rx(" (d-c cos¥t)2cd¥t 

Performing the necessary integrations yields 

M+Faxd 2 2 
2 = uotc7rd + rCX7r(d + c /2) 

Hence, the support rotation can be written as 

0.5[M + Faxdl - Uo 7r t c d 
X= r c 7r{d2 +0.5 c2 ) 

as long as Eq. (17.8.16) predicts X > O. 
However, X = 0 if 

0.5[M + Faxdl < Uo 7r t c d 

The maximum bolt stress U rn• x is given by 

r(d+c)x 
Urn• x = Uo + 

t 

(17.8.15) 

(17.8.16) 

(17.8.17) 

(17.8.18) 

Some allowable stress limits on anchor bolts are given in Chapter 19 . 

• Fax is positive when directed vertically upwards. 
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NOMENCLATURE 

A Tensile area of each bolt 
b Mean shell radius 
c Radius of action of support reaction 
d Outer radius of support ring (Fig. 17.8.2) 
D Flexural rigidity of the shell 
E Young's modulus of shell material 
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F Support reaction per unit circumference acting at radius 

(3 
v 
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APPENDIX 17.A 

COMPUTER PROGRAM RINGSUP 

Computer program RINGSUP is based on the analysis presented in 
Section 17.5. It calculates the total membrane and bending stress at the 
junction of the annular ring type support and the shell (denoted as A and B 
in Fig. 17.5.3). The input data is free field. Table 17.A.1 provides the 
required instructions for data preparation. 

Table 17.A.l. Data for RINGSUP 

Line1: (Fig. 17.5.1 and Fig, 17.5.2) 
Item 

Internal pressure in the shell at the support location, p 
Shell mean radius, b 

Fortran Symbol 
P 
U 
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Young's Modulus of shell material,E 
Poisson's ratio, p 

Axial pull per unit circumference in the shell 
above the support, location B, N;I 

Axial pull per unit circumference in the shell 
below the support, location A, N{I 

Radius of action of support reaction, c 
Height of Support, H 
Thickness of shell, ts 

Line 2: (Fig. 17.5.5) 
Thickness of top ring, t I 
Distance between the two rings, t2 
Radial width of top ring, b l 

Thickness of the shell joining the two rings, b2 

Radial width of bottom ring, b3 

COMPUTER PROGRAM RINGSUP 

C BY K. P. SINGH AND T. L. NG, REV 0, JANUARY 1984. 

E 
PR 
FN2 

FNI 

C 
H 
HS 

T1 
T2 
Bl 
B2 
B3 
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C THIS-PROGRAM CALCULATES THE TOTAL MEMBRANE AND BENDING 
C STRESS AT THE JUNCTION OF THE ANNULAR RING TYPE SUPPORT 
C AND THE SHELL. 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

************************************************************* 

••••••••• DEFINITIONS OF FORTRAN VARIABLES •••••••..••••••••••• 

••••• INPUT DATA ••••. 
P INTERNAL PRESSURE IN THE SHELL AT THE SUPPORT LOCATION 
U SHELL MEAN RADIUS 
E YOUNG'S MODULUS 
PR POISSONS RATIO 
FN2 AXIAL PULL PER UNIT CIRCUMFERENCE IN THE SHELL ABOVE THE 

FN1 
C 
H 
HS 

SUPPORT, LOCATION B 
II II II II II 

RADIUS OF ACTION OF SUPPORT REACTION 
HEIGHT OF SUPPORT 
THICKNESS OF SHELL 

", LOCATION A 

C Tl 
C T2 
C B1 
C B2 
C B3 

II TOP RING 
DISTANCE BETWEEN THE TWO RINGS 
RADIAL WIDTH OF TOP RING 
THICKNESS OF THE SHELL JOINING THE TWO RINGS (IF ANY) 
RADIAL WIDTH OF BOTTOM RING 
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C 
C ••••• OUTPUT •••• 
C BETA : ATTENUATION COEFFICIENT 
CD: SHELL RIGIDITY MODULUS 

DIMENSION A(37),B(7),TITLE(20) 
READ(5,5) (TITLE(I) ,1=1,20) 

5 FORMAT(20A4) 
WRITE(6,6) (TITLE(I),I=1,20) 

6 FORMAT(lH1,20A4) 
READ(5,*) P,U,E,PR,FN2,FN1,C,H,HS 
WRITE(6,700)P,U,E,PR,FN2,FN1,C,H,HS 
PR2=PR*PR 
BETA=SQRT(SQRT(3.*(1.0-PR2)) / (U*HS)) 
D=E*HS**3/(12.*(1.0-PR2) ) 
F= (FN1-FN2)*U/C 

1 READ(5,*,END=1000)T1,T2,B1,B2,B3 
WRITE(6,704) T1,T2,B1,B2,B3 
WRITE(6,701) BETA,D 
T3=H-Tl-T2 

C SOLVE INTEGRALS 
FLOG1=ALOG(1.+B1/U) 
FLOG2=ALOG(1.+B2/U) 
FLOG3=ALOG(1.+B3/U) 
FI1=T1*FLOG1 + T2*FLOG2 + T3*FLOG3 
FI2=.5* (T1*T1*FLOG1 + T2*(T2+2.*T1) * FLOG2 + T3*(T3 + 2.*T2 + 2. 

1*Tl)*FLOG3) 
FI3=.3333333*( T1**3*FLOG1 + ((T1+T2)**3 - T2**3) * FLOG2 + {(T1+T 

12+T3)**3 - (T1+T2)**3) * FLOG3) 
WRITE(6,702) FI1,FI2,FI3 

C DEVELOP MATRIX 
DO 100 1=1,36 
A( I)=O.O 

100 CONTINUE 
A(3)=1.0 
A(5)=E*FI1/(BETA*BETA*D) 
A( 6) =E*FI 2/( BET A*D) 
A( 7)=1.0 
A(8)=1.0 
A(10) = -2.*BETA*H 
A(11)=E*FI2/(BETA*BETA*D*U) 
A(12)=E*FI3/(BETA*D*U) 
A(l4) =1.0 
A(16) =1.0 
A(l8)=-1.0 
A(20)=.5 
A(22)=1.0 
A(23)=1.0 
A(24)= BETA*H 
A(25)=-1. 
A(27)=-.5/(U*BETA) 
A(28)=-1. 
A(30)= 1. 
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A(31}=-.5 
A(33}=A(27) 
A(34}=-1. 
A(35}=1. 
B(I}=O.O 
B(2}=0.0 
B(3}=P*U*(1.0-PR*FN2/(P*U}}/(E*HS} 
B(4}=(2.*BETA*PR*F*C}/(E*HS} 
B(5}=P*H/(BETA*BETA*D} 
B(6}= F*C/U*(C-U}/(BETA*D} + P*H*H/{2.*BETA*D} 
N=6 
CALL SIMQ{A,B,N,KS} 
FM2=B{5}*BETA*D 
FM1= B{3}*BETA*D 
Q2=B{6}*BETA*BETA*D 
Ql=B{4}*BETA*BETA*D 
W2=B(1 }*U 
Wl=W2+H*B{2} 
WIP=Wl/U 
WRITE{6,703} WIP,{B{I},I=I,6},Wl, W2, B{2},FM1,Ql,FM2, Q2 
SLMA=FNI/HS 
SLMB=FN2/HS 
SLBA=6.*FM1/{HS*HS} 
SLBB=6.*FM2/{HS*HS} 
SCMA=E*Wl/U + PR*FNI/HS 
SCMB=E*W2/U + PR*FN2/HS 
SCBA=PR*6.*FM1/{HS*HS} 
SCBB=PR*6.*FM2/{HS*HS} 
WRITE{6,705} SLMA,SCMA,SLBA,SCBA,SLMB,SCMB,SLBB,SCBB 
GOTOl 

600 FORMAT{7FI0.0,2F5.0} 
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700 FORMAT{IHO///,6X,"PRESSURE",6X,"SHELL RADIUS",5X,"YOUNG MOD PO 
ISS0N RATIO AXIAL FORCE UP AXIAL FORCE LOW", 
1 /,5X,2F15.0,E15.4,F15.4,2F14.0, //,6X," BOLT CIRC 
1LE SUPPORT HT SHELL THK",/,5X,3F15.4} 

701' FORMAT(j/,6X,"ATTENUATION COEF = ",F6.4 ,5X,"SHELL RIGITY MOD =",F 
110.2} 

702 FORMAT(j/,6X,"INTEGRALS 1,2,3 =",3E15.4} 
703 FORMAT{//,22X,"W1",10X, . 

1 "W2",9X,"PHI",9X,"M1",9X,"Q1",9X,"M2",9X,"Q2",/, 
1" DIMENSIONLESS",7E12.3,/," DIMENSIONED ",3E12.4, 4FI2.2} 

704 FORMAT(j, 9X, "TI" ,8X, "T2" ,8X, "B1" ,8X," B2" ,8X, "B3" ,/ ,3X, 5FlO.3} 
705 FORMAT{5X,60{"-"},//,40X, "S T RES S E S", /,10X, "LOCATION" 

1 ,15X,"MEMBRANE STRESS", 15X, "BENDING STRESS", I, 33X, 
2 "LONG", 8X,"CIRC", 15X,"LONG", 8X, "CIRC",/, 
312X, "A", 20X, F7.0, 3X, F7.0,15X, F7.0, 3X,F7.0,1, 
412X, "B", 20X, F7.0, 3X, F7.0,15X, F7.0, 3X,F7.0} 

1000 STOP 
END 
SUBROUTINE SIMQ{A,B,N~KS} 
DIMENSION A{400},B{20} 
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TOL=O.O 
KS=O 
JJ=-N 
DO 65 J=l,N 
JY=J+1 
JJ=JJ+N+1 
B1GA=O. 
IT=JJ-J 
DO 30 1=J, N 
1J=IT+1 

Mechanical Design of Heat Exchangers 

1F(ABS(B1GA)-ABS(A(1J))) 20,30,30 
20 B1GA=A(IJ) 

1MAX=1 
30 CONTINUE 

1F(ABS(B1GA)-TOL) 35,35,40 
35 KS=l 

RETURN 
40 11=J+N*(J-2) 

IT=1MAX-J 
DO 50 K=J,N 
Il=Il+N 
12=Il+IT 
SAVE=A(11) 
A(Il)=A(I2) 
A(I2)=SAVE 

50 A(11)=A(11)/B1GA 
SAVE=B(IMAX) 
B (I MAX) =B( J) 
B(JY=SAVE/B1GA 
1F(J-N) 55,70,55 

55 1QS=N*(J-1) 
DO 65 1X=JY,N 
1XJ=1QS+1X 
IT=J-1X 
DO 60 JX=JY,N 
1XJX=N*(JX-1)+1X 
JJX=1XJX+IT 

60 A(1XJX)=A(1XJX)-(A(1XJ)*A(JJX)) 
65 B(1X)=B(1X)-(B(J)*A(1XJ)) 

70 NY=N-1 
IT=N*N 
DO 80 J=l,NY 
1A=IT-J 
IB=N-J 
1C=N 

80 K=l,J 
B(1B)=B(1B)-A(1A)*B(1C) 
1A=1A-N 

80 1C=1C-1 
RETURN 
END 
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18 FOUR-LEG SUPPORTS FOR 
PRESSURE VESSELS 

18.1 INTRODUCTION 

Pressure vessels are frequently mounted on four equispaced legs 
(Photographs 18.a-b). These legs are typically made out of "channel" or 
"I" sections available in product form in the industry. Such a support 
system is relatively inexpensive, and often quite adequate from a structural 
standpoint. In addition to simplicity, the four leg support system affords 
the added advantage of permitting nearly complete access to the underside 
of the vessel. This means, for example, that all welded joints in the bottom 
head are available for a complete in-service inspection. Also, drainage and 
instrumentation connections are easily installed with this class of support 
system. 

These advantages, among others, have made the so-called "four leg" 
construction quite popular among pressure vessel designers. However, 
heightened considerations of plant safety require the evaluation of support 
leg stresses in the presence of mechanical loads (from interconnecting 
piping), seismic acceleration induced inertia loads, wind loads, etc. Since 
the stress level in the legs is often highly dependent on the direction of the 
loading and on its type (moment or transverse force), a proper stress 
analysis requires determination of the "optimal plane" of loading. The 
optimal plane of loading is defined as· the plane which maximizes the 
maximum stress in at least one of the support legs. 

Figure 18.1.1 shows a typical pressure vessel mounted on four legs. The 
design of this support system entails the following tasks: 

(i) Establish all externally applied loads. 
(ii) Select a suitable leg cross-section. 
(iii) Select a suitable support height. Ordinarily, process and other 

considerations set the vessel height. 
(iv) Design the base plate (the plate, usually of rectangular shape, is 

welded to the upright legs and transfers the load from the legs to the 
foundation). 

(v) Size the foundation bolt. 
(vi) Determine the stresses in the support legs and base plate for the 

specified loadings. 
(vii) Evaluate stresses at the support/vessel junction. 

Unfortunately, the direction of action of many of the externally applied 

899 
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Photograph IS.a. A tank mounted on four legs. 

loads is not known in advance. For example, wind loads and seismic loads 
can act in any arbitrary direction. Therefore, it is necessary to establish the 
most vulnerable direction of loading for the vessel in order to obtain 
conservative results from any subsequent stress analysis. Therefore, in what 
follows, we pay considerable attention to the establishment of the optimal 
loading plane. Referring to Fig. 18.1.1, a transverse load P is shown applied 
at a reference elevation (Level A). All forces and moments acting on the 
vessel can be transformed to a suitable reference elevation using standard 
load transformation techniques. In our analysis, we use the horizontal plane 
where the support legs meet the pressure vessel, denoted as Level A in Fig. 
18.1.1, as the reference elevation. A moment M is also assumed to act in the 
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Photograph IS.b. Vertically mounted heat exchanger on four legs 
(Courtesy Joseph Oat Corporation, Camden, N.J.) 

vertical plane perpendicular to the line of action of P. The object is to 
determine w such that the maximum stress in at least one leg (say leg #1) 
reaches an absolute maximum. It is shown in the following that closed-form 
expressions can be derived within the spirit of a strength-of-materials ap­
proach. Thus, the solution presented herein can be utilized as an effective 
and expedient design tool in support design. After the support reactions are 
determined, the local vessel stresses can be computed in the manner 
described in Chapter 17. The base plate stresses can be computed using the 
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P" 

M,,-+- ~M" 
!-----1 rP" 

X(1) 

-ff----~ Y(2) 

~" 

I ~P" 
~ Level A 

3 

(a) Plan (Level A) 

(b) Elevation 

Fig.18.1.1. 4-leg support system. 

method given in Section 19.3. 
The following assumptions are fundamental to the simplified analysis 

presented in the following: 

(i) The legs are assumed to be of symmetrical sections such as I beams 
and channels. Unsymmetrical sections, such as "angles" and "zee" 
shapes, fall beyond the purview of this treatment. 

(ii) The legs are assumed to be unbraced. Bracing the legs, however, is 
certainly an effective means for increasing the structural stiffness of 
the leg type of support system. 

(iii) Buckling in the support legs is assumed not to be incipient at the 
specified loading. Having determined the stresses, however, this 
assumption can be verified by comparing the developed axial loads 
with the buckling limit load for the leg configuration. 

(iv) All four supports are assumed to have identical cross section 
properties. There is little reason in practice to make them different. 

18.2 PROBLEM DEFINITION 

In Fig. 18.1.1, for the four-leg support structure under discussion here, 
the support legs are labelled 1 through 4 for convenience of reference. A 
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planar cartesian (x,y) coordinate system, with its ongm at the tank 
geometric center, is located such that support 1 and 2, respectively, lie on 
the x and y axes. The tank will in general be subject to a variety of loads. 
The support system is symmetrical with respect to vertical load (e.g. dead 
load), and to axial torque. As mentioned earlier, the lateral load P and the 
moment M will induce stresses in the support legs which are dependent on 
their direction of action. As stated before, since many structural loadings 
encountered in practice have no a priori direction of action (e.g. horizontal 
seismic loads), it is necessary for us to determine the angle w which will 
maximize the support leg stress. To fix our ideas, we will focus our attention 
on support 1, and seek to maximize the combined stress in that support due 
to P and M. The moment vector M is shown perpendicular to the P vector, 
which means that the force P lies in the plane oj action of M. Load P is 
assumed to act at Level A. In general the applied loads will act at various 
elevations on the pressure vessel, and there will be several loads acting 
simultaneously. These loads are assumed to be transformed to Level A by 
appropriate transformations. For the purpose of this derivation, we assume 
one lateral load P and moment M oriented as shown in Fig. IS.1.1. The case 
of mUltiple loads can be treated in an identical manner as described in 
Appendix IS.A. 

The support legs are modelled as end loaded "beam type" members 
mounted on rotational springs which simulate the effect of anchor bolts and 
foundation characteristics. (Fig. IS.2.1). Let D denote the distance between 
central planes of opposite supports (Fig. IS.1.1). We let E and I denote the 
Young's modulus and the "beam length" of the support legs. Iij and Zij 
represent the moment of inertia and the section modulus of leg i pertinent to 
bending in the vertical plane containing thej-axis. Mij' Fi , and Pij are the 
associated bending moment, axial load and lateral shear (at Level A) in leg 
i. Tij is the rotational stiffness of the foundation/tank interface. 

The appropriate expression for the combined stress in beam 1 at Level A 
as a function of w is deriv~d in the next section. For those not interested in 
the details of the manipulation, Section IS.4 presents a summary of the 
relevant calculations required. 

18.3 DETERMINATION OF THE MOST VULNERABLE 
DIRECTION OF EXTERNAL LOADING 

It can be shown using elementary beam theory that the end deflection 0 
and the slope ¢ of an end loaded beam (Fig. 1S.2.1) is given by 

MoP. PoP (Po/+Mo)1 
0=--+--+----

2EI 3EI T 
(1S.3.1) 
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F, 

I· 
I 
I 

! 
,...----,.,. Mo 

Po-

I 
01 

I 

V 

}'ig.lS.2.1. End loaded cantilever. 

In the spirit of our previous definitions, I, E, and I denote the length, the 
Young's modulus, and the plane moment of inertia (about the neutral axis) 
of the beam. 7 is the rotational stiffness of the foundation modeled as a 
linear spring. Equations (18.3.1) are valid for any of the four support legs as 
long as we assign the proper values to Mo, Po, corresponding to the specific 
orientation. 

The axial load Fv causes an axial displacement ov, given by 

o = P) 
v AE 

where Ov is positive if the leg is compressed. 

(18.3.2) 

The mutual interaction of axial and lateral loads in producing deflections 
has been neglected here for simplicity. 

Returning to Fig. 18.1.1, force and moment equilibrium yields 

Psinw=2P21 +2Pll 

P cosw = 2P22 + 2PI2 

M sinw = 2M21 + 2Mll + PI D 

M cosw = 2M22 + 2M12 + P2D 

(18.3.3) 
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In the above equations Pij denotes the horizontal reaction at support* i in 
the j direction U, i = 1,2). Mij denotes the moment at support i in the vertical 
plane perpendicular to the j direction U = 1 is the x-direction, j = 2 is the y 
direction). D is the distance between central planes of Supports 1 and 3. 

Let 1>11 denote the slope of the tank (from the vertical) in the vertical 
plane containing the global x axis. 

20vI 2FII 
1>11 = Ii = AED 

Equating slopes at beam ends at supports 1 and 2 yields 

( I 1) (p I) 
1>11 =MlI --+ - +PlI --+-

Ell1 TlI 2Ell1 TlI 

( I 1) (p ') =M21 --+ - +P21 --+-
E121 T21 2E121 T21 

which can be rewritten succinctly as 

1>11 =aIIMII +bll P ll =a21 M 21 +b21 P21 

where 

, 1 
aij= - +-

Elij Tij 
P , 

b··=-+-
Ij 2Elij Tij 

(18.3.4) 

(18.3.5) 

(18.3.5a) 

Similarly, if 1>22 denotes the slope of the tank (from the vertical) in the 
veitical plane containing the global y axis, then 

_ _ _ 20V2 
1>22 - a22M 22 + b22 P22 - a12 M 12 + b 12 P 12 --­

D 
(18.3.6) 

Equating the lateral displacements at beam ends (Level A) of beams 1 and 
2, in the global x direction, we have, using Eq. (18.3.1) for each leg 

(18.3.7) 

where 

p p 
c··= -- +-

Ij 3Elij Tij 
(18.3.8) 

• In this derivation, since there is no external twisting moment applied, supports 1 and 3, and 
supports 2 and 4 will develop identical reactions, except for their axial loads which are equal 
and opposite. 
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From Eqs. (18.3.4), (18.3.5), and (18.3.6), we obtain 

AED 
FI = U (a l1 M l1 +bl1 P l1 ) 

AED 
F2 = U (a22M 22 + b22P22 ) 

(18.3.9) 

Rearranging the first and third equilibrium equations (Eq. (18.3.3» so as to 
solve for P21 and M21 gives 

P21 =0.5Psinw-PII 

. FID 
M21 =0.5Msmw-Ml1 - -2-

or 

M21 = 0.5M sinw- Ml1 (1 + al1 d) - bl1 d P l1 

where 

AED2 
d=--

41 

Substituting for M21 and P21 in Eq. (18.3.5) yields 

a ll M l1 +bl1 P l1 =a21 (0.5Msinw-Ml1 (1 +al1 d) 

-bl1 dPl1 } +b21 (0.5Psinw-Pl1 } 

or, after collecting terms, 

(a l1 +a21 (1 + al1 d) }Ml1 + (b l1 +a21 b l1 d+ b21 }PII 

= 0.5a21 M sinw + 0.5b21 P sinw 

Substituting for M21 and P 21 in Eq. (18.3.7) yields 

b l1 Ml1 +Cl1 P l1 =b21 (0.5Msinw-MII (1 +al1 d) 

-bl1 dPl1 } +C21 (0.5Psinw-Pl1 } 

Collecting appropriate terms together gives 

(b l1 + b21 (1 + al1 d) }Ml1 + (c l1 + b21 b l1 d + C21 } P l1 

= 0.5b21 M sinw + 0.5C21P sinw 

(18.3.10) 

(18.3.11) 

(18.3.12) 

(18.3.13) 

(18.3.14) 

For ease in manipulation, we define the following new geometric 
parameters:. 
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p=alI +a21 (1+alId) 

a=blI +a2Iblld+b21 

1/;=blI +b21 (I+a lI d) 

(J=C II +b2IblId+C21 

Then Eqs. (18.3.13), (18.3.14) take the simplified form 

pMII +CiPII =jsinw 

where 

1/;MII + (JPII =g sinw 

j=0.5azI M+0.5bzI P 

g=0.5b2IM+0.5c2IP 

907 

(18.3.15) 

(18.3.16) 

(18.3.17) 

Noting that alI = a22 , b ll = b22 , and aJ2 = a21 , bIZ = bzl , we can repeat the 
entire set of previous manipulations, using the equations involving P J2 , P22 , 
M J2 , M 2Z , Fz. We obtain the analog ofEq. (18.3.16) as 

pM22 + CiP22 = j cosw 

1/;M22 + (JP22 = g cosw 

Let us define the determinant of the coefficients as 

Do=pO-a1/; 

then, from Eq. (18.3.16), we can solve for MIl' P II as 

1 
MIl = - (fO- ga)sinw= X sinw 

Do 

1 
P II = - (pg-j1/;)sinw=~ sinw 

Do 

Similarly, solving Eq. (18.3.18) for M 2Z , P2Z yields 

M22 =xcosw 

P22 = ~ cosw 

The maximum stress in support #1 is given by: 

a= I MII I + I MJ2 I + I FI I 
ZII ZI2 A 

We recall the equilibrium equation (18.3.3) 

2Mlz +2M22 +FzD=Mcosw 

(18.3.18) 

(18.3.19) 

(18.3.20) 

(18.3.21) 

(IS.3.2la) 
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and the representation of F2 given in Eq. (18.3.9) 

AED 
F2 = U (a 1l M 22 + b1l P 22 ) 

Solving the above for MI2 yields 

AED2 
MI2 =0.5Mcosw-M22 - ----;u- (a 1l M22 +bIl P 22 ) (18.3.21b) 

Hence, we can eliminate Ml2 and Fl in the expression for a by using Eqs. 
(18.3.21b) and (18.3.9), respectively 

a= 1 Mil 1 + _1_1 (0.5Mcosw-M22 -d(aIl M22 +bl1 P 22 ») 1 
ZII Zl2 

or 

1 
xsinw 1 1 a= -- + - 1(0.5Mcosw-xcosw 

ZII Zl2 

-dallxcosw-dbll ~ cosw) 1 + 1 (ea ll x sinw + ebll ~ sinw) 1 

where 

ED 
e=-

21 

With no loss in generality, the expression for a becomes 

a=sinw [I Z~l 1 +e 1 (all x+bll~)) I] 

+cosw[l_l- (0.5M - x-d(all x+bll~») I] 
Zl2 

For a maximum, 

which yields the equation 

cosw(1 ~ 1 +e 1 (allx+bll 0 I) 
ZII 

oa 
-=0 ow 

1 
=-1(0.5M-x-dallx-dbll~) Isinw 

Zl2 

(18.3.22) 

(18.3.23) 
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For computation purposes, we can solve the above for tan wand obtain 

Ix IZ12 
-- +eZ12 I (all x+b11~) I 

Zl1 

909 

tanw= ------------
1(0.5M-X-d(a11x+b11 m I (18.3.24) 

Equation (18.3.24) determines the optimal angle w. 

18.4 COMPUTATION PROCEDURE 

The foregoing analysis lends itself to rapid calculation on a hand 
calculator. For the convenience of the reader disinclined to wade through 
the details of the analysis, sequential steps to perform the computations are 
given in the following: 

(i) Required data: I, D, E,A, 111 ,/12 , ZII' Z12' 711,712' MandP. 
(ii) Evaluate aij' bij' cij (Eqs. (18.3.5a) and (18.3.8»; d(Eq. (18.3.12» 

and e (Eq. (18.3.23». 
(iii) Evaluate p, a,1/;, 0 (Eq. (18.3.15»; j and g (Eq. (18.3.17»; Ll (Eq. 

(18.3.19». 
(iv) Determine X and ~ using Eq. (18.3.20) 

1 
x= ~ (fO-ga) 

1 
~= ~ (pg-j1/;) 

(v) Compute the optimal w (Eq. (18.3.24». 
(vi) Compute Mil, P Il (Eq. (18.3.20»; M22 (Eq. (18.3.21); M12 (Eq. 

(18.3.21b»; Fl (Eq. 18.3.9»; and, finally, 0" (Eq. (18.3.22». 

Computer program FORLEG, described in Appendix 18.B performs this 
analysis in an efficient manner. 

18.5 AN EXAMPLE 

A practical problem is examined in detail in this section to illustrate the 
application of the analysis presented in this chapter. The geometric and 
physical data for the problem is given in Fig. 18.5.1, wherein the maximum 
stress in leg #1 as a function of w is shown for three loading cases; namely 

Case 1: Lateral load P = 20,000 lb. 
Case 2: Moment, M = 20 X 106 lb.-in. 
Case 3: P=20,000IbandM=20 X 106 lb.-in. 

(cases 1 and 2 combined) 

It is of some interest to note that even though the beam sections are equal 
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and symmetrical (Iij =Iji) about the principal bending planes, the maximum 
stress does not occur when the loading is applied in the principal plane of 
symmetry of the equipment (w = 0 or 90°). For case 1, the optimal w, Wop, is 
46.94 0, and for case 2 it is 88.23 0. Since case 3 is a combination of cases 1 
and 2, its Wop (= 69.28°) lies between the two optimal values of the in­
dividual loadings. Obviously, the relative magnitudes of P and Mare 
important in the location of wop' 

o 

x 
b 

ui en w 
II: 
I­en 
x « 
::;: 

35 

CASE 
1 
2 
3 

LOAD CASES 
P# M(#INCH) 

20000 0 
o 20x10' 

20000 20 x 10' 

DATA: 
D = 100' 
1=150' 
E = 30 x 10' PSI 
A=10SQIN 
I" = 100 IN' (I, j = 1, 2) 
Z" = 20 I N' (I j = 1, 2) 
Til = 10 x 10' #INCH/RAD 

I 

1ooL-----1~0----~20----~-----L--~-L-----6~0--~·70~--~80--~.u90 

Fig. 18.5.1. Max. support stress vs. angle w. 

Figure 18.5.2 shows the important reactions, namely Mil, M 12 , and FI 
for leg #1 as a function of w for loading case 2. The strong dependence of 
these reactions on w is evident from this figure. 

Perhaps the most illustrative information is in Fig. 18.5.3, which shows 
the absolute maximum stress amax (maximum stress in any leg) as a function 
of w for case 1. It is seen that the maximum stress is increased by over 360/0 
when the direction of action of P is changed from a principal direction of 
symmetry (w = 0) to wop' 

Sometimes the direct stress in the leg, due to Fi alone, is specified as the 
quantity to be limited in certain codes. Figure 18.5.3 also gives the 
maximum axial load (higher of the two leg axial loads) as a function of w. 
The variation in Fi (maximum) is even greater - over 40% - between w = 0 
to w=45°. 

18.6 OBSERVATIONS ON THE OPTIMIZATION METHOD 

A method to determine the worst angular orientation for applied lateral 
loads and for overturning moments on four leg supports has been 
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presented. The formulas are derived for a given lateral load P and moment 
M. If several sets of mutually independent loadings are present, then the 



912 Mechanical Design of Heat Exchangers 

optimal orientation for each set can be found independently following the 
steps summarized in a preceding section. On the other hand, the governing 
equations are more complex if multiple loads are fixed in angular orien­
tation relative to each other, but not with respect to the tank. Important 
results for this case are presented in concise form in Appendix 18.A. 

The optimal value of w derived here (Eq. (18.3.24» is the value which 
maximizes the combined stress in one of the support legs. Some design 
codes require specific limits on direct stress. The value of optimal w 
maximizing the direct stress can be found by differentiating only the term 
FI / A in the expression for (T. This yields, after performing the required 
algebra, w = 7r12. Thus, the peak value of direct stress corresponds to the 
loading applied along an axis of symmetry. Figure 18.5.3 confirms this fact 
through the numerical example. 

The equations derived in this chapter determine the maximum beam 
stress in the support legs. Thus, local stresses at the leg-vessel junction are 
also maximized. The method to compute such local stresses are available in 
the literature and are outlined in Chapter 17. To complete this chapter, the 
next section sets forth the appropriate stress limits for the support legs. 

18.7 STRESS LIMITS 

Leg type supports are referred to as "linear type" supports in the ASME 
Boiler and Pressure Vessel Code [18.7.1]. A linear type support is defined as 
a support which resists applied loading in the manner of a beam, a column, 
or a shaft. Originally, the stress limits on this class of supports appeared in 
the Manual of Steel Construction published by the American Iron and Steel 
Institute [18.7.2]. The current edition of the ASME Code (nuclear com­
ponent section) also recommends the same limits. These stress limits 
amount to six distinct bounds that the stress levels in the support must meet. 
These are: 

(i) The average tension stress on a net cross section is limited by 
PI = O.6Sy, where Sy is the nominal yield stress at the design temperature. 

(ii) Allowable shear stress is limited by Fs = O.4Sy' 
(iii) Allowable stress in compression is limited to Fa 

(a) When kl/r is less than Cc • 

[ 1 - (~f !2C/] Sy 

F = ---------------------------
a [(~) +[3(~)!8C c] -[(~f !8C/] 

(18.7.1) 

where kl is the "effective leg length" and r is the radius of gyration. k may 
be taken as 1.2 in practical design work. 

Cc = [ (2,rS E)] 112 (18.7.2) 
y 



J8lFour-Leg Supportsfor Pressure Vessels 

(b) When kllr is greater than Cc 

Fa= 12;;EI(~)2 

(c) When kll r exceeds 120: 

Fa [from case (a) or (b)] 
Fa = ---------

I 
1.6--

200r 
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(18.7.3) 

(18.7.4) 

(iv) Maximum bending stress at the outermost fiber due to flexure 
about one plane of symmetry is limited to Fb =0.60 Sy. Reference [18.7.1] 
gives certain restrictions on the support leg geometry and dimensions for 
this formula to be applicable. 

(v) Combined flexure and compression: 

where 

fa 
fbx = 
fbY = 

Cmx = 

Direct compressive stress in the section 
Maximum flexural stress along x-axis 
Maximum flexural stress along y-axis 
Cmy = 0.85 

D =1-£ 
y F' 

ey 

where Fe' (x or y) is 

12~E 

(18.7.5) 

(18.7.6) 

(18.7.7) 

The length lb is the unbraced leg length in the plane of bending and rb is the 
corresponding radius of gyration. 

(vi) Combined flexure and compression (or tension) 

~+fbX + fby <10 
0.6Sy Fbx Fby • 

(18.7.8) 
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The above requirement should be met for both the direct tension or com­
pression case. 

These limits are recommended for external loads of infrequent oc­
currence, defined as the "upset condition" in the ASME Code. In the event 
of an external load of extremely rare occurrence, F-1370 (Section III, 
Appendix F of the ASME code), states that the limits for the so called 
"faulted condition" are 1.2 (Sy / FI ) times the corresponding limits for 
normal or upset condition. 

Reference [18.7.1] permits increasing the limit in the right-hand side of 
Eq. (18.7.8) by 1.5 if both primary and secondary stresses are included in 
the calculation of the numerators. 

The foregoing stress limits constitute a rational set of design guides. 
Readers interested in learning more about the detailed industry practice and 
the ASME Code position in this area should consult Refs. [18.7.1-3]. 

NOMENCLATURE 

A = Cross sectional area of one support leg 
D Equivalent support system diameter 
E = Young's modulus of support material 
Fi Axial load (compressive) in beam i 
Iij Plane moment of inertia of beam i for rotation in the vertical plane 

containing thej axis 
k = Effective length multiplier factor (Section 18.7) 
I = "Beam length" of support leg 

Mij = Bending moment vector at the top of support beam i perpendicular 
to thej axis* 

Pij = Lateral reaction at the top of beam (support) i inj direction 
r Radius of gyration of the support cross section 

Zij = Section modulus of support beam associated with Iij 
Ou = Axial deflection of support (Eq. (18.3.2» 
Tij Rotational spring constant at the root of beam i for rotation in the 

vertical plane containing the j axis 
w Optimal angle which maximizes total fiber stress in leg # 1. 

¢ij = Top end slope of beam i in the vertical plane containing thej axis 

REFERENCES 

[18.7.1] ASME Boiler and Pressure Vessel Code, Section III, Division I, 
Appendix XVII, pp. 393-434, ASME, New York (1983). 

[18.7.2] "Manual of Steel Construction," American Institute of Steel 
Construction, Eighth edition, AISC, Inc. Chicago (1980). 

[18.7.3] "Guide to Design Criteria for Metal Compression Members," 
Second Edition, The Column Research Council (1966). 

*j = 1 is the x direction, j = 2 is the y direction. 
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APPENDIX 18.A 

MULTIPLE LOADINGS ON THE PRESSURE VESSEL 

Let us assume that there are n applied overturning moments M j 

U= 1, ... n) such that the moment ~ makes an angle (w+Oj) with the x 
axis (Fig. IS.1.I). 0; (i= 1,2, ... n) are constant angles which fix the 
angular orientation of various moments with respect to each other. w is a 
variable reference angle which we seek to determine so as to maximize (J. 

Similarly, let us assume that there are m lateral loads P j U = 1, 2 ... m) 
such that load Pj makes an angle ('Yj + w) with the y axis. 'Yj (i = 1, 2, . . . m) 
are known quantities. 

Proceedings in the manner described in Chapter IS, the following ex­
pressions for Mij andPij are obtained. 

where 

n m 

Mil =x E M;sin(w+o;)+~ E P;sin(w+'Y;) 
;=1 ;=1 

n m 

P ll =0 E M;sin(w+o;)+ r E P;sin(w+'Y;) 
;=1 ;=1 

1 
~= - (b21 8-C21 CX) 

2.:l 

1 
0= - (b21P-a21lf) 

2.:l 

1 r= 2.:l (pc 21 -lfb21 ) 

Similarly, 
n m 

M22 = X E M;cos(w+o;) + ~ E P;cos(w+'Y;) 
;=1 ;=1 

n m 

P22 = 0 E M;cos(w+o;)+ r E P;cos(w+'Y;) 
i=1 ;=1 

Equilibrium requires (generalize the last ofEq. (IS.3.3» 
n 

2M12 +2M22 +F2D= E M;cos(w+o;) 
;=1 

(IS.A.I) 

(IS.A.2) 

(IS.A.3) 

(IS.AA) 

(IS.A.S) 
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Substituting for F2 from Eq. (18.3.9), we have 
n 

M12 =0.5 E M;cos(w+oJ-(1 +alld)M22 -bll dP22 (18.A.6) 

The combined stress (Jin leg #1 is given by 

(J= 1 ~ 1 + 1 M12 1 + 1 FI 1 
Zll ZI2 A 

Substituting for FI from Eq. (18.3.9); and for Mil, M12 and P ll from the 
foregoing equations we have 

1 n 

+-1[0.5 E M;cos(w+o;)-(1+alld) 
ZI2 ;=1 

[X t M;cos(w+o;) + ~ f; P;COS(w+'Y;)] -blld 
;=1 ;=1 

[n t M;cos(w+o;) + r f; P;cos(w + 'Y;)] 1 
;=1 I 

+elall [X f; M;sin(w+o;)+ ~ f; p;sin(w+'Y;)] 
;=1 ;=1 

+bll[n t M;sin(w+oJ+rf; P;sin(w+'Y;)] 1 
;=1 i=1 

(I8.A.7) 

Assuming that the geometry and the loading values are known, this ex­
pression for (J is a nonlinear function of w, which can be formally dif­
ferentiated to obtain optimal w. However, it is relatively straightforward to 
compute (J for incremental values of ex (from 0 to 90) from Eq. (18.A.7); 
and determine the w corresponding to the maximum value of (J in that 
manner. 

APPENDIX 18.B 

COMPUTER PROGRAM FORLEG 

Program FORLEG automates the computational procedure outlined in 
Section 18.4. The input data for FOR LEG is presented in Table 18.B.l 
below. The data used in the example problem of Section 18.5 is also 
presented in Table 18.B.t to illustrate data preparation. 
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Table 1S.B.t. * Input Data for FORLEG 

Line 1: Heading (any SO alphanumeric title) 

Line 2: Support leg data 

Item 
Height of support leg 
Outer diameter of the vessel 
Young's Modulus of Support Material 
Cross sectional area of support leg 

Line 3: Section Properties of Support leg 
Moment of inertia of leg 1 for 
bending inx-z plane (Fig. lS.1.1), III 
Moment of inertia of leg 1 for 
bending iny-z plane (Fig. lS.1.1), 112 

Section Modulus corresponding to 
11I ,(ZIl) 
Section Modulus corresponding to 
112 , (Z12) 

Line 4: Support stiffness 
Stiffness of the rotational spring for 
the root of leg 1 for rotation in x-z plane 
(Figs. lS.1.1 and lS.2.1) 
Stiffness of the rotational spring for 
the root of leg 1 for rotation 
in they-zplane (Figs. IS. 1.1 and lS.2.1) 

Une 5: Loads at Level A (Fig. lS.1.1) 
Applied moment, M 
Applied Force, P 

Fortran 
Symbol 

L 
D 
E 
A 

111 

112 

Zl1 

Z12 

Til 

T12 

Sample Problem 
Value 
50 in. 
100 in. 

30 x 106 psi 
10 sq. in. 

100 in. 4 

100 in. 4 

20 in. 3 

20 in. 3 

lOx 106 

lb-in.!rad 

lOx 106 

lb-in.!rad 

20,0001b J 
20 x 106 lb-in. case 3 

The program determines the optimal value of wand the corresponding 
stress in leg #1. It gives all associated reactions, viz. Mij' Pij and F; for 
supports 1 and 2. Results for these reactions for incremental values of w (in 
increments of 5°) are also printed out. The Fortran labels in the output 
corresponding to the mathematical symbols are as follows: 

w- Wj; Mij -MP(l,J); Pij -PP(l,J); F; -FP(l,J). The total stresses 
(membrane plus bending) in supports 1 and 2 are labelled as SIGMA (1) and 
SIGMA (2), respectively . 

• All data is input using free field format. 
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PROGRAM FORLEG 

C BY KRISHNA P. SINGH AND TEIK-LEE NG, REV. 0, JANUARY 1984 
C THIS PROGRAM DETERMINES THE ANGLE W WHICH MAXIMIZES THE 
C COMBINATION OF FLEXURAL AND DIRECT STRESSES IN BEAM I,LOCATED 
C ON THE GLOBAL X-AXIS, FOR A TANK (OR PRESSURE VESSEL) SUPPORTED 
C ON FOUR EQUI-SPACED BEAMS. THE PROGRAM ALSO COMPUTES THE 
C REACTIONS AND BEAM STRESSES AS A FUNCTION OF ANGLE W. 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

*****DEFINITIONS OF FORTRAN VARIABLES****** 

••••• INPUT ••••• 
L= HEIGHT OF SUPPORT LEG(BEAM) 
D= DIAMETER OF TANK 
E= YOUNG'S MODULUS OF BEAM 
A= CROSS-SECTIONAL AREA OF BEAM 
1(1,1)= PLANE M.I. OF BEAM 1 FOR BENDING IN X-Z PLANE 
1(1,2)= MOMENT OF INERTIA OF BEAM 1 FOR BENDING IN Y-Z PLANE 
Z(I,I)= SECTION MODULUS ASSOC. WITH 1(1,1). 
Z(I,2)= SECTION MODULUS ASSOC. WITH 1(1,2). 
TAU(I,I)= ROTATIONAL SPRING CONSTANT OF BEAM 1 FOR 

ROTATION IN X-Z PLANE 
TAU(I,2)= ROTATIONAL SPRING CONSTANT OF BEAM 1 FOR 

ROTATION IN Y-Z PLANE 
M= APPLIED MOMENT 
P= APPLIED HORIXONTAL FORCE 

••••• OUTPUT •••••• 
W(DEG.)= OPTIMAL ANGLE WHICH MAXIMIZES TOTAL FIBER STRESS 
DSDW2= MAX. BEAM STRESS 
REACTIONS ARE PP(I,J), MP(I,J), FP(I,J) 
SIGMA(I), SIGMA(2) =BEAM STRESSES 

IN LEG 1 

***************************************************************** 
DIMENSION TAU(2,2),STOR(13,40),CS(2,2),AS(2,2),BS(2,2),PP(2,2), 

$FP(2,2),Z(2,2),SIGMA(2),TITLE(20) 
REAL L,M,I(2,2),MP(2,2) 
CHARACTER*8 ANAM(13) 
PI=3.I4159 
ANAM(I)="W" 
ANAM(2)="PP(I,I) 
ANAM(3)="PP(I,2) 
ANAM( 4 )="MP(I,I) 
ANAM( 5)= "MP(1,2) 
ANAM(6 )=" FP(I,I) 
ANAM( 7)=" PP (2,1) 
ANAM(8)="PP(2,2) 
ANAM( 9)=" MP (2,1) 
ANAM(lO)=" MP(2,2)" 
ANAM(ll)=" FP(2,2)" 
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C 

C 
C 

ANAM(12)="S1GMA(I)II 
ANAM(13)=IS1GMA(2)" 

READ(5,999) (T1TLE(K),K=I,18) 
READ(5,*) L,D,E,A 
READ ( 5 , *) I (1 ,1 ) , I (1 ,2) , Z (1 ,1 ) , Z (1 ,2) 
READ(5,*) TAU(I,I),TAU(I,2) 

1 READ(5,*) M,P 
If(ABS(M).LT •. 0001.AND.ABS(P).LT •. 000l) GO TO 500 

C 
C INPUT REPRINT 
C 

919 

WRITE(6,2000) (TITLE(K),K=I,18) 
WRITE(6,2005)M,P,L,D,E,A,I(I,1) ,1(1,2) ,Z(I,I) ,Z(I,2) ,TAU(1,l) , 

$ TAU (1 ,2) 
C 
C VARIOUS TENSOR COMPONENT TERM EQUIVALENCES 
C 

C 

1(2,2)=1(1,1) 
1(2,1)=1(1,2) 
TAU(2,2)=TAU(I,I) 
TAU(2,1)=TAU(I,2) 

C CALCULATE OTHER TENSOR COMPONENTS 
C 

DO 10 K=1,2 
DO 10 J=I,2 

CS(K,J)=L**3/3./E/I(K,J) + L**2/TAU(K,J) 
AS(K,J)=L/E/I(K,J) + 1./TAU(K,J) 
BS(K,J)=L**2/2./E/I(K,J) + L/TAU(K,J) 

10 CONTINUE 
C 
C CALCULATE MISCELLANEOUS PARAMETERS 
C 

C 

DS=A*E*D*D/4./L 
ES=E*D/2./L 

ROW=AS(I,I) + AS(2,1) *(I.+AS(l,I)*DS) 
ALPHA=BS(I,I)+AS(2,1)*BS(I,1)*DS + BS(2,1) 
PSI=BS(I,1)+BS(2,1)*(AS(I,I)*DS + 1.) 
THETA=CS(1,1)+BS(2,1)*BS(I,I)*DS + CS(2,1) 
F=.5*(AS(2,1)*M+BS(2,1)*P) 
G=.5*(BS(2,1)*M+CS(2,1)*P) 
DEL=ROW*THETA - ALPHA*PS1 
X=I./DEL*(F*THETA - G*ALPHA) 
ZETA=I./DEL *(ROW*G-F*PS1) 
AP=ABS(X/Z(l,I))+ES*ABS((AS(I,I)*X + BS(I,I)*ZETA)) 
B=I./Z(I,2)*ABS((.5*M-X-DS*(AS(I,1)*X + BS(I,l)*ZETA))) 
W=ATAN(AP/B) 
WDEG=W/P1*180. 
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C 
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DSDW2= -AP*SIN(W) - B*COS(W) 
WRITE(6,2015)WDEG,DSDW2 

C COMPUTE THE BEAM STRESSES AS A FUNCTION OF ANGLE , WHICH IS ALLOWED 
C TO VARY BETWEEN 0 AND 90 DEGREES IN INCREMENT STEP SIZE OF WINC DEG 
C 

C 
C 

WINC=5. 
NST=90./WINC + 2 
DO 30 NS=l,NST 

IF(NS.NE.1) W=(WINC/180.*PI) * (NS-2) 
MP(l,l)=X*SIN(W) 
PP(l,l)=ZETA*SIN(W) 
MP(2,2)=X*COS(W) 
PP(2,2)=ZETA*COS(W) 
PP(2,1)=.5*P*SIN(W)-PP(1,1) 
MP(2,1)=.5*M*SIN(W) -MP(l,l)*(l.+AS(l,l)*DS)-BS(l,l)*DS*PP(l,l) 
FP(l,l)=A*ES*(AS(l,l)*MP(l,l)+BS(l,l)*PP(l,l)) 
FP(2,2)=A*ES*(AS(1,1)*MP(2,2)+BS(1,1)*PP(2,2)) 
PP(1,2)=.5*P*COS(W)-PP(2,2) 
MP(1,2)=.5*M*COS(W) - MP(2,2)*(1.+AS(1,1)*DS) 

$ -BS(1,1)*DS*PP(2,2) 

C MOMENT AND FORCE CONTRIBUTIONS TO STRESS ARE ALWAYS ADDITIVE IN 
C MAGNITUDE AND HAVE THE SAME SIGN AS THE FORCE CONTRIBUTION 
C 

C 
C 
C 
C 
C 

AMA=ABS(MP(l,l)/Z(l,l)) + ABS(MP(1,2)/Z(1,2)) 
AMB=ABS(MP(2,1)/Z(1,2)) + ABS(MP(2,2)/Z(1,1)) 
ISA=l 
IF(FP(l,l).NE.O.) ISA=FP(l,l)/ABS(FP(l,l)) 
ISB=l 
IF(FP(2,2).NE.0.) ISB=FP(2,2)/ABS(FP(2,2)) 
SIGMA(l)=ISA*AMA + FP(l,l)/A 
SIGMA(2)=ISB*AMB + FP(2,2)/A 

C TEMPORARY DATA STORAGE 
C 

STOR(1,NS)=W/PI*180. 
STOR(2,NS)=PP(1,1) 
STOR(3,NS)=PP(1,2) 
STOR(4,NS)=MP(1,1) 
STOR(5,NS)=MP(1,2) 
STOR(6,NS)=FP(1,1) 
STOR(7,NS)=PP(2,1) 
STOR(8,NS)=PP(2,2) 
STOR(9,NS)=MP(2,1) 
STOR(10,NS)=MP(2,2) 
STOR(11,NS)=FP(2,2) 
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STOR(12,NS)=SIGMA(I) 
STOR(13,NS)=SIGMA(2) 
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30 CONTINUE 
C 
C 
C OUTPUT PRINTOUT 
C 

IT=NST/5. 
DO 40 IL=I, IT 

IZ1=5*IL-4 
IZ2=IL*5 

IF(IL.EQ.IT) IZ2=NST 
DO 38 ILF=I,13 

WRITE(6,2010)ANAM(ILF),(STOR(ILF,IZ),IZ=IZl,IZ2) 
38 CONTINUE 

WRITE (6,2020) 
40 CONTINUE 

GO TO 1 
999 FORMAT(20A4) 
2000 FORMAT(IHl,5X," - PROGRAM FORLEG - (VERSION O)"//IH ,18M//) 
2005 . FORMAT(IHO/15X,"************INPUT DATA*************"/ 

$6X,"M, APPLIED MOMENT •••••••••••••••••••••••••••••••• =",EI6.8/ 
$6X,"P, APPLIED HORIXONTAL FORCE •••••••••••••••••••••• =",EI6.8/ 
$6X,"L, HEIGHT OF SUPPORT LEG(BEAM) ••••••••••••••••••• =",EI6.8/ 
$6X,"D, OUTER DIAMETER OF TANK •••••••••••••••••••••••• =",EI6.8/ 
$6X,"E, YOUNG'S MODULUS OF BEAM ••••••••••••••••••••••• =",EI6.8/ 
$6X;"A, CROSS-SECTIONAL AREA OF BEAM •••••••••••••••••• =",EI6.8/ 
$6X,"I(1,I), MOMENT OF INERTIA OF BEAM 1 FOR BENDING "/ 
$6X," IN X-Z PLANE •••••••••••••••••••••••••••• =",EI6.8/ 
$6X,"I(I,2), MOMENT OF INERTIA OF BEAM 1 FOR BENDING "/ 
$6X," IN Y-Z PLANE •••••••••••••••••••••••••••• =",EI6.8/ 
$6X,"Z(I,I), SECTION MODULUS ASSOC. WITH 1(1,1) ••••••• =",EI6.8/ 
$6X,"Z(I,2), SECTION MODULUS ASSOC. WITH 1(1,2) ••••••• =",EI6.8/ 
$6X,"TAU(1 ,1), ROTATIONAL SPRING CONSTANT OF BEAM 1 FOR"/ 
$6X," ROTATION IN X-Z PLANE ••••••••••••••••••••••••• =",EI6.8/ 
$6X,"TAU(I,2), ROTATIONAL SPRING CONSTANT OF BEAM 1 FOR"/ 
$6X," ROTATION IN Y-Z PLANE •••••••••••••••••••••••••• =",EI6.8) 

2010 FORMAT(IH ,5X,A8,5EI2.4) 
2015 FORMAT(IHO///15X,"*****************RESULTS********************"/ 

$6X,"W(DEG.), OPTIMAL ANGLE WHICH MAXIMIZES TOTAL FIBER STRESS"/ 
$6X," IN LEG 1 •••••••••••••••••••••••••••• =",EI6.4/ 
$6X,"MAX. BEAM STRESS •••••••••••••••••••••••••••••• =",E16.4/1HO// 
$5X,"***REACTIONS AND BEAM STRESSES AS A FUNCTION OF ANGLE W***") 

2020 FORMAT(IHO/) 
500 STOP 

END 
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*** SAMPLE PROBLEM FOR PROGRAM FOR LEG *** 

************INPUT DATA************* 
M, APPLIED MOMENT •••••••••••••••••••••••••••••••• = 
P, APPLIED HORIXONTAL FORCE •••••••••••••••••••••• = 
L, HEIGHT OF SUPPORT LEG(BEAM) •.••••••••••••••••• = 
D, OUTER DIAMETER OF TANK •••••••••••••••••••••••• = 
E, YOUNG'S MODULUS OF BEAM ••••••••••••••••••••••• = 
A, CROSS-SECTIONAL AREA OF BEAM •••••••••••••••••• = 
1(1,1), MOMENT OF INERTIA OF BEAM 1 FOR BENDING 

.20000000E+05 

.20000000E+08 

.50000000E+02 

.10000000E+03 

.30000000E+08 

.10000000E+02 

IN X-Z PLANE •••••••••••••••••••••••••••• = 
1(1,2), MOMENT OF INERTIA OF BEAM 1 FOR BENDING 

IN Y-Z PLANE •••••••••••••••••••••••••••• = 
Z(1,1), SECTION MODULUS ASSOC. WITH 1(1,1) ••••••• = 
Z(1,2), SECTION MODULUS ASSOC. WITH 1(1,2) ••••••• = 
TAU(1,1), ROTATIONAL SPRING CONSTANT OF BEAM 1 FOR 

.10000000E+03 

.10000000E+03 

.20000000E+02 

.20000000E+02 

ROTATION IN X-Z PLANE ••••••••••••••••••••••••• = 
TAU(1,2), ROTATIONAL SPRING CONSTANT OF BEAM 1 FOR 

ROTATION IN Y-Z PLANE •••••••••••••••••••••••••• = 

.10000000E+08 

.10000000E+08 

*****************RESULTS******************** 
W(DEG.), OPTIMAL ANGLE WHICH MAXIMIZES TOTAL FIBER STRESS 

IN LEG 1 •••••••••••••••••••••••••••• = .4701E+02 
MAX. BEAM STRESS •••••••••••••••••••••••••••••• = -.1709E+08 

***REACTIONS AND BEAM STRESSES AS A FUNCTION OF ANGLE W*** 
W .4701E+02 .OOOOE+OO .5000E+01 .1000E+02 
PP(1,1) .3651E+07 .OOOOE+OO .4350E+06 .8667E+06 
PP(1,2) .3416E+07 .5009E+07 .4990E+07 .4933E+07 
MP(1,1) -.1693E+09 .OOOOE+OO -.2017E+08 -.4019E+08 
MP(1,2) -.1590E+09 -.2332E+09 -.2323E+09 -.2296E+09 
FP(1,1) .6797E+07 .OOOOE+OO .8098E+06 .1614E+07 
PP(2,1) .3664E+07 .OOOOE+OO .4366E+06 .8698E+06 
PP(2,2) .3403E+07 .4991E+07 .4972E+07 .4915E+07 
MP(2,1) -.1705E+09 .OOOOE+OO -.2032E+08 -.4048E+08 
MP(2,2) -.1578E+09 -.2315E+09 -.2306E+09 -.2279E+09 
FP(2,2) .6337E+07 .9291E+07 .9257E+07 .9151E+07 

SIGMA(l) .1709E+08 .1166E+08 .1270E+08 .1365E+08 
SIGMA(2) .1705E+08 .1250E+08 .1347E+08 .1434E+08 

.1500E+02 

.1292E+07 

.4838E+07 
-.5991E+08 
-.2252E+09 

.2405E+07 

.1296E+07 

.4821E+07 
-.6034E+08 
-.2236E+09 

.8976E+07 

.1449E+08 

.1509E+08 

W 
PP(1,1) 
PP(l,2) 
MP(1,1) 

.2000E+02 .2500E+02 .3000E+02 .3500E+02 .4000E+02 

.1707E+07 .2109E+07 .2495E+07 .2863E+07 .3208E+07 

.4707E+07 .4540E+07 .4338E+07 .4103E+07 .3837E+07 
-.7916E+08 -.9782E+08 -.1157E+09 -.1328E+09 -.1488E+09 
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MP{l,2) -.2190E+09 - .2114E+09 -.2019E+09 -.1910E+09 -.1787E+09 
FP(l,l) .3178E+07 .3927E+07 .4646E+07 .5330E+07 .5974E+07 
PP(2,l) .1713E+07 .2117E+07 .2505E+07 .2873E+07 .3220E+07 
PP(2,2) .4690E+07 .4523E+07 .4322E+07 .4088E+07 .3823E+07 
MP(2,1) -.7976E+08 -.9853E+08 - .1166E+09 -.1337E+09 -.1499E+09 
MP(2,2) -.2175E+09 -.2098E+09 -.2004E+09 -.1896E+09 -.1773E+09 
FP(2,2) .8732E+07 .8422E+07 .8049E+07 .7611E+07 .7118E+07 

SIGMA{1 ) .1523E+08 .1585E+08 .1635E+08 .1672E+08 .1697E+08 
SIGMA(2) .1574E+08 .1626E+08 .1666E+08 .1693E+08 .1707E+08 

W .4500E+02 .5000E+02 .5500E+02 .6000E+02 .6500E+02 
PP(l,l) .3529E+07 .3823E+07 .4088E+07 .4322E+07 .4523E+07 
PP{l,2) .3542E+07 .3220E+07 .2873E+07 .2505E+07 .2117E+07 
MP{l,l) -.1637E+09 - .1773E+09 -.1896E+09 -.2004E+09 -.2098E+09 
MP (l ,2) -.1649E+09 -.1499E+09 -.1337E+09 - .1166E+09 -.9857E+08 
FP(l,l) .6570E+07 .7118E+07 .7611E+07 .8047E+07 .8421E+07 
PP(2,1) .3542E+07 .3837E+07 .4103E+07 .4338E+07 .4540E+07 
PP(2,2) .3529E+07 .3208E+07 .2863E+07 .2495E+07 .2109E+07 
MP(2,1) -.1648E+09 -.1786E+09 -.1910E+09 -.2020E+09 - .2112E+09 
MP(2,2) -.1637E+09 -.1488E+09 -.1328E+09 -.1157E+09 -.9782E+08 
FP(2,2) .6571E+07 .5974E+07 .5329E+07 .4646E+07 .3928E+07 

SIGMA{1 ) .1708E+08 .1707E+08 .1693E+08 .1666E+08 .1626E+08 
SIGMA(2) .1708E+08 .1697E+08 .1672E+08 .1635E+08 .1584E+08 

W .7000E+02 .7500E+02 .8000E+02 .8500E+02 .9000E+02 
PP{l,l) .4690E+07 .4821E+07 .4915E+07 .4972E+07 .4991E+07 
PP{l,2) .1713E+07 .1296E+07 .8698E+06 .4366E+06 .5628E+01 
MP{l,l) -.2175E+09 -.2236E+09 -.2279E+09 -.2306E+09 -.2315E+09 
MP (l, 2) -.7972E+08 -.6036E+08 -.4048E+08 -.2032E+08 -.2619E+03 
FP{l,l) .8731E+07 .8977E+07 .9152E+07 .9256E+07 .9291E+07 
PP(2,1) .4707E+07 .4838E+07 .4933E+07 .4990E+07 .5009E+07 
PP(2,2) .1707E+07 .1292E+07 .8667E+06 .4350E+06 .5607E+01 
MP(2,1) -.2191E+09 -.2253E+09 -.2296E+09 -.2323E+09 -.2332E+09 
MP(2,2) -.7916E+08 -.5991E+08 -.4019E+08 -.2017E+08 -.2600E+03 
FP(2,2) .3178E+07 .2405E+07 .1614E+07 .8100E+06 .1044E+02 

S IGMA(1) .1573E+08 .1509E+08 .1434E+08 .1347E+08 .1250E+08 
SIGMA(2) .1523E+08 .1450E+08 .1365E+08 .1270E+08 .1166E+08 



19. SADDLE MOUNTED EQUIPMENT 

19.1 INTRODUCTION 

Design data for preliminary sizing of saddles for heat exchangers and 
pressure vessels was presented in Chapter 17. Saddle mounting is par­
ticulary preferable for heat exchangers where frequent tube replacement, or 
bundle or shell removal, is necessary. Horizontal mounting of the unit, 
however, suffers from the drawback of requiring additional "tube pull 
out" space at one end of the heat exchanger. Some of this loss of the 
available equipment mounting space can be made by stacking the units as 
shown in Photograph 19.a. 

Usually, mounting on two saddles is the common and most favored 
practice. With only two supports, post-installation settlement of one of the 
support pedestals does not redistribute the vertical load between the two 
saddles. Three or more supports do not have this feature; settlement of any 
one support will cause load re-distribution. However, three supports have 
been used in long vessels with large length to diameter ratio (over 15). 
Photograph 19.b shows a fixed tubesheet exchanger on three supports, with 
longitudinally welded ribs to increase the flexural rigidity of the shell. This 
is a rather exceptional situation. Most exchangers and pressure vessels are 
mounted on two saddles and require no axial stiffening. The shell structure 
near the saddle, however, is sometimes buttressed with one (or two) rings to 
increase its circumferential stiffness. In general, a saddle supported heat 
exchanger has a sufficiently high fundamental natural frequency such that it 
behaves as a rigid body to external disturbances, such as earthquakes. The 
most critical region usually turns out to be located at the saddle-foundation 
interface. 

Therefore, in this chapter we will develop a simplified method to 
determine the interfacial concrete pressure, and the foundation bolt stresses 
for saddle supported pressure vessels. The wide variety of loads acting on a 
vessel during its operating life may be broadly divided into two categories; 
namely, 

(i) Time invariant loads; e.g., the operating weight of the equipment and 
its attached appurtenances. 

(ii) Time variant loads; e.g., wind loads, inertia loads, forces due to 
seismic disturbances, reactions transmitted through the nozzles from 
constrained thermal expansion (contraction) of connecting pipe lines, 
etc. 

"Invariant loads" are fairly simple to analyze because they are directed 

925 
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Photograph 19.a. Stacked recycle condenser for a Gulf Coast 
petrochemical complex. (Courtesy Industrial Fabricating Co., Tulsa, Okla.) 

Photograph 19.b. Hxed tubesheet exchanger mounted on three horizontal 
saddle supports. (Courtesy Joseph Oat Corporation, Camden, N.J.) 
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vertically downwards and hence produce only a uniform compressive stress 
on the foundation. Zick [19.1.1] gives a semi-empirical design procedure for 
saddle supports under invariant loads. "Time variant loads," on the other 
hand, are more difficult to treat. These loads arise from a number of ef­
fects, and may act coincidentally in numerous combinations. Hence, it is 
necessary to develop a general method for solution which may be com­
puterized to examine the stresses resulting from each conceivable com­
bination. As stated before, the main consequence of these loads seems to be 
in modifying the pressure vessel support detail (i.e., the shell is generally 
designed by dead weight plus pressure loading). Therefore, our attention is 
focused here on determining the stresses in the foundation bolts, and 
determining the peak concrete bearing pressure due to an arbitrary set of 
loadings applied to the pressure vessel. The solution procedure is 
programmed in the computer code "HORSUP," which is presented in 
Section 19.6. 

A typical pressure vessel supported on two saddles is shown in Fig. 
19.1.1. As discussed in Chapter 17, one of the two support base plates has 
slotted holes to accommodate thermal expansion of the shell. We will 
identify the two supports as the "fixed support" and the "slotted support", 
respecti vely. 

In Section 19.2, the support reactions are expressed in terms of the im­
posed loads. Explicit formulas to correlate the foundation stresses to the 
support reactions are given in Sections 19.3 and 19.4. Section 19.5 includes 
an illustrative example and a brief discussion of the method of analysis. 

CONCRETE 
PEDESTAL 

s· 

O.5c 

la)SIDE VIEW 

(b) END VIEW 

Fig. 19.1.1. A saddle supported heat exchanger. 

x 
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19.2 DETERMINATION OF SUPPORT REACTIONS 

To facilitate analysis, all imposed loads are resolved along the three 
coordinate axes shown in Fig. 19.1.1. The origin of the coordinate system, 
0, is located at the vessel centerline midway between the supports. One 
saddle has slotted holes (elongated in the x-direction) to accommodate 
longitudinal thermal expansion of the vessel. To fix ideas here, we assume 
that the "slotted support" is located on the positive x-axis and that the fixed 
support is located on the negative x-axis. The slotted support is idealized as 
a frictionless roller in the x-direction that can support moment about the y 
axis. The fixed support is assumed to be built-in at the foundation. 

The first step in the analysis is to transform all loads (forces and moments 
from nozzle reactions and from seismic acceleration) to the origin of the 
coordinate system. Program "HORSUP" has the necessary logic to effect 
such a transformation. 

The resulting loads are identified as Fn Fy , and Fz acting along the x, y 
and z directions, respectively. The moments are similarly identified as M x , 

My, and M z , respectively, with the subscripts indicating their axes in ac­
cordance with the conventional "right hand screw rule." The next step in 
the artalysis lies in obtaining expressions for the foundation reactions due to 
these applied loads. 

Let Rij denote the forces and Mij denote the moments applied on the 
foundation by the saddle base plate. The first subscript i = 1 (or 2) indicates 
that the reaction acts at the fixed (or slotted) support; and the second 
subscript, j (1, 2 or 3) indicates the direction of the reactions (x, y or z). 
Finally, s + h is the height of the x-y plane (Fig. 19.2.1); ex is the semi­
saddle angle, a is the shell outer radius, and c is the distance between 
support centerlines. 

In most cases of loading, approximate expressions for the reactions on 
the foundation can be obtained from static equilibrium alone. The results 
for reactions due to each load is given below. 

(i) Reactions due to Fx: Since support 2 is a frictionless roller, R21 = 0, 
therefore, static equilibrium in the x direction yields 

(19.2.1) 

The moments M 12 , M22 and the vertical reactions R 13 , R 23 due to Fx are also 
obtained by modeling the heat exchanger as shown in Fig. 19.2.1. The shell 
is modeled as a rigid beam connected to the saddle support "beams" 
through rigid links. The saddle support beam extends from the support base 
plate to the center of gravity of the saddle/shell junction arc. Both supports 
are assumed to be restrained from rotation (about the y-axis) at the base 
plate level. These assumptions permit the derivation of the following 
reactions due to the load Fx . 

R13 = -R23 = xh Fx[0.5 +(3] (19.2.2) 
c 1 +x 
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where 

_ Fxh [1.5 +X+{3] 
M I2 - 2 l+X 

Fxh [O.5+{3] M ----
22- 2 l+X 

{3=s/h 

kc2 h 
x= 4El 
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(19.2.3) 

(19.2.4) 

(19.2.5) 

(19.2.6) 

In the above results, k is the axial stiffness of the saddle supports. If the 
axial compliance of the bolts and any "shell pinching" effects are 
neglected, then 

AsE 
k=­

h 
(19.2.7) 

As is the cross-sectional area of a support and 1 is the area moment of 
inertia of the support cross section, considered as a beam bending in the x-z 
plane. Equations (19.2.2-6) are derived under the assumption that the 
supports deform as guided cantilever beams under the action of the 
horizontal loading, and that the shell rotates as a rigid body. 

(ii) Reactions due to Fy : 

RI2 =Rzz =O.5Fy 

Mll =M21 =O.5Fy (s+h) 

(iii) Reactions due to Fz : 

(a) 

(b) (19.2.8) 

R13 =R23 =O.5Fz (19.2.9) 

(iv) Reactions due to Mx: 
Mll =M21 =O.5Mx (19.2.10) 

(v) Reactions due to My: (Uses the same assumptions as in 
determining the effect of Fx.) 

XMy 
R13 = -R23 = (a) 

c{l + x) 

M12 =M22 =O.5My/{l +x) (b) (19.2.11) 

(vi) Reactions due to M z : 

Mz 
R 12 =-R22 =-­

c 
(19.2.12) 

The simple expressions for foundation loads derived above belie the true 
complexity of the problem. They do, however, provide a practical alter­
native to an otherwise difficult problem. We can also start with a different 
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, 
My,Fy r--- M, 

e ____ F, 

0 
5 

h 
1!1!" 

----e- -R - ~ M • 11 M Ii) 

11 M'2' A'3 21 M22 A23 

Fig. 19.2.1. "Stick model" for saddle mounted heat exchangers (external 
load vectors and opposing reactions by the foundation are shown). 
set of assumptions, say, rigid saddles and flexible shell beams and arrive at 
somewhat different results. Similarly, the quality of the results can be 
improved by taking into account the elasticity of the rotational restraint at 
saddle supports, and the z-direction flexibility of the support shell junction, 
and the support-foundation. In most cases, such modifications will produce 
marginal improvement in the accuracy of the solution which is inherently 
approximate in nature. 

Once we have determined the support reactions as explicit functions of 
the imposed loads, the next step in our analysis is to develop the relationship 
between these reactions and the foundation interfacial concrete pressure 
and bolt stresses. 

In the next section, we develop an approximate two dimensional solution 
for the concrete pressure and associated bolt loads. That is, we restrict our 
analysis to the foundation response under loads RI3 and moment M 12 , for 
example. The foundation solution for this case can be obtained by 
examining its behavior in the x-z plane. We could similarly examine the 
effects of loadings Mil and R 13 causing foundation deformation in the y-z 
plane. The true solution for foundation pressure under simultaneous ap­
plication of R 13 , Mil, and MI2 is not obtained by superposing two 2-D 
solutions because of the nonlinearity of the problem. Nevertheless, adding 
the maximum concrete pressures obtained from two 2-D solutions provides 
a conservative estimate for the true maximum concrete pressure. A similar 
conservative estimate for the bolt pull can be obtained from the super­
position of two 2-D solutions. 

19.3 FOUNDATION STRESSES 

A typical base plate is shown in Fig. 19.3.1. The base plate is of rec­
tangular shape with a number of bolt lines. We assume that there are n bolt 
lines parallel to the y-axis. The distance of the ith bolt line from the right 
edge of the plate is denoted by bi' i= 1,n. We assume that a moment MI2 
(=M) and vertical thrust RI3 (= - W) are applied on the foundation. The 
concrete base is assumed to be simulated as a bed of linear springs. Noting 
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I" 
-<t>­

+ 

B 

y-AXIS 

~ NEUTRAL AXIS 

'I 
i-th BOLT 
LINE 

--$--~IH--'~--l-- x-AXIS 

+ i i -1-
+ " 

(a) GEOMETRY OFTHE BASE PLATE 

IA 
(b) LOAD DISTRIBUTION ON THE FOUNDATION 

Fig.19.3.1. Base plate and foundation with applied loads. 
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that the concrete surface is tensionless, and that the bolts are effective only 
in tension, we see that it is necessary to determine a neutral axis. Assuming 
the support base plate to be rigid, the load distribution on the foundation 
typically looks like Fig. 19.3.1b. Let d denote the distance of the neutral 
axis from the right edge and p denote the maximum pressure on the con­
crete. Then, if the location of the bolt lines bj satisfy the relation 

where 

bo =0 and bn + 1 =B 

then vertical equilibrium of the loads on the base plate requires that 

pdl pNA 
W=---

2 d 

n 

E (b i -d) 
i=j+l 

Furthermore, moment equilibrium requires 

plrP pNA n 

M+ W(d-O.SB) =-3-+ d E 
i=j+l 

(19.3.1) 

(19.3.2) 

(19.3.3) 
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In the preceding equations, A is the total tensile stress area available in one 
bolt line, t and N is the ratio of the Young's modulus of the bolt material to 
that of the concrete. For common structural bolting material, e.g., A325 or 
A307, and common grades of concrete, N varies from 10 to 15 . We note 
that to obtain Eqs. (19.3.2), (19.3.3), we have assumed that the bolts behave 
as linear elastic tension members and that the movement of the baseplate is 
characterized by a rigid body rotation about the y-axis. The following 
dimensionless quantities are introduced: 

bi 
(a) Pi=li 

d 
P= -

B 
(b) 

NA 
8=- (c) 

IB 

P 
(d) (19.3.4) p*= -

A 

W 
W*=- (e) 

AlB 

M 
M*=--

AlB2 
(f) 

We note that all parameters in Eq. (19.3.4) are known save for P andp*. 
In Eqs. (19.3.4) we have introduced A as an arbitrary non­

dimensionalizing pressure. Equations (19.3.2) and (19.3.3) cast in terms of 
the above dimensionless variables, become: 

W* - pp* 8 * ~ ---'P '-' 
2 

p2 n 

M* + W*(p-O.5)= -p* +8p* E 
3 

where 

1 
- (Pi -p) 
P 

1 2 
-(Pi-P) 
P 

(19.3.5) 

(19.3.6) 

(19.3.7) 

tTensile stress area, A' , of a bolt of nominal diameter D, is defined in the Manual of Steel 
Construction [19.3.1] as 

A' = ~ (D- 0.9743)2 
4 n' 

where n' = number of threads per inch. 
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Equations (19.3.5), (19.3.6) are two non-linear equations involving the 
unknown concrete pressure parameter p* and the unknown location of the 
neutral axis (here characterized by the parameter p). Once we determine the 
neutral axis, the bolt load in line i is determined from the relation 

pNA 
T= - (b-d) 

I d I 

for values of i such that b; >d. 
Equations (19.3.5) and (19.3.6) can be combined to yield the single 

following non-linear equation in terms of p only: 

(0.5 p2 - Ow) [M* + W*(p - 0.5)] 

- W*(~p3 +O{3) =0 (19.3.8) 

~here the parameters w, {3 are defined as 

n 

w= E (p;-p) (19.3.9) 
;=j+l 

n 

{3= E (p;_p)2 (19.3.10) 
;=j+l 

Equation (19.3.8) is solved for p subject to the inequality (19.3.7). 
The value of A used seems to directly affect the convergence of the 

solutions. As a general rule, keeping A below the anticipated value of peak 
concrete pressure ensures convergence. 

Having thus determined the location of the neutral axis (p), the peak 
interfacial concrete pressure p is directly obtained from Eq. (19.3.6). The 
maximum bolt tensile stress is given by 

1 
Un= dNp(bn-d) (19.3.11) 

It is obvious from physical considerations that the solution of Eq. (19.3.8), 
within the physically meaningful range (0 < p < 1), can be found only for a 
limited range of values Wand M. Beyond this range, a neutral axis may not 
exist. Instead, one of the following two conditions may obtain 

(i) Edging: For large values of M, and relatively small W, the entire base 
plate lifts off the foundation and presses the concrete on one of its 
edges. This situation will occur when p in Eq. (19.3.8) approaches 
zero. Accordingly, the following relation between M and W will 
correspond to the onset of edging: 

W(0.5BEb; - Eb/) 
M= --------------

Eb; 
(19.3.12) 
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It should be realized that the above equation is a necessary, but not a 
sufficient, condition for the edging occurrence. 

We can show that the maximum stress in the bolts for the edging con­
dition is given by 

(J' = n 

bn (M-O.SWB) 

AEb/ 
(19.3.13) 

The maximum concrete pressure is mathematically infinite for the edging 
case. 

(ii) Complete compression: This case exists when the overturning 
moment is small relative to the vertical load W. In this case, it is clear 
that the pressure distribution is trapezoidal; we can show that the 
extremal magnitudes of the trapezoidal distribution are given by 

W 6M 
p= BI ± /B2 (19.3.14) 

We note from Eq. (19.3.13) that, in order that tension may exist in all the 
bolts, the following dimensionless conditions must be satisfied, 

W*<2M* (19.3.15) 

Furthermore, in order that some concrete be in compression, it is required 
that (via Eq. (19.3.14», the dimensionless parameters W*, M*, must satisfy 

W* >6M* (19.3.16) 

It turns out that Eq. (19.3.16) is both a necessary and sufficient condition 
for complete compression. 

19.4 AN EXAMPLE 

We consider the case of a foundation base plate with an applied vertical 
load W = 5,000 lb. and a variable overturning moment which ranges from 
50,000 lb. inch to 110,000 lb. inch. The geometric parameters are 

B=lO"; 1=40"; n=2; b\=2"; b2 =B"; A=2sq.in. 

The above information is all that is needed to be input to run the subroutine 
FOUND in the code HORSUP. The maximum concrete pressure p, and the 
neutral axis parameter p are calculated, and are plotted as functions of the 
applied moment in Fig. 19.4.1. In Section 19.6, we present complete details 
of "HORSUP." The application of HORSUP to seismic analysis of saddle 
mounted pressure vessels is presented in [19.4.1]. 

19.5 BOLT LOAD - RIGID FOUNDATION 

If we make the assumption that the concrete is rigid, so that edging 
always occurs, then simple algebraic expressions for the pull on the anchor 
bolts can be derived. With the additional assumption of a rigid foundation, 
we can directly treat the 3-D problem. Figure 19.5.1 shows a rigid rec­
tangular plate of dimensions B and I, subject to a vertical force F, and two 
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orthogonal moments MI and M 2• Suppose physical reasoning establishes A 
as the anchor point. We assume that there are m identical anchor bolts 
where the coordinates of bolt i, with respect to the coordinate system of Fig. 
19.5.1 (which has A as origin), are given by (Xi' y;). If we now assume that 
the bolts behave as linear elastic springs, the pull in bolt i is given by 

Pi = CXIXi + CX2Yi (19.5.1) 

where CXI and CX2 are unknown constants to be determined from equilibrium. 
Moment equilibrium about the x-axis yields 

Fl 
MI +2= E PiYi 

m 

Substituting for Pi from Eq. (19.5.1), we have 

Fl 
MI + 2 = CXI a2 + cx2a3 

where we have used the abbreviation 

m 

Similarly, moment equilibrium about the y-axis yields 

B 
M 2+F-=EP-x-2 I I 

where 

From Eq. (19.5.2) and (19.5.4), we can solve for CXI, CX2, and obtain 

M2a3 -Mla2 +O.5F(a3B - a2I ) 
CXI= 

Mlal -M2a2 +O.5F(all-a2B ) 
CX2 = 

(19.5.2) 

(19.5.3) 

(19.5.4) 

(19.5.5) 

(19.5.6) 

(19.5.7) 

Thus the tension in all bolts is determined using Eqs. (19.5.6), (19.5.7), in 
Eq. (19.5.1). 
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The contact load, Fe, at the anchor point is then given by the z force 
equilibrium relation 

Fe = EPi = (X11:xi + (X2EYi (19.5.8) 

We see that the assumption of both a rigid baseplate and a rigid foundation 
permits the problem to be reduced to a linear form. The inclusion of 
foundation elasticity (Section 19.3) makes the problem inherently non­
linear. 

0.32 

0.31 

t 0.30 

0.29 

0.28 

0.27 

DATA: 
W;50001b 
B; 10 inch 
1;40inch 
b, :::: 2 inch; b2 =8 inch 
A;2sq. inch 

100~5 --...J.....--~-~~---:!:9---::1';:-0----!11 

APPLIED MOMENT, M x 10-' LB·INCH_ 

Fig. 19.4.1. Variation of neutral axis location and maximum concrete 
pressure with the applied loads. 

F 

LM, 
1 M,I--

" TYPICAL 

/~~,_-~,------,(~ggTlON " 

/~ I I I,' 
~~l.------ ,I -- -------: -- -- -- ----.1---''----

ANCHOR POINT A 

Fig.19.5.1. Rigid base plate subject to bi-planar loading. 
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19.6 COMPUTER CODE HORSUP 

HORSUP computerizes the analyses presented in the preceding sections. 
The nozzle loads are assumed to act at N discrete locations. The loading on 
each nozzle consists of six components; three forces and three shears. These 
loads are specified in the local coordinate system of each nozzle. Angle 
BETA in Fig. 19.6.1 characterizes the included angle between the local 
coordinate system (axis y') and the global system (axis y). The axes of all 
nozzles are assumed to lie in planes perpendicular to the shell axis (x-axis). 
"ALPHA" denotes the angle that the radial coordinate to the root of the 
local coordinate system makes with thex-y plane. 

The seismic loads can be treated as another "nozzle load" by inputing as 
a set of orthogonal loads located at the origin of the coordinate system. 

The program computes the overturning moment and axial force at both 
supports and determines the maximum concrete pressure and bolt stress. 
The maximum stress in the support is also printed out. 

The subroutine FOUND in HORSUP computes the maximum pedestal 
bearing pressure and the maximum bolt stress for a vertical load and 
moment loading in one principal plane only. Therefore, the subroutine is 
called with RI3 and M12 as the applied loads on the support. Next the 
subroutine computes the maximum bolt pull due to MIl alone. The total 
concrete peak pressure and bolt stress are obtained by adding the results 
from the two loadings. This procedure gives a fair estimate of the unit 
support/foundation interface response. 

;,: 
. "/ 
! I~/' 
I ;/ J{S;,", 

-------x· - ----

y 

y' 

BETA 

z 

-y 

Fig. 19.6.1. Notation for HORSUP. 
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Table 19.6.1. Input Data for HORSUP (All input is in free field format) 

Line 1: Heading card (any 80 alpha-numeric) 

Line 2: 

Item 

Distance between support center lines 
Height of shell axis 
Outer radius of shell 
Semi-saddle angle 
Number of discrete load locations 
Index (equal to 0; terminate program 

equal to 1, continue with the next run) 
Young's Modulus times the moment of inertia of 

the support beam cross section for bending 
about y-axis 

Axial flexibility of the root of the support 
(assumed to be equal for both supports) 

Line 3: (Refer to Fig. 19.6.1 for this line) 
x-coordinate of applied load 
y-coordinate of applied load 
z-coordinate of applied load 
Inclination of local load axis 
x-local force vector (shear force) 
y-Iocal force vector 
z-Iocal force vector 
x-local moment vector 
y-Iocal moment vector 
z-Iocal moment vector 
Repeat line 3 N times; one line for each nozzle. 

Line 4 
Data for bending of support due to y-moment 

vector and vertical load 
Axial width of support base 
Lateral width of support base 
Tensile stress area of bolts in one load line 

(Fig. 19.3.1) 
Number of bolt lines perpendicular to the plane 

of rotation (i.e. in x direction) 
Distance of bolt line i from the edge, i = 1,2, .. . NN, 

(b i in Fig. 19.3.1) 

LineS 
Data for rotation in y-z plane. (x-moment vector) 
Lateral width (y-direction) of support baselate 
Axial width (x-direction) of support baseplate 
Total stress area of one bolt line 
Number of bolt lines in y-direction 
Distance of bolt line i from the edge of rotation, 

i = 1,2 .. . NN 

A Listing of HORSUP is given at the end of the chapter. 

Fortran Symbol 

C 
H 
A 
GAMMA 
N 
K 

EI 

SUPFLEX 

x 
Y 
Z 
BETA 
FX 
FY 
FZ 
AMX 
AMY 
AMZ 

B 
L 

AREA 

NN 

BB(I) 

B 
L 
AREA 
NN 

BB(l) 

19.7 STRESS LIMITS FOR THE CONCRETE PEDESTAL AND 
ANCHOR BOLTS 

The stress limits of the Manual of Steel Construction [19.3.1] are widely 
used in prescribing the value of bearing stress on the concrete pedestal, and 
anchor bolt direct and shear stresses. 
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(i) Concrete pedestal: 
The maximum bearing stress Pmax should meet the inequality 

Pmax $0.35Ic' (A2 / A I )112 $0.7Ic' (19.7.1) 

where 

Ie ' Specified compressive strength of concrete, psi 
A 2 = Full cross-sectional area of the pedestal, sq. in. 
AI = Bearing area, sq. in. 

(ii) Anchor Bolts: 
The most common anchor bolt material is ASTM-A307. The limits 
on bending stress ah and shear stress as for A307 bolts are: 

ab $26000-1.8 as $20,000 (19.7.2) 

as $ 10,000 psi (19.7.3) 

Sometimes higher strength bolts, e.g., A325 or A490 are also used. The 
reader is referred to the Manual of Steel Construction [19.3.1] for design 
stress data and restriction on their use. 

The above stress limits for bolts and concrete are intended for design and 
live loads, but exclude wind and seismic loads. The code permits increasing 
the allowables by 33070 when wind and seismic loads are present. 

Photograph 19.c. Ammonia synthesis loop steam generator with a stack 
mounted de-entrainment vessel; 5000 psig channel pressure. Stacked saddle 
mounting of this unit is dictated by performance considerations. (Courtesy 
Struthers Wells Corp., Warren Pa.) 

NOMENCLATURE 

a Shell outer radius 
A Tensile stress area in one bolt line (Fig. 19.3.1) 
B Width of base plate 
bi Distanceofithboltline(Fig.19.3.1) 
c Distance between support centerlines 
d Distance of the neutral axis from edge of plate 
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Applied load vectors at the origin of the coordinate 
system (Fig. 19.2.1) 

h Length of rigid link (Fig. 19.2.1) 
I = Length of saddle base plate 

M Applied moment 
Mn My, M z = Applied moment vectors 

Mij Moment at ith support in thejth direction 
M* 

N 
Dimensionless moment 
Ratio of Young's moduli of anchor bolts to that of 
concrete 

n Number of bolt lines 
p = Peak concrete pressure 

Rij Reaction at ith support in thejth direction 
s Length ofrigid link (Fig. 19.2.1) 

W = Vertical load 
W* 

p 
A 

Dimensionless vertical load 
= Dimensionless distance of neutral axis 
= Non-dimensional pressure parameter 

Semi-saddle angle (Fig. 19.1.1) a = 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

PROGRAM HORSUP 

BY K.P. SINGH AND V. LUK, REV 0 (DECEMBER 1983) 

****************************************************************** 
OBJECTIVE: 

TO CALCULATE STRESSES AT SUPPORTS OF HORIZONTAL HEAT EXCHANGERS 

DEFINITIONS: 
C 
H 
A 
GAMMA 
FX, FY, FZ 
MX, MY, MZ 
f'lIIJ 

RIJ 

DISTANCE BETWEEN SUPPORT CENTERLINES 
HEIGHT OF THE CENTERLINE OF SHELL ABOVE GROUND 
SHELL OUTER RADIUS 
SEMI-SADDLE ANGLE 
APPLIED LOAD VECTORS 
APPLIED MOMENT VECTORS 
REACTION MOMENT AT I-TH SUPPORT IN J-TH DIRECTION 
(1=1 FOR FIXED SUPPORT AND 1=2 FOR SLOTTED SUPPORT) 
REACTION LOAD AT I-TH SUPPORT IN J-TH DIRECTION 
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C X,Y,Z LOCATION OF THE APPLIED LOAD OR MOMENT 
C ALPHA ANGLE OF INCLINATION OF LOAD LOCATION 
C BETA PHASE ANGLE OF LOCAL COORDINATE SYSTEM 
C N NO. OF LOCATIONS FOR APPLICATION OF LOAD AND MOMENT 
C K INDEX COUNT 
C ( K=O: TERMINATE THE PROGRAM 
C K=I: CONTINUE WITH ANOTHER RUN) 
C EI YOUNG'S MODULUS TIMES THE MOMENT OF INERTIA OF THE 
C SUPPORT BEAM CROSS SECTION FOR BENDING ABOUT Y-AXIS 
C SUPFLEX : AXIAL FlEXIBILITY OF THE ROOT OF THE SUPPORT 
C (ASSUMED TO BE EQUAL FOR BOTH SUPPORTS) 
C ***************************************************************** 
C 

C 

REAL Mll,MI2,M21,M22 
REAL L,M 
DIMENSION HEAD(20),BBI(10) 

C ***INPUT JOB TITLE*** 
C 

20 READ(5,100) (HEAD(I),I=I,20) 
C 
C ***DISPLAY TITLE AND DATE*** 
C 

WRITE(6,110) (HEAD(I),I=I,20) 
C 
C ***INPUT PHYSICAL DIMENSIONS, LOADS AND MOMENTS*** 
C 

C 

READ(5,*) C,H,A,GAMMA,N,K,EI,SUPFLEX 
WRITE(6,130) C,H,A,GAMMA,EI,SUPFLEX 
SS=A*SI N (GAMMA) /GAMf'IA 
HH=H-SS 
WRITE(6,140) 
SFX=O. 
SFY=O. 
SFZ=O. 
SMX=O. 
SMY=O. 
SMZ=O. 
BET=SS/HH 
CHAI=C*C*HH*SUPFLEX/(4.*EI) 
DO 10 I=I,N 
tAD(5,*) X,Y,Z,BETA,FX,Fy,FZ,AMX,AMY,AMZ 

WRITE(6,150) I,X,Y,Z,BETA,FX,FY,FZ,AMX,AMY,AMZ 
D=SQRT(Y*Y+Z*Z) 
IF (D.EQ.O) GO TO 30 
ALPHA=ASIN(Z/D) 
GO TO 35 

30 ALPHA=O. 

C ***TRANSFER LOCAL LOADS TO THE SHELL CENTERLINE*** 
C 

35 CALL TRANS (D,ALPHA,BETA,FX,FY,FZ,AMX,AMY,AMZ) 
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C 
C ***TRANSFER ALL LOADS TO THE ORIGIN OF COODINATE SYSTEM*** 
C 

C 

SFX=SFX+FX 
SFY=SFY+FY 
SFZ=SFZ+FZ 
SMX=SMX+AMX 
SMY=SMY+AMY-FZ*X 

10 SMZ=SMZ+AMZ+FY*X 
wRITE(6,160) 

C ***CALCULATE REACTIONS AT SUPPORTS*** 
C 

C 

Hl=H-A*SIN(GAMMA)/GAMMA 
RIl=SFX 
R12=0.5*SFY-SMZ/C 
R13=0.5*SFZ+SFX*HH*CHAI*(0.5+BET)/(C*(1.+CHAI))+SMY*CHAI 

1 /(C*(l.+CHAI)) 
R21=0. 
R22=0.5*SFY+SMZ/C 
R23=-R13 
M11=-0.5*(SFY*H-SMX) 
M12=0.5*SMY/(1.+CHAI)+0.5*SFX*HH*(1.5+BET+CHAI)/(1.+CHAI) 
M21=MIl 
M22=(0.5*SMY/(1.+CHAI))+0.5*SFX*HH*(0.5+BET)/(1.+CHAI) 
WRITE(6,170) R11,R12,R13,M11,M12 
WRITE(6,lS0) R21,R22,R23,M21,M22 
WRITE(6,190) 
SUMP=O. 
SSIGMA=O. 
DO 50 1=1,2 
READ(5,*) B,L,AREA,NN,(BBI(J) ,J=l,NN) 
IF (I.EQ.2) GO TO 40 
WD=-R13 
Afvl=ABS (M12) 
GO TO 45 

40 WD=O. 
Af'lI=ABS (MIl ) 

45 CALL FOUND (B,L,AREA,NN,BBI,WD,AM,P,SIGMA) 
SUMP=SUMP+P 

50 SSIGMA=SSIGMA+SIGMA 
WRITE(6,200) SUMP,SSIGMA 

C ***FORMATS FOR INPUT AND OUTPUT STATEMENTS*** 
C 

100 FORf'llAT(20A4) 
110 FORMAT(lHl,5X,20A4) 
120 FORMAT(//,5X,A27) 
130 FORMAT(//,5X,"I N PUT D A T A",/,5X,30("--"),//, 

1 5X,"DISTANCE BETWEEN SUPPORT CENTERLINES (C) =",F7.2," (IN)",/, 
2 5X,"HEIGHT OF SHELL CENTERLINE ABOVE GROUND (H) =",F6.2, 
3 " (IN)",/,5X,"SHELL OUTER RADIUS (A) =",F6.2," (IN)",/, 
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C 

C 

4 5X,"SEMI-SADDLE ANGLE (GAMrvIA) =",F6.3," (RAD)",/,5X, 
5 "PRODUCT OF YOUNG'S MODULUS AND M.l. OF SUPPORT",/,5X, 
6 "BEAM CROSS-SECTION FOR BENDING ABOUT Y-AXIS =",E12.4, 
7 " (LB-IN*IN)",/,5X,"AXIAL FLEXIBILITY OF ROUT OF SUPPORT =", 
8 El2.4," (LB/IN)"/) 

140 FORMAT(j/ ,5X,"I" ,4X,"X" ,5X,"Y" ,5X,"Z" ,3X,"BETA" ,6X,"FX" ,7X,"FY", 
1 7X,"FZ",7X,"MX",7X,"MY",7X,"MZ",/,9X,"(IN)",2X,"(IN)",2X, 
2 "(IN)",1X,"(RAD)",4X,"(LB)",5X,"(LB)",5X,"(LB)",3X,"(IN-LB)", 
3 2X,"(IN-LB)",2X,"(IN-LB)",/) 

150 FORMAT(/,4X,I2,1X,F6.1,IX,F5.1,IX,F5.1,1X,F5.3,IX,F8.0,5(IX,F8.0)) 
160 FORMAT(j, 5X ,30 ("--") ,/ /) 
170 FORMAT(j,5X,"REACTIONS AT THE FIXED SUPPORT:",//, 

1 5X,"RX =",FlO.l," (LB)",/,5X,"RY =",FlO.1," (LB)",/, 
2 5X,"RZ =",FlO.1," (LB)",/,5X,"MX =",FlO.1," (IN-LB)",/, 
3 5X,"MY =",FlO.1," (IN-LB)",/I) 

180 FORMAT(/,5X,"REACTIONS AT THE SLUTTED SUPPGRT:",//, 
1 5X,"RX =",F10.1," (LB)",/,5X,"RY =",FlO.l," (LB)",/, 
2 5X,"RZ =",FlO.l," (LB)",/,5X,"MX =",FlO.1," (IN-LB)",/, 
3 5X,"MY =",FlO.1," (IN-LB)",//) 

190 FORMAT(j,5X,"** THE STRESSES AT THE FIXED SUPPORT ARE TABULATED IN 
1 THE FOLLOWING **") 

200 FORMAT(j/,5X,"** TOTAL CONCRETE PRESSURE =",F8.2," (PSI)", 
1 //,5X,"** TOTAL BOLT STRESS =",F8.2," (PSI)") 

IF(K.EQ.l) GO TO 20 
STOP 
END 

C ********************************************************* 
C 

C 

SUBROUTINE TRANS (D,ALPHA,BETA,FX,FY,FZ,AMX,AMY,AMZ) 
THETA=ALPHA-BETA 
FYP=FY*CUS(BETA)-FZ*SIN(BETA) 
FZP=FY*SIN(BETA)+FZ*COS(BETA) 
AMX=AMX-D*(FY*SIN(THETA)-FZ*CUS(THETA)) 
AMYP=AMY*COS(BETA)-AMZ*SIN(BETA)+D*FX*SIN(ALPHA) 
AMZ=AMY*SIN(BETA)+AMZ*COS(BETA)-D*FX*COS(ALPHA) 
FY=FYP 
FZ=FZP 
AtW=AMYP 
RETURN 
END 

C ******************************************************* 
C 

SUBROUTINE FOUND (B,L,A,N,BBI,WD,AM,P,SIGMA) 
REAL L,M 
DIMENSION BI (10) ,BBI (10) 
COM~\ON NAI ,NA2 ,RHO,RHOI (10) ,ALPHA,BETA,M,W,FUN, THETA 
W=WD 
M=AM 
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NA1=N+1 
NA2=N+2 
BI(1)=O. 
DO 5 I=2,NA1 
J=I-1 

5 BI(I )=BBI (J) 
BI (NA2)=B 
S=10. 
EN=10. 
THETA=EN*A/(L*B) 
DO 100 I=1,NA2 

100 RHOI(I)=BI(I)/B 

Mechanical Design of Heat Exchangers 

WRITE(6,700) B,L,A,W,M,(BI(I),I=2,NA1) 
C ***NON-DIMENSIONAL TERMS*** 

W=W/(S*L*B) 
M=M/(S*L*B*B) 

C ***CHECK FOR COMPLETE COMPRESSION*** 
IF(W.LE.O.) GO TO 120 
IF(W-3.*M) 120,110,110 

110 WRITE(6,705) 
P=S*(W+3.*M) 
SIG~1A=0 • 
WRITE(6,706) P,SIGMA 
GO TO 900 

C ***SEARCH FOR POSSIBLE ROOTS*** 
120 CONTINUE 

RHO=0.005 
CALL FSUM 
CALL FUNCT 
FCTOLD=FUN 
RHO=-0.005 
DO 300 1=1,20 
RHO=RHO+0.05 
CALL FSUM 
CALL FUNCT 
FCT=FUN 
IF(FCT*FCTOLD) 350,450,300 

300 FCTOLD=FCT 
C ***EDGING OCCURS HERE*** 

WRITE(6,707) 
SUM=O. 
DO 330 l=l,N 

330 SUM=SUM+BBI(I)**2 
P=O. 
SIGMA=S*L*RHOI(NA1)*B**3*(M-0.5*W)/(A*SUM) 
WRITE(6,706) P,SIGMA 
GO TO 900 

C ***APPLY METHOD OF SECANTS*** 
350 R1=RHO-0.05 

R2=RHO 
F1=FCTOLD 
F2=FCT 
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DO 400 1=1,30 
RHO=R2-F2*(R2-R1)/(F2-F1) 
CALL FSUM 
CALL FUNCT 
IF(ABS(FUN-F2).LT.1.0E-6) GO TO 450 
R1=R2 
R2=RHO 
Fl=F2 

400 F2=FUN 
450 D=RHO*B 

P=S*RHO*(M+W*(RHO-0.5))/((RHO**3)/3.+THETA*BETA) 
SIGMA=EN*P*(RHOI(NA1)*B/D-1.) 
WRITE(6,704) D,P,SIGMA,FUN 

C ***FORMATS FOR OUTPUT STATEMENTS*** 

C 

700 FORMAT(j/,5X,"BASE PLATE WIDTH =",FS.3," (IN)",/,5X, 
1 "BASE PLATE LENGTH =",FS.3," (IN)",/,5X, 
2 "BOLT TENSILE STRESS AREA =",F7.3," (SQ IN)",/,5X, 
3 "VERTICAL DOwNWARD FORCE =",F11.2," (LB)",/,5X, 
4 "BENDING MOMENT =",F11.2," (IN-LB)",/1,5X, 
5 "BOLT LINES AT (IN) :",10(F7.3,3X)) 

704 FORMAT(j/,5X,"NEUTRAL AXIS AT",F7.3,." (IN)",//,5X, 
1 "MAXIMUM CONCRETE PRESSURE =",FS.2," (PSI)",//,5X, 
2 "MAXIMUM BOLT STRESS =",FS.2," (PSI)",/1,5X, 
3 "RESIDUAL =" ,Ell.3,1, "---------------------",j) 

705 FORMAT(j 1 ,5X, "COMPLETE COMPRESSION") 
706 FORMAT(jI,5X,"NO NEUTRAL AXIS",1,5X, 

1 "MAX IMUM CONCRETE PRESSURE =", FS.2," (PSI)",I, 5X, 
2 "MAXIMUN BOLT STRESS =" ,FS.2," (PSI)",I, 
3 "-----------------------",/) 

707 FORMAT(jI,5X,"EDGING OCCURS") 
900 RETURN 

END 

C ******************************************************* 
C 

SUBROUTINE FSUM 
REAL M 
COMMON NA1,NA2,RHO,RHOI(10),ALPHA,BETA,M,W,FUN,THETA 
DO 100 J=1,NA2 
IF(RHO.LT.RHOI(J)) GO TO 110 

100 CONTINUE 
RETURN 

110 SUM1=0. 
SUM2=0. 
DO 200 I=J ,NA1 
DIF=RHOI (1 )-RHO 
SUMl=SUMl+DIF 

200 SUM2=SUM2+DIF*DIF 
ALPHA=SUMI 
BETA=SUM2 
RETURN 
END 

945 
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C 
C ******************************************************* 
C 

SUBROUTINE FUNCT 
REAL M 
COMMON NAl,NA2,RHO,RHOI(lO),ALPHA,BETA,M,W,FUN,THETA 
FUN=(O.5*RHO*RHO-THETA*ALPHA)*(M+W*(RHO-O.5)) 

1 -W*((RHO**3)/3.+THETA*BETA) 
RETURN 
END 



20. EXTERNAL LOADS ON VERTICALLY 
MOUNTED EQUIPMENT 

20.1 INTRODUCTION 

Heat exchangers and pressure vessels are frequently mounted vertically to 
economize plant floor space. In some cases, the process function of the 
hardware requires vertical installation. For example, gravity driven boiling 
in a thermo siphon reboiler, or fractionation in a distillation column, can 
proceed only if the equipment is vertically installed. As discussed in Chapter 
17, the supports may consist of a skirt, a set of lugs, or a ring-type structure 
at (or near) the bottom and a lateral restraint near the top. Photograph 20.a 
shows a skirt mounted unit with a lateral support at the top. Figure 20.1.1 
shows a skirt mounted unit without a top lug. Preliminary design data on 
sizing supports for vertical mounting is given in Chapter 17. However, it is 
subsequently necessary to determine the adequacy of the preliminary design 
for external loads. The external loadings on such equipment arise from 
various sources such as from wind load, from seismic motion, and from 
reactions due to attached piping. In its most simplified form, a seismic 
loading is specified as a set of static inertial accelerations in three or­
thogonal directions (two horizontal and one vertical). A precise 
specification of loads on the vessel nozzles from inter-connecting piping is 
more problematic, since piping design is usually not complete at the time of 
equipment procurement. This problem is usually circumvented by 
postulating a set of loads for each nozzle and by requiring that the plant 
designer route the piping to maintain the loads on the equipment-piping 
interface to within these limits. Thus the process of equipment and piping 
design can proceed concurrently. The piping load can be prescribed in terms 
of six vectorial components; three forces and three moments. The sense of 
action of these loads is not specified. 

Our first task, therefore, is to determine the sense of action of these loads 
such that the applied loading on the equipment to be designed is maximized. 
The support reactions serve as meaningful references for this purpose. In 
the next section, a method to maximize the support response is symbolically 
described. The solution procedure is built into a computer program 
"VERSUP" which is also presented in this chapter. 

Of course, the problem of incompletely defined nozzle reactions is not 
confined to skirt or lug mounted vessels. Horizontally mounted equipment 
(Chapter 19) or vessels supported on four-legs (Chapter 18) also suffer from 
the same lack of precise load information at the design stage. The method 
of maximization of support reactions presented here in the context of skirt 

947 
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Photograph 20.a. Heat exchanger with skirt mounting, and lateral seismic 
lugs. (Courtesy Joseph Oat Corporation, Camden, N.J.) 

COLUMN 

OVERTURNING 
MOMENT 

CONCRETE 
FOUNDATION 

Fig. 20.1.1. Vertically mounted equipment under vertical load and 
overturning moment. 

mounted equipment is also valid for other support configurations. The 
actual "influence coefficients" (defined later), however, will be different. 

External load analysis of pressure vessels follows a two track approach: 
The support reactions are determined by modeling the pressure vessel as a 
beam; subsequently, the support-shell interaction is studied by examining 
the local shell-like behavior of the vessel. Thus, away from support/shell 
junctions, the pressure vessel is assumed to respond as a "beam". The beam 
flexural stresses induced in the shell are classified as "primary membrane 
stress" (see Chapter 2). The stresses developed at the support/shell junction 
are classified as local membrane and bending stresses. Local bending stress 
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is often referred to as a secondary stress. Some common techniques for 
evaluating these local effects have been presented in Chapter 17. Therefore, 
our task in this chapter consists of devising suitable analytical techniques to 
express the maximum support reactions in terms of specified external loads, 
including nozzle loads, seismic loads, and wind loads. 

Finally, we point out that the state of stress at the interface between the 
equipment support and the external support structure is a matter of design 
interest to both the equipment designer and the architect/engineer. This 
subject has been considered in Chapter 17 for some typical support con­
figurations. The problem of interface loads has also been taken up in 
Chapter 19 for the case of saddle supports. In this chapter, similar results 
for skirt supports are derived assuming reinforced concrete support. The 
case of an annular (skirts or ring-type supports) bearing surface on a less 
pliable material such as one built from structural steel has been treated in 
Chapter 17. 

In the next section, the methodology to maximize one component of the 
support reaction by determining the required sense of action of the applied 
nozzle loads is described. The vertical equipment is assumed to have two 
supports; one located near the bottom of the vessel, and the other one 
located near the top. The vessel may project beyond the top support, and 
there may be an arbitrary number of nozzles located along the vessel. We 
will model each support with a linear and a rotational spring. By varying the 
spring constants of these springs, a variety of cases can be treated. For 
example, setting the support springs at location B in Fig. 20.1.2 to be very 
small simulates the case of a vessel cantilevered from its base (location A). 
The skirt-lug combination is usually associated with a vertical orientation of 
the vessel centerline. 

A h~at exchanger or a pressure vessel mounted on a lower skirt, and 
having upper lug or ring type supports satisfying the mathematical model of 
Fig. 20.1.2, can be analyzed using the computer program "VERSUP". The 
use of this program will be illustrated later by considering a typical design 
configuration. 

20.2 MAXIMIZATION OF SUPPORT REACTION 

The vertical equipment is modeled as a uniform beam having two sup­
ports (Fig. 20.1.2). Supports at locations A and B have linear and rotational 
springs. The spring constants, Kl , C1 (at support A) and K 2 , C2 , (at support 
B) can be varied to simulate a wide variety of support conditions. The 
equipment is assumed to have n nozzles located at elevations d k , k = 
1,2, ... n. As shown in Fig. 20.2.1, the nozzle axis lies in the horizontal 
plane at elevation d k • The location of the nozzle intersection with the vessel 
wall is specified by the angle Ok' measured from the global y axis, while the 
orientation of the nozzle axis is set by the angle CPk also measured with 
respect to the global y axis. 
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Fig. 20.1.2. Beam model of pressure vessel analyzed by VERSUP. 

Each nozzle is assumed to have three forces and three moments applied in 
three orthogonal planes. Referring to Fig. 20.2.1 for typical nozzle k, we set 
up a local coordinate system (x" , y" , z"), such that x" is vertical, y" is 
directed along the axis of the nozzle, and z" follows from the right-hand 
rule. Local nozzle loads Px " , Py " and Pz " are assumed to act along the 
three axes at a distance rk from the centerline of the equipment. Similarly, 
Moments Mx " , My " , and M z " act with their vectorial directions along the 
three local coordinate axes. 

In common terminology, these loads are defined as follows: 

Px " = Longitudinal shear 
Py " = Axial force 
Pz " = Circumferential shear 

Mx" = Circumferential moment 
My " = Axial twist 
M z " = Longitudinal moment 

We have set up a global coordinate system (x, y, z) at the location of the 
bottom support as shown in Fig. 20.2.1. We also define an intermediate 
coordinate system (x' ,y' , z'), located at the root of the nozzle, whose axes 
are parallel to the global axes, but whose origin is such that 

y= y' + rkcos(h 

z=z' +rksinOk 
x=x' +dk 

(20.2.1) 
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We recognize from Fig. 20.2.1, that nozzle loads can be expressed in 
terms of their components along the intermediate coordinate system axes as 

z 

Px' =Px" 
Py , = Py " COSCPk - Pz " sinCPk 
Pz ' = Pz " COSCPk + Py " sinCPk 

Mx' =Mx" 
My' =My "COSCPk -Mz "sinCPk 
M z ' = Mz " COSCPk + My " sinCPk 

(a) Global coordinates 

, 

Top 
lug 

---i---
I 
I 
r 

, . , 
'- I - ./ ........... _+-.."...,-

Px",M/' 

Nozzle k 

I-i--I l"+-rt..- Y 

~-~=====t======~_--L~y 

(20.2.2) 

~y 

Fig. 20.2.1. Vertical tank coordinate system and nozzle loads. 
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Translating these loads to the projection of the global x,y,z coordinate 
system at level dk yields 

or 

or 

or 

Px=Px' =Px" 

Py =Py' =Py "COS¢k -Pz "sin¢k 

Pz =Pz' =Pz "COS¢k +Py "sln¢k 

Mx=Mx' -Py 'ak +Pz 'bk 

Mx =Mx" - ak (Py "COS¢k - Pz "sin¢k) 

+ bk (Pz "COS¢k + Py "sin¢k) 

My=My' +akPx' 

My =My "COS¢k - Mz "sin¢k + Px" ak 

Mz =Mz' -bkPx' 

Mz =Mz "COS¢k + My" sin¢k - Px" bk 

(20.2.3) 

(20.2.4) 

(20.2.5) 

(20.2.6) 

(20.2.7) 

(20.2.8) 

Hence, the loads referred to the axes of the beam coordinate system at 
level dk with respect to the bottom support are given, via Eqs. (20.2.3-8), in 
matrix notation as follows: 

Px 1 0 0 0 0 0 P" x 
Py 0 COS¢k -sin¢k 0 0 0 P" 
Pz 0 sin¢k COS¢k 0 0 0 1''' z 
Mx 0 -akcos¢k aksin¢k 1 0 0 M" x 

+bksin¢k +bkcoS¢k 

~ ak 0 0 0 COS¢k -sin¢k M" 
-bk 0 0 0 sin¢k COS¢k M." z z 

(20.2.9) 

The (Px ••• ), (Px ", ••• } vectors in Eq. (20.2.9) are now rewritten 
with numeric subscripts in what follows. The equivalence of the two 
notations is defined by equality (20.2.10). The redefining of our notation is 
done simply to facilitate the subsequent manipulation. 

Px,Px" Flk,Plk 

Py,Py" F2k , P2k 

Pz,Pz" - F3k , P3k (20.2.10) 

Mx,Mx" F4k , P4k 

My,My" FSk ' PSk 

Mz,Mz" F6k , P6k 
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Denoting the coefficient matrix in Eq. (20.2.9) by Aijk> we can now 
rewrite Eq. (20.2.9) in subscript notation, using the new definitions, in the 
compact form 

6 

Fik= E AijkPjk; k=I,2, .... q 
j=1 

(20.2.11) 

where q = number of nozzles, and the generalized loadings are acting at 
location x=dk , with respect to the global coordinate system defined at the 
vessel base. 

Loads Fik induce reactions at the base and the top lug. These reaction 
components Ri are defined as follows: 

Rlk = Axial force at the lower support due to kth nozzle loads. 
R2k = Twisting moment (x vector) at the lower support due to the kth 

nozzle loads. 
R3k = Shear force at the base in the y-direction due to the kth nozzle. 
R4k = Bending moment in the x-y plane (z vector) at the base due to the 

kth nozzle. 
R 5k = Shear force in the y-direction at the top lug due to the kth nozzle. 
R6k = Shear force at the base in the z-direction due to the kth nozzle. 
R7k = Bending moment in the x-z plane (y vector) at the base due to the 

kth nozzle. 
RSk = Shear force at the top lug in the z-direction due to the kth nozzle. 
R9k = Bending moment in the x-z plane (y vector) at the top lug. 

R 10k = Bending moment in the x-y plane (z vector) at the top lug. 

We assume that the vertical uplift and the axial twisting moment (R lk , R2d 
are resisted only by the lower support. 

The reactions at A and B (Fig. 20.1.2) can be expressed in terms of the 
applied loads Fij using beam flexure equations. Classical strength of 
materials principles can be used to express the support reactions in terms of 
Fjk and the support spring rates. It can be shown that the results are ex­
pressible in the linear form 

6 

Rik = E BijkFjk i= 1,2,3 .... 10 (20.2.12) 
j=1 

where the matrix Bijk for kth nozzle is defined as follows: 

-1 0 0 0 0 0 
0 0 0 -1 0 0 
0 -Pll 0 0 0 -P12 

0 1L1l 0 0 0 1L12 
[B] = 0 -P21 0 0 0 -P22 (20.2.13) 

0 0 -Pll 0 PI2 0 
0 0 -1L1l 0 1L12 0 
0 0 -P21 0 P22 0 
0 -1L21 0 0 0 -1L22 

0 0 1L21 0 -1L22 0 
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In Eq. (20.2.13) the influence coefficients Pij and /Lij are defined as follows: 

PI I = Reaction at base due to unit lateral force at height dk • 

P21 = Reaction at top lug due to unit lateral force at height dk • 

/L11 = Moment at base due to unit lateral force at height dk • 

/L21 = Moment at top lug due to unit lateral force at height dk • 

PI2 = Reaction at base due to unit moment loading at height dk • 

P22 = Reaction at top lug due to unit moment loading at height dk • 

/L12 = Moment at base due to unit moment loading at height dk • 

/L22 = Moment at top lug due to unit moment loading at height dk • 

Expressions for Pij and /Lij can be derived using classical beam theory and 
involve the spring rates for each support. The results of such derivations are 
implemented in computer program "VERSUP". The negative signs in Eq. 
(20.2.13) reflect the differences in sign convention between the positive 
directions assumed for R;k and the sign conventions used to obtain the 
influence coefficients found in "VERSUP". 

The combined reaction due to all nozzles is given by S; where 

q q 6 

S;= E R;k= E E BijkFjk (20.2.14) 
k=1 k=1 j=1 

The subscript i(i= 1 ... 10) has the same meaning for the combined 
reaction as the subscript i in R;k defined in the foregoing. 

Substituting from Eq. (20.2.11) for Fjk so as to express the results in 
terms of the local nozzle loads, we have 

q 6 6 

S; = E E Bijk E AjmkPmk (20.2.15) 
k=1 j=1 m=1 

or 
6 q 6 

S; = E E E BijkAjmkPmk 
j=1 k=1 m=1 

or 
q 6 

S;= E E D;mkPmk (20.2.16) 
k=1 m=1 

where we have defined the elements of the transformation matrix D;mk as: 

6 

D;mk = E BijkAjmk 
j=1 

(20.2.17) 

The matrix D;mk is readily computed because the matrices [B] and [A] are 
known from the physics of the problem. The next step is to maximize the 
reaction S;, fora given i, (say i*) by suitably choosing the sense of action of 
the components of P mk • This is accomplished by selecting the signs of P mk 
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such that the product D imk P mk is positive for all m and k. Since all terms in 
the summation have the same sign, this will maximize Si' . Consistent values 
of other reaction components Si (i ~ i*) are obtained by performing the 
matrix multiplication in Eq. (20.2.16) where the terms of the P mk matrix 
have the determined sign to maximize Si' The same procedure is carried out 
fQr each reaction component in sequence beginning with i* = 1. 

In some cases, the sense of action of the applied nozzle loads is known, 
and therefore no optimization is required. This is accomplished in the 
analysis by simply omitting the foregoing step wherein the signs of P mk are 
determined. 

20.3 FOUNDATION RESPONSE 
The support reactions due to all nozzle loads are maximized using the 

technique outlined in the preceding section and coded in "VERSUP". Each 
component of support reaction is maximized individually. These maximized 
reaction components are added to the corresponding components due to 
seismic loads. Having determined the maximized support response, the next 
step in the equipment qualification is to determine the foundation reactions. 
A simplified technique to determine the maximum concrete pressure and the 
bolt pull in a "skirt" or a "ring" type support on reinforced concrete 
pedestals is given in the following. We recall that a similar evaluation of 
rectangular foundations has been presented in the previous chapter. 

We first develop a solution for the maximum interfacial concrete pressure 
p and the maximum bolt tensile stress, (1, when subject to the combined 
action of an axial thrust Wand an overturning moment M. Subsequently, 
we consider a twisting torque and a shear force. 

(i) Axial Thrust W (tending to compress the foundation) and over­
turning moment M: 

Depending on the magnitudes of Wand M, either of the following two 
conditions will exist: 

(a) Complete compression: 
The concrete is in compression over the entire base plate region. This 
case will correspond to a large Wand a relatively small M. 

(b) Partial Compression: 
Part of the base plate (in the negative x-quandrants in Fig. 20.3.1 will 
lift up, resulting in the formation of a neutral axis. 

Equations relating the peak concrete pressure p to the applied M and W 
are found for the above two conditions in the following: 

(a) Complete Compression: 
Assuming that the ring like foundation is composed of linearly elastic 
springs, the linearly varying component of concrete pressure p = 
(Pm/ro)x can be obtained as a function of the applied moment M. Pm 
is defined as the maximum value of the pressure at x=ro in Fig. 
20.3.1 due to M. By appealing to moment equilibrium about the 
diametral axis (y-axis in Fig. 20.3.1), we obtain the equation 
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where 

t M (OVERTURNING) i MOMENT 

Y NEUTRAL AXIS 

• I , 

Fig. 20.3.1. Pressure distribution under base plate. 

r.-/2 rro 
M=4J o L. xdF(r,() 

I 

dF(r,() = (Pm~) (rdrd() 
ro 

(20.3.1) 

(20.3.2) 

x = rcos(), and () here represents an angle measured from the x axis to an 
arbitrary radial line. ro ,r;, M are defined as 

ro = Base plate outer radius 
r; = Base plate inner radius 

M = Applied overturning moment 

Using Eqs. (20.3.1) and (20.3.2), and integrating over the limits of rand () 
yields the following expression for the applied moment in terms of Pm. 

M= 1r(ro4- r;4)Pm 

4ro 

The maximum concrete pressure P, due to both M and W, is given as 

(20.3.3) 

P=Pm +Po (20.3.4) 

where the constant pressure term Po is defined as 

W 
Po = 2 2 (20.3.5) 

1r(ro -r; ) 

and Pm is calculated from Eq. (20.3.3). It is obvious that the bolts are 
unstressed in this case. 

Commonly, the width of the foundation ring base plate is small com­
pared to its radii, i.e., 
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(20.3.6) 

The condition of a narrow base plate ring, expressed by inequality (20.3.6), 
translated in terms of numerical bounds, is recommended as 

t3/(rO + ri ) < 0.2 (20.3.6a) 

Inequality (20.3.6) justifies simplifying Eqs. (20.3.3) and (20.3.5) even 
further. 
Let 

Then 

c= (ro +ri ) 

ro =0.5c+0.5t3 

r i =0.5c-0.5t3 

(20.3.7) 

Substituting Eq. (20.3.7) into Eq. (20.3.3) and (20.3.5), and neglecting 
terms of higher order, we have 

'lrC2 t3Pm 
M=-~"'-

4 

W 

(20.3.8) 

Po = - (20.3.9) 
'lrct3 

Equations (20.3.8) and (20.3.9) may be used to compute Pm andpo instead 
of Eqs. (20.3.3) and (20.3.5), respectively, whenever inequality (20.3.6) 
holds. 

The peak concrete pressure p is obtained using Eq. (20.3.4). 
Finally, complete compression requires that 

PO'?Pm (20.3.10) 

If the above condition is not satisfied then "partial compression" exists, 
for which we outline the solution in the following: 

(b) Partial Compression: 
In this case, as mentioned above, a neutral axis parallel to the y axis 
(see Fig. 20.3.1) exists. The location ofthe neutral axis is identified by 
the angle Q!. The object is to determine the peak concrete pressure P 
and the angle Q!. 

For narrow base plate rings where Eq. (20.3.6a) is satisfied, an ap­
proximate solution may be constructed using numerical iteration. It is 
assumed that the concrete annulus under the base plate may be treated as a 
thin ring of mean diameter c. Assuming the foundation to be linearly 
elastic, and the base plate to be relatively rigid, Brownell and Young 
[20.3.1] have developed an approximate solution which, with some 
modification, is summarized here and cast in a form suitable for numerical 
solution. 
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Let the total net tensile stress area * of all foundation bolts be A. Within 
the limits of accuracy sought, it is permissible to replace the bolts by a thin 
shell of thickness t and mean diameter equal to the bolt circle diameter c, 
such that 

A 
t=-

7rC 
(20.3.11) 

We assume that the discrete tensile bolt loads, acting around the ring, are 
replaced by a line load, varying in intensity with distance from the neutral 
plane. 

Let n be the ratio of the Young's moduli of the bolt material to that ofthe 
concrete; n normally varies between 10 to 15. Assuming that the concrete 
can take only compression (non-adhesive surface) and that the bolts are 
effective only in tension (untapped holes in base plate), an analysis similar 
to case (a) above yields the following results: 

2W+P2 tCU 
p=---­

PI(t3 -t)c 

2(M- WP4C) 
u = --'-----:-'--

P2P3 tc2 

(20.3.12) 

(20.3.13) 

where the dimensionless quantities PI , P2' P3 and P4 are defined as follows: 
2(sina-acosa) 

PI = (1- cosa) 
(20.3.14) 

2 . 
P2 = [(7r-a)cosa+sma] 

1 + cos a 
(20.3.15) 

2 7r - a 3sin2a 

[ 
(7r-a)cos a+ -- +--- ] 

1 2 4 

P3 = "2 (7r-a)cosa+sina 

+~[ 
a 2 3sin2a 

- +acos a--- ] 2 4 

sina-acosa 
(20.3.16) 

·Tensile stress area A r of a bolt of nominal material d and n' threads per in. is given by (see 
Ref. [20.3.2]). 
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P4=~[ 2a-sin2a ] 
8 sin a - acosa 

The angle which defines the location of the neutral axis, is given as 

959 

(20.3.17) 

[ a-np ] 
a=cos- I a+np (20.3.18) 

Equations (20.3.12)-(20.3.18) give the required 7 non-linear equations to 
solve for 7 unknowns; namely p, a, a, and the Pi (i= 1,4) parameters. The 
simple iteration scheme described below converges rapidly. The iterative 
solution is started with assumed values of a and P; say ao and Po. Then a is 
determined via Eq. (20.3.18). Knowing a, the dimensionless parameters PI, 

P2, P3, and P4 are computed. This enables computation of corrected values 
of P and a (say Po' and ao') by Eqs. (20.3.12) and (20.3.13). The next 
iteration is started with al and PI where we choose 

al = O. 5( ao + ao') 

PI =0.5(Po +pO) (20.3.19) 

This process is continued until the errors ei and Ei at the ith iteration stage 
are within specified tolerances. (ei = Ei = 0.005 is a practical value), where 

_I a/ - ai 1 ei -
ai 

_I p/ -Pi 1 
Ei-

Pi 
(20.3.20) 

Actual numerical tests show that the convergence is uniform and rapid 
regardless of the choice of starting values ao and Po. 

In Appendix 20.A, we present the development of a solution for the 
concrete pressure p and the neutral axis location d for the case of partial 
compression when the width of the base plate ring does not satisfy 
inequality (20.3.6a). 

(ii) Axial Torque Tand Lateral Shear R: 
An axial torque and/or a lateral shear induces pure shear in the foundation 
bolts. Idealizing the foundation bolts by a thin shell of thickness t' as 
before, such that 

A' 
t'=-­

'lrC 
(20.3.21) 

where A' = total gross area of bolting, an expression for shear stress can be 
readily developed. Referring to Fig. 20.3.1 leads us to express the shear 
stress in the x andy directions, 7x and 7y , for a bolt located at angle w*, as: 

• Tis assumed to be positive when the twist vector is directed vertically downward. 
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2T R 
7 x = cA I sinw + "A"7 cosO 

2T R 
7 y = - cosw + - sinO 

cA' A' 

Hence, the combined shear stress 7 is given by 
7= (7x 2 +7y 2 )112 

20.4 COMPUTER PROGRAM VERSUP 

20.4.1 Overview of the Code 

(20.3.22) 

(20.3.23) 

Computer program VERSUP determines the support reactions in a 
vertically mounted unit supported at two locations. The lower support is 
assumed to be at (near) the bottom of the equipment. The upper support 
may be at any point in the span. Both top and bottom supports have the 
ability to resist lateral (horizontal) loads, and to resist bending moments. 
Only the bottom support is assumed to carry axial torque or vertical force. 
It is assumed that the nozzle loads are specified in a local nozzle coordinate 
system. The magnitude of the loads, but not their sense of action, is 
defined. The equipment is assumed to have uniformly distributed mass such 
that the effect of horizontal seismic acceleration can be simulated by solving 
a uniformly loaded beam problem. The horizontal seismic acceleration can 
be specified to act in two orthogonal directions (y and z in Fig. 20.2.1), or in 
one horizontal direction. In the latter case, the horizontal acceleration is 
assumed to act at 45 0 from the y and z axes. Setting NODIM = 3 in the input 
data file (described later) implies that equal value of horizontal acceleration 
are to be applied in both y and z directions. Any other value of NODIM 
means that the horizontal acceleration vector is at 45 0 from y and z axes. 
The vertical acceleration is also specified as a multiple of g (g = ac­
celeration due to gravity). 

The loads on the nozzles are input in the local nozzle coordinate systems 
(X",y" andz" axes in Fig. 20.2.1). 

Coordinates r k and Ok define the origin of this local coordinate system. ¢k 

defines the nozzle orientation. We note that nozzles are required to lie in a 
horizontal plane; however, they do not have to be radial. Nozzles oriented 
out of a horizontal plane are rather rare and therefore such oblique nozzles 
axes are not covered in this version of the program. 

The orientation of the y and z (global axes) are chosen to coincide with 
the direction of the horizontal accelerations (NODIM = 3); or to be equally 
inclined to the horizontal acceleration vector. The x-direction coincides with 
the vessel axis (vertical). 

The program determines the sense of action of all components of the 
nozzle loads such that each one of the ten reaction components (six reac­
tions at the base; and four reactions at the top lug - two lateral forces and 
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two bending moments) is maximized in turn. We recall that the top lug is 
assumed to provide no torsional or axial resistance (as is common in 
practical designs). These maximized reactions are combined with the seismic 
load induced reactions such that the maximax of each reaction component 
is obtained in turn. Thus 10 lines of reactions are printed; each line giving 
the maximax value of one reaction component. The program also affords 
the option of inputting the nozzle loads with specified sense of action. 
Setting IOPT = 0 in the input data file eliminates the optimization step in 
the program logic. IOPT>O implies that the sense of action of the nozzle 
loads will be selected to maximize the reaction component, as described 
above. 

The program requires the input of support spring stiffnesses at both 
locations (Fig. 20.1.2). By suitably selecting these stiffnesses, most cases of 
skirt mounted equipment of practical interest can be solved. 

The input data instructions are given below along with the data for an 
example problem. The output for this problem follows the program listing. 
The output is self-explanatory and therefore is not described here any 
further. 

20.4.2 Input Data for Program VERSUP: All Input is in Free Field 
Format 

Line 1: Title card; any alphanumeric heading of 80 characters or less 

Line 2: 

Quantity 

Distance between top and bottom lugs 
Number of nozzle load locations 
Weight of the vessel 
Overhang beyond top lug 
Vertical acceleration as a multiple of "g" 
Horizontal acceleration as a multiple of g 
Support type (lSTYP = 0, lug type 

> 0, skirt with baseplate 
Indicate whether the horizontal seismic 

acceleration is to be applied in two or 
one direction 

Optimization option 
Skip to Line 4 if ISTYP = 0 in line 2. 

Line 3: Skirt type support data: 
Width of base plate 
Outer radius of skirt 
Diameter of the bolt circle 

Fortran 
Symbol 

EL 
N 
W 
OVER 
VA 
HA 
ISTYP 

NODIM 

IOPT 

WIDTH 
RS 
DBC 

Input for 
the example 

problem 

400 in. 
2 
10,0001b 
0.0 
1.0 
1.5 
1 

3 

1 

7 in. 
20 in. 
45 in. 
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Tensile stress area of anchor bolts 
Gross area of anchor bolts 
Skirt thickness 

Line 4: 
Linear stiffness of bottom support 
Linear stiffness of top support 
Rotational stiffness of bottom support 
Rotational stiffness of top support 
Flexural rigidity of the shell 

AB 
AGROS 
TS 

10 in. 2 

11 in. 2 

1.0 in. 

AK1 
AK2 
C1 
C2 
EI 

40 X 106 lb/in. 
40 x 106 lb/in. 
40 X 1012 lb-in.lrad 
4.0Ib-in.lrad 
40 x 1010 Ib-in. 2 

Lines 5 and 6 are to be repeated n times (n = number of sets of nozzle 
loads) 

Line 5: (Refer to Fig. 20.2.1 for further explanation) 
Fortran 
Symbol 

Input Data 
Nozzle 1 Nozzle 2 

Radius of the point where the R(K) 20 in. 20 in. 
nozzle load (nozzle k) is applied, 
rk 

Angular orientation of nozzle k THETA(K) 0 7[/2 
with respect to the global axis 
(h 

Angular orientation of nozzle axis FI(K) 0 7[12 
with respect to the global axis, 
¢k 

Height of nozzle k, dk DIS(K) 100 in. 300 in. 

Line 6: Nozzle Loads: 
Longitudinal shear P(1,K) 5000lb 5000lb 
Radial force P(2,K) 5000lb 5000lb 
Circumferential shear P(3,K) 5000lb 5000lb 
Circumferential bending moment P(4,K) 105 lb-in. 105 lb-in. 
Torsional moment P(5,K) 105 lb-in. 105 lb-in. 
Longitudinal bending moment P(6,K) 105 lb-in. 105 lb-in. 

PROGRAM VERSUP 

C BY KRISHNA P. SINGH AND TEIK-LEE NG, REV 0, JANUARY 1984 
C ********************************************************* 
C PROGRAM VERSUP EVALUATES SUPPORT REACTIONS DUE TO NOZZLE LOADS 
C AND SEISMIC LOADS ON VERT. VESSELS WITH 1 OR 2 SUPPORTS. BY VARYING 
C THE LINEAR AND ROTATIONAL STIFFNESSES OF THE SUPPORTS, EITHER SUPPORT 
C MAY BE MODELED AS FIXED, PINNED OR FREE. THE VESSEL MAY THEN HAVE 
C 1 OR 2 SPANS. 
C HORIZONTAL SEISMIC ACC. IS APPLIED IN TWO DIRECTIONS. THE WEIGHT IS 
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C ASSUMED TO BE UNIFORMLY DISTRIBUTED. THE BOTTOM AND UPPER SUPPORTS 
C HAVE ROTATIONAL AND LINEAR SPRINGS. 
C BY VARYING SENSE OF ACTION OF NOZZLE LOADS, EACH REACTION COM­
C PONENT IS MAXIMIZED IN TURN 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

*****INPUT VARIABLES***** 

••••• LINE #1 ••••• 
TITLE : ANY ALPHANUMERIC STRING - 80 CHARACTERS LONG 

EL 
N 
W 
OVER 
VA 
HA 
ISTYP 

NODIM 
IOPT 

LINE #2 ••••• 
=ELL=Ll=DISTANCE BETWEEN TOP AND BOTTOM LUGS (IN.) 
NO. OF NOZZLES 
WEIGHT OF VESSEL 
VESSEL OVERHANG PAST UPPER SUPPORT (=L2) 
VERTICAL ACCELERATION AS A MULTIPLE OF G 
HORIZONTAL ACCELERATION AS A MULTIPLE OF G 
IF =0 LOWER SUPPORT IS LUG TYPE; SKIP TO LINE #4 
IF >0 LOWER SUPPORT IS SKIRT TYPE WITH BASEPLATE 
NO. OF DIMENSIONS OF ANALYSIS 
IF =0 PROGRAM DOES NOT MAXIMIZE REACTIONS 
IF >0 PROGRAM LOOKS FOR DIRECTIONS TO MAXIMIZE REACTIONS 

LINE #3 ••••• 
WIDTH BASE RING WIDTH (IN.) 
RS SKIRT OUTER RADIUS (IN.) 
DBC DIAMETER OF BOLT CIRCLE (IN.) 
AB TENSILE AREA OF BOLTS (SQ. INS.) 
AGROS GROSS AREA OF BOLTS (SQ. INS.) 
TS SKIRT THICKNESS (IN.) 

AKI 
AK2 
C1 
C2 
EI 

LINE #4 ••••• 
BASE LINEAR STIFFNESS 
LUG LINEAR STIFFNESS 
BASE ROTATIONAL STIFFNESS 
LUG ROTATIONAL STIFFNESS 
PRODUCT OF YOUNG'S MODULUS AND MOMENT OF INERTIA 

INPUT A SET OF LINES #5 & #6 FOR EACH OF N NOZZLES -----
••••• LINE #5 ••••• 
R(K) : RADIUS OF THE POINT WHERE THE KTH NOZZLE LOAD IS APPLIED 
THETA(K): ANGULAR ORIENTATION OF NOZZLE K WITH RESPECT TO THE 

FI (K) 
GLOBAL AXIS 

ANGULAR ORIENTATION OF KTH NOZZLE AXIS WITH RESPECT TO 
THE GLOBAL AXIS 

DIS(K) DISTANCE OR HEIGHT OF NOZZLE K FROM BOTTOM OF LOWER 
SUPPORT OR BASE PLATE 

• • • •• LINE #6 ••••• 
P(J,K) : NOZZLE LOADS (J=I,2, ••• 6) FOR KTH NOZZLE 

P(I,K)= LONG.SHEAR FORCE F(X) P(2,K)= RADIAL FORCE F(Y) 
P(3,K)= CIRC.SHEAR FORCE F(Z) P(4,K)= CIRC.BEND.MOMENT M(X) 
P(5,K)= TORSIONAL MOMENT M(Y) P(6,K)= LONG.BEND.MOMENT M(Z) 
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C ****************************************************************** 
C 

C 

COMMON/ONE/EL,W,VA,HA,CG 
COMMON/TWO/DBC,AB,WIDTH,AROOT,S 
COMMON/THREE/RS,OR,TS 
COMMGN/FOUR/AKl,AK2,Cl,C2,EI 
DIMENSION THETA(7),FI(7),DIS(7),P(6,7),A(6,6,7);B(10,6,7),R(7), 

*D(10,6,7),BETA(6,7),S(10,10),TITLE(20),SSIGN(lO) 
REAL MUll,MU12,MU2l,MU22 
DATA BEND/3HEND/ 
PI=3.l4l5927 
IPAGE=l 

5 READ (5,11)(TITLE(I),I=1,20) 
11 FORMAT (20A4 ) 

IF(TITLE(l).EQ.BEND)GO TO 1001 
WRITE(6,14)(TITLE(I),I=1,20),IPAGE 

14 FORMAT (lHl ,/28(lH*) ,lX,20A4,lX,18(1H*)," PAGE", 12) 
READ(5,*) EL,N,W,OVER,VA,HA,ISTYP,NODIM,IOPT 
IF (ISTYP.EQ.O) GO TO 6 

C READ AND WRITE DATA FOR LUG TYPE SUPPORT (NO BASE PLATE) 
C 

READ(5,*) WIDTH,RS,DBC,AB,AGROS,TS 
READ(5,*) AKl,AK2,Cl,C2,EI 
WRITE(6,12) EL, WIDTH, AKl, W, DBC, AK2, N, AGROS, Cl, RS, 

*OVER, AB, C2,TS,VA,EI,HA,NODIM,IOPT 
12 FORMAT(1H , "INPUT DATA ="/5X, 

+"HT. OF SEIS.LUG(IN.)=",F8.2,6X,"BASE RING WIDTH (IN.)=",F6.2,8X, 
+"BASE LIN.STIFF.,Kl=", E9.3/5X,"WT. OF VESSEL (LBS.)=",F8.0,6X, 
+"BOLT CIRCLE DIA.(IN.)=",F7.2, 7X,"LUG LIN.STIFF.,K2=",E9.3,4X/ 
+5X,"NO. OF NOZZLES =",I3,16X,"GROS AREA OF BOLTS(SQ.IN.)=",F6.2, 
+3X, "BASE ROT .STIFF. ,Cl=" ,E9.3,4X, "SKIRT OUT. RAD.(IN.)=" ,F8.3/ 
+5X, "VESSEL OVERHANG(IN.)=",F8.2, 6X,"TENSILE AREA OF BOLTS =", 
+F6.2,7X, "LUG ROT.STIFF.,C2=", E9.3, 
+4X," SKIRT THICKNESS (IN.) =" , F8 .3/5X, "VERT. ACCEL. (G)=" , F5.2, 50X, 
+4HE*I=,E9.4 / 5X,"HORIZ. ACCEL. =", F5.2, 
+14X,Il,"-D ANALYSIS",24X,"IOPT =",13// 
+ " NOZZ. R THETA FI NOZZ.HT. LG.SHE 
lAR RAD.FORCE CIR.SHEAR CIR.MOM. TOR.MOM. LONG.MOM.") 

GO TO 19 
C 
C READ AND WRITE INPUT DATA FOR SKIRT TYPE SUPPORT WITH BASE PLATE 
C 

6 READ(5,*) AKl,AK2,Cl,C2,EI 
WRITE (6,15) EL,VA,AKl,OVER,HA,AK2,W, Cl, N, EI,C2 

15 FORMAT (IH ,"INPUT DATA ="/, l3X, "HT. OF SEIS.LUG(IN.)=", F8.2, 
*6X, "VERT. ACCEL.(G) =", F5.2, 6X, "BASE LIN. STIFF.(Kl)=", E9.3,/ 
*13X, "VESSEL OVERHANG(IN.)=", F8.2, 6X, "HORIZ. ACCEL.(G)=", F5.2 
*, 6X, "LUG LIN. STIFF.(K2)=",E9.3 / l3X, "WT. OF VESSEL (LBS.)=" 
* , F8.0, 34X,"BASE ROT. STIFF.(Cl)=", E9.3 / l3X,"NO. OF NOZZLES = 
*", 5X,I3, l6X,5HE*I =,3X, E9.4, 6X, "LUG ROT. STIFF.(C2)=", E9.3, 
1/ /, "NOZZ. R THETA FI NOZZ.HT. LG.SHE 
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lAR RAD.FORCE CIR.SHEAR CIR.MOM. TOR.MOM. LONG.MOM.",/) 
19 DO 30 K=I,N 

C 

READ(~,*) R(K),THETA(K),FI(K),DIS(K) 
READ(5,*) (P(J,K),J=I,6) 

20 FORMAT(6FI0.3) 
WRITE(6,21)K,R(K),THETA(K),FI(K),DIS(K),(P(J,K),J=I,6) 

21 FORMAT(IH ,2X,I2,4(2X,F8.3),2(2X,F8.0),5X,F8.0,3(2X,F9.0)) 
30 CONTINUE 

C GENERATE A MATRIX 
C 

AROOT=AGROS 
DO 40 K=I,N 
DO 40 1=1,6 
DO 40 J=I,6 

40 A(I,J,K)=O.O 
DO 50 K=I,N 
A(l,I,K)=l. 
X=THETA(K) 
Y=FI(K) 
A(5,I,K)=R(K)*SIN(X) 
A(6,I,K)=-R(K)*COS(X) 
A(2,2,K)=COS(Y) 
A(3,2,K)=SIN(Y) 
A(4,2,K)=-R(K)*SIN(X)*COS(Y)+R(K)*COS(X)*SIN(Y) 
A(2,3,K)=-A(3,2,K) 
A(3,3,K)=A(2,2,K) 
A(4,3,K)=R(K)*SIN(X)*SIN(Y)+R(K)*COS(X)*COS(Y) 

A(4,4,K)=l.0 
A(5,5,K)=COS(Y) 
A(6,5,K)=SIN(Y) 
A(5,6,K)=-A(6,~,K) 
A(6,6,K)=A(5,5,K) 

5U CONTINUE 
DO 60 K=I,N 
DO 60 1=1,10 
DO 60 J=I,6 
B(I,J ,K)=O.O 

60 D(I,J ,K)=O.O 
DO 6~ K=I,N 
RO =(EL+OVER-DIS(K))/EL 
ETA =OVER/EL 
ITYP=1 

C WHEN ITYP = 1, CALC. COEF FOR FORCE LOADING 
CALL COEF lITYP,ETA,RO,RH011,RH021,MUll,MU21,EL) 
ITYP=O 

C WHEN ITYP = 0, CALC. COEF FOR MOMENT LOADING 
CALL COEF (ITYP,ETA,RO,RHOI2,RH022,MUI2,MU22,EL) 
B(l,I,K)=-I. 
B(3,2,K)=-RHOll 
B(4,2,K)=MUll 
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B(5,2,K)=-RH021 
B(9,2,K)=-~lU21 
B(6,3,K)=-RHOll 
B(7,3,K)=-MUll 
B(8,3,K)=-RH021 
B(l0,3,K)=MU21 
B(2,4,K)=-1. 
B(6,5,K)= RH012 
B(7,5,K)= MU12 
B(8,5,K)= RH022 
B(10,5,K)= -MU22 
B(3,6,K)= -RH012 

(4,6,K)= MU12 
B(5,6,K)=-RH022 
B(9,6,K)=-MU22 

Mechanical Design of Heat Exchangers 

65 CONTINUE 
C 
C CREATE 0 MATRIX 
C 

C 

DO 80 K=l,N 
DO 80 1=1,10 
DO 80 M=1,6 
DO 70 J=1,6 

700(I,M,K)=0(I,M,K)+B(I,J,K)*A(J,M,K) 
80 CONTINUE 

C MAXIMIZE RESULTANTS S(I) IF IOPT >0 
C 

WR ITE ( 6 , 119 ) 
119 FORMAT(lH ,136("-"),////," REACTIONS DUE TO NOZZLE LOADS ONLY"// 

1" MAXIMIZED",2X,"AXIAL LOAD",4X,"TORSIONAL",3X,"SHEAR FORCE",3X, 
1 "OVERTURNING SEIS. LUG SHEAR FORCE OVERTURNING SEIS. LUG 
1",2X,"MOMENT AT",2X,"MOMENT AT",/," (IF IOPT >0)",2X, 
1 "F (X) ", 6X," MOMENT M( X) F (y)" , 6X, "MOrvIE 
INT M(Z) LOAD N(Y) F(Z) MOMENT M(Y) LOAD N(Z)", 
12X,"LUG MP(Z)",2X,"LUG MP(Y)",/," REACTION"/) 

IS=l 
85 DO 100 1=1,10 

S(IS,1)=O.O 
DO 90 K=l,N 
DO 90 M=1,6 
BETA(M,K)=1.0 
IF(D(IS,M,K).LT.O .. ANO.IOPT .GT.O) BETA(M,K)=-l. 
S(IS,I)=S(IS,I)+O(I,M,K)*BETA(M,K)*P(M,K) 

90 CONTINUE 
100 CONTI NUE 

WRITE(6,120)IS,(S(IS,I),I=1,10) 
IF(IOPT .EQ.O) GO TO 130 
IS=IS+l 
IF (IS.GT.I0) GO TO 130 
GO TO 85 

120 FOR~lAT (lH ,3X,I2,4X,Fll.O,3X,Fll.O,lX,Fl1.0,4X,Fll.O,2X,F9.0,3X, 
IF9.0,4X,Fll.0,2X,F9.0,3X,F9.0,2X,F9.0) 
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C 
C FIND COMBINATION OF SEISMIC AND NOZZLE LOADS FOR EACH MAX. LOAD CASE 
C REACTIONS DUE TO SEISMIC LOADS 

C 

130 FH=W*HA 
FV=(1.+VA)*W 
FV2= (l.-VA)*W 
QDIST=FH/(EL+OVER) 
CALL UNIF(EL,OVER,QDIST,AVS,ACS,ANS,ACSS) 
WRITE (6,38) FV ,FV2,ACS,AVS,ACSS,ANS,FH 

38 FORMAT{lX,136("-"),////," REACTIONS DUE TO SEISMIC ACCELERATIONS 
"ONLY"//28X,"DOWNWARD",6X,"UPWARD",16X,"REACTIONS DUE TO HORIZONTAL 
" ACCELERATIONS", 
II / ,28X, "VERT .ACCEL. II ,3X, "VERT .ACCEL. 
"" ,5X, "OVERTURNING" ,5X, "SHEAR", 5X, "SEIS.LUG" ,4X, "SEIS.LUG", 3X, 
" "TOT.HOR." / 28X, 
" "AXIAL LOAD", 4X,"AXIAL LOAD",8X,"MO~IENT",8X,"FORCE",5X," MOMENT 
" ",6X,"LOAD", 5X,"LOADING", 
* //,28X,F8.0,6X,F8.0,8X,E10.4,4X,F8.0,4X,F8.0,5X,F8.0, 
* 2X, F8.0) 

IF (IOPT .EQ.O) GO TO 138 
IPAGE=IPAGE+1 
WRITE(6,14)(TITLE(I),I=1,20),IPAGE 

138 WRITE(6,139) 
139 FORMAT(lX,136("-")//// ," REACTIONS DUE TO SEISMIC,DEAD WEIGHT 

1 AND NOZZLE LOADS"// 
1" MAXIMIZED",2X,"AXIAL LOAD",4X,"TORSIONAL",3X,"SHEAR FORCE",3X, 
1 "OVERTURNING SEIS. LUG SHEAR FORCE OVERTURNING SEIS. LUG 
1",2X,"MOMENT AT",2X,"MO~\ENT AT",/," (IF IOPT >0)",2X, 
1 "F(X)", 6X,"MOMENT M(X) F(Y)",6X, "MOME 
1NT M(Z) LOAD N(Y) F(Z) MOMENT M(Y) LOAD N(Z)", 
12X,"LUG MP(Z)",2X,"LUG MP(Y)",/," REACTION"/) 

C COMBINE SEISMIC LOADS WITH NOZZLE LOAD REACTIONS 
C 

DO 144 1=1,10 
144 SSIGN( 1)=1.0 

IF (IOPT .EQ.O) GO TO 146 
14.5 SSIGN(l)=1.0 

SSIGN(2)=1.0 
SSIGN(3)=ABS(ANS)/ANS 
SSIGN(4)=ABS(ACS)/ACS 
SSIGN(5)=ABS(AVS)/AVS 
SSIGN(6)=SSIGN(3) 
SSIGN(7)=SSIGN(4) 
SSIGN(8)=SSIGN(5) 
SSIGN(9)=ABS(ACSS)/ACSS 
SSIGN(10)=SSIGN(9) 

146 IF(NODIM.EQ.3) GO TO 147 
SEISFAC= .707 
GO TO 148 

147 SEISFAC = 1.0 
148 IF (IOPT .EQ.O) ISLAST=l 
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IF (IOPT .GT.O) ISLAST=10 
DO 125 IS=l,ISLAST 
S(IS,l)=S(IS,l)+FV 
S(IS,3)=S(IS,3)+AVS*SSIGN(IS)*SEISFAC 
S(IS,4)=S(IS,4)+ACS*SSIGN(IS)*SEISFAC 
S(IS,5)=S(IS,5)+ANS*SSIGN(IS)*SEISFAC 
S(IS,6)=S(IS,6)+AVS*SSIGN(IS)*SEISFAC 
S(IS,7)=S(IS,7)+ACS*SSIGN(IS)*SEISFAC 
S(IS,8)=S(IS,8)+ANS*SSIGN(IS)*SEISFAC 
S(IS,9)=S(IS,9)+ACSS*SSIGN(IS)*SEISFAC 
S(IS,10)=S(IS,10)+ACSS*SSIGN(IS)*SEISFAC 

125 WRITE (6,120)IS,(S(IS,I),I=1,10) 
IF(ISTVP.EQ.O) GO TO 136 
CALL SKIRT(IOPT ,FV,FV2) 

136 IPAGE=IPAGE+1 
GO TO 5 

1001 WRITE(6,1002) 
1002 FORMAT(lHO,5X," ALL CASES FINISHED") 

STOP 
END 
SUBROUTINE UNIF(L1,L2,Q,R1,AM1,R2,AM2) 
REAL L1,L2,L,KI,K2 
COMMON/FOUR/KI,K2,CI,C2,EI 

2 L=U+L2 
A= CI+C2+CI*C2*LI/EI 

-K1*L1 - C2*KI*L1*L1 /(2.*EI) 
C = C1*L1*L1*.5 + EI*L1 
D= EI*(I.+KI/K2) - KI*(LI**3)/ 6. 
G = (Q*L*L*.5 - Q*L*L2 + Q*C2*(L1**3) /(6.*EI)) 
F= Q*(L1**4)/24. - EI*Q*L/K2 
DEL= A*D-B*C 
DEL1=(A*F-C*G ) /DEL 
RI=-KI *DELl 

THE 1 =(G*D-B*F)/DEL 
AMI =CI*THEl 
AI= EI*THE1 
A2= EI*DEU 
THE2=(-KI*LI*L1*DELI/(2.*EI))+((C1*THE1*LI)/EI) -(Q*L1**3/(6.*EI) 

/) + THE! 
A3= EI*THEI-C2*THE2*L1 
A4= EI*DEL1+C2*THE2*L1*L1*.5 
DEL2=-(Q*L+K1*DEL1)/K2 

R2=-K2*DEL2 
AM2=C2*THE2 

RETURN 
END 
SUBROUTINE COEF(TVP,ETA,RO,RH01,RH02,MU1,MU2,ELL) 
COMMON/FOUR/AK1,AK2,C1,C2,EI 
INTEGER TYP 
REAL MU1,MU2 

A1=AKI*ELL**3/EI 
A2= AK2*ELL**3/EI 
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B=C2*ELL/EI 

969 

C 
C 
C 

ATERM=AK2*ELL*ELL/Cl 
OMCAP=C2/Cl 
OM= AK2/ AKl 

AX=-(1+0M+.3333333*A2+ ATERM) 
BX=0.50*B +OMCAP 
CX=0.5*A2-1.-0M -ATERM 
DX=-(I.+B -OMCAP) 
IF(TYP.EQ.O) GO TO 50 
P=1.0 
FACT=P*ELL*ELL/EI 

IF(RO .LT. ETA) GO TO 20 
EX=-FACT*((I./Al)+.33333333*((I+ETA)**3-RO**3)-.50*(ETA+RO)* 

/((I+ETA)**2-RO*RO)+RO*ETA*(1.0+ETA-RO)) -P*ELL*(I.+ETA-RO)/Cl 
FX=FACT*(0.5*(I.+ETA-RO)**2-(1.0/Al)) -P*ELL*(I.+ETA-RO)/Cl 

GO TO 30 
20 EX=-FACT*((I./Al)+.33333*((I.+ETA)**3 -ETA**3)-.5*(ETA+RO)* 

/ ((I.+ETA)**2 -ETA*ETA) + RO * ETA)-P*ELL*(I+ETA-RO)/Cl 
FX = FACT*(.5 +ETA-RO -(I./Al))-P*ELL*(I.+ETA-RO)/Cl 

30 DET=AX*DX-BX*CX 
DP=(EX*DX-BX*FX)/DET 
TH=(AX*FX-CX*EX)/DET 
RH02=DP*A2*EI/(ELL**2) 
MU2=B*EI *TH/ELL 
RHOl=P-RH02 
IF (TYP.EQ.l) GO TO 39 
MUl=MU2-RH02*ELL-TAU 
RETURN 

39 MUl=ELL*(P*(I.+ETA-RO)-RH02+MU2/ELL) 
RETURN 

50 Bl=B/OMCAP 
TAU=I.0 

=TAU*ELL/EI 
p=o. 
IF (RO.GE.ETA) GO TO 60 
EX= AZ*(.5+1./Bl) 
FX=-AZ*(I.-I./Bl) 
GO TO 30 

60 EX= AZ*(.5*(I.-(RO-ETA)**2)+I./Bl) 
FX=-AZ*(I.+ETA-RO-l./Bl) 
GO TO 30 
END 

SUBROUTINE SKIRT(IOPT ,FV,FV2) 
COMMON/TWO/DBC,AB,WIDTH,AROOT,S 
COMMON/THREE/RS,OR,TS 
DIMENSION S(10,10) 
WRITE (6,39) 

39 FOR~IAT(1H , 136("-"), ////, " SUPPORT REACTIONS DUE TO SEISMIC AN 
10 NOZZLE LOADS VECTORIAL RESULTANTS",//, " MAXIMIZED ",3X,3("+"), 
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1" DOWNWARD I UPWARD VERTICAL ACCELERATION ",3("+"),8X,"BOLT",5X, 
113("+"), "RESULTANT LOADS ",11("+"),3X,"SKIRT"I" (IF IOPT >0)", 
1 3X, "BOLT" ,1lX,"CONCRErE", 7X, "RESULTANT" ,9X, "MAX SHEAR" ,2X, 
I"SHEAR" ,5X, "BENDING" ,3X, "TORSIONAL" ,3X, "SEIS.LUG" ,2X, "COMPRESS."I, 
I" REACTION",6X,"STRESS",IIX,"STRESS",7X,"AXIAL LOAD",10X, 
1 "STRESS",4X,"FORCE",5X,"MOMENT",6X,"MOMENT",6X,"LOAD",5X,"STRESS" 
1 ,j) 

IF (IOPT .EQ.O) ISLAST=1 
IF (IOPT .GT.O) ISLAST=10 
DC 135 IS=I,ISLAST 
AXN=S(IS,I) -FV 

C AX =AXIAL LOAD 
AXl=AXN+FV 
AX2=AXN+FV2 
ANZ= (S(IS,8)) 
ANY= (S(IS,5)) 

C AN= LOAD AT SUPPT. LUG 
AN=SQRT(ANZ**2+ANY**2) 
ACSY= S(IS,10) 
ACSZ= S(IS,9) 

C ACS= MOMENT AT SUPPT. LUG 
ACS= SQRT(ACSY**2+ACSZ**2) 
AVZ= (S(IS,6)) 
AVY= (S(1S,3)) 

C AV= SHEAR AT BASE 
AV=SQRT(AVZ**2+AVY**2) 
ACZ~ (S(IS,4)) 
ACY= (S(IS,7)) 

C AC= MOMENT AT BASE 
AC=SQRT(ACZ**2+ACY**2) 
TWIST=ABS(S(IS,2)) 

C 
C 
C 
C 

CALL BEAR(AX2,AC,SB2,SC2) 
CALL BEAR(AXl,AC,SBl,SCl) 
TAU=(2.*TWIST/(DBC*AROOT))+(AV/AROOT) 
PI= 3.14159 
SECMOD = PI* (RS-TS/2.)**2*TS 
CROSEC = PI*(RS**2 -(RS-TS)**2) 
COMP = AC/SECMOD + AXI/CROSEC 
WRITE(6,45) IS,SBl,SB2,SCl,SC2,AXl,AX2,TAU,AV,AC,TWIST, 

1 AN,COt-1P 
45 FuRMAT(IH ,3X,12,5X,2(F6.0,"I",F6.0,4X),(F7.0,"I",F7.0,2X),F8;0, 

1 lX,3(E9.3,2X) ,E9.3,2X,F9.0) 
135 CONTINUE 

RETURN 
END 

SUBROUTINE COF (A,CT,CC,Z,AJ) 
00520 SA=SIN(A) 
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00510 P1=3.14159 
00530 CA=COS(A) 
00540 CB=.5*A-1.5*SA*CA+A*CA*CA 
00550 DB=SA-A*CA 
00560 CC=2.*DB/(1.-CA) 

971 

00570 AJ=«.5*l(PI-A)*CA*CA+.5*(P1-A)+1.5*SA*CA))/«PI-A)*CA+SA)) 
++( .5*CB/DB) 

00590 Z=.5*(CA+(CB/DB)) 
00600 CT=2.*«P1-A)*CA+SA)/(1.+CA) 
00610 RETURN 

END 
SUBROUTINE BEAR(WD,AM,FSU,FC) 
COMMON/TWO/DBC,AB,T3,AROOT,S 
COMMON/THREE/RS,OR,TS 
DIMENSION 5(10,10) 
AN=10. 
PI=3.14159 
PO=WD/(PI*DBC*T3) 
PM=4.*AM/(PI*DBC*DBC*T3) 
IF(PO/PM.GT •. 99) GO TO 50 
Tl=AB/(PI*DBC) 
T2=T3-Tl 
1=0 
ALF2=0.25*PI 

10 1=1+1 
CALL COF(ALF2,CT,CC,Z,AJ) 
FSU=(AM-WD*Z*DBC)/(0.5*DBC*DBC*CT*AJ*T1) 
FC = (WD+CT*FSU*.5*DBC *T1)/(T2*CC*.5*DBC) 
R = (FSU-AN*FC)/ (FSU+AN*FC) 
ALF1=ACOS(R) 
IF(R.LT.O.O) ALF1=PI-ACOS(ABS(R)) 
ALFC=0.5*(ALF1+ALF2) 
IF(ABS(ALF2-ALF1).LT.l.E-04) GO TO 79 
ALF2=ALFC 
GO TO 10 

75 WRITE(6,76) 
76 FORMAT(" TRIAL DID NOT CONVERGE") 

STOP 
50 FSU=O. 

FC=PfYl+PO 
79 CONTINUE 

RETURN 
END 
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NOMENCLATURE 

A = Gross tensile stress area of foundation bolts 
Gross area ofanchor bolts A' 

c = Mean diameter of annular base plate (also bolt circle 
diameter) 
Rotational stiffness of bottom and top supports, 
respectively (Fig. 20.1.2) 
Error at iteration i (Eq. (20.3.20» 

= ith nozzle load vector (in the global coordinate 
system) for the kth nozzle 
Linear stiffness of bottom and top supports, 
respectively (Fig. 20.1.2) 

M = Overturning moment (Fig. 20.1.1) 
Mx II ,My II ,Mz II Nozzle moments in the local coordinate system 

n = Ratio of Young's moduli of bolt material to that of 

n' 
concrete 
Number of threads per in. in foundation bolts 

= Number of anchor bolts 
Nozzle loads transformed to the global coordinate 
system (Fig. 20.2.1) 

= ith nozzle load vector for kth nozzle (Eq. (20.2.10» 
in the local coordinate system 

P = Maximum concrete pressure 
Pm = Maximum pressure on concrete due to M 
Po Uniform pressure due to W(Eq. (20.3.5» 

Px II ,Py II ,Pz II Nozzle loads in the local coordinate system 

REFERENCES 

q Number of sets of nozzle loads 
R = Lateral shear force (Fig. 20.3.1) 
r = 

ri 
ro 

Bolt circle radius 
Inner radius of base plate 
Outer radius of base plate 

rs = Outer radius of skirt 
Si = Support reaction component i 
t3 Width of base plate (t3 = ro - ri ) 

T = Axial torque (Fig. 20.1.1) 
t = Thickness of fictitious shell based on bolting tensile 

stress area 
t ' Thickness of fictitious shell based on the gross area 

of the bolts 
(f = Maximum anchor bolt tensile stress 

Ei = Error at iteration i (Eq. (20.3.20» 
7 = Combined shear stress in a bolt at angle w 

[20.3.1] Brownell, L. E., and Young, E. H., "Process Equipment 



20/ External Loads on Vertically Mounted Equipment 975 

Design," Wiley, pp. 183-197, New York (1959). 
[20.3.2] American Institute of Steel Construction, "Manual of Steel 

Construction," 8th edition, Chicago (1980). 
[20.A.l] Gradshteyn, I. S., and Ryzhik, I. M., "Table of Integrals, Series 

and Products," 4th edition, p. 86, Academic Press, New York 
(1965). 

APPENDIX 20.A 

PARTIAL COMPRESSION - WIDE RING BASE 

A set of equations to determine the peak concrete pressure, p, the 
distance of the neutral plane from the y-axis, d, and the maximum bolt 
tensile stress for the case of partial compression on a ring base plate which 
does not satisfy ineq. (20.3.6) (see Fig. 20.3.1) is developed below. 

We assume a linearly elastic spring foundation, linearly elastic bolts, and 
a rigid ring base plate. We let r=0.5c, and think of the bolt load as a 
"smeared" tensile pressure whose magnitude varies linearly with distance 
from the neutral axis. Then, using the nomemclature associated with Fig. 
20.3.1, and noting that the base plate can only execute a rigid body rotation 
about the neutral axis, we obtain the following relation between peak 
compressive concrete pressure p (at x=ro), and the peak bolt tensile 
pressure Pb (at x = - r) 

(r+d) 
Pb= Ipi -- n (20.A.l) 

(ro -d) 

In some of the integrals to follow, we use the angle lj; to denote an angle 
between the y axis and a radial line to an arbitrary location on the ring pad. 
Vertical force equilibrium requires that: 

FI + W=Fc (20.A.2) 

where FI and Fe are the total tensile and compressive forces developed in the 
bolts and in the concrete, respectively. Since the bolt load per unit area is a 
linear function of distance from the neutral axis, and bearing in mind Eq. 
(20.A.I), we have 

2npt(r+d) j" 
FI = (d-rcoslj;)dlj; 

ro -d " 
(20.A.3a) 

where ex = cos -\ d/r and ro is the outside radius of the concrete pad. 
Performing the integration yields 

2npt(r+d) . 
FI = [(7r-ex)d+rsmex)] (20.A.3b) 

(ro -d) 
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Similarly 

,ro [(X-d) (roz _r)112 ]dX 
Fc=2PJd (ro-d) 

1rj (x-d) (r/ _r)I/Z 
-2pH(rj-d) dx 

d (ro -d) 

where H (rj - d) is the Heaviside unit function, defined as 

H(rj -d) = 1 when rj ~d 

H(rj -d) =0 when rj <d 

The following results can be obtained by elementary integration: 

where 

zZ ( Sin20) 
J(zz -r) l12 dx= 2 0+ -2-

x 
O=sin- I -

z 

(20.A.4) 

(20.A.S) 

(20.A.6) 

(20.A.7) 

(20.A.S) 

Using Eq. (20.A.6) and Eq. (20.A.7), the quadratures in Eq. (20.A.4) can 
be performed, which yields: 

Fc= 2p [r03cos301_roZd(~_01_Sin201) 
(ro -d) 3 2 2 2 

[ rj3cos30z rjZd ( 7r sin20z )]] 
-H(rj-d) 3 + 2 2 -Oz - -2-

where 

II . -I d 
VI = SIn -

ro 

. -I d Oz =sm -
rj 

Combining Eqs. (20.A.I), (20.A.3b), and (20.A.9), we have 

2npt(r+d) 
----[(7r-a)d+rsincxj + W 

(ro-d) 

= 2p [r0 3cOS301 _ roZd(~ -0
1

- Sin2(1 ) 

(ro-d) 3 2 2 2 

(20.A.9) 

(20.A.1O) 
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_H(r_d)[r/cos38z + r?d(.!!...- -8 _ Sin28z)l] 
I 3 2222 J 

977 

(20.A.ll) 

Next, taking moments of concrete pressure and bolt tension stresses about 
the y-axis, and requiring moment equilibrium, we have 

2rrdo p(x-d) (ro2 -r)1/2xdx 
J (ro-d) 

) r; p(x-d) (r/ -r)ll2xdx 
-2H(r;-d) 

d (ro -d) 

-2r" np(d-rcosl/;)tr(r+d)cosl/;dl/; =M 

J" (ro-d) 

(20.A.12) 

The integrations in Eq. (20.A.12) can be carried out by making use of Eqs. 
(20.A. 7) and Eq. (20.A.13) given below: 

-x(r2 _r)312 r(r _r)ll2x 
jr(r -r)l12 dx= + ----

4 8 

(20.A.13) 

The result given as Eq. (20.A.13) can be found in Ref. [20.A.l]. Per­
forming the necessary algebra yields the final equation. 

r/ . _ 1 d dr/ 3 J] - - sm - - - cos 82 
8 r; 3 

dr02(ro2 _d2)112 

8 

dr/(r/ _d2)1/2 

8 

2r(r+d)npt [. r ( Sin2a)] + dsma+ - 7r-a--- =M 
(ro-d) 2 2 

(20.A.14) 

Equation (20.A.ll) and Eq. (20.A.14) are the two required non-linear 
equations in p and d. Solution of these equations in closed form cannot be 
obtained. However, numerical answers may be obtained using well-known 
procedures such as the Newton-Raphson technique. 



21. RESPONSE SPECTRUM 
21.1 INTRODUCTION 

The motion of pressure vessel supports during an earthquake is usually 
characterized by a zigzag plot of acceleration vs. time such as the one shown 
in Fig. 21.1.1. A comprehensive analysis for the stresses in the pressure 
vessel would require modeling the vessel as a multi-degree of freedom elastic 
system and formulating the equations of motion for each degree-of­
freedom. These equations are thereafter integrated in time to obtain the 
response of the simulated structure as a function of time [21.1.1]. Such an 
analysis, called a "time history" analysis, is prohibitively expensive for the 
usual industrial hardware, and is therefore seldom employed. Designers 
often utilize static analysis methods wherein the dynamic problem is 
reduced to one of statics by replacing the actual dynamic loading by an 
appropriate static inertia load, usually expressed as a fraction (or multiple) 
of g. * Unless chosen wisely, the static load applied can be unduly con­
servative and thus lead to fictitiously high values of computed vessel stresses 
and foundation reactions. The cumulative effect of such conservatism in all 
the equipment on a plant floor results in grossly exaggerated floor loadings. 
This has a direct effect on plant construction costs. 

Modal analysis methods, which utilize the so-called "Earthquake 
Response Spectrum", are a compromise betweeen the tedium of direct time 
integration (time history) methods, and the ofttimes un affordable con­
servatism of static analysis methods. Indeed, the modal analysis method 
involves little more computational effort than a purely static analysis. It has 
been widely used in the design of buildings, factories, bridges and other 
installations which must be built to be earthquake resistant. Recently, it has 
found extensive use in the design of piping systems in nuclear power plants. 

In this section, a self-contained exposition of the modal analysis 
technique is given. After familiarizing the reader with the physical 
significance of the "response spectrum", the mathematical concepts for its 
construction are derived from first principles. Application of the response 
spectrum to perform a modal analysis on a heat exchanger is next 
illustrated. An example problem is used to demonstrate the effectiveness of 
this method. 

21.2 PHYSICAL MEANING OF RESPONSE SPECTRUM 

"Response Spectrum" is the footprint of an earthquake. It is constructed 
by evaluating the maximum response of a simple oscillator (Fig. 21.2.1) 

~cceleration due to gravity = 386.4 in.lsec 2 • 

979 
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.00 

Fig. 21.1.1. Typical acceleration - time plot of an earthquake 

when subjected to the earthquake. The single degree of freedom system 
shown in Fig. 21.2.1, is characterized by two basic parameters: (i), its 
undamped frequency Wo [wo = (kim) 112]; and (ii), its damping coefficient, 
commonly expressed as a fraction of critical damping, r. In Section 16.9.2, 
we have shown that r is related to the damping coefficient c by the 
relationship 

r= c/2(km) 1/2 = c/2mwo 

For a given value of rthe maximum absolute acceleration ofthe mass m, 
denoted by am' can be computed for various values of Wo' The plot of am as 
a function of Wo is known as the "acceleration response spectrum". 
Similarly, if the' 'maximum relative velocity of the mass with respect to the 
support", henceforth called the pseudo-velocity, V, is plotted as a function 
of Wo with r as the parameter, such a plot is known as the' 'velocity response 
spectrum". Alternatively, the maximum deformation of the spring (or the 
relative displacement of the mass), D can be plotted to produce the 
"displacement response spectrum". As we will see in the next section, the 
absolute acceleration am' the pseudo-velocity V, and the pseudo­
displacement, D are related as follows: 

D= Vlwo 

(21.2.1) 

(21.2.2) 

This relationship permits plotting all three spectra on one tripartite 
logarithmic plot as shown in Fig. 21.2.2. The pseudo-velocity and the 
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Mass, m 

Reference Frame 
Fig. 21.2.1. Single oscillator model. 

Frequency. cps 

981 

Fig. 21.2.2. Response spectrum, EI Centro earthquake, May 18, 1940, 
North-South direction for 0, 2, S, 10, 20 percent of critical damping. 
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frequency are plotted along the logarithmic vertical scale and logarithmic 
horizontal scale, respectively. On logarithmic diagonal scales along an axis 
that extends upwards at 45 0 from lower right to upper left are plotted values 
of pseudo-displacement. Absolute acceleration is plotted on diagonal scales 
along the axis which extends upwards at 45 0 from lower left to upper right. 
This type of plot shows the extreme values of D, Vand am for the complete 
frequency range of interest. Furthermore, since the period of vibration is 
the reciprocal of frequency, the logarithmic scale for the period will have 
the same spacing between points; in fact, the scale for the period will be a 
mirror image of that corresponding to frequency. 

The scheme of plotting the velocity, the acceleration, and the 
displacement versus the frequency on one plot is at once ingenious and 
intriguing. Texts on structural mechanics usually define the axes for reading 
these four quantities without explaining the underlying concepts. We will 
examine the basis of this remarkably compact representation scheme in 
what follows so as to provide the reader with an insight into its construction 
and use. 

Taking natural logarithms on both sides of Eqs. (21.2.1) and (21.2.2) 
yields 

In am = In Wo + In V 

In D = In V -In Wo 

or, solving both expressions for In V, 
In V = - In Wo + In am 

In V = In Wo + In D 

(21.2.3) 

(21.2.4) 

Ascribing In V and lnwo to the y- and x-axes of a graphical plot, we note 
from Eq. (21.2.3) that lines of constant acceleration (In am = constant) are 
straight lines with negative unit slope; i.e., these lines will make an angle of 
_45 0 with the positive x-axis. Since the acceleration axis has to be per­
pendicular to the lines of constant am' it will be directed along positive 45 0 

slope to the x-axis (Inwo-axis). Figure 21.2.3 illustrates these facts. 
Similarly, Eq. (21.2.4) shows that lines of constant InD have unit positive 

slope and the displacement axis will therefore have unit negative slope. It 
remains for us to prove that the acceleration and displacement axes, drawn 
in this manner, can be defined with consistent scaling factors such that all 
points on a curve on the chart correspond to appropriate values for the four 
quantities-wo, D, am' and V-while satisfying Eqs. (21.2.1-2). A 
logarithmic plot of Wo implies that its value WI at point 1 on the x-axis, at a 
distance x I from the intersection of the x and y axis, is 

(21.2.5) 

where c is the location of the origin (not shown) somewhere to the left of 
point 0 in Fig. 21.2.2, and r is the scaling factor chosen for the plot. 
Similarly, the value of WI at point 2, W2' is given by the expression 

(21.2.6) 
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2 

o 

Fig. 21.2.3. Logarithmic plot of response spectra. 

Let the logarithmic scale for the acceleration am be defined by scaling factor 
n, and origin offset d, i.e., 

am =e(z+d)n 

where z is a distance measured along the inclined acceleration axis. 
Therefore, the values of acceleration on the two lines of constant ac­
celeration are 

Hence, 

or 

(Zt +d)n 
at =e 

(Z2+ d )n a2 =e 

a2 (Z2- Zt)n 
-=e 
at 

Since Z2 - Z t = (x2 - X I) cos 45 0
, it follows that 
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n{x2 -XI) 
Ina2 -lnal = -.fi (21.2.7) 

Denoting the value of velocity Vas VI at the x-axis, satisfaction of Eq. 
(21.2.1) requires that 

Therefore, 

a2 (x2- x I)r 
-=e 
a l 

or Ina2 -lnal = r{x2 -xl ) (21.2.8) 

Comparing Eqs. (21.2.7) and (21.2.8), we find that Eq. (21.2.1) will be 
satisfied if 

n=.J2r 

Since point 2 is arbitrarily chosen, it follows that setting the scaling factor 
of the acceleration scale to be .J2 times that of the frequency scale satisfies 
Eq. (21.2.1) identically. 

Similarly, we can prove that the scaling factor for the velocity axis must 
be r, and that the factor for the inclined displacement axis must be .J2r. 
Therefore, meeting Eqs. (21.2.1-2) requires only that a consistent set of 
scaling factors be chosen for the wo' V, am and D axes. 

The most severe recorded earthquake in the U.S. is the EI Centro earth­
quake of May 18, 1940 which in its N-S direction registered a maximum 
ground acceleration of 0.32 g, a maximum ground velocity of 13.7 in./sec, 
and a maximum ground displacement of 8.3 in. The acceleration, velocity, 
and displacement versus time plots of this earthquake, originally made by 
Newmark et al., are shown in Fig. 21.2.4. The corresponding response 
spectra are shown in Fig. 21.2.2. 

Referring to Fig. 21.2.2, we note that the spectra cluster at the two ex­
tremes of frequency. On the extreme left corresponding to very small 
oscillator frequency, the value of D for all values of damping, t, approaches 
an asymptote corresponding to the value of maximum ground 
displacement. Since very small oscillator frequency implies a very weak 
spring and a relatively large mass, the mass behaves as though it were 
disconnected from the ground; thus its relative displacement is almost equal 
to the ground displacement. On the other end of the scale, at high 
frequencies, the acceleration spectra tend to the asymptote corresponding to 
the maximum ground acceleration. This, too, is logical, since high oscillator 
frequency implies a relatively stiff spring and light mass. The spring behaves 
like a rigid link making the mass move synchronously with the ground. 

The EI Centro response spectrum is quite typical of earthquake spectra. 
In fact, the response spectra of ground motions from other sources of 
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disturbances, such as quarry blasting, and underground nuclear detonation, 
have similar characteristics. Some fundamental features of earthquake 
spectra listed below are at the heart of the techniques for constructing 
artificial earthquake spectra for regions for which hard seismic data are not 
available. 

03 

Q2 ~ 
a I ~~iUlI ,t/fI1lf ~!l~~\J L i,\IJUMloo; li/J.jj'," !lilJ.~! 1'14\ U V r" '<lAt' , 

III'~ TII'vrf1jl\~"'f ~ ~v rl 1 ""ii" ,T""?J\~11 \ 'ff , 

Ground Acceleration, i 

'N -8 

Ym = 13.7 In.tsec. = V I Ground Velocity, t 
-16 

8 
Ym =8.3In.=0 

J::: 
C) 
c 

-4 
Ground Displacement, Z 

I ! I , I I ! I ! , 

0 5 10 15 20 25 
Time, Sec. 

Fig. 21.2.4. El Centro, California earthquake of May 18, 1940, N-S 
component. 

1. For very low frequency systems, less than 0.05 cps, the maximum 
displacement is constant and equal to the maximum ground 
displacement, regardless of the amount of damping in the system. 

n. For relatively low frequency systems, less than 0.3 cps, the maximum 
displacement shows a slight amplification over the maximum ground 
displacement. The amount of damping has a moderate influence. 

iii. In the intermediate range of 0.3 to 3 cps, the maximum velocity is 
nearly constant. Its magnitude is strongly influenced by damping. 
Since the kinetic energy of the oscillator is proportional to the square 
of its velocity, constant maximum velocity indicates that the 
oscillator absorbs a constant amount of energy in this frequency 
range. 

iv. In the medium-high frequency range (3 cps to 25 cps), the maximum 
acceleration shows a slight amplification over the maximum ground 
acceleration. The amount of damping has a moderate influence. 
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v. In the high frequency range, over 25 Hertz, the maximum ac­
celeration am is equal to the maximum ground acceleration. The 
amount of damping has no influence. 

vi. The local peaks and valleys in the response spectra are of in­
consequential import in characterizing the ground motion. Since a 
small shift in the frequency would change the response significantly; 
and since the frequency cannot be ascertained with great accuracy, 
the spectrum should be smoothed out so that the modified spectrum 
envelopes the generated spectrum. 

The above properties of the response spectrum permit the development of 
"design spectra" for a site if the values of maximum ground displacement, 
pseudo-velocity, and acceleration are specified. The procedure for ob­
taining the design spectrum was first proposed by Newmark, et al., [21.2.1]. 
It consists of the following steps: 

1. The maximum values of ground acceleration, velocity and 
displacement are sketched out on a tripartite logarithmic chart as 
shown in Fig. 21.2.5. These plots give a polygonal curve on the plot. 

ii. The design response spectrum is delineated by straight line bounds. 
Depending on the value of the damping factor, amplification 

factors to the ground motion are applied to the constant 
displacement, velocity and acceleration segments of the ground 
motion spectra. For velocity, the bound is parallel to the ground 
velocity plot. The acceleration plot is parallel to the ground ac­
celeration fromfl to 4fl' wherefl is the intersection point of constant 
velocity and constant acceleration segments. A straight line is drawn 
from the acceleration point at frequency 4fl to the point on the 
ground acceleration line at lOfl . Beyond lOfl' the spectrum bound is 
the same as the maximum ground acceleration line. 

Figure 21.2.5 also gives the amplification factor for different 
values of the damping parameters. The smoothed response spectrum 
for 2070 damping is illustrated. The U.S. Nuclear Regulatory Com­
mission's recommended procedure for generating design response 
spectra is based on the foregoing concepts [21.2.2]. 

It follows from the above discussion that equipment having fundamental 
frequencies above a certain value will not experience any amplification of 
ground acceleration. The datum value for this so-called "rigid range" is 
25-33 Hz. If the fundamental frequency of the hardware is above datum, 
then its seismic analysis can be conducted by using static analysis methods 
(see Chapters 18-20). However, if the fundamental frequency of the 
equipment lies below the datum frequency, then the equipment response 
sustains some amplification. It is then necessary to estimate the amount of 
damping available in the equipment. The exact amount of damping is hard 
to establish; however, empirical guidelines in this matter are available in the 
published literature [21.2.3]. 
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1000 
Relative Values Of Spectrum Ampl ification Foctors 

Percent Of Critical Amplification Factor For 

Damping Displacement Velocity Acceleration 

0 2,5 4,0 6.4 
0.5 2.2 3.6 5.8 
I 2,0 3.2 5.2 
2 1.8 2.8 4.3 
5 1.4 1,9 2,6 
7 1.2 1.5 1.9 

10 1.1 1,3 1.5 
20 1,0 1.1 1.2 

Frequency. cps 
Fig. 21.2.5. Smoothed tripartite logarithmic response spectrum for 0.33 g 
earthquake, 2 percent critical damping. 

Before proceeding to demonstrate the application of the response 
spectrum to determine equipment response, it is necessary to develop the 
mathematical basis for its construction. This mathematical basis is 
presented in the next section. 
21.3 RESPONSE OF A SIMPLE OSCILLATOR TO SEISMIC 

MOTION 

The single degree-of-freedom system shown in Fig. 21.2.1 consists of a 
mass m attached to the support via a linear spring of stiffness k and a 
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damper of damping coefficient c. Relative displacement of the mass with 
respect to the support, y, and its relative velocity dy/dt produce opposing 
forces ky and c dy/dt in the spring and damper, respectively. If z denotes 
the acceleration of the support with respect to the inertial reference plane, 
then the absolute acceleration of the mass is (ji+ z). * Newton's second law 
gives: 

or 

m(ji+z) +cy+ky=O 

mji+cy+ky= -mz (21.3.1) 

The left-hand side of Eq. (21.3.1) is recognized as the equation for free 
vibration of the oscillator. Thus, the net effect of the ground motion is 
equivalent to an external force - mz applied on the mass. Dividing 
throughout by m, and using the definitions 

we have 

c 
Wo = (k/m)1/2 

rJ= 2m' 

(21.3.2) 

Wo is the undamped natural frequency of the system, and rJ is equal to two 
where t is the fraction of critical damping (see Section 16.9.2 or Ref. 
[21.3.1]). 

The solution of the free vibration problem (with z set equal to zero), 
defined by Eq. (21.3.2), is given by 

_ t [ Yo + rJYo. ] y=e ~ yocos wt+ w smwt (21.3.3) 

where 
(21.3.4) 

w is known as the "damped frequency" of the system. Yo and Yo are the 
displacement and velocity at t = 0 (initial conditions). 

The particular solution for - z is constructed from first principles in the 
following. 

If the mass is initially at rest and if at time t = 0, the base is given an 
acceleration z that lasts for an infinitesimal time dt, the base will attain a 
velocity zdt. Since the mass is initially at rest, it follows that at time dt, the 
mass will have a relative velocity - zdt, and zero relative displacement. The 
subsequent response, dy, of the mass is given by setting Yo = 0, and Yo = 
- zdt in Eq. (21.3.3). We obtain: 

1 t .. • d dy= - - e-~ zsmwt t (21.3.5) 
w 

The continuous seismic acceleration function can be thought of as a 
succession of increments of zdt as shown in Fig. 21.3.1. The response at 

'Dot (.) denotes differentiation with respect to time. 
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I.e-- dT 
1 

I~ ~ 
Time .. 

Fig. 21.3.1. Velocity impulse at 1'. 

time t due to the increment at time 7< t is given by Eq. (21.3.5) if t is 
replaced by (t - 1'). 

-z dy= -e-~(t-T)sinw(t-7)d7; t>1' (21.3.6) 
w 

Therefore, the response to a continuous Z is given by summing up the 
response produced by all the increments. 

1 It y= - - e-~(t-T) z( 7)sinw(t-7)d7 
w 0 

(21.3.7) 

Equation (21.3.7) gives the displacement response of the single degree-of­
freedom system mass to the seismic forcing motion assuming that the 
system starts from rest. The function y(t) can be plotted as a function of 
time t; the maximum value of y (called D in the preceding section) is 
referred to as the displacement response at frequency Wo for fractional 
damping r. Values of D, the maximum value of y(t), can be obtained for 
different values of Wo (w = wo(l - r2)112) and thus the "displacement 
response spectrum" can be constructed for a given fractional damping. 

The expression for relative velocity, dy/dt can be obtained by dif­
ferentiating Eq. (21.3.7) with respect to t. 
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(21.3.8) 

Equations (21.3.7-8) can be recast in a more convenient form by defining 
the integrals: 

A = ( ze-~(t-7) coswTdT (21.3.9) 

B= j: ze-~(I-7)sinwTdT (21.3.10) 

Note that A and B are functions of time t, wo, and r. 
Expanding the trigonometric functions in Eqs. (21.3.7-8) and 

rearranging terms, we have: 

1 . 1 . 
y= - - (Asmwt-Bcoswt) = - - (A2 +B2)ll2 sm(wt-a) 

w w 

j = - (A + : B) coswt - (B - 1/:) sinwt = 

where 

B 
a=tan- 1 -

A 

1/ 
B--A 

w 
{3=tan- 1 ----

A+ ~B 
w 

(21.3.11) 

(21.3.12) 

(21.3.13) 

The expression for absolute acceleration (ji + z) is conveniently obtained 
using Eq. (21.3.2) 

ji+z= -21/j-wo2y 

Substituting for y and j from Eqs. (21.3.11-12) and rearranging terms, we 
obtain 

2 

(ji+ z) = w(1 + :2 ) (A 2 + B2)ll2 sin(wt- ,,) (21.3.14) 
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where the phase angle 'Y is defined as 

( 1- ~)B- 2'1]A 
w2 w 

'Y=tan- l ---------------

( 1 _ _ '1]2 )A + 2_'I]B 
w2 w 

(21.3.15) 

The response of the system can be expressed in concise terms by setting 

so that 

~ (A 2 +B2)(1 + ~2 ) =E (21.3.16) 
2 w 

Y= - (2E)II2COS(wt-(3) 

ji + i = Wo (2E) 1/2 sin(wt - 'Y) 

(21.3.17) 

(21.3.18) 

(21.3.19) 

The functions A and B turn out to be approximately equal for earthquake 
ground motions; hence for small damping ('1]2/ w2 < < 1) ex, (3, and 'Yare 
approximately equal. Therefore, the maximum relative displacement, the 
maximum relative velocity, and the maximum absolute acceleration are 
related in the manner of a simple oscillator-a remarkable happenstance of 
nature. 

It is noted that for each earthquake, the displacement, velocity and ac­
celeration spectra need be generated only once. Housner and his co-workers 
[21.3.2] pioneered the generation of such spectra for a large number of 
earthquakes. As stated in the preceding section, even when detailed in­
formation on the earthquake is not available, the design response spectrum 
can be constructed with relative ease. Once the spectra are available, the 
task of seismic analysis of multiple degree-of-freedom becomes quite 
straightforward, as is shown in the next section. 

21.4 APPLICATION TO HEAT EXCHANGER TYPE STRUCTURES 

As noted in the previous chapters, most heat exchangers can be modeled 
as beam-like structures for seismic analysis purposes. Therefore, ap­
plication of the response spectrum method to heat exchangers is developed 
herein with direct reference only to beams. For application to other multi­
degree of freedom models, the reader is directed to [21.2.1] which are 
focused toward seismic analysis of general structures. As noted in Chapter 
16, beams are known as continuous systems. They possess infinite degrees­
of-freedom. As such they have an infinite number of frequencies of 
vibration. The free vibration deflection shape of the beam corresponding to 
a natural frequency is known as the "normal mode" for the beam. In 
Chapter 16, expressions for normal modes and for free vibration 
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frequencies for some common beam end support conditions have been 
derived. The normal modes possess the important property of "or­
thogonality" which is mathematically stated here, without proof, as 

r p.1/;2;"dx=Mm = generalized mass for the mth mode of vibration; 
o p. = mass per unit length 

(p.1/;n(X)1/;m(X)dX=O; n.,tm (21.4.1) 

where 1/;; indicates the ith normal mode and I is the length of the beam. 
Another useful theorem on normal modes states that all forced vibrations 
of the beam can be expressed as a linear combination of the beam normal 
modes. Therefore, we can assume the relative displacement response of a 
beam under seismic excitation i and starting from rest as 

(21.4.2) 

where Wn, 1/;n (x), Cn are the damped circular frequency, the characteristic 
shape function, and the amplitude coefficient for the nth mode, respec­
tively. We recall that 1/;n (x) can be considered as determined to within an 
arbitrary constant. We will find it convenient to relate this arbitrary con­
stant to the total beam mass. 

As shown in the preceding section, for a simple oscillator, the base ex­
citation is equivalent to a lateral force - mi acting on each element of the 
mass. The effect of i acting from an infinitesimal time dt is to produce an 
incremental relative velocity Vo = - idt at each point in the structure at 
time = O. From Eq. (21.4.2), we obtain 

(21.4.3) 

Therefore, evaluating Eq. (21.4.3) at t = 0, we have 

Pre-mUltiplying both sides by p.1/;m and integrating over the length of the 
beam yields 

-idt~>1/;mdX=CmWm L p.1/;m 2dx 

Note that the orthogonality condition (Eq. (21.4.1» enables us to reduce the 
summation on the right-hand side to a single term. 
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Therefore, we obtain 

where 

.. rm 
Cm=-z-dt 

Wm 

r =-----
m I t P,1/;m 2dx 
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(21.4.4) 

(21.4.5) 

The parameter r m' which is a function of the mode shape 1/;m (x) , is known 
as the "participation factor" for mode m. 

The quantity in the denominator in the r.h.s. of Eq. (21.4.5) is often 
referred to as the "modal mass" or "generalized mass" for mode m, i.e. 

I 

Mm = L P,1/;m 2dx 

Substituting for Cm in Eq. (21.4.2) gives the result 

where the sum is over all modes that are important to an accurate 
representation of y. 

As in the case of the simple oscillator, the response due to z acting over a 
continuous time period is: 

(21.4.6) 

Comparing the quantity in the square brackets with Eq. (21.3.7), it is seen 
that it is identical to the response of a single degree-of-freedom system of 
frequency Wm; say 1>m • Then 

(21.4.7) 

Thus, the total response of the beam is equal to the sum of the product of 
the participation factor, the mode shape, and the simple oscillator response 
corresponding to the natural frequency of each mode. 

For different Wm, the maximum value of 1>m would normally occur at 
different time instants. Therefore, if Dm represents the maximum relative 
displacement response (available from the response spectrum for the 
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earthquake) for Wm , then a usually very conservative estimate for the 
maximum displacement at any x is 

(21.4.8) 

The value of the response, Ymax, is often approximated by square-root-of­
sum of the squares (SRSS) of the individual maxima of modal responses, 
i.e .. 

Ymax(x) = [ E Irm¥tmDml2f!2 (21.4.9) 
m 

This usually yields a more realistic estimate of Ymax for the case when none 
of the modal frequencies are closely spaced. 

From Eq. (21.4.7), we have 

:~ = E rm d:; <Pm (t) 

The bending moment at any section in the beam is given by 

a2y 
M=EI a~ =EIE rm¥tm II <Pm (t) 

where prime (') indicates differentiation with respect to the length coor­
dinate. 

Following similar logic as above, the maximum value of the bending 
moment, at any x, over the time interval of the seismic loading, is 

Mmax=EI[ E Irm¥tmllDml2f/2 (21.4.10) 
m 

Similarly, the maximum shear distribution is given by 

Qrnax =EI[ E 1 r m ¥t:;"Dm 12 f!2 
m=l 

(21.4.11) 

The mode shape of a prismatic beam is strictly a function of its boundary 
conditions. Therefore, the participation factor for a given mode shape is 
uniquely defined. Since the mode shapes are generally transcendental 
functions of x, analytical evaluation of the integrals in Eq. (21.4.5) is not 
always possible. However, numerical values are readily obtained using a 
computer. The participation factors corresponding to the first three modes 
for beams, subject to some common boundary conditions, are given in 
Table 21.4.1. 
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Table 21.4.1. * Participation Factors for Single Span Beams for Some 
Common Boundary Conditions 

Participation 
Boundary Condition Mode Factor 

Fixed-fixed 1 0.8308 
2 0 
3 0.3640 

Fixed-pinned 1 0.8604 
2 0.0829 
3 0.3343 

Fixed-free 1 0.7830 
(cantilever) 2 0.4340 

3 0.2544 

"Mode shape functions defined such that p.N;"dx= p./ for all modes. 

We note from Table 21.4.1 that the participation factor for the fun­
damental mode is always the largest. In general, as m increases, the higher 
the mode number, the lower the participation factor. For single span beam 
type structures, it is usually sufficient to consider the first three modes. 

We also note that in Table 21.4.1, the participation factors have been 
calculated by assuming that the generalized mass Mm = total beam mass, 
pi, for all values of m. As we noted earlier, the mode shapes 1/;m (x) = 
AmFm (x), and Am may be set to any convenient value with no loss of 
generality. For example, Am may be set to unity for all modes, may be 
adjusted so that 

or, as we suggest here, may be determined so that the generalized mass M m 

= Ill. Note that for the uniform beam considered here, our choice for 
normalization is the same as requiring that 

I L 1/;m 2(x)dx=1 

To summarize, the response spectrum analysis of heat exchangers 
consists of the following steps: 

(i) Perform a free vibration analysis, and determine the mode shapes 
and corresponding natural frequencies which lie in the range of 0 to 
40 Hz. The mode shapes and frequencies for single span beams with 
classical boundary conditions are obtained using standard 
techniques and are available in books on vibration theory [21.4.1-3]. 

(ii) Compute the participation factor r m for mode musing Eq. (21.4.5). 
Table 21.4.1 gives the values for the first three modes for single span 
beams for some common boundary conditions. 
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(iii) Read-off the maximum relative displacement Dm corresponding to 
each natural frequency Wm from the displacement response spectrum 
for the earthquake. We note that Eqs. (21.2.1-2) provide the 
displacement if the response spectrum for the pseudo-velocity or 
acceleration is provided instead of the relative displacement spec­
trum. 

(iv) The maximum relative displacement of a point of coordinate x is 
then given by Eq. (21.4.9). The maximum flexural moment Mmax and 
Qmax follow from Eqs. (21.4.10) and (21.4.11), respectively. We note 
that the derivatives of the mode shape functions are required for this 
purpose. 

21.5 AN EXAMPLE 

To illustrate the application of the response spectrum method, let us 
consider a vertically mounted heat exchanger (viz. Photograph 21.a). The 
exchanger will be modeled as a uniform beam of constant EI which is built­
in at the foundation. Therefore, the mode shapes and frequencies are 
available from the classical solutions for a cantilever. We will assume that 
the seismic loading acts only in one direction directed transverse to the axis 
of the unit. The exchanger barrel has the dimensions 23.88" 0.0. x 0.25" 
effective wall x 20' long, and is constructed of an alloy steel material (E = 
30 x 106 psi). Its operating weight is assumed as 40,000 lbs. 

The smoothed response spectrum of a horizontal earthquake for the 
assumed damping factor is shown in Fig. 21.5.1. 

The natural frequencies of a cantilever are given by (see Eq. (16.6.16) in 
Section 16.6). 

Photograph 21.a. Vertically mounted heat exchanger with no top support. 
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Fig. 21.5.1. Response spectrum for the earthquake of the example 
problem. 

w = An 2 (EI) 1/2 

n p p, 

where 1 is the moment of inertia of the beam (heat exchanger section), p, is 
the mass per unit length, and I is the length of the exchanger. The eigenvalue 
An 2 depends on the boundary conditions. Values for An and the 
corresponding mode shapes are given in Table 16.6.1. Some details of the 
numerical computations are shown below: 

1 = 7frlll 3 t 

23.88 - 0.25 
rm = average radius = = 11.81 " 

2 

Hence, 1 

Therefore, 

t = thickness = 0.25" 

(7f)(I1.81)3(0.25) = 1295 in. 4 

40,000 
------ = 0.43 Ib-sec2 lin. 2 
(20)(12)(386.4) 

w = ~ [(30 x 106 )(1295)] 1/2 

n (240)2 0.43 

Wn = 5.22An 2 
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Using the values of An given in Table 16.6.1, for a cantilever beam, Table 
21.5.1 can be prepared. The values of the maximum relative displacement 
corresponding to each of the first three frequencies are read-off from Fig. 
21.5.1 and provided in Table 21.5.1. The participation factors reported in 
Table 21.4.1 are also copied in this table for completeness. 

Table 21.5.1. Frequency and Response Data for the Example Problem 

Mode 
NO.,n 

1 
2 
3 

Circular 
frequency, 
Wn 
(rad/sec) 

18.4 
115.0 
322.1 

Natural" 
frequency, 
in 
cps 

2.9 
18.3 
51.3 

Maximum relative 
displacement for 
mode n, (in.) 

0.09 
0.01 2 
(0.33)(386.4)/322.1 
= 1.23 x 10- 3 

Participation 
Factor, r n 

0.783 
0.434 
0.254 

We note that the response plot for the earthquake in Fig. 21.5.1 does not 
extend beyond 22 cps. Therefore, to determine the relative displacement for 
W3' we used Eqs. (21.2.1-2) along with the fact that the response ac­
celeration am is equal to the ground acceleration at high frequencies. 

Table 21.5.2 gives the values of the mode shape function 1/;, and its 
derivatives at six equidistant points on the heat exchanger axis (x = 0 is the 
base). The mode shapes have been normalized, such that 

I L 1/;n 2dx=1 

Table 21.5.2. Values of if; n' and its Derivatives for the First Three Modes 

First Mode Second Mode Third Mode 

x/I "'1 ,2"'1" ,3 "', "'2 ,2 "'2 ,3 "'2' "'3 ,2 "'3 ,3 "'\" 
0 0 7.031 -9.677 0 44.07 -210.7 0 123.4 -969.1 

0.2 0.128 5.101 -9.571 0.602 3.085 -189. 1.209 -48.74 - 584.7 
0.4 0.460 6.757 -8.879 1.367 - 25.98 - 88.95 1.052 - 58.49 467.8 
0.6 0.922 1.617 -7.192 1.179 -30.12 44.58 -0.948 64.91 632.2 
0.8 1.451 0.450 -4.265 -0.140 -13.26 102.4 -0.79 74.60 -384.9 
1.0 0 0 0 -2.000 0 0 2.000 0 0 

The equipment response at these points can be obtained by straight­
forward computation following Eqs. (21.4.9-11). 

For example, the maximum displacement in the beam, which occurs at 
the top (x = I), is given by: 

Ymax(l) = [I r I if;IDI 12 + 1 r 2 if;2D212 + 1 r 3 if;3 D 3 12] 1/2 
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or 

Ymax = [[(0.783)(2)(0.09W + [(0.434)(2)(0.01)W 

+ [(0.254)(2)(1.23 x 10- 3W )112 

= [1.986 x 10-2 +7.534x 10-5 +3.904x 1O-7 j112 

=0.141" 

999 

We note that the first mode dominates the displacement response. 
Similarly, the maximum bending moment at the root of cantilever (x = 0) is 
given by: 

EI 
Mmax = 2" [[(0.783)(7.031)(0.09W + [(0.434)(44.07)(0.01)2F , I 

+ [(0.254)(123.4)(1.23 X 10-3)]2)112 

EI 
= 2" [2.455 X 10-1 + 3.658 X 10-2 + 1.486 X 10-3]112 

I 

(0.5325)(30 x 106)(1295) 

(240)2 

=3.592x 105Ib-in. 

We note that a uniformly distributed load along the beam, giving rise to a 
total resultant F, will produce the moment FII2 at the root. Thus we can see 
that M max corresponds to a total lateral load F, where 

2Mmax (2)(3.59 x 105) 
F= -- = =2993 lb. 

I 240 

This corresponds to an equivalent static acceleration ae 

2993g 
ae = 40,000 =0.075g 

Similarly, the maximum shear at the root of the cantilever is given by 

EI 
Qmax = f3 [[(0. 783)(9.677)(0.09)F + [(0.434)(21O.7)(0.01)F 

+ [(0.254)(969.1)(1.23 x 1O-3)F )112 

= ~I [0.465 +0.836+0.0917j1/2 

(1.18)(30 x 106 )(1295) 
= =33171b 

(240)3 
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This corresponds to a static acceleration of 

3317g 
--=0.OS3g 
40,000 

The response at other values of x can be computed in a similar manner. It is 
apparent from the foregoing algebra that response spectrum calculations 
are best performed on a digital computer. The results are well worth the 
effort since the reduction in computed response over static analysis 
methods, using the maximum expected "g" level acceleration, can be 
considerable. 

The equivalent static acceleration obtained for the sample problem here is 
on the order of O.OS g. Comparing this to the 0.33g maximum ground 
acceleration of the earthquake, it appears that a static seismic analysis using 
the maximum ground acceleration would be unduly conservative for this 
case. 

21.6 SYSTEM RESPONSE WHEN THE NATURAL FREQUENCIES 
ARE CLOSELY SPACED 

In the beam example considered in Section 21.4, we suggested that an 
estimate of the maximum value of any response during the period of time 
covered by the seismic loading could be obtained by combining the peak 
values for each mode using either an absolute value sum or by using a 
square root of the sum of the squares (SSRS) combination. (See Eqs. 
(21.4.S) and (21.4.9». The use of the absolute value sum presumes that all 
modal contributions act in phase with each other, while the employment of 
the SRSS combination assumes that all modes do not act in phase, and 
therefore, a statistical summation is adequate to predict the equipment 
response. 

It is quite clear that when some of the system natural frequencies are 
closely spaced, then it is likely that the contributions to the response from 
these modes will be directly additive. Hence, for closely spaced modes, 
prudence dictates the use of an absolute sum combination, while for the 
modes which are not closely spaced, the SRSS combination remains valid. 
The usual definition for "closely spaced" is summarized as follows: 

Ascending sequentially from the lowest frequency, modes i, i+ 1, 
... j, having characteristic frequencies 1;, ... fj, are considered 
closely spaced if fi / fj > a. a, known as the closeness ratio is usually set 
in the range 0.9-1.0. 

If closely spaced modes are present, then the SRSS combination given by 
Eq. (21.4.9) is replaced by the grouping procedure outlined below. We let qi 
be any peak result for the ith mode, i.e., displacement, moment, shear, etc. 
For example, if qi is a displacement, then 

(21.6.1) 
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Let us suppose that modes k - m and s - t are closely spaced, and that all 
other modes are not to be considered closely spaced. Then a popular 
generalization of the SRSS combination, which accounts for closely spaced 
modes, is given symbolically as 

k-l m 2 s-l . t 2 112 

q= [ E qr+ (E Iq; I) + E q/ + (~ Iq; I) + ... ] (21.6.2) 
i=1 l==k l=m+l I-S 

In Eq. (21.6.2), q represents the maximum value of the physical quantity 
desired, after combining all of the individual modes. We see that if all 
modes are closely spaced, Eq. (21.6.2) reduces to the absolute sum com­
bination, while if no modes are closely spaced, Eq. (21.6.2) reduces to' the 
square root of the sum of squares combination. 

Usually, the design specifications governing the equipment will specify 
the combination method to be used, and the value for IX if closely spaced 
modes are to be accounted for. 

21.7 SYSTEM RESPONSE WHEN MULTI-DIRECTION SEISMIC 
LOADS ARE IMPOSED 

In our discussion to this point, we have considered only seismic excitation 
in a single direction. However, in many practical situations, the designer is 
confronted with a seismic qualification task on equipment which is 
simultaneously acted upon by seismic loads in three orthogonal directions. 
Under these conditions, the user of the Response Spectrum method of 
seismic analyses not only must consider how to combine the modal 
responses from a single excitation direction, but must consider how to 
combine the results from each direction so as to evolve a realistic result for 
the maximum response due to simultaneous application of the loadings. 

In this section, we consider a general multi-degree of freedom system 
subject to simultaneous excitations in two or three orthogonal directions. 
We presume that the response spectrum for each direction is known. For 
our given system, we assume that the characteristic frequencies /; and the 
mode shapes 1/;; are available. Note that 1/;; may be a function of the spatial 
coordinates describing the systems (as in our beam example), or it may 
simply be a matrix of amplitudes if we have chosen to use a lumped spring 
mass model of our system. In any case, given the mode shapes (eigen­
vectors), and the location of the excitation points, we can obtain the par­
ticipation factors for each mode for each of the directions of seismic input. 
We denote these participation factors as r m k where k = 1,2,3 represents the 
seismic load direction. Generalizing our previous discussions, the peak 
response in each mode, from each seismic loading, can be written in the 
following form: 

(21. 7 .1) 
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Note that the modal parameters ¥tm are a function of the system being 
considered and not of the excitation direction. In general, we will find that 
the participation factors will be different for each excitation direction. 

For the moment, let us disregard the possibility of closely spaced modes, 
and assume that we will combine the response in each direction using the 
same method used to combine the modes in any given direction. Therefore, 
if Q* represents a total peak response, considering all modes and all 
directions, then using the absolute sum method, we have, for the kth seismic 
direction 

(21.7.2) 
III 

and 

or 

Q*= " 1·/, 1(lr' D' 1+ Ir 2D 21+ Ir 3D 31) i..I 'fm m m m m m m (21. 7 .3) 
m 

We see from Eq. (21.7.3) that it is immaterial in which order we do the 
absolute sum combination. We may combine the modes for one direction 
first and then combine the directions, or we may combine the directions for 
each mode first and then combine the resultant modes. 

If we combine the effects in accordance with the SRSS method, then 

qk = [ E (¥tm r / Dn/)2]'12 (21. 7.4) 
m 

and 

or 

Q* = [ E ¥tm 2 {(rill 'Dm ')2 + (rm 2Dm 2)2 +(rm3 Dm 3 )2 lJ'12 (21.7.5) 
m 

Again, it makes no difference in which order we do the combination. 
It is, of course, possible to use the absolute sum method to combine the 

results from each direction at the modal level and then use the SRSS method 
to combine the modal responses, or vice versa. In this case, the order in 
which the combinations are carried out certainly affects the final results. 
Similarly, if we impose the criteria for closely spaced modes to combine the 
results, then the order of combination is also not interchangeable. This can 
be illustrated by the following example. Suppose we order the N modes so 
that the first S modes are closely spaced. If we first combine the modes for a 
given direction, and then combine the directions, we have 
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qk=[( t l~mrmkDmklf + t (~mrmkDmk)2rl2 
m=1 m=S+1 

and if we use the SRSS method to combine directions 

Q*2 = [ (ql)2 + (q2)2 + (q3)2} 

or 
S 

Q*2 = ( E 
m=1 

2 S 2 

l~mrmIDmll) +( E l~mrm2Dm21) 
m=1 

S 

+( E 
m=1 

2 N 

l~mrm3Dm31) + E ~m2[(rmIDml)2 
m=S+1 

+ (r m 2 Dm 2)2 + (r m 3 Dm 3)2] 

1003 

(21. 7 .6) 

(21.7.7) 

Alternatively, if we combine directions first, at the model level, and define 
the result as qm' then 

(21. 7 .8) 

If we now combine the modes, taking into account the closely spaced 
contributions, we obtain 

[ .,. 2(r ID 1)2 +(r 2D 2)2 
'I'm m In In m 

+(r m3 Dm 3f] (21.7.9) 

The results obtained for Q* using Eqs. (21.7.7) and (21.7.9) will, in general, 
be different. We emphasize, again, that the method of combination is 
usually spelled out in the specification, but the order of combination may 
not be. The user should use good engineering judgment when specific in­
structions are lacking. 

21.8 FINITE ELEMENT METHOD FOR RESPONSE SPECTRUM 
ANALYSIS 

There are many general purpose finite element codes available in the 
commercial marketplace that can do a response spectrum analysis of a given 
structure under a general seismic excitation. Typical of these are the general 
purpose programs ANSYS [21.8.1] and EASE2 [21.8.2]. To do a complete 
analysis of a structure, say a vertically or a horizontally mounted shell and 
tube exchanger, the user simply models the structure with series of nodes 
and elements. The input required is the usual geometry of the structure, the 
material characteristics, and the various mass densities. The response 
spectrum option of these general purpose codes requires specification of 
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excitation direction, and the frequency and amplitude level of the seismic 
spectra. 

The finite element code generates the characteristic frequencies and mode 
shapes and computes the appropriate participation factors. The com­
bination of modes and seismic directional response is also carried out 
automatically with the user required only to input the type of combinations 
desired. For example, the EASE2 code always combines the directional 
responses at each modal level first, and then performs the modal com­
bination to obtain the desired result. The user may specify either an ab­
solute sum, a square root of the sum of the squares combination, or an 
algebraic sum when combining directions at the modal level. When the final 
modal combination is carried out, the user can specify either an absolute 
sum, a SRSS combination, or one of six different methods to account for 
closely spaced modes. The ANSYS code takes a somewhat different ap­
proach; namely, the order and type of combination is almost entirely left up 
to the user. The combinations are carried out in a post-processing section of 
the code which permits complete user control over the summation methods. 

We close this section by noting that the use of these general purpose finite 
element codes for response spectrum analysis is quite cost effective as it 
permits the user to define the structure in as detailed a manner as called for 
by the nature of the service, and by the requirements of the specification. 
The same overall model can be used for certain static analyses required for 
design, so that the total effect of static and seismic loads on the entire vessel 
may be examined. 

NOMENCLATURE 

ae 

am 
A,B 

c 
D 

E 
I 
k 
I 

M 
m 
n 
Q 
qi 
q 

Q* 

r 
t 

= 

= 
= 
= 

= 
= 
= 

= 
= 
= 
= 
= 

= 

Equivalent static acceleration 
Maximum spectral acceleration 
Response integrals (Eqs. (21.3.9-10)) 
Damping coefficient 
Maximum relative displacement of a single D.O.F. system 
under a given seismic loading 
Young's modulus of beam material 
Moment of inertia of beam section 
Spring constant (Fig. 21.2.1) 
Beam length 
Bending moment on beam 
Oscillator mass (Fig. 21.2.1) 
Scaling factor for the acceleration axis 
Shear force on beam 
Peak value of response in the ith mode 
Summation of all peak model responses (Eq. (21.6.2)) 
Total response combining all modal contributions and three 
earthquakes 
Scaling factor for the pseudo-velocity and frequency axes 
Wall thickness 
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v = Maximum pseudo-velocity (spectral velocity) 
x = Coordinate along beam axis 

Yo,Yo Initial displacement and velocity (Eq. (21.3.3» 
z Ground acceleration 

a, (3, "/ 
E = 
r = 

Response phase angles (Eqs. (21.3.13-15» 
Response integral (Eq. (21.3.16» 
Fraction of critical damping 
Damping coefficient (1] = c/2m) 
Mode frequency coefficient 
Mass per unit length 
mth mode shape 
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Natural frequency of a single D.O.F. undamped system 
Natural (damped) frequency of a continuous system in the nth 
mode 

rm 
Superscript 

Relative displacement of a single degree-of-freedom system of 
frequency Wm 

Participation factor for the mth mode 

k = Denotes the response to kth seismic loading (k = 1,2,3) 
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22. PRACTICAL CONSIDERATIONS IN 
HEAT EXCHANGER DESIGN AND USE 

22.1 INTRODUCTION 

Discussion of the detailed anatomy of the heat exchanger and -the 
methods to devise analysis-aided designs have been the primary focus of the 
material presented up to this point in the book. The evolution of a high 
quality design, however, requires the interplay of practical considerations 
with mathematical analysis. The designer must give sufficient thought and 
consideration to practical matters such as integration of the equipment in 
the available plant space, equipment maintenance, in-service inspection, 
handling, and repair. While the equipment design specification prepared by 
the owner/user seeks to serve the function of familiarizing the designer with 
the overall plant needs, the breadth and depth of information found in the 
"specs" varies considerably. The material provided in this chapter is aimed 
to provide the designer with an overview of these "trans-design" topics. 
Engineers engaged in specification development, and plant personnel 
responsible for heat exchanger inspection and maintenance, will also find 
the information presented here useful in their work. 

22.2 DESIGN FOR MAINTENANCE 

Designing a heat exchanger to facilitate its maintenance and upkeep 
requires considerations beyond the "heat exchanger data sheet". Broad 
provisions for maintenance, of course, must evolve from the design 
specification prepared by the system/equipment engineers. The 
specification alone, however, cannot catalog all salient features for con­
venient maintenance that the equipment designer can incorporate in the 
hardware with little additional cost. Approaching equipment design from 
the plant perspective is an essential element to reach the goal of a main­
tainable heat exchanger. Similarly, the system engineer responsible for 
developing the equipment specification should also view the plant layout 
from the vantage point of the heat exchanger designer. Some items 
behooving consideration by both the specifier and the designer are listed 
below: 

(i) Degree of dismemberment of the heat exchanger 
(ii) Plant layout and work space 
(iii) Facilities for handling 
(iv) Working environment 

1007 



1008 Mechanical Design of Heat Exchangers 

(v) Process hazards 
(vi) In-service inspection 
(vii) Provision for isolation 

In the following, we discuss each of these in detail. 

(i) Degree of dismemberment of the heat exchanger: 

The designer has wide latitude in deciding the number of parts into which 
a heat exchanger can be separated. For example, Photograph 22.a shows an 
all welded construction; the degree of dismemberment is nil here. On the 
other hand, Photograph 22.b shows a U-bundle heat exchanger which can 
be separated into three parts: the bonnet; the tubesheet/tube bundle; and 
the shell. 

The designer of the latter heat exchanger could have replaced the welded 
bonnet by a flanged flat cover to permit inspection and plugging of tube 
ends without breaking the tubesheet-to-channel flanged joint. He could 
have added a flanged joint at the shell head to shell junction to permit 
inspection of the U-bends without the inconvenience of removing the entire 
shell. He could also have elected to weld the shell to the tubesheet, and to 
introduce a flanged joint a short distance from the tubesheet in the shell. In 
general, the removability of a part is accomplished by adding a flanged or a 
packed joint (see Chapter 1 for details on packed joints). Both are more 
expensive than a welded joint. Therefore, a cost-benefit analysis is required 
in order to make an informed choice. In addition to commercial con­
siderations, the designer must ensure that the flanged joint is compatible 
with the remainder of the exchanger design, and with the plant layout. 
Making a channel removable accomplishes little if the channel nozzles are 
welded to the plant piping. Making a shell removable would serve little 
purpose if the support saddles are welded to it, and these saddles are the sole 
means of supporting the equipment. In a similar vein, the physical removal 
space must exist in the plant to permit removal of the intended part. 

Finally, the hazards of the process fluid must be considered in in­
troducing flanged or packed joints, since these locations of removability are 
also sites of potential leakage. The designer can use a hybrid flanged joint 
where the joint is liable to be opened only two or three times in the unit life, 
and where complete immunity against leakage is desired. This construction 
is shown in Fig. 22.2.1. The specially shaped "joint rings" are edge welded 
to affect the seal so that no gasket is needed. Use of a sealing diaphragm is a 
similar contrivance for increasing flat cover to flanged joint reliability at the 
cost of some loss in ease of dismemberment. 

(ii) Plant Layout and Workspace: 

Ease of maintenance calls for permanent access areas, ladders, platforms, 
stairs, and ample work space. The increase in plant cost due to the added 
space requirements must be weighed against the tangible and intangible 
benefits of easier access. 
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Photograph 22.a. All welded construction. 
It is often possible to provide the necessary work space while economizing 

in the total plant space. 

Some common strategies are: 

(a) Stack the horizontal heat exchangers such that they share the same 
floor plan for parts removal and maintenance (see Chapters 17 and 19 
for additional information on stacked designs). 

(b) Arrange the heat exchanger such that two or more units share the 
same floor space for bundle removal and maintenance work. 

(c) Provide removable spool pieces in piping runs that intrude into the 
heat exchanger work space. 

(iii) Facilities for handling: 

A heat exchanger is ususally far heavier than other pressure vessels of 
comparable size. A preliminary estimate of the equipment weight should be 
made at the plant layout stage to enable the design of proper handling 
facilities. The plant designer can provide crane rails and trolleys for future 
use with a hoist, eye bolts at strategic locations for direct lift of relatively 
light parts such as the channel cover or the bonnets, tracks in the floor for 
moving dollies to carry the bundle, anchorage points for chain hoists, and 
the like. On the other hand, the equipment designer should incorporate 
tracks and bundle runners in the shell for long bundles which would be 
removed using dollies on rails. Vertical bundle insertion and removal (see 
Photograph 22.c) does not require bundle runners; instead, adequate 
overhead space, and bundle upending space, is needed. 

(iv) Working environment: 

Proper execution of the maintenance operation requires a number of 
ancillary provisions such as: (a), sufficient lighting and ventilation; (b), 
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Photograph 22.b. Vertically mounted TEMA type BEU heat exchanger 
with a top seismic lug. 

utilities for electric and pneumatic tools and for electric welding machines; 
(c), a demineralized water supply for equipment wash-down or tube clean 
up; (d), floor drains, etc. 

(v) Process hazards: 

The heat exchanger design and plant support facilities can sometimes be 
equipped with features to provide a measure of protection to the main­
tenance and inspection personnel when the unit contains potentially 
hazardous fluids. For example, heat exchangers containing reactor coolant 
water in a nuclear power plant can have potentially radioactive material in 
that stream. Placing the reactor coolant stream inside the tubes and the 
other stream (with much less probability of contamination) in the shellside 
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GASKET 

WELDING NECK FLG. 

II 
Fig. 22.2.1 Hybrid flanged joint. 

provides a measure of self-shielding, since most of the heat exchanger 
exterior walls are in contact with the shellside fluid. Double tubesheet 
designs (see Chapter 10 for details) are found to enhance personnel safety in 
many process applications. 

(vi) In-service inspection: 

Section XI of the ASME Boiler and Pressure Vessel Code provides 
detailed requirements for in-service inspection of heat exchangers used in 
nuclear power plants. This inspection program is mainly focussed on the 
pressure parts and on the support welds. The design of the heat exchanger 
for nuclear power plant service must ensure that the welds subject to in­
service inspection are accessible, and are capable of being examined in 
accordance with code rules. In particular, welds required to be 
volumetrically examined should have calibration blocks made upon 
completion of manufacturing, and shipped to the site with the heat ex­
changer, for the purpose of interpreting the results of future volumetric 
examinations. 
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Photograph 22.c. Vertical bundle insertion. (Courtesy Joseph Oat 
Corporation, Camden, NJ) 

(vii) Provision for isolation: 

Providing isolation valves on both sides of the heat exchanger permits 
repairing the unit without draining the entire system. Isolation valves are a 
must where several heat exchangers operate in parallel. Some exchangers 
are provided with flow bypass lines, such that system operation may be 
continued while the heat exchanger is being repaired. In most cases, it is 
possible to design each exchanger in a parallel network containing several of 
them, such that it can withstand the additional flow resulting from isolation 
of one unit in the network. Typically, the tubeside of a heat exchanger can 
accept flows two or three times above normal (sometimes even greater) for 
short durations without structural damage. It is seldom possible to design 
the shellside to accept flows in excess of 200070 of the design flow without 
undue sacrifices in compactness and economy of construction. Designing 
the capability for added flow through each heat exchanger in a parallel 
batch eliminates the need for bypass lines and associated valves. This can 
mean significant savings in plant cost and elimination of a potential 
maintenance nuisance; viz. isolation valves. 
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22.3 SELECTING THE RIGHT TUBE 

Selecting the tube material and the tube size is perhaps the most crucial 
decision in heat exchanger design. The tube wall must be thin enough to act 
as an efficient transport medium for heat. Therefore, the designer cannot 
provide a liberal "corrosion allowance" on the tube wall. In most cases 
involving alloy materials, no corrosion allowance is provided. The selection 
of tube material is usually made by the owner who is best familiar with the 
chemical and metallurgical effects of the process fluids on the candidate 
tubing materials. The selection of the tubing material is of significant 
import to the heat exchanger design. For example, U-tubes made from 
ferrite alloys cannot be bent to as tight a radius as austenitic stainless tubes. 
Welding of ferritic alloy tubing is also more difficult; the welding surface 
must be extremely clean and the welded zone must be thoroughly purged. 
For this reason, welding of tube-to-tubesheet joints involving ferritic alloys 
is done under a heavy argon purge after roller expanding the tube. The 
purging requirement for welding austenitic stainless tubing is not as severe; 
in fact, the tubes are routinely welded before roller expansion. The sequence 
of tube expanding after welding is preferable in as much as it enables a 
suitable leak test of the weld joint before the roller expansion is carried out. 

Section II of the AS ME Boiler and Pressure Vessel Code is usually a good 
guide for material specification. However, it cannot address individual 
process requirements. For example, admiralty brass tubing in the 
straightened condition is known to be prone to stress cracking [22.3.1]. 
Annealing of admiralty brass tubing as the last operation should be added 
in those applications where the danger of stress corrosion exists. 

The selection of the tube material has consequences beyond the reliability 
of the heat exchanger itself. Failure of condenser tubes in one power plant 
installation led to intrusion of sea water into the condensate stream which 
actuated massive stress corrosion failure of high pressure feed water heater 
tubes [22.3.2]. The use of copper-nickel tubes in surface condensers has 
been held at least partly responsible for widely reported failure of tubes in 
steam generators of Westinghouse designed pressurized water reactor plants 
[22.3.3]. Clearly, the choice of tube material is not one of casual selection. 

Determination of the tube diameter is usually left up to the heat ex­
changer designer. Tube diameter is an important variable in optimizing the 
thermal performance of the heat exchanger. However, too small a tube 
diameter makes tube cleaning difficult. Tubes under 112" diameter should 
not be used unless strong arguments for their use can be shown to exist in a 
particular case. 

Tubes with a variety of fins are now available. Heat transfer con­
siderations will nearly always dictate the choice of the finning geometry 
used. 

22.4 HANDLING 

Handling of a heat exchanger takes place during: (i), unit fabrication, 
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and shipment of the completed unit from the manufacturer's shop; (ii), 
removal from the carrier and installation in the plant; (iii), scheduled and 
unscheduled inspection of the internals; (iv) repair of internals; and (v), 
shipment to an outside facility for major repairs such as retubing of the 
bundle, remachining of flanges, replacement of the baffle case, etc. 

The handling considerations in each of these operations are somewhat 
different. The tube bundle is liable to be lifted and moved a few times 
during the course of fabricatio'n in the manufacturer's shop. It is not ad­
visable to lift a heavy tube bundle (over 20,000 lb) using slings or straps, 
especially if the bundle is for an unstayed tubesheet type (e.g., V-bundle). 
Photograph 22.d shows a multiple-tube pass bundle being lifted with a 
specially designed "bellyband" near the V-bend end, and a special adapter 
plate bolted to the tubesheet. Light bundles, however, can be lifted using 
straps in the manner shown in Photograph 22.e. 

The height of the lower-most projection from the heat exchanger (usually 
the nozzle ends or the support attachments) should be no more than 6" to 
12" off the floor during the movement of the equipment. ANSI 
publications [22.4.1-2] are excellent sources of information on guidelines 
for cranes, slings, chains, and other accessories in the handling operation. 
NVREG-0612 [22.4.3] is also an excellent handling instruction document 
even though it is specially written for nuclear plants. 

Handling operations during receipt, during removal from the carrier, and 
during plant installation, are usually performed by site personnel. The heat 
exchanger is in an assembled condition when it arrives at the site. The heat 
exchanger may have several ostensible "lift points," of which only two are 
meant for lifting the entire unit. Other "lift points" may be intended for 
lifting the channel cover, shell head, etc., alone. In some instances, they 
may not be lift locations at all (such as the seismic restraint lug shown in 
Photograph 22.b). Needless to say, lifting from an unintended location can 
be hazardous both to the equipment and to the personnel in the vicinity of 
the hardware. 

Every heat exchanger part intended for possible removal should be 
equipped with appropriate attachments, such as lugs, eye bolts, trunnions, 
and the like. The shackles, eye bolts, swivel connections, etc., to be used 
should be specified, preferably by brand name and rating. 

Handling during inspection and routine maintenance usually entails 
removal of a part such as the channel cover, shell, or both the channel and 
cover as an assembly. Handling of a part requires care in protecting fragile 
regions such as the gasket bearing surfaces and the butt weld preparations 
on nozzle ends. 

Handling during shipment of the unit for repairs at an outside facility 
should be preferably carried out with the unit in the assembled condition. 
Shipping the bare tube bundle or even the shell individually runs the risk of 
damage during transit. Moreover, it is prudent to establish the fitup of the 
replaced part with the remainder of the unit before the replaced item is 
brought back into the plant. 
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Photograph 22.d V-tube bundle being lifted with special "belly band" 
rig. (Courtesy Joseph Oat Corporation, Camden, NJ) 

Photograph 22.e. Lifting a V-bundle using straps. 
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22.5 INST ALLA TION 

Heat exchanger installation is usually a quite straightforward procedure. 
However, the following observations are intended to alert the reader to 
some commonplace errors: 

(i) Slotted holes: 

Slotted holes in heat exchanger supports are intended to provide 
unrestrained axial thermal expansion/contraction for the shell (see Chapter 
17 for details). A misaligned anchor bolt or support hole may defeat this 
design objective. 

(ii) Vents and drains: 

Both shellside and tubeside chambers of heat exchangers are provided 
with vents and drains. The number of drain connections in the channal 
depends on the number of tube passes in the tubeside. Similarly, heat ex­
changer shells containing longitudinal baffles (multi-shell pass designs) may 
require more than one drain connection. Each drain connection should be 
routed to the discharge point in such a manner that flow from one to the 
other is not possible. Connecting all drain connections to a manifold would 
set up an interpass flow path which would derate the heat exchanger. 

Some heat exchangers, especially those involved with steam con­
densation, have operating vents for the purpose of continuous venting of 
non-condensibles. It is important to correctly identify "start-up" and 
"operating" vents and pipe them up accordingly. 

(iii) Nozzle connections: 

Typically, a heat exchanger has four nozzles, although units with multiple 
inlet and outlet nozzles (e.g., TEMA J and H shells; Table 1.3.1) are not 
uncommon. In some exchanger configurations, switching of the inlet and 
outlet nozzles in the shell or the tubes ides does not have any heat transfer 
consequences; however in other units, switching may result in a serious loss 
of heat duty. Similarly, switching of the shellside and tubeside fluids is of 
no heat transfer import in some heat exchanger designs (known as "stream 
symmetric" designs [22.5.1] in the literature). 

Interchanging of inlet and outlet nozzles in flow stream, or switching of 
fluids between shell and tubesides should not be done without a careful 
design review. In most cases, material selection, impingement con­
siderations [Section 1.7], operating pressure, etc. would inhibit such a 
switch. 

22.6 OPERATION 

Normal operation of heat exchangers usually requires little operator 
attention. However, operating life of a heat exchanger can be drastically 
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curtailed by improper start-up and shutdown practices. Some common 
problems are: (i), tube failure due to "water hammer" effect caused by 
opening the shell inlet valve too quickly; (ii), bending of the pass partition 
plates in the channel due to "slug flow" from the tube inlet nozzle caused 
by rapid opening of the channel inlet valve; (iii), introduction of tubeside 
fluid in a fixed tubesheet heat exchanger with the shellside empty (since the 
resulting change in the tube metal temperature may overstress the tube-to­
tubesheet joint resulting in joint failure); and (iv), thermal stress induced 
cracking of thick sections in regions of gross structural discontinuity (see 
Chapter 2), such as tubesheetlchannel junction in integral designs, due to 
rapid changes in the fluid temperature. In order to avoid such problems, 
start-up and shut-down of the equipment should be carried out in a manner 
consistent with the original design basis. 

At times, heat exchangers are designed to operate under differential 
pressure; i.e., the shell and tubeside pressures are always present 
simultaneously. The operator should ensure that the design assumption of 
differential pressure is never violated, including the periods of start-up and 
shut-down, or the period of system pressure testing. Photograph 22.f shows 
the consequence of operator's disregard of this important fact. 

Other operational problems in heat exchangers are: flow induced 
vibration, rapid tube fouling, corrosion and erosion of tube wall, tube joint 
failure, fluid level control difficulties, and flanged joint leakage. These are 
discussed in the context of exchanger maintenance in the next section. 

Photograph 22.f. Buckled tube due to shellside overpressure. 
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22.7 MAINTENANCE AND TROUBLE-SHOOTING 

Operating problems in heat exchangers may be broadly classified into 
three groups: 

(i) Structural problems 
(ii) Performance problems 
(iii) Metallurgical problems 

(i) Structural problems: 

Structural problems are the most insidious; failure is often swift and 
irreversible. Failures caused by flow induced vibration of heat exchanger 
tubes overshadow all other structural failures. Since flow induced vibration 
has been treated in depth in Chapter 16, we will not discuss it further here. 
Tube-to-tubesheet joint failure is also a frequent operational problem. 
Methods to repair or plug leaking joints are described in Chapter 7. 

The other type of structural failure encountered in heat exchanger 
operation is leakage from bolted joints. Leaks frequently occur at nozzle 
flanges due to moment loading of the joint caused by thermal expansion of 
inter-connecting piping. These loads may not have been considered in the 
sizing of the joint. The flanged joints in the body of the heat exchanger may 
also experience leakage. These joints are tested at pressures which are 
normally at least 50070 greater than the design pressure. Thus, the 
hydrostatic test pressure often exceeds the operating pressure by as much as 
100%. Despite such a large factor of safety, some joints still leak. The most 
recurrent reason for this is over-bolting of the joint. In some cases, non­
symmetrical temperature distribution in the tubesheet or cover in multiple 
pass designs induces joint leakage. Replacement of the leaking gasket with 
one having more approporiate loading and relaxation properties is usually 
the panacea for such problems. Tightening the bolts beyond specified limits 
may deform the flange, and can further aggravate the joint leakage. 

(ii) Performance problems: 

Performance problems are usually caused by excessive tube fouling. 
Deposition of foulants on the inside of the tube surface reduces the 
available flow area and increases the skin friction, causing an increase in 
pressure loss and decrease in heat transfer. Uneven rates of fouling of tubes 
usually occur in units with low flow velocity designs. Uneven fouling may 
occur on the shells ide of the tubes due to a poor baffling scheme which leads 
to a flow maldistribution. Highly non-uniform fouling can severly modify 
the metal temperature profile in some tubes resulting in large tube-to­
tubesheet joint loads. Deposits of adherent fouling material in the crevices 
of the shellside, particularly in the baffle-tube annuli, can eliminate the A­
stream (see Chapter 16) of the shellside flow and lead to a modification 
(usually reduction) in the average shellside film coefficient. 
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Thermal stresses in the internals of the heat exchanger can cause serious 
degradation of heat duty. The most obvious example is failure of welds 
joining pass partition plates to each other, and to the channel. These welds 
are "non-pressure part" welds, and therefore usually do not undergo the 
kind of close scrutiny accorded to the "pressure part welds". These welds 
are not tested during final hydrotest. Moreover, they are completely im­
mersed in the process fluids which often accelerates their corrosion rate. 
Failure of these internal welds can produce large internal flow bypass 
resulting in drastic heat duty reductions. 

(iii) Metallurgical problems: 

Stress corrosion, galvanic corrosion, and erosion are the most frequently 
reported metallurgical problems. Care in the selection of materials can 
eliminate most of these problems. Where galvanic action cannot be com­
pletely eliminated, the use of "waster" anodes is recommended. 

Examination of tube failure is usually carried out by removing the 
channels and by subjecting the shellside to a hydrostatic test. In some ex­
changer styles, particularly TEMA Sand T, the shellside of the heat ex­
changer cannot be sealed against pressure with the channel removed unless 
other provisions are made. The common strategy is to use specially 
fabricated test rings (see Fig. 22.7.1). The user should purchase the "test 
ring" with such units and require that their soundness be proved during the 
shop hydrostatic test. 
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APPENDIX A 

Classical Plate and Shell Theory and its Application to 
Pressure Vessels 

A.1 INTRODUCTION 

The study of the structural behavior of heat exchanger and pressure 
vessel components under mechanical and thermal loads inevitably requires 
use of the so-called "plate and shell theory." Classical plate and shell 
theory is over a century old, and well documented in a number of excellent 
books. The pressure vessel designer, however, does not need to master the 
extensive body of information in this field to conduct his work. In order to 
understand and implement the analyses presented in this book, it is suf­
ficient to acquire an understanding of axisymmetric loading of circular 
plates and of cylindrical shells. Axisymmetric loading implies that the 
stresses and displacements are rotationally symmetric. Internal pressure 
loading, or edge loading of the shell by the flange ring (Section 3.10) are 
examples of axisymmetric loads. Classical plate and shell theory permits a 
straightforward analysis of such loadings. In this Appendix, the necessary 
concepts of plate and shell theory are capsulized to foster concise com­
prehension of the subject matter without the peripheral material found in 
exhaustive treatises on this subject. We demonstrate the underlying unity 
between the general laws of elasticity and the theories derived herein by 
evolving the plate and shell equations from the 3-D theory of linear 
elasticity. 

Specific solutions to some plate and shell problems required in this book 
are also presented to illustrate the solution technique and to supplement the 
analysis presented in various chapters. 

A.2 BASIC ELASTICITY EQUATIONS 

Figure A.2.1 shows a differential element of a rotationally symmetric 
three-dimensional body in the cylindrical coordinate system. The dif­
ferential element has subtended angle /j.(J and thickness Llz'. z is the axis of 
geometric symmetry. If the applied loading is also symmetrical about the z­
axis, one would expect the internal stresses to be independent of (J. Figure 
A.2.1 also shows the internal stresses under the assumption of symmetry of 
loading and geometry. It is noted that allowing t.r to become small (equal to 
h in Fig. A.2.2) would permit the differential element to simulate a sector of 
a cylindrical shell wherein the curved surfaces defined by r = r, and r = r + t.r 

1021 
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Fig. A.2.1. Freebody of an axisymmetric element under axisymmetric 
loadings. 

represent inner and outer surfaces of the shelL Therefore, the stresses on 
this surface (viz., Ur and Urz at r=r) will equal the applied external loads. 
For the case of internal pressure as the only load, Ur = - p; Urz = 0 at r = r. 
Similarly, setting Llz small (equal to h in Fig. A.2.3) makes the two flat faces 
of the element coincide with those of a circular plate. In this case Uz ' Urz at 
Z = Zface must equal the applied surface loads on that face. Thus, by 
shrinking the appropriate dimension in the element of Fig. A.2.1, we can 
elicit the characteristic of a shell or a plate element. The equilibrium 
relations for the element in rand Z directions can be written by direct in­
spection. These are: 

1 a aurz Ue 
- -(rur ) + - - - =0 (A.2.1) 
r ar az r 

1 a auz 
- -(ru )+ - =0 (A.2.2) 
r az rz az 

The stress-strain (or displacement) relations, however, require some 
assumptions on the nature of the elastic materiaL We will assume (for 
reasons which will become clear later) that the material is orthotropic; i.e., 
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z 

Fig. A.2.2. Shell 

h 

Fig. A.2~3. Plate. 

that it requires six discrete elastic constants to characterize the stress-strain 
system. These elastic constants are E r , Eo, E z , PrO, Prz, Poz • In terms of these 
elastic constants, the stress displacement relations (i.e., the 3-D version of 
Hooke's Law) are: 

ur - POr Uo POz Uz 
- -aoT= --ur + - ---
r Er Eo E z 

auz - Pz,Ur PzoUo Uz 
--a T=------ +-az z Er Eo E z 

au, auz U'Z 
-+-=--az ar Grz 

(A.2.3) 

(A.2.4) 

(A.2.5) 

(A.2.6) 

T denotes the temperature rise, also assumed to be a function of rand z only 
(axisymmetric), and a" ao and az denote coefficients of thermal expansion 
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of the material in radial, circumferential, and axial directions, respectively. 
The quantities Pre, Per> etc., are related as follows: 

(A.2.7) 

Pzr Prz 

Er Ez 

Use of the stress-displacement relations for a general orthotropic material 
permits us to make "rigidity assumptions" in a certain coordinate direction 
without affecting the properties in others. For example, simplification to 
"plate" theory requires the assumption of infinite Ez (material rigid in the 
through-thickness direction). This concept will become clearer in sub­
sequent sections. 

A.3 SPECIALIZATION TO THE BENDING AND EXTENSION OF 
THIN WALLED CYLINDRICAL SHELLS 

A thin cylindrical shell is characterized by hi R < < 1 where h is the shell 
thickness, and R is the mean radius of the shell. This permits further 
simplification of the elasticity equations of the preceding section. It is in­
tuitively obvious that the radial stress ar will be small compared to the 
circumferential stress ae. Furthermore .. the variation of all stresses across 
the shell thickness can be approximated by the sum of an average stress and 
a linearly varying component. The averaged stress is the so-called mem­
brane stress component. The linearly varying component produces the 
cross-sectional bending moment. This a priori approximation on the stress 
distribution is the essence of the classical thin shell theory. 

To carry out the simplification, we introduce a new variable in the r 
direction so that 

r=R+T} (A.3.1) 

R is the mean radius of the shell and - 0.5h < T} <0.5h, h being the shell 
thickness. Restricting consideration to thin shells such that hi R < < 1, and 
recognizing that ar and its derivatives are quantities of smaller order than 
ae, the equations of equilibrium take the form 

a aarz ae 
-(a)+ - --:::::0 aT} r az R 

(A.3.2) 

a aaz 
-(a )+-:::::0 aT) rz az (A.3.3) 

As stated before, since the element is "thin" in the T} direction, we 
content ourselves with solving the equilibrium equations only in an 
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"averaged" manner. That is, we replace Eqs. (A.3.2.), (A.3.3) by a set of 
equations involving force and moment resultants, acting on the shell cross 
section, rather than attempt to solve the equations for the detailed stress 
distribution. 

We multiply Eq. (A.3.2) by dYJ and integrate over the shell thickness to 
obtain 

~ O.5h a(J d )O.5h 
_r dYJ+ - (J dYJ 

- O.5h aYJ dz - O.5h rz 

1 O.Sh 
__ f (JodYJ::::O 

R J -O.Sh 

(A.3.4) 

Note that the integration through the thickness eliminates the r-coordinate 
from the equation and permits replacement of partial derivatives with total 
derivatives with the z-coordinate as the only independent variable left in the 
equations. Equation (A.3.4) suggests the introduction of the force 
resultants No, Qz, where 

(A.3.5) 

No is the circumferential tension per unit length and Qz is the sectional shear 
per unit width. We also introduce the concept of the net lateral pressure p(z) 
defined as 

p(z) = (Jr(0.5h) - (Jr( - 0.5h) (A.3.6) 
where (Jr at 0.5h and at - 0.5h are dependent on the applied pressures on the 
respective surfaces. 

With the above definitions, Eq. (A.3.4) becomes 
d No 

p(z) + dz Qz - R ::::0 (A.3.7) 

We perform the same averaging operation on Eq. (A.3.3) to obtain 
dNz 

T(z)+ - :::::0 
dz 

where T(z) = (Jrz(0.5h) - (Jrz( -0.5h), and 

~
O.5h 

N z = (JzdYJ 
-O.Sh 

(A.3.8) 

(A.3.9) 

This completes averaging of the stresses over the shell section thickness. The 
effect of the linearly varying component is washed out in the averaging 
process. To obtain the moment resultant due to the linearly varying 
component, it is necessary to evaluate the moment of the stress with respect 
to the neutral axis. The neutral axis is assumed to lie on the mid-surface of 
the shell section. 
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Returning to Eq. (A.3.3), multiplying each term by 1]d1], and integrating 
across the shell thickness, we obtain 

)
O.Sh a )O.Sh a 

1]- (arz )d1] + -(1]az )d1]:::::O 
- O.Sh a1] - O.Sh az 

which can be rewritten as 

rO. Sh [a ] d )O.Sh J -a (1]arz ) - arz d1]+ -d 1]azd1]:::::O 
-O.Sh 1] Z -O.Sh 

Introducing the moment resultant 

then yields the final equilibrium equation as 

d 
dz M z - Qz + 0.5h[arz (0.5h) + arz ( - 0.5h)] :::::0 

(A.3.1O) 

(A.3.11) 

(A.3.12) 

(A.3.13) 

Equations (A.3.7), (A.3.8), (A.3.13) are the desired three equilibrium 
equations involving the four stress resultants N z, M z, Qz, No. It is assumed 
that the surface values of ar, arz on ± h12 are known functions of z. 

We now intend to specialize the constitutive Eqs. (A.2.3)-(A.2.6) to thin 
shell theory, and by proper averaging, relate the force and moment 
resultants to certain displacement variables. We begin by assuming a 
material with Er -00. From Eq. (A.2.7) we see that Vrz = VrO -0. We also 
assume ar=O and Ez=Eo=E; Voz=Vzo=V and ao=az=a. Under this 
assumption of an effectively rigid material in the r direction, the strain­
stress relations (A.2.3)-(A.2.5) reduce to the form 

aUr 
-:::::0 
ar 

Ur 1 
--aT:::::-(a -va) REo z 

auz 1 
az - aT::::: E( - vao + az) 

The above results indicate that 

Ur = U(z) 

E [Ur auz ] ao = --2 - + v- -(1 + v)aT 
1- v R az 

(A.3.14) 

(A.3.15) 

(A.3.16) 

(A.3.17) 

(A.3.18) 

(A.3.19) 
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We now average Eqs. (A.3.18)-(A.3.19) through the shell wall thickness. 
We assume that the deformation uz(r,z) can be approximated by a linear 
function of T/. 

Uz (r,Z) = w(z) + T/e(z) (A.3.20) 
Using the previously defined stress resultants No, N z , and introducing a 
thermal force resultant 

E O.5h 

N* = N*(z) = - r aT( T/,z)dT/ 
1 - v J -O.5h 

(A.3.21) 

yields 

NO=K[~+vdW]-N*; K=~ 
R dz 1- v2 

(A.3.22) 

[ dw U] N z =K --+v- -N* 
dz R 

(A.3.23) 

We note that the result 

)
O.5h 

T/dT/= 0 
-O.5h 

has been used in obtaining Eqs. (A.3.22), (A.3.23). If we multiply the same 
two equations by T/dT/ and integrate across the shell thickness, we obtain 

Kh2 de 
Mo=V- - -M* (A.3.24) 

12 dz 

where we use the result 

Kh2 de 
M=----M* 

z 12 dz 

)
O.5h h3 

T/2 dT/= -
-O.5h 12 

and introduce the new moment resultants 

E O.5h 

M* = -- r aT/TdT/ 
1- v J -O.5h 

The term 
Kh2 Eh3 

12 12(1- v2 ) 

is often referred to as the "flexural rigidity" D of the shell 

Eh3 

D=--~ 
12(1- v2 ) 

(A.3.25) 

(A.3.26) 

(A.3.27) 
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We have averaged all of the equations except (A.2.6). Here, we assume that 
shear deformation is neglected; this is equivalent to setting the shear 
modulus Grz to a very large value. Using Eqs. (A.3.1), (A.3.17), arid 
(A.3 .20) yields the result 

dU 
--+8",,0 

dz 
(A.3.28) 

We have now developed the equations governing the behavior of a 
symmetrically loaded cylindrical shell. The equations are the three 
equilibrium equations (A.3.7), (A.3.8), and (A.3.13), the four constitutive 
equations (A.3.22)-(A.3.25) and the kinematic relation (A.3.28). The eight 
equations involve eight unknown functions of z: N z, M z, No, M o, Qz, U, W, 

8. 
These equations can be further simplified for special cases. Let us con­

sider the case where the shell is subject to only normal surface loadings 
(e.g., pressure). Equation (A.3 .8) yields T(z) = 0 so that N z = constant. The 
header load N z follows from equilibrium. For a thin cylindrical shell of 
radius of inner radius Ri subject to internal pressure p, the header load is 

N = 7rR/p = R/p 
z 27rR 2R 

(A.3.29) 

Equations (A.3.13) and (A.3.25) become 

dMz 
dz = Qz (A.3.30) 

Kh2 d8 d8 
M=--=D-

z 12 dz dz 

Since 8= -dU/dz (from Eq. (A.3.28», 

d2 U 
M z = -DdZ'l (A.3.31) 

d3 U 
Qz = -DdT (A.3.32) 

Equation (A.3.7) can be recast, with Qz substituted from above, as 

d4 U No 
p-D-4- - - =0 (A.3.33) 

dz R 

Note, from Eq. (A.3.22-23), in the absence of thermal loading, that 

U 2 U 
No=K- +vNz-v K-

R R 
(A.3.34) 

Substituting for No in Eq. (A.3.33), we have 
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d4 U 4 1 [ /lNz] 
dz4 +4,6 U= D p- R (A.3.35) 

where 
(A.3.36) 

For a thin cylinder with closed ends, N z is given by Eq. (A.3.29). For an 
open ended cylinder, N z = o. 

Equation (A.3.35) is a fourth order ordinary differential equation with 
constant coefficients. The general solution of this equation can be written as 

U = e{3Z(cl cos,6z+ c2 sin,6z) + e-{3Z(c3 cos,6z+ c4 sin,6z) + !p(z) (A.3.37) 

where !p(z) is a particular solution. The four constants of integration Ci 

(i = 1,2 . . . 4) must be determined by considering the boundary conditions 
at the two ends of the shell. In the above derivation, we assumed that the 
shell thickness h is constant. For a shell of varying thickness, the same 
process yields the following equation in lieu ofEq. (A.3.35). 

~ (D ~ U ) + Eh U = p _ /lNz 
dz2 dz2 R2 R 

This form is required in the analysis of the hub of the welding neck flange in 
Chapters 3 and 4. 

The quantity ,6 defined by Eq. (A.3.36) is an important parameter in shell 
theory. If is referred to as the "attenuation coefficient" or the "decay 
parameter" for reasons which become clear in the next section. 

A.4 SOME APPLICATIONS OF THIN SHELL THEORY RESULTS 

In this section, we illustrate the application of the equations derived in the 
preceding section. 

(a) Long circular shell subject to an edge moment Mo and shear Qo at 
one end: 

Referring to Eq. (A.3.37) and Fig. A.4.1, we see that!p =0, since there is 
no distributed loading on the shell. Constants C1 and C2 must vanish 
identically since U must remain finite for large z. Therefore, the 
di~placement solution reduces to 

U=e-{3Z(c3 cos ,6z+c4 sin,6z) (A.4.1) 
The constants C3 and C4 are computed by the conditions at the edge z = o. 

d2 U 
@z=0;Mz=Mo=-D-2-(Eq.(A.3.31)) 

dz 

d3 U 
@z=O;Qz=Qo=-D-3-(Eq.(A.3.32)) 

dz 

(A.4.2) 
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z 
4 -------------1 

Fig. A.4.1. Edge loaded shell. 

Substituting for the derivatives of U (from Eq. (A.4.1» in the above, and 
solving for C3 and C4 yields 

1 
- 2{33 D (Qo + (3Mo) 

!v[o 

2{32D 

(a) 

(A.4.3) 

(b) 

Therefore 

e- f3z 

U(z) = 2{33 D [{3Mo (sin{3z - cos{3z) - Qo cos{3z] (A.4.4) 

At the loaded end, the displacement is 

ul = - -~- ({3Mo + Qo) 
z=o 2{3 D 

(A.4.5) 

The negative sign results from the fact that U is taken positive for 
deflection away from the shell axis. Equation (A.4.4) also shows that the 
deflection U attenuates exponentially as e- f3z • Thus the ratio of deflection at 
the loaded end to that at distance 1= 27r/ {3 is e27r "'" 536. 

Note 

For p= 0.3, 1= 4.89 (Rh) '12 

This demonstrates that the deformation due to edge loading is of a local 
character and a shell of length 4.89 (Rh)'12 simulates an infinitely long shell 
in so far as edge loadings are concerned. 
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We introduce the following notations to simplify the presentation for the 
expressions for U and its derivatives. 

¢({3z) e - {3z (cos{3z + sin{3z) 

l/J({3z) e - {3z (cos{3z - sin{3z) 

A({3Z) e - {3z cos{3z 

?;({3z) e - {3z sin{3z 

The expression for deflection U and its consecutive derivatives may be 
written as 

1 
U= - 2{33 D [{3Mol/J+ QoA] 

dU 1 
dz = 2{32 D [2{3Mo A + Qo ¢] 

d2 U 1 
dz2 = - 2{3D [2{3Mo ¢ + 2Qo t] 

d3 U 1 
dZ3 = n[2{3Mot-Qol/J] 

The bending moment, shear force, and deflection are expressed in terms of 
U and its derivatives, as was seen in the foregoing. 

(b) Uniformly distributed line load around a circular section: 

Figure A.4.2 shows a cylindrical shell under a circumferentially 
p 

~ 

R 

.. 

t 
p 

Fig. A.4.2 Cylindrical shell under line load 
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distributed load P per unit length. If the ends of the shell are far enough 
removed from the load line, then the previous solution can be used for each 
half of the shell. From symmetry, the slope dU/dz is zero under the load 
line, and the edge shear equals P12. Thus, we have 

e- f3z . P 
U = 2133 D [i3Mo (sini3z - cosi3z) - Tcosi3z1 (A.4.6) 

where z is measured from the cross section of the load line. 
The moment, M o, in the above equation must be of such a magnitude 

that the condition of zero slope at z = 0 is satisfied: 

dU e- flz [ P 
dz = 2132 D 2i3M o cosi3z + 2 (sini3z + COSi3Z)] (A.4.7) 

Hence, 

dU I =0= _1_ [2i3M o +~] 
dz z=o 2132 D 2 

P 
or Mo= --

413 
(A.4.8) 

Substituting for Mo in Eq. (A.4.6), the expression for the radial deflection 
of the sheil becomes: 

Pe- flz -P¢(i3z) 
U = - 8133 D (sini3z + cosi3z) = 8133 D (A.4.9) 

Expressions for moment M z and shear Qz, can be obtained by using Eqs. 
(A.3.31-32). 

(c) Distributed load of intensity q (z) over a certain length of the shell: 

It is assumed that the loaded patch is sufficiently removed from the shell 
ends and that it is substantially shorter than the shell length. The solution 
for this case can be obtained by the principle of superposition using the 
concentrated load results derived in (b) above. 

Figure A.4.3 shows a uniformly loaded patch of length 1= b + c. The 
deflection at point A, dUA , due to a ring load qd~ per unit length located at 
a distance ~ is given by Eq. (A.4.9): 

-qe-fl~ 

dUA = 8133 D (sini3~ + cosi3~)d~ (A.4.IO) 

Therefore, the deflection produced by the total load is given by 

rb q rc q 
UA = - J 0 8133 D ¢(~)d~ - J 0 8133 D ¢(~)d~ (A.4.l1) 
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where 
¢(~) = e - {31; (sin{3~ + cos{3~) 

Performing the integrations and simplifying, we have: 

qR2 
VA = - - (2-e-{3bcos{3b-e-{3ccos{3c) 

2Eh 

1033 

(A.4.12) 

(A.4.13) 

The bending moment and shear at A can be determined in a similar manner. 
As another example, let us consider a linearly varying load of peak in­

tensity p over length 2b (Fig. A.4.4). This loading can simulate a bending 

r I 
s tttttttttti!ttttttttt f I. c ~: b ~ 

----~t--

Fig. A.4.3. Uniform pressure over a patch of length I. 

A 
,/ 

2b 

+- ----------I~-- -- --- -----
Fig. A.4.4. Linearly varying loading. 
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Moment or shear distributions can be found in a similar manner. 

(d) Short shell under internal pressure and edge loads: 

We consider now a short shell of length I subjected to internal pressure p, 
and edge loadings, F, M and Q, as shown in Fig. (A.4.5). The governing 
differential equation (Eq. (A.3.35» takes the form 

d4 U 1 ( VF) -- +4{rU= - p--
dz4 D R 

(A.4.17) 

The particular solution of this equation is 

1 ( vF) 
Up = 4{34D p- Ii 

or 
U = R2 (p_ vF) 

p Eh R 
(A.4.18) 

The complementary solution can be written in the exponential form 
presented in Eq. (A.3.37). It is more convenient here to write the solution in 
terms of hyperbolic functions: 

Uc = c 1 sin{3z sinh{3z + c 2 sin{3z cosh{3z 
(A.4.19) 

+ c3 cos{3z sinh{3z + C4 cos{3z cosh{3z 

If the origin of the coordinate system is set at the mid-length of the shell, 
then symmetry considerations require that C2 = C3 = O. The remaining two 
constants of integration are found using the edge conditions, as shown in 
Section 15.5. 

M Q I' 
F ~ ( t ~-.--t------.---r--"---! -I Q M 

t 

r 
t f t)-F , t t 

t 
z ., 

Fig. A.4.S. Short shell under internal pressure and edge loadings. 

A.S SPECIALIZATION TO THE BENDING AND EXTENSION OF 
CIRCULAR PLATES 

Referring again to Fig. A.2.1, we now assume that a<r<b, where a,b are 
the inner and outer radius of the plate, respectively, and that the variable z 
satisfies the condition -O.5h<z<O.5h, h being the plate thickness. In 
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Moment or shear distributions can be found in a similar manner. 

(d) Short shell under internal pressure and edge loads: 

We consider now a short shell of length I subjected to internal pressure p, 
and edge loadings, F, M and Q, as shown in Fig. (A.4.5). The governing 
differential equation (Eq. (A.3.35» takes the form 

d4 U 1 ( VF) -- +4{rU= - p--
dz4 D R 

(A.4.17) 

The particular solution of this equation is 

1 ( vF) 
Up = 4{34D p- Ii 

or 
U = R2 (p_ vF) 

p Eh R 
(A.4.18) 

The complementary solution can be written in the exponential form 
presented in Eq. (A.3.37). It is more convenient here to write the solution in 
terms of hyperbolic functions: 

Uc = c 1 sin{3z sinh{3z + c 2 sin{3z cosh{3z 
(A.4.19) 

+ c3 cos{3z sinh{3z + C4 cos{3z cosh{3z 

If the origin of the coordinate system is set at the mid-length of the shell, 
then symmetry considerations require that C2 = C3 = O. The remaining two 
constants of integration are found using the edge conditions, as shown in 
Section 15.5. 

M Q I' 
F ~ ( t ~-.--t------.---r--"---! -I Q M 

t 

r 
t f t)-F , t t 

t 
z ., 

Fig. A.4.S. Short shell under internal pressure and edge loadings. 

A.S SPECIALIZATION TO THE BENDING AND EXTENSION OF 
CIRCULAR PLATES 

Referring again to Fig. A.2.1, we now assume that a<r<b, where a,b are 
the inner and outer radius of the plate, respectively, and that the variable z 
satisfies the condition -O.5h<z<O.5h, h being the plate thickness. In 
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contrast to Section A.3 where we performed equation averaging in the 
radial direction, we seek now to obtain a set of equations based on 
averaging in the z direction; i.e., in both of these sections, the field 
equations are derived by averaging the elasticity equations in the thickness 
direction of the structure. The following force and moment resultants are of 
interest in the study of circular plates: 

)O.Sh )O.Sh 
N r = CT,dz; M, = zCT,dz 

-O.Sh -O.Sh 

r·Sh r·Sh No CTodz; Mo = zCTodz (A.5.l) 
-O.Sh -O.Sh 

r·Sh Q, = CT,zdz 
-O.Sh 

If we average Eqs. (A.2.l), (A.2.2) over the thickness of the plate (i.e., 
multiply by dz and integrate over the z region), we obtain the equations 

1 d No 
- - (rN,) - - + CT,z(0.5h) - CT,z( - 0.5h) = 0 
r dr r 

1 d 
- - (rQ,) + CTz(0.5h) - CTz ( - 0.5h) = 0 
r dr 

(A.5.2) 

(A.5.3) 

If we multiply Eq. (A.2.l) by zdz and integrate over the thickness, we 
obtain 

1 d Mo IO.Sh 
- -(rM,)---Q,+(zCT,z) =0 
r dr r -O.Sh 

(A.5A) 

Following the procedure set forth in detail in Section A.3, we now seek 
appropriately averaged constitutive equations for the plate element. To 
evolve the appropriate thin plate structural theory, we assume a material 
such that 

Ez=G,z-oo; az=O (A.5.5) 
Therefore, from Eq. (A.2.7), VzO = Vz, =0. We also assume that E, =Eo =E, 
VrO = Vo, = v, and a, = ao = a. With these assumptions the constitutive Eqs. 
(A.2.3)-(A.2.5) reduce to the forms: 

au, 1 a;: - aT= E(CT, - Mo) (A.5.6) 

(A.5.7) 

(A.5.8) 
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Thus, we find for thin circular plates under symmetric loading that 

uz(r,z) = W(r) 

E [aur U r ] Or = -- - + v- - (1 + v)a.T 
1- v2 ar r 

E [Ur aUr ] 0e = --2 - + v- - (1 + v)a.T 
1- V r ar 
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(A.S.9) 

(A.S.lO) 

(A.S.Il) 

If we now assume that the radial deformation ur(r,Z) is linear through the 
plate thickness, so that 

ur(r,Z) = U(r) + ze(r) (A.S.12) 

then the constitutive equations, averaged through the thickness of the plate 
are 

N r =K[ dU + v~J -N* 
dr r 

Ne=K[~+v dU J-N* 
r dr 

where we have used the result 

~
O.5h 

zdz=O. 
-O.5h 

(A.S.13) 

(A.S.14) 

Continuing as in Section A.3, and multiplying Eq. (A.S.lO), (A.S.l1) by zdz 
and averaging through the thickness yields 

Mr = ~~2 [ :~ + v ~ ] -M* (A.S.1S) 

Mo = Kh2 [~ + v de ] _ M* 
12 r dr 

(A.S.16) 

M*, N* in the above are given by Eqs. (A.3.21), (A.3.26) with z replaced by 
rand 1/ replaced by z. 

With the neglect of shear deformation in the plate section, Eq. (A.2.6) 
becomes 

dW 
e+ -- =0 

dr 
(A.S.17) 

The governing equations for the radial extension of the plate are Eqs. 
(A.S.2), (A.S.13), and (A.S.14) which involve the unknown functions N" 
No, U. The equations governing lateral bending of plates are Eqs. (A.S.3), 
(A.SA), and (A.S.lS)-(A.S.17) involving the five unknown functions M" 
Me, Q" e, and W. Note that in contrast to the shell equations, where ex-
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tension of the shell and bending of the shell are coupled, the plate equations 
de-couple into a set of three equations for extension, and five equations for 
plate bending. The above remarks presume that the surface stresses 
urz (±O.5h), and uz(±O.5h) are known functions of r. 

We now investigate the solution to the plate bending problem, assuming 
that a lateral pressure uz(O.5h) - uz( - O.5h) = p(r) is given and that 
urz (±O.5h) = O. 

Solving Eq. (A.5A) for Qr yields 

dMr Mr-Me 
Qr = - + (A.5.18) 

dr r 

Using Eqs. (A.5.15), (A.5.16), we can express Qr in terms of e(r). For 
simplicity, we assume that M* is independent of radial position. The 
resulting equation is 

Qr = Kh2 [ ~ e + ~ de _~] 
12 dr r dr r 

(A.5.19) 

Substituting Eq. (A.5.19) into Eq. (A.5.3) yields 

Kh2 [ d3 e 2 d2 e 1 de e 
12 dT + -; dT -7 ~ +7] = -p(r) (A.5.20) 

Finally, using Eq. (A.5.17), we obtain the differential equation for W(r) in 
the form 

d4 W 2 d3 W 1 ~ W 1 dW p(r) 
-- + - -- -- -- +- - = - (A.5.21) 

dr4 r dr3 r2 dr . r3 dr D 

where we have again introduced the flexural rigidity term D=Kh2/12. 
Equation (A.5.21) may be written in the familiar form 

V2(V2 W)= V 4 W= p(r) 
D 

where the Laplacian operator V 2 is given as 

2 ~ 1 d 
V = dr ( ) + -; dr ( ) 

and V 4 ( ) is the biharmonic operator. 

(A.5.22) 

(A.5.23) 

For the case where p(r) is independent of r, say p(r) = Po, a solution of Eq. 
(A.5.22) is easily effected by first considering 

~W + ~ dW =1/; 
dr r dr 

(A.5.24) 
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so that Eq. (A.5.22) becomes 

Therefore 

cf 1/; + ~ d1/; = ~ ~ (r d1/; ) = Po 
dr r dr r dr dr D 

por 
1/;(r) =Aolnr+ -- +AI 

4D 

Thus, the solution for W(r) satisfies the differential equation 

I d ( dW) por - - r-- =Aolnr+--+AI 
r dr dr 4D 
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(A.5.25) 

(A.5.26) 

(A. 5.27) 

After appropriate integrations and combinations of constants of in­
tegration, we obtain 

W(r) = Co + C1 r + c2lnr+ c3rlnr (A.5.28) 

If the plate is solid (i.e., the inside radius limit a = 0), then C2 = C3 = 0 in 
order that the solution remains finite at the center. The remaining constants 
co, C1 are determined by applying appropriate boundary conditions at r= b. 
For the case of an annular plate with b>a>O, then all four integration 
constants in Eq. (A.5.28) are determined by applying a pair of boundary 
conditions at each edge of the plate r= a, r= b. 

Returning to Eq. (A.5.22), we now assume that the plate is resting on an 
elastic foundation which exerts an opposing pressure Kj W corresponding to 
deflection W. Then the net pressure is (Po -KjW), and Eq. (A.5.22) 
becomes 

(A.5.29) 

The solution of this equation is in the form of Kelvin functions, as noted in 
Chapter 9. 

Numerous solutions of circular plate equations have been constructed 
and compiled in the literature. Roark and Young [A.5.I], Timoshenko, et 
al. [A.5.2] and Flugge [A.5.3] are excellent sources of reference in this 
matter. A computationally efficient procedure to solve the problem of a 
symmetrically loaded circular plate on multiple support locations has been 
given by Paul, et al. [A.5.4, A.5.5]. 

NOMENCLATURE 

C1 ,C2 , etc. 
D 
E 

E"Eo,Ez 

F 

Constants of integration 
Flexural rigidity (Eq. (A.3.27» 
Young's modulus 
Young's modulus of an orthotropic material in r, (), and z 
directions, respectively 
Axial force (Eq. (A.4.17» 
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Grz 
h 
K 

M* 
M z 
Me 

Ne,Nz 

e 
p 

Qz 
r 

R 
T 

u 
w 
z 

a = 

{3 
a"ae,az 

arz 
() 

'Y/ 
T(z) 

v = 
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Velocity Response Spectrum 980 
Velocity of Sound 779 
Vents 12, 13, 1016 
VERSUP 949,960,962 
Vertically Mounted Equipment 947 
Virtual Mass Coefficient 784 
Volumetric Examination 1011 
von Karman Streets 740 
von Mises Yield Criterion 329, 354 
Vortex Shedding 738, 748 

Wake Shedding 828 
Waster Anodes 1019 
Water Hammer 1017 
Wear Plate 863 
Wedge Seal Ring Closure 297, 298 
Weld Joint Efficiency 597, 647 
Welding Neck Flange 614, 1029 

Hub 1019 
Wind Load 925, 947 

Yoke Ring 294 
Young's Modulus 418 
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